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Parameter Estimation in Cosine Regression

V. DUPAC
Department of Probability and Statistics, Charles University, Prague*)

Recetved 20 December 1977

A problem arising in nuclear reactor measurements is studied: Parameters and zero points
of the function ag cos (a1(x—as)) are estimated on the basis of observations within an subinterval
of the cosine half-period. The precision of the estimates is described by asymptotic formulas and
extensive tables. .

Hccnenyercss mpobGiieMa BOSHMKAIOIIAsi B CBA3H ¢ 0OpabOTKOM peaKTOPHBIX HM3MEpeHMii:
OLICHWBATh NapaMeTphbl H HyJIeBble TOUKH GYHKIMM a1cos8(as(x—as)) Ha OCHOBe HaGOHeHMIf U3
HEKOTOPOro NOJMHTEepBaia noaynepuona byHkipm KocuHyc. TOUHOCTh OLCHOK OIMMCAHA ACHMITTO-
THYECKAMH HOPMYJIaMH U JETATBHLIMU Tab/IMIaMu.

Vysetfuje se problém, ktery vzniké p¥i vyhodnocovéni reaktorovych méfeni: odhad parametrii
a nulovych bodi funkce ag cos (a1(x — as)) na zékladé pozorovéni z n&jakého podintervalu kosi-
nové pulperiody. Pfesnost odhadl je popsdna asymptotickymi vzorci a podrobnymi tabulkami.

I. Introduction
Consider the function
f(x3a1, ag, as) = a1 cos (az(x — ag)),
where a1, a2, a3 are unknown parameters satisfying
aa>0, az>0, 0=asas g%.
The origin x = 0 is thus placed between the left endpoint and middle-point of

cosine half-wave; Fig. 1.

The parameters a1, a2, a3z and zero-points H* = g3 -} 2L are to be estimated
by means of observations a3

y=flxi;a,a2,a3) + &, 1=<i<N,

where & are independent random variables, normally distributed with zero expec-
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tations and variances o?, and x; are equidistant dividing points of some subinterval
[¢, d] of the cosine half-period [a3 — ZLag ,as + ZLaz] .
The variances o? of observational errors & are supposed to be of one of the
following two types, ‘
@ 612’=02a1a 1=:=N,
(II) o? = o2f(x; a1, az, as) , 1<i<N,

where o2 is a known constant or another unknown parameter.

For estimators dj, d2, d3 of the parameters, we shall take the solutions of the
system of equations
0 f(x¢5 a1, a2, a3)

aa; 0, j:132:3,

N
;l wi(yi — f(xi; a1, az, as))

where we put w; = 1 in thecase I and w; = 1/y; in the case II. The estimators
of zero-points are then Ht = ds + 7/2d2. The estimators introduced are thus the
modified maximum likelihood estimators.

For N—oo, a; >o00, we shall derive in both cases I and II expressions for
variances and covariances of the asymptotic normal distribution of suitably norma-
lized estimators di, ds, d3 and A , respectively. The expressions depend on
ay, az, as, ¢, d only through the two quantities

y = — 2a3(c — a3)[n, 0 = 2as(d — as)|n ,

which makes possible their tabulation.

Notice that y [or §, respectively] is the coordinate of the point c¢[d] in a scale
with the origin in the middlepoint of the cosine half-period and with the 41 coord-
dinate in its left end- [right end-] point; Fig. 1.

y=a,cosla,lx-aj))

03:‘I2 02 0I (I13 a3+xl/2£
- ! | -
10 00 -10
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Fig. 1.



2. An Application

The described estimation problem is encountered in reactor physics experiments,
viz. in axial measurements of the neutron flux density distribution, where mainly the
parameters az, H*, H- (buckling, upper and lower extrapolated height) are of
special interest. '

The case II with ¢2 = 1 corresponds to a situation, when the only source of
errors is the Poissonian type of variables y; (as pulse rates); in the case II with
¢2 > 1, additional random errors cause a ¢2-fold enlargement of Poissonian va-
riances. The case I corresponds to a situation, when random errors with constant
variance fully predominate over Poissonian ones. In reactor measurements, N is
usually of the order of magnitude 10!~ 102, a; of the order 103~ 10%, a2
of 107! (cm™1), a3 of 10! (cm), 02 of 100~ 101,

3. The Results
Case I: Denote

frat(x) = (7x)" sin® mx cost nx ;

&1 = f100 + foio » &2 = f101 — fo10 >

83 = foo1 84 == faoo — 3 fa10 — 6 f101 + 6 f101 »
85 = f200 — 2f110 — 2fo01 » g6 = f100 — fo1o .

