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Mesocompactness and selection theory

PENG-FEI YAN, ZHONGQIANG YANG

Abstract. A topological space X is called mesocompact (sequentially mesocom-
pact) if for every open cover U of X, there exists an open refinement V of U such
that {V € V: V N K # 0} is finite for every compact set (converging sequence
including its limit point) K in X. In this paper, we give some characterizations
of mesocompact (sequentially mesocompact) spaces using selection theory.

Keywords: selections, l.s.c. set-valued maps, mesocompact, sequentially meso-
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1. Introduction

Let X and Y be topological spaces, and 2¥ stand for the family of non-empty
subsets of Y. Let

F(Y)={Se€2Y: Sis closed};

CY)={SeF({): Siscompact};

K(Y)={Se F(): S is finite}, and

SY)={SeF(Y): S is separable}.

A set-valued map ® : X — 2V is lower semi-continuous (upper semi-continuous)
or l.s.c. (u.s.c.), if the set

O NU)={z € X : ®(z)NU # 0}

is open (closed) in X for every open (closed) subset U of X. A family F of subsets
of a space X is compact finite (sequential finite), if {F € F : FNK # (0} is finite
for every compact subset (converging sequence including its limit point) K of X.
A topological space X is called mesocompact (sequentially mesocompact) [1], if
every open cover of X has a compact finite (sequential finite) open refinement.
There is a series of results which characterize separation and covering properties
(like paracompactness, metacompactness, collectionwise normality and so on) by
means of the existence of selections for l.s.c. maps. The following are two ones
among those results.
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Theorem A ([4]). For a Hausdorff space X, the following statements are equiv-
alent.

(1) X is paracompact.

(2) For every complete metric space Y and ls.c. set-valued map ® : X —
F(Y), there exists an L.s.c. map ¢ : X — C(Y) and a u.s.c. map ¢ : X —
C(Y) such that o(x) C ¢(x) C ®(x) for every x € X. (p, ) is called a
Michael’s pair of ®.

Theorem B ([2]). For a regular space X, the following statements are equivalent.
(1) X is metacompact.
(2) For every complete metric space Y and ls.c. set-valued map ® : X —
F(Y'), there exists an Ls.c. map ¢ : X — C(Y') such that ¢(x) C ®(x)
for every z € X.

The first author of the present paper obtained the following result.

Theorem C ([8]). For a regular space X, the following conditions are equivalent.

(1) X is metalindeldf.

(2) For every complete metric space Y and Ls.c. set-valued map ® : X —
F(Y'), there exists an Ls.c. map ¢ : X — S(Y') such that ¢(x) C ®(x) for
every z € X.

In the present paper we shall give some characterizations of mesocompactness
and sequential mesocompactness which are similar to the theorems above. For
convenience, we introduce a new concept. A set-valued map ® : X — 2¥ is said
to be persevering compact (weakly persevering compact), if ®(K) = | J{®(z): z €
K} is compact for every compact subset (converging sequence including its limit
point) K of X.

Throughout this paper, all spaces are assumed to be Hausdorff. Let N be the
set of all natural numbers. All undefined topological concepts are taken in the
sense given Engelking [3]. In particular, U is the closure operator.

2. Main results
We at first give a lemma.

Lemma 1. Let X be a regular and mesocompact (sequentially mesocompact)
space and (Y, p) be a metric space. Then for every ls.c. map ® : X — F(Y),
there exist a sequence {V, = {V* : « € A, }} of locally finite open covers of Y,
two sequences {W, = {W} : B € B,}} and {U, = {Uy : a € Ap}} of compact
(sequential) finite open covers of X, and two sequences {m, : Ap+1 — A,} and
{0 : B, — A} of maps satisfying the following conditions:

n—1 _ n n—1 __ n.
(@) U™ =Upenzt, @ Uss Va' ™ = Uperst () Vi
(b) U2 c @1 (V2);

(c) W—ﬁn C ‘I’_l(VJL(/g)): Uy = Uﬁeaﬁl(a) Wg;
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(d) diam V] < 27", where diam V) is the diametric of V],

for everyn € N and a € A, 8 € By.

ProoF: For each n € N, let V;, = {G} : B € A} be a locally finite open cover
of Y such that diam G < 27" for each o € A,. We inductively construct the
sequences above.

