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Abstract. We construct bar-invariant Z[qil/ ?]-bases of the quantum cluster algebra of

the valued quiver A(22), one of which coincides with the quantum analogue of the basis of
the corresponding cluster algebra discussed in P. Sherman, A. Zelevinsky: Positivity and
canonical bases in rank 2 cluster algebras of finite and affine types, Moscow Math. J., 4,
2004, 947-974.
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1. INTRODUCTION

Cluster algebras were invented by S. Fomin and A. Zelevinsky [11], [12] in order
to study total positivity in algebraic groups and canonical bases in quantum groups.
The study of Z-bases of cluster algebras has become important. There are many
results involving the construction of Z-bases of cluster algebras (for example, see [17]
and [4] for cluster algebras of rank 2, [3] for finite type, [10] for type A, [5] for /1(21),
[6] for affine type and [13] for acyclic quivers). As the quantum analogue of cluster
algebras, quantum cluster algebras were defined by A. Berenstein and A. Zelevinsky
in [1]. A quantum cluster algebra is generated by the so-called (quantum) cluster
variables inside an ambient skew-field .%. Under the specialization ¢ = 1, quantum
cluster algebras degenerate to cluster algebras.

Recently, D. Rupel [16] defined a quantum analogue of the Caldero-Chapoton
formula [2] and conjectured that cluster variables could be expressed in terms of
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the refined Caldero-Chapoton formula, and then proved the conjecture for those in
almost acyclic clusters. This conjecture has been proved for acyclic equally valued

+1/2]_bases of quantum

quivers in [15]. Naturally, one may hope to construct Z[q
cluster algebras. For simply-laced finite and affine quivers, the bases have been
constructed in [7] and [8].

In this paper, we deal with the quantum cluster algebra of the simplest non-
simply-laced valued quiver Aéz) and construct various bar-invariant Z[qil/ 2)-bases
by applying the quantum analogue of the Caldero-Chapoton formula defined in [16].
Under the specialization ¢ = 1, one of these Z[qﬂ/ 2]-bases is exactly the canonical
basis of the cluster algebra of the valued quiver A(QQ) discussed in [17]. Moreover,
the elements {s,: n € N} in the basis .7 (see Definition 3.4) possess representation-

theoretic interpretations.

2. PRELIMINARIES

2.1. Quantum cluster algebras

In what follows, we will give a short review on quantum cluster algebras, for
details one can refer to [1]. Let L be a lattice of rank m and A: L x L — Z a skew-
symmetric bilinear form. Let g be a formal variable and let us consider the ring
of integer Laurent polynomials Z[g*'/2]. The based quantum torus associated with
a pair (L, A) is a Z[g*1/?]-algebra .7 with a distinguished Z[¢*'/?]-basis {X¢: e € L}
and the multiplication given by

xexf = q%A(af)Xe-i-f.
Obviously 7 is associative and the basis elements satisfy the relations
Xexf=ghehxrixe x0=1, (X9 '=Xx"°
It is well known that 7 is an Ore domain, i.e., it is contained in its skew-field of
fractions .Z.
A toric frame in & is a mapping M: 7™ — % \ {0} of the form

M(c) = p(X"®)) = x°

where ¢ € 7™,  is an automorphism of .# and 7n: Z™ — L is an isomorphism of
lattices. By the definition, the elements M(c) form a Z[¢*'/?]-basis of the based
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quantum torus s = ¢(7) and satisfy the relations

M(e)M(d) = gE DN (c + d),
M(c)M(d) = ¢ DN (d)M (c),
M(0) =1,
M(c)™! = M(—c),

where the skew-symmetric bilinear form Aj; on Z™ is obtained by transferring the
form A from L via the lattice isomorphism 7. Note that Aj; can also be identified
with a skew-symmetric m x m matrix given by A\;; = Aar(e;, e;) where {er,..., en}
is the standard basis of 7.

