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On Autogenerating Systems 

P. F E R S T and P. S L A C A L E K 

D e p a r t m e n t of Mathematics, Charles University, Prague*) 

Received 19 January 1976 

T h e r e is an interesting class of idempotent semigroups defined by the property that every 
subset in t h e m is closed u n d e r multiplication. T h e i r algebraic structure is rather simple — they 
are ordinal sums of left-zero and right-zero semigroups. T h e r e was a concrete question, how these 
semigroups — we call them "autogenerating systems" — are located in full transformation semi
groups over finite sets. We háve got a description of maximal autogenerating transformation 
systems in terms of transformations, partitions and set systems. 

HHTepecHbiH HJiacc HneMHOTeHTHbix nojiyrpynn onpeAejiaeTCH CBOHCTBOM, HTO Bce HX no/i-
MHo>KecTBa 3aMKHyTbi "no OTHOHICHHIO K onepanHH VMHOH^HHH. AjireSpaHHecKaa cTpyi<Typa 
3THX nojiyrpynn Hecjionoia, OHM HBJIHIOTCH npHMbiMH cyMMaMH npaBbix H jieBbix nyjieBbix no-
Jiyrpynn. M b i penrajni KOHKpeTHyio sahany, Kan STH nojiyrpynnbi — Mbi Ha3bmaeM HX «caMO-
o6pa3yioinHecH cHcreMbi» — pa3MeineHbi B ciiMMeTpHHecKHX nojiyrpynnax Ha^ KOHeniibíMH 
MHOKecTBaMH. Mbi flajin xapaKTepH3anHK) MaKCHMajibHbix caMOo6pa3yrornHXCH CHCTCM B CHM-
MeTpHHecKoíi nojiyrpynne Ha,o; ^aHHbíM KOHenHbíM MHo>KecTBOM n p n noMOinn CHCTCM noAMHo-
H<eCTB H pa36HeHHH flaHHOrO MHOH<eCTBa. 

Zajímavá třída idempotentních pologrup je definována vlastností, že libovolná podmnožina 
pologrupy patřící do této třídy je uzavřená na násobení. Algebraická struktura těchto pologrup je 
jednoduchá, jsou to direktní součty levých nulových a pravých nulových pologrup. V tomto článku 
popisujeme, jak jsou tyto pologrupy — nazýváme je „autogenerační systémy" — rozloženy v sy
metrických pologrupách nad konečnými množinami. Podařilo se n á m charakterizovat maximální 
autogenerační systémy transformací v symetrické pologrupě nad danou konečnou množinou pomocí 
systémů podmnožin a rozkladů dané množiny . 

Part I. 

Definition. Let £f be a non-void systém of transformations of a finite set A. 
We shall call the systém Sf autogenerating if for every natural number k and 
every &-luple of transformations / i , /2 , . • . , /k 6 Sř we háve /i 0/2 o ... o/k -=/i 
for some i e {1, 2, . . . , k}. 

In this páper we shall investigate some properties of autogenerating systems. 

*) 186 00 Praha 8, Sokolovská 83. 
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First we shall show simple characteristics of these systems. The notion "system 
of transformations" will mean a system of transformations of a finite set A. 

Proposition 1. A system of transformations S? is autogenerating iff for every 
f,geS, {/, g} is an autogenerating system. 

Proof. Evidently, if Sf is an autogenerating system then for every f>g e S, 
{fg} is autogenerating. On the contrary, let / i , . . . ,/k e Sf and let us assume that 
/ i 0/2 o ... o/k—i = / i for some i e {1, 2, *. v k — 1}, then /1 0/2 o ... o/k = 
= /i o/k e {/b/k} and therefore /1 o/2 o ... o / k = /j for some / 6 {1, 2, . . . ,*} . 

Corollary 2. Every subsystem of the autogenerating system ^ is autogenerating. 

Corollary 3. Every element of the autogenerating system SP is an idempotent. 