Since {®'(G}) : B € A1} is an open cover of X, by regularity and mesocom-
pactness of X, there exists a compact (sequential) finite open cover Wy = {W}! :
b € By} as its closure refinement (i.e. {W}! : b€ By} re_ﬁnes {@1(Gh) : B e Mi}).
Define o1 : B; — A4 to be a refinement map, that is, W} C <I>_1(G(171(b)) for every
b e By. Let Uolé = UbEO';l(oz) Wbl,Al = Al,Vﬁl = Gé Then U, = {Uolz oS Al},
Vi ={V}!:ae A}, W) and oy satisfy the conditions (a)-(d) for n = 1.

For each (a, §) € A1 x Ag, take V(i g = ViNG3. Then V3 = {V(Qa gy 1 B € As}
is an open cover of V,!. For each b € 7' (a), @' (V2) covers W] Therefore there
exists a compact (sequential) finite open cover W{a,b) = {Wias, 5 10 € B(Qa’b)}
of W} which is a closure refinement of ®~'(V2). Let U%a,b) : B(za,b) — {a} x A
be a corresponding refinement map. Then Wa,p) = {W(,, 5N W}l:se B(Qa’b)}
is an open cover of W}! satisfying Wiy 0 Wy c e 1(V3 ) Let Az =

s (,0)
Ay x Ao, By = (B, ) : € Ayb e o1 (@)}, where we may think that {Bl, )}
is pair-disjoint. Define oo : By — As by o9 | B(za by = 0'(2a by Define w1 : A5 — A4
to be the projection to the first factor. For every § € Bs, there exists an unique
pair (a,b) € A1 x By such that § € B(Qa’b). Let

W2 =W, ys N WL
For each v = («, 8) € Ag, let
U2 =02  0x(6) = 7).
Then we may define families of open sets in X and Y, respectively, as follows

Wy :{W(?:(SEBQ}’
Us ={U3:7€A2} and
Vo :{V,YQ’)/EAQ}

It is not hard to verify that Us, Va, Wh, 71 and o4 satisfy the conditions (a)—(d)
for n = 2.

Repeating the process above, we can obtain the sequences of covers and maps
required. ([l
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For a metric space (Y, p), we may define the Hausdorff metric py(E, F) be-
tween two compact sets E/, F in Y as follows:

pu(E,F)=inf{r >0: EC O,(F) and F C O,(E)},

where O (E) ={y €Y : p(z,y) < r for some z € E}. In [7], the following lemma
was proved:

Lemma 2. Let X be a topological space and (Y,p) be a complete metric
space. For each i € N, ®; : X — C(Y) is an ls.c. map which satisfies that
o (®;(z), @i41(x)) < 27% for every € X. Define ® : X — 2Y by ®(z) =
{limy; : y; € ®i(x), p(yi,yit1) < 27'}. Then ®(z) € C(Y) for every x € X and
®: X - CY)is Ls.c.

Using those lemmas, we show the following result.

Theorem 1. For a regular space X, the following statements are equivalent.

(1) X is (sequentially) mesocompact.

(2) For every complete metric space (Y, p) and Ls.c. set-valued map ® : X —
F(Y), there exists an Ls.c. map ¢ : X — C(Y') such that ¢(x) C ®(x)
for every x € X and p(K) is compact for every compact set (converging
sequence including its limit point) K of X.

PRrROOF: We only prove the result for mesocompactness.

(1)=(2). Let (Y, p) be a complete metric space and ¢ : X — F(Y) an ls.c.
map. Using Lemma 1, there exist some sequences satisfying the conditions in
Lemma 1 and we use the same symbols to denote them as in Lemma 1. For every
a € Ay, take yo € V. Let o (2) = {yo :x € UZ,a € A, }. Then ¢, (z) € K(Y)
and, by the definition of ¢,, ¢, !(y) is open in X for every y € Y. Therefore,
on: X = K(Y) is Ls.c.