For —1=—y<d=1 put

&, j=1,2456,
hi = h ,a ={gl(7)+81( ) i ’ )
I=h0 0 =\ ) — @, j=35;
h = h(y, 0) = 4hihahe + 12hohshs — 4h§h4 - 3h1h§ — 12h§he ;

k = k(y, 8) = 2n(y + 0)/h,

and further,
b1y = k(4hshe — 3hE),  biz = 12k(hshs — 2hshs) ,
bag = 48k(hihg — ),  bis = 2k(3hohe — 2hgha) ,

bsg = 4k(h1hs — 3H), bes = 12k(2hohs — hihs) ;
b = 4k{h1h4 — 3h§ -+ 3ﬂ2(h1h8 — hg) F 37!(2h2h3 — hlhs)} .

The following result holds true:
For N — oo, a1 — 0o, the distribution of the random vector

(NV2 g1/2 (4 — a1), NY2a}l? a3'(d2 — az), N2 all® ay(ds — as))

ts asymptotically normal with parameters (0, 0,0) and 2B, where B 1is the matrix of
elements by, 1 <13, 1=j=3, bjyi=by. The distribution of the random
variable

N12gi2qo(H+ — HY), or 'N2qV2ay(H- — H-),
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is asymptotically normal with parameters

0 and o2+, or 0 and 0%, respectively

Case II: Denote

r
X . 29 X
*frae(x) = (—2—) sin® —-cost——,
xl2 uz

x[2
U
Fy(x) = fo v du , Fo(x) = fo v du ,

Fs(x) = In tg (% + i';-) ;
*21 = *foi0, *g2 = *f101 — *fow0 , *g3 = *foo1»
*¢4 = Fa2 — *f210 — 2*f101 + 2*fo10,
. *g5 = F1 — *f110 — *foo1 » *ge = F3 — *foio ;
for —1=—y<éd=l put

*gf(}’) + *gf(a) > ] = 1: 2, 4: 6
* —_— % J—
hy = *hily, 9) = ‘ *er) — *ei®), T =35

*h = *hihihg + 2*ha*hs*hs — *h3*hs — *h1*hE — *ha*hs ,
*k = n(y + 0)[2*h,
and further,
*b11 = *k(*h3he — *hZ) , *b12 = *k(*hghs — *h3he) ,
*bgz = *k(*hihe — *hE),  *biz = *k(*hihs — *h3ha) ,
*bsy = *k(*hhs — *h3),  *bas = *k(*hzhs — *Hihs) ;

2
*hE = *k{*hl*h4 — *Bg + nT(*hl*hs — *h%) T n(*h5hs — *hy1*hs); .
Now, we have:
For N — oo, a1 — oo, the distribution of the random vector
(N12g71/2(@y — a1) , N12g12g51(dy — a2) , N1/2gY%q9(d3 — a3))

1s asymptotically normal with parameters (0, 0, 0) and o2*B, where *B is the matrix
of elements *byy, 1 <i1<3, 1=j =<3, *byy= *bsi. The distribution of the

random variable
NY2gt2ay(H+ — HY), or NV2gt2q5(H- — H-),
ts asymptotically normal with parameters
0 and 2%+ or 0 and o2*b—, respectively.

Modification: Our formulation of results corresponds to a situation, when in
each of the considered intervals [c, d], there is the same number N of points of
measurements. If, on the contrary, there is the same step 4 of the x;-values in each
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of the intervals considered (i.e., there are N ~ (d — c¢)/4 points of measurements
in the interval [c, d]) then the following formulation is more natural.

Denote A = x4+1 — x¢ ; further put

c=— 2
Coaly +6)

where b denotes any of the symbols b¢j, *byy, b, *b*, with the same convention
for c.

In the case I, we have: For 4 -0, a3 —> oo,
the distribution of the random vector

(4-112g711265112(8) — a1), A-1/%aY%a53/2(ds — as), A-12aY%al/*(ds — as))

is asymptotically normal with parameters (0, 0,0) and 02C, where C =
=(a)l=i=3,1=7=<3. ’

The distribution of the random variable
A'l/zai""aé’”(fi*’ — HY, or A-1/2a}l2aé/2(ﬁ— —H),
is asymprotically normal with parameters
0 and o%*+, or 0 and o2, respectively.

In the case II, the same holds true, with C, c* replaced by *C, *c*.
4. Derivation of Results

From general theorems on (modified) maximum likelihood estimates (e.g., [1]) it
follows that for large N and ai, the distribution of (d1, d2, d3) is approximately
normal with parameters ( a1, a2, as) and ¢2a;(F*F)~! in the case I, or o2(FTWF)-1
in the case II, respectively, where

F=(&~;’i@) 1Si<N, 1<j<3,

. 1 .
S e REIELE
In the case I we have

(FTF)11 = gl cos? (az(x¢ — as3))
(FTF)zz = af _gl (x; -_ a3)2 sin2 (az(xg e aa))

N
(FTF)33 = ala} .Zl sin? (ag(xy — as3))

(FTF)lz = — a1 i (xi -_ aa) sin (az(x{ - a3)) Ccos (ag(x; - aa))
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(FTF)13 = a1a2 '§1 sin (az(x¢ — as)) cos (az(xi — as))

N
(FTF)e3 = — afazi_Zl (x¢ — as) sin? (az(x¢ — a3))

Obviously, for any of the functions considered here, we have

N 4 2aeN (™%
N[ gt = 22N [ g ay,

L G+ 0)Jnyize

f=1

where y =x —a3.