Convention. Let / be a transformation of A. Put Im / = {/(a) | aeA}, 
Ker/ = {/_1(a) | a e Im/}. Evidently, if/ is an idempotent it holds /(a) = a and 
so a ef'Kd) for every a e l m / ; we say that the decomposition of / is coarser 
than the decomposition of g if for every a e l m g there exists belm/ such 
that g~\a) czf~l(b), we shall write Ker/ 3 Ker g. Let 5 be a set, then by |J3| 
is denoted the power of set B. Evidently, | I m / | = | Ker/ | . 

Lemma 1. Let /, g be idempotents. Then it holds 
fog=f iff K e r ^ D K e r / , 
fog = g iff Img a. I m / . 

Proof is easy. 

Proposition 4. Let / , g be idempotents. {/, g} is an autogenerating system if 
one of the following conditions is fulfilled. 
1) I m / = Img 
2) K e r / = Ker# 
3) I m / c l m ^ and Ker/ .3 Ker# 
4) Img a I m / and Ker# 1 K e r / 

Proof. {/, #} is autogenerating iff either 
l)f°g=f and gof = g or 
2)fog = g and gof=f or 
3)f°g = g and gof=f or 
4)fog=g and gof = g. 
Now we get the proposition by means of Lemma 1. 

Corollary 5. Let/, # be idempotents such that | Im/1 = | Im g |. Then {/, g} is an 
autogenerating system iff either I m / = Im^ or Ker/ = Ker g . 

Corollary 6. Let Sf be an autogenerating system, f,geS?. Then it holds 
(i) if I I m / I < I Im g \ then I m / c Im g and Ker/ !3 Ker g , 
(ii) if I I m / I = I Im# | lmg\ then either I m / = Img or Ker/ = Ker g . 

Proof. Proposition follows from Propositions 1 and 4. 
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Definition. Let Sf be a system of transformations. Then Sfi is a subsystem of 
Sf such that / e Sf-X iff | Im/1 == i. 

Proposition 7. Let Sf be an autogenerating system and f e Sf\, Then either 
Img = I m / for every # e Sf\ or Ker £ = Ker/ for every # e Sfi. 

Proof. The proposition is evident if | Sf\ \ < 2. Let us assume that \S?\\ > 2 
and that there exist g\,g2eSf\ such that Im^i ^ I m / and Kerg2 7--Ker/. 
In view of Corollary 6 we get Ker g\ = Ker / , Im £2 = I m / and either Ker g\ = 
Ker£2 or Imgi = Img2 . But then either Ker #2 = Ker/ or Imgi = I m / 
and this is a contradiction. 

Corollary 8. Let Sf be an autogenerating system on an n-point set A. Then 
n 

Sf =-= (J ^ j and for every i = 1, ..., n either I m / = Img whenever f,ge Sfi 
i - l 

or Ker / = Ker g whenever / , g e ^ i . 

Convention. Denote by ^ (̂ 4) the set of all decompositions of the set A. 

Evidently, (exp A, a) and (01(A), 1) are complete lattices. Let Sf be a system 

of transformations. Put Ker Sf\ = In/ {Ker/ | / e ^ i } , Ker Sf\ = Su£ {Ker/ | 

\feSf\}, I m ^ i = In/{Im7T/e^i}, IrrTSi = Su^> { I m / | / e ^ i } . If ^ is 

autogenerating then we have, in view of Corollary 8, for every i either Ker Sf\ = 

Ker Sfi or Im Sf\ = Im Sf\. We shall write Ker Sf\ = K e r ^ i if Ker Sf% = 

= Kir Sfi and Im ^ = Im Sf\ if Im ^ 1 = Im Sf\. 

Proposition 9. Let Sf be an autogenerating system and Sf\ ^= 0 ^ Sf ^ i < j . 