Given a toric frame M, write X; = M(e;); then

T = Z[gFV2NXEY, L XEL XX = ¢ X XG).

Let A be an m x m skew-symmetric matrix and B an m x n matrix with n < m.
The pair (A4, B) is called compatible if B*A = (D | 0) is an n x m matrix with
D = diag(di,...,d,) where d; € N for 1 < i < n. For a toric frame M, we
call the pair (M, B) a quantum seed if the pair (Ays, B) is compatible. Define the
m x m matrix E = (e;;)mxm as follows:

85 if j # k;
€ij = —1 le:]:k,
maX(O, _bik) if 4 #‘] =k.

For n,k € Z, k > 0, denote ["}q (" —q ™) .. (g =g (" =g ..
(¢g—q ). Let ¢ = (c1,...,¢m) € Z™ w1th ¢ = 0. We can define the toric frame
M’ 7™ — F\ {0} as

(2.1) M) =" [C;] » M(Ec +pb*), M'(—c)= M'(c)™*
p=0 qik/2

where the vector b¥ € Z™ is the k-th column of B.

Let B’ = i (B) be the mutation of B at k (see [11] for details). Then the quantum
seed (M’, B') is called the mutation of (M, B) in the direction k. Two quantum seeds
are mutation-equivalent if each can be obtained from the other by a sequence of mu-
tations. Let € = {M'(e;): 1 <i < n, (M’',B’) is mutation-equivalent to (M,B)}
The elements of € are called cluster variables. Let &2 = {M(e;): n+1< i m}
the elements in & are called coefficients. The quantum cluster algebra <, (A M, B)is
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the Z[q*'/?]-subalgebra of .% generated by the elements in U 22. We can associate

with (M, B) the Z-linear bar-involution on Js as follows:
¢/2M(c) = ¢""/?M(c), wherere Z, ce I"

Then we can see that XY = Y X for all X,Y € o7, (A, B) and the elements in
€ U P are bar-invariant.

2.2. The valued quiver A§2’
We can associate a valued quiver (see [16, Section 2] for more details) with a given

0 1 0 1
compatible pair (A4, B). Now we set A = ( 1 O) and B = ( A 0). Thus we

4 0
have B¥ A = (O 1) denoted by D. The valued quiver @) associated with this pair

is of type Af):

4,1
ey

Let & be a reduced [F4-species of type @, see [9] for details. The category rep(S)
of finite dimensional representations of & over [F, is equivalent to the category of
finite dimensional modules over a finite-dimensional hereditary Fg-algebra A, where
A is the tensor algebra of &. In the rest of the paper, we will not distinguish the
representation of the valued quiver and the module of the corresponding algebra.
It is well known (see [9]) that indecomposable A-modules are divided into three
families up to isomorphism: the indecomposable regular modules with dimension
vector (ndy,2nd,) for p € P}, of degree d, and n € N (in particular, denote by R,(n)
the indecomposable regular module with dimension vector (n,2n) for d, = 1), the
preprojective modules, and the preinjective modules. Define

0 4
R: 5 R/: 0 0 .
0 0 1 0

It is well known that the Euler form on rep(&) is given by
(V,N) =m(I — R)Dn"

where m and n are the dimension vectors of V' and N, respectively. Now, let .7 =
Z[qPUXE XFY X1 Xy = ¢Xo X)) and let .Z be the skew field of fractions of .7.
Thus the quantum cluster algebra of the valued quiver A(QQ) denoted by «7(1,4) in
the sequel is the Z[g*!/?]-subalgebra of .# generated by the cluster variables X,
k € Z, defined recursively by

¢2X,, +1 if mis odd;

Xm1Xmy1 =
o { PXE+1  if mis even.
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The quantum Laurent phenomenon [1] implies that each X} belongs to the sub-
ring .7 of Z. Let V be a representation of the valued quiver AgQ) with dimension
vector dim V' = (vy,v2). For e = (e1,€e2) € 22;07 denote by Gre(V) the set of all sub-
representations U of V' with dim U = e. In [16], the author defined the element Xy
of the quantum torus 7 by

(22) XV = Z qféd: Gre(v)|X(*’U1+’U2*€2,4617’U2)

e

where dY = 4e;(vy — e1) — (4de; — e2)(vy — e2). This formula is called the quantum
analogue of the Caldero-Chapoton formula [2].