We shall prove the following:

(1) pa(Ynt1(x), pn(z)) < 27" for every x € X. In fact, for every yo, € pni1(2),
we have x € Ul C UZ () Thus yr (a) € on(x). Tt follows that p(ya, on(z)) <
P(Yas Y, (o)) < diam V' ) < 27" Therefore, ¢p11(2) C Og-n(pn(z)). Simi-
larIYv Qon(x) - 02—"(§0n+1(x))'

(ii) pn(z) C Og-n(®(z)). In fact, let yo € @n(z). Then z € U C &~ 1(V7).
Hence ®(z) NV # (. Pick y € ®(z) N V2. Then p(ya, (z)) < p(ya,y) <
diam V* < 27" Tt follows that ¢, (z) C Og—n (P(x)).

Define ¢ : X — 2Y as follows:
p(z) = {limy; : y; € pi(x), p(yi,yit1) <277}

By Lemma 2, ¢ : X — C(Y) is l.s.c. From (ii) and the closedness of ®(z) it
follows that ¢(z) C ®(z). It remains to prove that ¢(K) is compact for each
compact subset K of X.
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Let K be a compact subset of X. For each n € N, since U,, is compact finite,
on(K) is finite subset of Y. Note that the Hausdorff metric pg on C(Y) is
complete, see [5]. It follows from pg(on+1(K), pn(K)) < 27™ that the sequence
{on(K)} is a Cauchy sequence in this complete metric space (C(Y), pr). Hence
this sequence converges to a compact subset of Y which contains ¢(K). Therefore,
p(K) is compact.

(2)=(1). LetU = {U, : a € A} be an open cover of X. Let Y = A be a discrete
metric space. Then Y is complete. Define ® : X — F(Y) by ®(x) = {a: z € Uy }.
® is ls.c. since @7(a) = U,. By (2), there exists an Ls.c. map ¢ : X — C(Y)
such that ¢(z) C ®(x) for each z € X and p(K) is compact for each compact
subset K of X. Let K be a compact subset of X. Then K N¢~!(a) # 0 if and

only if a € p(K). Since ¢(K) is compact in the discrete metric space Y, it is
finite and hence so is ¢(K). It follows that {¢~!(a) : @ € Y} is compact finite
open refinement of &. This shows that X is mesocompact. |

Since the u.s.c. selection ¢ in Michael’s pair is persevering compact, a natural
problem is if (sequentially) mesocompactness can be characterized by replacing
the u.s.c. selection with (weakly) persevering compact selection in Theorem A.
The next theorem shows that one implication is true.

Theorem 2. A topological space X is mesocompact (sequentially mesocompact)
if, for every complete metric space Y and lLs.c. set-valued map ® : X — F(Y),
there exist an lLs.c. map ¢ : X — C(Y) and a persevering compact (weakly
persevering compact) map ¢ : X — C(Y) such that p(x) C ¢(x) C ®(x) for
every xz € X.

PRrROOF: Let U = {U, : @ € A} be an open cover of X. Let Y = A be equipped
with the discrete metric. Then Y is complete. Define & : X — F(Y) by ®(x) =
{a 1z € Uy}. @ is Ls.c. since ®7!(a) = U,. Thus, there exist an Ls.c. map
¢ : X = C(Y) and a persevering compact (weakly persevering compact) map
¢ : X — C(Y) such that ¢(z) C ¢(x) C ®(x) for each z € X. Note that
K nNo¢ Y a) # 0 if and only if a € ¢(K) for each compact (converging sequence
including its limit) K of X. It follows from ¢(K) being finite that {¢~*(a) :
a € Y} is compact finite (sequential finite). For each a € A, ¢~ !(a) C ¢~ (a).
Thus {p~1(a) : @ € A} is compact finite (sequential finite) open refinement of U.
Therefore, X is mesocompact (sequentially mesocompact). O

Moreover, for sequentially mesocompact spaces, we may show that another
implication is also true for every normal space. To this end, we need three lemmas.

Lemma 3. Let X be a normal and sequentially mesocompact space. Then, for
every open cover U = {Us, : @ € A} of X, there exists an open cover V={Vy :
a € A} such that {V, : o € A} is sequential finite and V,, C U, for each o € A.