Then Im Sf\ c Im Sf ^ and Ker ^ 3 Ker Sfh 

Proof. Let / e Sf^ g e ^ j . In view of Corollary 6 we have I m / c Im g, 

Ker / !3 Ker g and therefore 

I m V i = Sup{Im/|/e^i} <= In/{Im^ | £ e 5"j} - Im ^ j and 

Ker ^ = Su/> {Ker/ | / e ^ } 3 In/{Ker £ | g e Sf$ = Ker ^ j . 

Theorem 1. Let Sf be a system of transformations of an n-point set A Then 
Sf is an autogenerating system iff 
1) every fe 0* is an idempotent, 
2) for every i = 1, . . . , n either Ker ^ i = Ker ^ t or Im Sf\ = Im Sfi, 

3) for every iyj e { l , . . . , n}, 1 < j , -^i 9-= 0 Sj it holds Im Sfi c Im Sf ^ and 

K e T ^ i n K e r ^ j . 

Proof. If Sf is an autogenerating system then in view of Corollary 3 and 
Propositions 7 and 9 the conditions 1), 2) and 3) are fulfilled. On the contrary, 
if Sf fulfils these conditions and /, g are its arbitrary elements, there exist 
t, j e {1, ..., n} such that / e Sfu g^Sf\. Ifi=j we get either Ker/ = Ker g 
or I m / = I m g , if i <j we get Imf almg and Kerf 2 Kerg, if / > ; 
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we get Im g c Im / and Ker g 1 Ker / and by Proposition 4 {/, g} is an auto-
generating system. Now we get, using Proposition 1, that SP is an autogenerating 
system. 

Part 2. 

Definition. Let SP be an autogenerating system. We shall call SP maximal iff 
for every autogenerating system SP' such that SP c SP' we have SP' = SP . 

Now we are going to investigate the maximal autogenerating systems. 

Definition. Let SP be an autogenerating system on an n-point set A. We 
shall call non-void subsystems SP\,SP\ with i<j adjacent iff for every k such 
that i < k <j it holds SP* = 0 . We shall call subsystem SP*^=- 0 the first 
subsystem if for every i < k it holds SPi = 0 and subsystem SP\ ^ 0 the 
inside subsystem if there exist non-void subsystems SP -^ SP* such that SP\> SPi 
and SPu SP* are adjacent. 

Let SP\ be an inside subsystem. Then SP is called maximal in SPi iff for 
every transformation / such that | Im/ l =i and /' <fc SP', SP \] {/} is not auto
generating. 

Let SPu SP \ be adjacent. Then SP is called maximal between SPu SP \ iff 
for every transformation / such that i < | I m / 1 < /, SP \] {/} is not autogenerat
ing. 

Proposition 10. Let SP be an autogenerating system on an n-point set A. 
Then SP is maximal iff the following conditions are fulfilled: 
1) ^ is maximal in all inside subsystems SP\, 
2) SP is maximal between all pairs of adjacent subsystems SPu SP ̂  

3) if SP* is the first subsystem and SP*> SPm are adjacent then Ker SP* = Ker SP*> 

SP* contains all idempotents / such that K e r / = Ker SP* and I m / c Im SPm 

and either k = 1 or Im SP* = 0 , 
4) SPn = {U} . _ 

Proof. If (1) or (2) does not hold then there exists a transformation f $ SP such 
that SP U {/} is an autogenerating system and so SP is not maximal. 

Let SP* be the first subsystem, SP*> SPm adjacent. If k = 1 then it holds 

obviously Ker SP* = Ker SP* = A. Suppose that k > 1 and Im SP* ̂  0 . 