2 1
Let O =
¢ <—4 2

with simple roots {a1,a2}. Then all negative real roots of ® can be labeled by
m € 7\ {1,2} as follows:

be the Cartan matrix and ¢ the associated root system

Qm  if m is odd,
-1 + Om41 =

4oy, if m is even,
where we set ag = —ao, a3 = —ajg.
Recall the following result from [16]:

Theorem 2.1 ([16]). For any m € Z \ {1,2}, let V(m) be the unique indecom-
posable valued representation of AéQ) with dimension vector —c«,,. Then the m-th
cluster variable X, of <74(1,4) is equal to Xy ().

3. BASES OF THE QUANTUM CLUSTER ALGEBRA 27,(1,4)

[¢T1/?]-bases of the quan-

In this section, we will construct various bar-invariant 7
tum cluster algebra <7,(1,4). Under the specialization ¢ = 1, these bases are just the

Z-bases of the cluster algebra of the valued quiver Aéz).

Definition 3.1. For any (r1,72) and (s1, s2) € Z2, we write (r1,72) < (81, 52) if
r; < s; for 1 < i < 2. Moreover, if there exists ¢ such that r; < s;, then we write

(r1,72) < (51, 52).

Lemma 3.2. The Laurent expansion in Xy (,,) has a minimal non-zero term X ™.

Proof. It is obvious that the module V(m) with dimension vector (vi,v2)
has a submodule with dimension vector (0,v2). Thus by the definition of the ¢-
deformation of the Caldero-Chapoton formula and the partial order in Definition 3.1,
we obtain that the expansion in Xy (,;,) has a minimal non-zero term X . (Il
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Lemma 3.3. Let R,(1) be an indecomposable regular module of degree 1. Then
XR (1) = X(71’72) +X(71’2) +X(1’72) + (ql/Q +q71/2)X(0772).

Proof. Notethat R,(1) contains four submodules with dimension vectors (0, 0),
(0,1), (0,2) and (1,2). Therefore the lemma immediately follows from the g¢-
deformation of the Caldero-Chapoton formula. ([

By Lemma 3.3, the expression of Xg (1) is independent of the choice of p € I]j’,l€ of
degree 1. So we set

X(S = XRp(l)'

Definition 3.4 (Chebyshev polynomials).

(1) The n-th Chebyshev polynomial of the first kind is the polynomial F,,(z) € Z[z]
defined recursively by

{Fo(a:) =1, F()=z F@) =2?-2
Froi1(z) = Fp(x)Fi(z) — Fh—1(x) forn > 2.

(2) The n-th Chebyshev polynomial of the second kind is the polynomial S, (x) €
Z[x] defined recursively by

{SO(x)_la Sl(x):xv Sg(l'):l'z—]_,
Spt1(x) = Sp(2)S1(x) — Sp—1(x) for n > 2.

It is obvious that F,(z) = Sp(x) — Sp—2(z). We denote z = X;, 2, = Fn(2),
Sn = Sp(z) for n > 0 and z, = s, =0 for n < 0. Set

B ={XEX) i mel, (a,b) €730} U{zy: neN},

m<*m+1 -
S ={Xu X0 i meZ, (a,b) € I35} U{sn: n €N},
G ={Xp X0 1 meZ, (a,b) €75, U{": neN}.

Remark 3.5. It is easy to check that X (721X (s:25) — X (r+s2r42s) for any
r,s € Z, and thus the expansions of z,, s, and z" have a minimal non-zero term
X —(n:27) according to the partial order in Definition 3.1.