ProoF: Without loss of generality, we can suppose that U/ is sequential finite. It
follows from [3, Theorem 1.5.18 ] that there exists an open cover V = {V,, : a € A}
such that V, C U,. Then V satisfies the conditions. O
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Lemma 4. Let X be a topological space and (Y, p) be a complete metric space.
Foreachi e N, &, : X — K(Y) is a weakly persevering compact map satisfying
the following conditions:

(a) ®;(y) = ®;'({y}) is closed for eachy € Y and i € N;
(b) ®;y1(x) C Og-i(®;(x)) for each x € X and i € N.

Define ® : X — 2Y by
®(z) = {limy; : yi € Pi(x), p(yi,yir1) <27}
Then ® is weakly persevering compact.

PROOF: By the finiteness of ®;(x) and the completeness of (Y, p), ®(x) is non-
empty for every x € X.

Let L = {z,, : n € N}U{x} be a converging sequence {x,,,n € N} with its limit
x in X. Denote Z = [[;cy ®i(L) with the product topology. Then Z is compact
and metrizable as a countable product of compact metric spaces. Let

Zo=4{r=(y1,Y2,.-,Yi,.-.): 3L € L such that
yi € ®i(1) and p(yi,yir1) <277}

Define f: Zo — Y by f(y1,y2,---,Yi--.,) = limy,;. Trivially, f(Zy) = ®(L). We
shall show that Z; is compact and f is continuous.

First we show that f is continuous. To this end, pick a sequence {r,} of
elements of Z; which converges to some r € Z;. Let r, = (y7,9%,...) and
r = (yy,Y%,...) € Zg. We prove that f(r,) — f(r). Suppose lim; 0o y?' = yn
and lim; , y, = y. For e > 0, take iy € N such that 271 < £/3. Then
P, yn) < e/3and p(y;,,y) < €/3. For iy, take ng € N such that p(yj?,y; ) < e/3
if n > ng. Therefore,

PWn,y) < p(ynsvin) + Wi, ¥iy) + P(Wiyr y) < €

for n > ng. It follows that f is continuous.

To show that Zj is compact, we can take a sequence {r, } in Zy which converges
to r in Z, where r, = (y7,y5,...) and r = (y1,y2,...) € Z. We shall prove
that r € Zy, which implies that Zy is compact. At first, it is easy to see that
p(yi,yiv1) < 27% for each i € N. We only need to prove that there exists Iy € L
such that y; € ®;(ly) for each ¢ € N. By the definition of Ly, for every n, there
exists I, € L such that y* € ®;(l,,). Then {l,,} has a subsequence converging to
some point lgp € L. Without loss of generality, we can suppose that {l,,} converges
to lp. For every i and m, we have y* — y;, yI* € ®;(l,) and ®;({l,, : » € Nand n >
m}U{lo}) is compact. It follows that y; € ®;({l,, : » € Nand n > m}U{lp}). This
implies that y; € ®;(lp) or there are infinitely many n € N satisfying y; € ®,(1,,).
In the second case, there exists infinitely many n € N such that [,, € <I>l-_1(yi).
Thus, Iy € ®; *(y;) since ®; '(y;) is closed. Therefore, we have also y; € ®;(ly).



Mesocompactness and selection theory

This means that y; € ®;(lp) for any ¢ € N, and hence r € Zy. Therefore Z is
compact and hence ®(L) = f(Z) is compact. O

The following lemma is similar to Lemma 1 with a simpler proof than that of
Lemma 1.

Lemma 5. Let X be a normal and sequentially mesocompact space and (Y, p)
be a complete metric space. Then for every l.s.c. map ® : X — F(Y), there exist:
a sequence {Uy, = {U, : a € A, }} of open covers of X with {U, : a € A,,} being
sequentially finite for each n € N, a sequence {V,, = {V,, : « € A,}} of locally
finite open covers of Y and a sequence {m,, : An+1 — Ay} of maps such that, for
each o € A, andn € N,

(a) Ua = Userz1(a) Uss Va =Upgerst(a) Vo
(b) Ta € &-1(V,), and
(c) diamV, < 27",

PROOF: For each n € N, let W,, = {W, : @ € A,,} be a locally finite open cover
of Y such that diam W, < 2™ for each o € A,,. We inductively construct the
sequences above.