Then there exists an idempotent / such that I m / c Im SP* , Ker / 3 Ker SP* , 

thus by Propositions 1 and 4 and Theorem 1 SP \] {/} is an autogenerating system, 

hence SP is not maximal. So k > 1 implies Im SP* = 0 - but obviously 

Im ^ k 7-= 0 and so in view of Theorem 1 Ker SP* = Ker SP* . Every / e SP* 

is an idempotent such that K e r / = Ker SP* and I m / c l m ^ m . If there 

exists an idempotent / with these properties such that / ' <£ SP\ SP (J {/} is by 

Theorem 1 an autogenerating system and 9 is not maximal. 1A is evidently the 

only idempotent such that | I m / | = n . If (4) does not hold then SP \] {1A} 
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is obviously autogenerating. We have proved that if Sf is maximal then the condi
tions (1), (2), (3) and (4) are fulfilled. 

If Sf is not maximal, then there exists an idempotent / such that / <£ Sf 
and Sf (J {/} is an autogenerating system. If | I m / | = n then / = 1A and (4) 
is not fulfilled. If | I m / | < k and Sf^ is the first subsystem then k > 1 while 
in view of Theorem 1 \mSf^ 7^ 0 , thus (3) does not hold. If | I m / | = k, 
then by Theorem 1 K e r / 3 Ker Sfm , I m / c Im Sfm {Sf^. - Sfm are adjacent). 
If Ker Sf^ ^ Ker Sf^ then (3) does not hold, assume Ker Sf^ = Ker Sf* - Then 
either \<fk\ = 1 or K e r / = Ker Sf^, in the second case again (3) does not 
hold. If \Sf-\s\ = 1, Sf\a — {h} then either h is constant and s o , / is also constant, 
thus K e r / = Ker Sf\ and (3) does not hold, or h is not constant, then k > 1 
and Im h = Im .S^k -?-- 0 and so again (3) does not hold. If k < | I m / | < n 
then either there exists Sf\^=-0 such that | I m / | == i and so (1) does not hold 
or there exist adjacent SfuSf\ such that i < \ I m / | < / and so (2) does not 
hold. 

Proposition 11. Let Sf be an autogenerating system on an «-point set A, let 
Sf \, Sf\ and Sfu Sf\ be adjacent with j < i < k . Then 5^ is maximal in Sf\ 
iff the following are true: 

1) If Ker Sfi = Ker Sfi then Sfi contains all idempotents / such that K e r / = 

= Ker Sfi and Im ^ j C I m / c l m ^ k . 

2) If ImSfi = ImSfi then Sfi contains all idempotents / such that I m / = 

= I m ^ i and Ker" Sf \ 3 K e r / 3 Ker -9*k . 

Proof. Evidently, if there exists an idempotent / such that | I m / | = i, / $ Sfi 
and / fulfils the conditions of the proposition then Sf (J {/} is an autogenerating 
system, but / <£ Sfi implies f $ Sf , thus Sf is not maximal. 
Conversely, suppose that Sf is not maximal in Sfi and Sf\ contains all idem
potents fulfilling the conditions of the proposition. Then there exists a trans
formation / such that I I m / | = i,f$Sfi and Sf (J {/} is autogenerating. 
By Theorem 1 i m > j c I m / c l m ^ k , K e r V j 3 K e r / 3 Ker ^ k and either 

to(^iU{/})-M^UW) or Ijn(^iU{/})^I^(^iUj/}). If 
I ̂ i I > 2 then Ker Sfi = Ker ^ implies Ker ^ (J {/}) = Ker ( ^ (J {/}), 

hence K e r / = Ker ^ i and so feSfi — this is a contradiction. Similarly if 

lmSfi = TmSfi then I m / = I m ^ i and feSfi. If ^ i = {h} then either 

I m / = Im h or K e r / = Ker h , thus / e Sfi and this is a contradiction. 