We have the following immediate result.
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Lemma 3.6. X; = ngX:g — qQ(qX1 + q’1/2 + ql/Q)XQQ-

Proof. By XoX, =¢'?X; + 1, we have Xg = X(1-) 4 X©0.=1) By X, X3 =
¢*X3 +1, we have X3 = X(=14) 4 x(=1.0) Then we can prove the lemma by direct
computation. O

The following lemma is straightforward but important.

Lemma 3.7. X; = Xj;.

Proof. Note that

X5 =q " X3X5—q *(gX1+ ¢ /2 +q'/2) X2
= X3 X2 — ¢ 2X3(q Xy + ¢ V2 4+ ¢?) = X,

Remark 3.8. By Lemma 3.7, we can verify that z,, = 2z, 5, = sp.

For any d € 7?2, define d™ = (df,dF) such that dj' =d; if d; > 0 and dj' =0 if
d; <0 for any 1 <i < 2. Dually, we set d~ =dt —d

The proposition below is a special case of [1, Theorem 7.3].
Proposition 3.9 ([1]). Let Q be the valued quiver Aéz). Then the set
d7 dy di df 2
(XX XEXE : (dv,do) € 7%

is a Z[qT'/?]-basis of <7,(1,4).

Proof. It is easy to check that the sets {X;, Xgs,} and {Xs, Xg, } are clusters
obtained by the mutation in the direction 2 and 1, respectively, from the cluster
{X1, X3}. Therefore the proposition immediately follows from [1, Theorem 7.3]. O

The following result is an immediate consequence of the above proposition.
Corollary 3.10. The sets %', ' and 4’ are 7[q*'/?]-bases of the quantum
cluster algebra o7,(1,4).

Proof. Note that if %’ is a Z[qg*'/?]-basis of the quantum cluster alge-
bra /,(1,4), then .#’ and ¢’ are naturally Z[¢g*'/?]-bases of 7(1,4) because
there exist unipotent transformations between {z,: n € N}, {s,: n € N} and
{z": n € N}. In what follows, we will only focus on the set #’.
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By Lemma 3.6, we obtain that X is in @7/(1,4). Thus {z,: n € N} is contained
in <7,(1,4). Note that for any v = (v1,vs) € Z?, there exists only one object Xy
in %' such that dimV = (v, v2) € Z?. Then by Proposition 3.9 we have

R [ P S s
Xv = b, X" X3 Xg' X2 +ZbLX1 X X4 X&

vl

where by, b, € Z[g*!/?]. Then by Lemma 3.2, Remark 3.5, we know that b,, must be
a nonzero monomial in ¢*'/2. Thus we obtain that %' is a Z[g*'/?]-basis of «7,(1,4).
O

Set
B={q 2 XLXE :me T, (a,b) € 12} U{z: neN},
S ={q TXLXE me, (a,b) € 22} U {s,: neN},
G ={q2XaXb  \:mel, (a,b)e22}U{": neN).

m

Then we can obtain the following main result of the paper.

Theorem 3.11. The sets B, . and 4 are bar-invariant Z[q*'/?]-bases of the
quantum cluster algebra 7,(1,4).

Proof. By Lemma 3.7 and Remark 3.8 and the fact that every element in the
set {q_%“bX“ Xt . ,:m € Z, (a,b) € Zéo} is bar-invariant, the theorem follows

m<*m-+1-

immediately. (]

4. SOME MULTIPLICATION FORMULAS

In this section, we prove some multiplication formulas and then give representation-
theoretic interpretations of the elements {s,: n € N} in the basis ..

First, we define a ring homomorphism of the quantum cluster algebra «7(1,4):

oot y(1,4) — y(1,4)

+1/2 o ¢*F1/2. Tt is obviously an automorphism which

by sending X,, to X,, 42 and ¢
preserves the defining relations.

We have the following result.
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Lemma 4.1. 02(X;) = Xs.