Since {®~1(W,) : a € A1} is an open cover of X, by Lemma 3, there exists an
open cover Uy = {U, : a € Ay} of X such that {U, : o € A1} is sequentially finite
and U, C ®~1(W,,) for each o € A;. Let Ay = Ay, V,, = W, for each a € A;.

Denote W,, = {Vo, NWp : B € Ay} for each o € A;. Then ®~1(W,,) is an open
cover of U,. In the subspace Uy, by Lemma 3, there exists an open refinement
{Ulpp) : B € Az} of @ 1(Wa) such that {U/, 4 : B € Az} is sequentially finite
and U(’a,ﬁ) C 1V, N Wp) for each B € Ay. Let U,p) = U(’aﬂ) NUas Viap) =
Vo ﬂWg, Ay = A1 X Ao, Uy = {U(a”g) : (Oé,ﬁ) € Ag}, Vo = {V(a”g) : (Oé,,@) € Ag},
let 7 : A2 — Ay be the project map. Note that U, g) is open in X. Moreover,
trivially, they satisfy (a)—(c) for n = 2.

Repeating the process above, we can obtain the required sequences. O

We are in a position now to prove the following theorem.

Theorem 3. For a normal space X, the following conditions are equivalent.

(1) X is sequentially mesocompact.

(2) For every complete metric space (Y, p) and Ls.c. set-valued map ® : X —
F(Y), there exist an Ls.c. map ¢ : X — C(Y) and a weakly persevering
compact map ¢ : X — C(Y) such that p(z) C ¢(x) C ®(x) for every
reX.

ProOF: (1)=(2). Let U,, and V,, be the sequence of covers such as in Lemma 5.
For every a € A, take y, € V,. Define p,(z) = {yo : © € Uy, € A, } and
Sn(z) = {Yo : v € Us,a € Ap}. Then ¢, : X — K(Y),0n : X — K(Y).
Moreover, from the definitions of ¢, and ¢, it follows that ¢, *(y) is open and
¢, (y) is closed in X for every y € Y. Therefore, ¢, is 1.s.c. and ¢, (y) is closed
for every y € Y. We show that ¢, is weakly persevering compact. In fact, for
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every converging sequence L of X, y, € ¢, (L) if and only if U, N L # (). Thus
¢n(L) is finite and hence ¢,, is weakly persevering compact.
For every x € X and n € N, we shall prove the following:

(1) pa(pnti(x), on(z)) < 27" In fact, let yo € @nyi(x), then x € Uy C
Uﬂ'n(a)~ Thus Yrn () € @n(x% and p(yavw’ﬂ(m)) < p(yavyﬂ'n(a)) < diam Vﬂn(a) <
27", Therefore pp41(z) C Oz-n(pp(z)). Similarly, ¢, (x) C Og-n(pn+1(x)).

(i) ¢nt1(z) C Og-n(dn(x)). Indeed, for every yo € ¢ni1(z), we have x €

Uoz - U‘n'n(a) and hence Yrn () € ¢n($) Thus p( qusn(x)) < p(yaayﬂ'n(a)) <
diam V(o) < 27". Therefore, ¢nq1(x) C Og—n(0n(x)).

(iil) on(z) C Og-n(®(z)) and ¢ () C Og-n(P®(x)). We only prove the second
statement. For every y, € ¢, (z), # € Uy C ®71(V,). It follows that ®(z) NV, #
0. Pick y € ®(z) N V. Then p(ya, P(z)) < p(ya,y) < diamV, < 27" and hence
fu(2) C Ogr (B(x)).

Now we define ¢ : X — 2¥ and ¢ : X — 2Y as follows:

o(x) = {limy; : y; € vi(x), p(yi,yir1) <27° and
2

o(x) = {limy; : y; € ¢i(x), p(Yi, Yit1) <

By Lemmas 2 and 4, ¢ : X — C(Y) is Ls.c. and ¢ : X — C(Y) is weakly

persevering compact. Moreover, ¢(z) C ¢(x) C ®(x) from (iii). Therefore, ¢ and
¢ satisfy the conditions in (2).

(2)= (1) By Theorem 2. O

The following problems remain open.
Question 1. Is there an analogue of Theorem 3 for mesocompact spaces?

Question 2. Can the normality of X in Theorem 3 be weakened to the regula-
rity?
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