Lemma 2. Let ^ be an autogenerating system and Sfu Sf \ adjacent. Then Sf 
is maximal between Sfu Sf \ iff Sfi (J Sf \ is maximal between Sfu Sf \ • 

Proof. Evidently, if Sf is not maximal between Sfu Sf \ then Sf\ (J Sf \ is not 
maximal between Sfu Sf \ . On the contrary, if Sfi (J Sf \ is not maximal between 
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5^1, Sf \ then there exists an idempotent f such that i < \ Imf | <j (thus 

f $ Sf) and eŜ i (J Sf \ IJ {f} is an autogenerating system. By Theorem 1 we get 

I m ^ i c Imf c L n / ^ j and Ker ^ i 3 Kerf 3 Ker 5"j . Now let k<i, 

ST* ^ 0 , then I m ^ k c j r n ^ i c l m ^ i c Imf 

and K e r 5 ^ k 3 K e r ^ i 3 K * r / r i 3 K e r f . 

Similarly Imf c Im ^ k and Kerf 3 Ker Sf^ for every k > j , Sf\ ^ 0 thus 

in view of Theorem 1, Sf (J {f} is autogenerating and so Sf is not maximal. 

Definition. Let A be a set, X e exp v4, I? e St (A) {St (A) is the set of all 
decompositions of set A). We shall write 

X<R if for every UeR, \ X f] U / < I 
X> R if for every UeR, \ X f] U \ > I 
XznR if for every UeR, \ X f] U \ = I 

Lemma 3. Let Re St (A), X e exp A . Then there exists an idempotent / such 
that Kerf = R, Imf - X iff X~JZR . 

Proof is easy. 

Lemma 4. Let Xu X2 e^xpA.ReSt (A) . If X± c X2 and Ki < I? < K2 

then there exists X e exp 4̂ such that Xi cz X a X2 and X m I^ . 

Proof. Denote by R = {UeR \ U f] Xi = 0} and for every UeR choose 
au e U n X2 (it is possible because R < X2). Put X = Xi \J {av \ U e R} . 
As Xi < R we have Xzn R . Evidently Xi a X a X2 . 

Lemma 5. Let Ru R2eSt (A), XeexpA. If JRI 3 JR2 and Ri < X < R2 

then there exists R eSt (A) such that Ri 3 R 3 R2 and RznX . 

Proof. For every UeI^ , denote by U0 = {VeRi / V c U, V f] X = 0} 
and Ui = {Vec7, V f] X ^ 0} . As #1 < X < R2, t/i ^ 0 and VeUi 
implies | V f] XI = 1 . For every U e Ri choose Vu e Ui. Now define R 
as follows: 

U = .Ri\ U (Uol){Vu})U{ U VUVU\ UeRi} 
ueR2 veu0 

Evidently Ri 3 R 3 R2 and RznX . 

Lemma 6. Let Ru R2eSt (A), Xi, X2 e e x p A . Then 
(i) if Xi c X2 , X2 ZH Ri and Ri 3 R2 then Xi < R2, 
(ii) if Ri2R2yR2zn Xi and Xi c X2 then I^i < K2 . 

Proof, (i) As Iv*i 3 I?2 we have for every U e R2 , c7 f] X2 c V n X2 where 
V e I?i and t/ c V. Because of | V f] X2 \ = 1 we get \ U f] X2 / < I . From 
Xi c X2 follows U n X2 c U f] Xi and so | U ft Xi / < 1 . 
(ii) As .Ri 3 R2 , for every V e I?i there exists U eR2 with U aV. Then 

V n -X2 => V n -̂ 1 ^ C/fJ -STi (as -X* => Xi) and I U f\Xi\ = 1, thus | V 0 X2 \ 
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Proposition 12. Let Sf be an autogenerating system on an n-point set A> 
Sfi, Sf\ adjacent. Then Sf is maximal between Sf\, Sf \ iff at least one of the 
following conditions holds: 
1) | Sfi | = 1 and either Ker ^ = Ker Sf\ or ImJ^ j = Im &>i . 

2) | 5", | = 1 and either Ker Sfi = Ker ^ j or TmSfi = Im 5 ^ . 

3) There exists cJeKer S?i such that U f] Im Sf \ = 0 . 