Proof. By direct computation, we have

X3 =X 4 x (10
X4 —_ X(fl,?)) _’_X(O,fl) 4 (q+ qfl)X(fl,fl).

Thus we obtain the identity
aXi+q 'X3 = X3X;.
By Lemma 3.6, we have:
X5 = qX§Xs — ¢*(¢X1 + ¢ 7+ ¢/*)X3.
Therefore, we have

02(X5) = 02(¢X3 X3 — ¢*(qX1 + ¢~ ? + ¢/ X3)
= qX3Xs5 — ¢*(qXs +q /* + ¢/ X3
= XX X+ qX5 X — X3+ g7 P+ ¢ )X}
= X3 X3X] +q ' X5 XS — ?(qXs + ¢ P + ¢ )XE
= qX35 ' Xo(q¢"? X3 + D)XF + ¢ ' X5 ' X5 — ¢*(aXs + ¢ /7 + ¢"/)X7
= X7 X X3 X5 + qX5 (¢ 2 X5 + 1) X3
+q ' X5 XE - PaXs +q VP + )X
= " Xo XP + P XE + ¢X; XT g XX
—*(aXs +q '+ /) X3
= ¢**(¢"* X5 + 1)XF + ¢*2 X3 + X5 — ¢*(qXs5 + ¢ V/* + ¢/*)XF
— X;.

Proposition 4.2. We have
(1) form >n > 1,
Znfm = Zm+n + Zm—n,

ZnZn = Zop + 2;

(2) for anyn € Z,

X2nX6 - q71/2X2n72 + q1/2X2n+27
Xon1Xs = ¢ ' X5, +4X3, o
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Proof. (1) It follows from the definition of Chebyshev polynomials.
(2) By Lemma 4.1, we only need to prove the equations

XoXs5 = q X0+ ¢"/* Xy,
X1 X5 =q ' X3 + X3

By the defining relations, we have

X = XG0 4 xO0-D  x, — x(13) 4 x(0.-1) 4 x(=1-1)

?

Then we can prove the above equations by Lemma 3.3 and direct computation. [J

Note that for any A-module V', the quantum analogue of the Caldero-Chapton
map of the valued quiver @) = Aéz) defined in [16] can be rewritten as

Xy = Z | GrgV|q—1/2<972—9>X—QB"—E(I—R’),

3

Lemma 4.3. For any dimension vector m, ¢, f € 2%, we have
(2) AeB™, fB") = (f.¢e) — (e f)-

Proof. It is easy to check that

A(m([ _ RI),QBtr) — m([ _ RI)ABQtr — _m(I _ Rl)Dterr
—eD(I = R))"m" = —¢(I = R)Dm" = —(e, m)

and

A(QBtr,iBtr) :QBtrABitr _ _QBtrDitr :Q(R—R/)Ditr
=e(I-R)—(I-R))Df" =e(I —R)Df" —e(I— R)Df"
= <ia§> - <§7i>'

Corollary 4.4. For any dimension vector m,l, e, f € 2%, we have

Am(I — R') + eB",I(I — R') + [B")
= A(m(I_ R/)aL(I - R/)) + <ia§> - <§ai> + <§7D - <fam>
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For A-modules V, T and N, we denote by FJ) the number of submodules U
of V' such that U is isomorphic to N and V/U is isomorphic to T. The following
proposition gives representation-theoretic interpretations of elements s,, n € N in
the basis .. By abuse of language, we still denote by V' the dimension vector of the
A-module V in the bilinear forms involved.

Proposition 4.5. For any n € N, we have
XRr,m)XR,(1) = XR,(n+1) + XR,(n-1):
Proof. We have the exact sequences
0— Rp(l) — Rp(n+1) — Rp(n) — 0

and

0 Ry(1) ——7Ry(n) = Ry(n) — Ry(n—1) ——=0.

The term on the left-hand side is

XR,(n) X R, (1)
= Z | GriRp(n)|q71/2<4,n674>Xf¢B”fmS(IfR’)
d

x 37 Gy Ry(1)]g /200 x b8 R)

= Y |Gra Ry(n)|| Gry Ry(1)|q /2 dmomd)=1/2(0070)
bd
% q1/2A(7dB”7n5(IfR’),7QB“—é(IfR'))Xf(ber)B“é(n+1)6(17R’).

Then by Corollary 4.4, the above equation is equal to
Z | Gl"dR || GI‘bR ( )|q71/2 (d+b,(n+1)6—b—4d) (d,57§>X*(Q‘FQ)B“*(TI‘FI)&(I*R’)

_ Z Fp(pg(n)Fqlfﬁ(l)q—1/2<gl+b,(n+1)579—4>q<Q,T>Xf(nggl)B“e(nJrl)é(I—R’).
N,Q

The first term on the right-hand side is

Rp _ _ tr_ n _ !
7= XR,(nt1) = ZFGH(n+1)q H/2hg) xBTSt )OI,
H
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According to [14, Lemma 14], we have

dimy, Ext*(Q,T)

n=Y 9" -4
N.Q
% X~ (L) B ~(n+1)5(1-R')

Rp(")FRJI\;[(Uq71/2(N+Q,(n+1)67N7Q>
T

qg—1 Fe

Now we consider the term

Ty = Zq(meW,(S)F{g;;;n—1)q71/2(Y+6,n67Y>X7£B"7(n71)5(IfR’).

Y

Any submodule Y of R,(n — 1) induces the submodule Q = p~}(Y) and N = 0
of R,(n) and R,(1) respectively as the following commutative diagram shows:

0—=Rp(1) —=p~!(Y) I I
Rp(n) —— Rp(n — 1) —— R,(1) = Ry(n) 0

—yB" — (n—1)6(I — R')
= —(b+d—0)B" — (n—-1)d(I - R')
= —(b+d)B" +6B" — (n—1)6(I - R')
= —(b+d)B"+6(R - R)— (n—1)§(I — R')
= —(b+d)B"—6(I—-R)+6I—-R)—(n—1)5(I—R)
= —(b+d)B"-25(I -R)— (n—1)§(I - R)
= —(0+d)B"— (n+1)6(I - R).

Then by [14, Lemma 16], we have

=Y ¢@n 4
N.Q

« X~ @+ BT —(n+1)6(I-R')

dim Ex (Q,’l ) —
R Rp 1 b+d 1)6—b—d

qg—1

Therefore

nitm= Y Fpal™ B0 /b 00-bd) ((QT) x ~ (bt d) B~ (nt D3I - )
N.Q

= XR,(n)XR, (1)
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Note that the second term on the right-hand side of the desired equation is

Rp — _ n— _ _ trin _ !
3= Xp (n-1) = ZFWY(n 1>q 1/2(Y,(n=1)6-Y) x —yB" —(n+1)§(I-R')_
Y

So it remains to prove 7o = 73, i.e., the equation
1 1
(nd —W,8) — §<Y—|— nd—Y)= —§<Y, (n—1)0-Y).
Note that

1
<n5—VV,6>—§<Y+5,n(5—Y>

=(5+Y,6) — %(Y,né—Y) - %<5,n5—y>
= (¥V,6) = 3V (= 15 = ¥) = 3(¥,8) + 5(6.Y)
_— %<y, (n—1)6 - Y).

Here we use the fact thet
<57 _> = _<_77—6> = _<_a5>'

O

By Lemma 3.3 and Proposition 4.5, we know that the expression of Xp () is
independent of the choice of p € P}, with degree 1. Hence, we set

Xns := XR,(n)-

The following corollary gives representation-theoretic interpretations of the elements
{sn: n € N} in the basis ..

Corollary 4.6. X5 = s, for every n € N.

Proof. It follows from Proposition 4.5 and the definition of s,,. O
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