4) There exists c7 e Ker 5 ^ such that / £7 0 Im «^i | > 2 . 

5) / - * = 1 . 

Proof. Suppose that there exists an idempotent / such that i < | Im / 1 < / 

and Sfi \) Sf \ (J {/} is an autogenerating system. Then we have by Theorem 1. 

i m ^ i c I m / c l m / ^ j and K e r > i 3 K e r / .3 Ker ̂ j . If it holds (1) we get 

the contradiction | I m / | = i, if it holds (2) we get | I m / | = / . 

By lemma 6 we have Im Sf'X < Ker S?j and Ker ̂  < Im Sf\ contradicting 

(3) and (4). If it holds (5) then 0 is evidently maximal between S?i, Sf\ . 

Suppose now that none of the conditions is fulfilled. Put k = win {/— 1, 

| Im Sf\ |, | Ker S?i \) . Suppose now k = i . Then either | Im Sfj / = i or 

| K e r ^ j | = i . If | I m ^ j | = i then from I m ^ i c l m ^ j we get 

| Im Sf\ | = z, hence Im S?i = ImS^i. As (4) does not hold we have 

K ^ y i < I m ^ j and so | K e r ^ i | < i , thus also K e r ^ i = Ker«5^i. We 

get | S?i | = 1 , but as (1) does not hold it contradicts I m ^ i = I m ^ j . We 

arrive at a similar contradiction when | Ker Sf \ \ = i, thus k > i. 

Now we shall prove that there exist X e exp A and RG& (A) such that 

\X\ = \R\ =k,XznR,K^^l n ^ l K e r ^ j ^ y i c X c I m y j . Then 

by Lemma 3there exists an idempotent / such that K e r / = R , Imf = X and 

as i < k < j — 1 , Sf is not maximal between ^Y, Sf\ . 

If * = | I m « ^ j | put X=\mSf-,. We have to^j-^Im^j and so 

K e r ^ j = K e r ^ j . Then obviously K e r ^ j > - Y . As (3) does not hold we 

have X > K e r ^ . By Lemma 5 there exists Re01 (A) such that Ker-^i .3 K 

3 K e r ^ j and R zn X . Evidently I m ^ i c X c I m ^ j . 

If * = | Ker ^ j / put I? = Ker-9^ . Similarly we have 

Im c^j > I? _> Im Sf\ and by Lemma 4 there exists X e exp A such that 

f m V i c X c t o ^ and I z i ? . Evidently K e r ^ j 3 I v 3 K e r ^ j . 

If k=j — 1 and | K e r ^ j | > &, | I m ^ j | > & then Ker^ 3- = K e 7 ^ j 

and Im <^j = Im ^ j . Thus | ^ j | = 1 and as (2) does not hold we get 

K e r i v ^ Ker «9*j, i m > i ^ Im ^ j . If it holds Ker ^ = Ker ^ , choose 

ae\mSfu a^TmS^i, let a e F e K e r ^ i . Obviously K e r ^ < ImSfi ., 

hence there exists beV ()lmS^i and t3^a. Let aeU^e Ker ^ , 
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6 e C7b e Ker «^j, put X = Im^j \ {a} , JR = Ker ST^ \ {c7a , Ub} U 
U { ^ a U ^ b } . If I m ^ i = irrT^i, choose VeKerVz, | V n i m ^ j / > 2 
(it is possible because of (Ker S?i ^ Ker £?{). Obviously Im Sf\ < Ker -5^1, 
hence there exist a, b e V (] Im ^ j , a <£ Im ,9^ . Let a e Ua e Ker :5^j, 
beUbe Ker 5^ , put again X = Im ^ \ {a} , 
K = K e r ^ , \ {t/a, ,Ub} U } U { ^ a U ^ b } . _ 
In both these cases we have evidently I z i ? , ImSf\ c X a ImSfj and 

Ker^A nK 3Ker«^, . 
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