With the help of formulas (where we write a instead of a2)
fcosz dy = 1 + Lsinza
ay y - 2 y 4a y
2 ina 1. 1 9 1(1 1 .

y2sin aydy=? a2 Yoty — 5\ ¥ — 4 sin 2ay

fsinza d _1 ——l—sin2a
. 1(1 1
ysin ay cos ay dy = AV sin 2ay — 227 cos 2ay

. 1
singy cosaydy = — e cos 2ay

fy sin2 gy dy = %yz — ; (412 cos 2ay + —ysm 2ay)

we get
(FTF)u1 ~ n(ylj— 52 (y + #d + sin wy + sin nd)
(FTF)gp N__. —1- —5 {(@)? + (6)3 — 3(my)? sinmy —
= aly + 06) 24 a2
— 3(nd)2 sin #d — 6my cos wy — 6:d cos nd + 6 sin wy + 6 sin nd}
(FTF)33 ~ n(y_zi—tﬁ% atai(ny + nd — siny — sin nd)
(FTF)12 ~ N l1la — (7wy cos wy + nd cos #d — sin Ay — sin nd)
= aly +0) 4 a
(FTF)13 ~ ~L-i-a as (cos my — cos 7o)
13=n(y+6)2 1a2 y
(FTF)e3 n(ylj— 5% a3 {(ny)? — (wd)2 — 2my sin ny + 276 sin w6 —

— 2 cosmy + 2 cos md}



ie.,

1 1 a 1
"2' hl —4- 72' hz 7 alazha
N 1 & 1
TR~ — et 5 a2
FF:n(y+6) X 24a§h4 8alh:,
X X ia§a§he
where X stands for symmetrical elements. Hence, we get
1 —
[ bu 22 bys bis
ai aiaz
1 al 1
-1~ - el -
(FTF)1 N | X e bes P bas >
1
| X aia "
ie.,
a2

o ay(FTF)yt 2 3 DBD,
where D = diag {a}/®, a;'%az, a;'%a;1}.

The vector NY2D-1(d; — a1, d2 —az, ds —as) is thus approximately
normally distributed with covariance matrix ¢2B, which is our assertion about
dl: 623 63-

For N and a; large, H* — H* and its linear approximation (83 —a3) F
4

+ 73 (42 — az) are asymptotically equally distributed, and so are
N12g12ay(B% — H*) and N'/2a}ay(ds — as) F % N1/2g12651(dy — as)
the latter distribution being normal with parameters 0 and

2
a2 (baz F mbas + nT bzz) = 02b%,

A
which is exactly our assertion on H=.

In the case II, we have

(FTWF)u = a;l 'gl Cos (az(x4 -_— aa))
(FT WF)zz = a1 gl (.‘X'{ —_ a3)2 sin? (az(x¢ - aa))' cos‘l (az(x; —_ aa))
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(FTWF)33 = a1a} ,gl sin? (as(x¢ — as)) cos™! (az(xi — as))
(FTWF)iz = — §, (x¢ — as) sin (az(xs — a3))
(F*™WF)13 = a» _gl sin (az(x; — as))

‘ N
(FTWF)za = — a1a2 21 sin2 (az(xt — aa)) cos~1 (ag(xi - aa)) .
1=
With the help of formulas
f |
cos ay dy = — sinay
. 1 .
y2sin2aycoslaydy = | y2coslaydy — " y2sinay +
2 . 2
+Fsmay — ﬁycos ay
- - B ay) 1
fsm ay cos~laydy = ln tg (4 - 3 S sinay
f si dy = ! sin ay — 1
ysinaydy = — sinay — — y cos ay

J‘. 1
sinay dy = — cosay

. | 1
fy sinZ ay cos~! ay dy = fy cos~laydy — S ysinay — — cos ay

we get ‘
(FTWPF)11 ~ n(yﬂ_:_{ 6) al (sm izd + sin 76)
(FTWF)2 =~ n(y2N 6) Z: {f:m u2 cos~ludu + ]:0/2 u? cos~! udu —
- (%) sin%y— — (%6)2sin%6— — my cos%— 7o cosnz—(s 4-

. Ty . 7o
=+ 281n—2~+2sm7}

r

T ~ Y hizd Z 27
(FTWF)33 ~ c 5 aia; { Intg ( + ) + Intg +

—sinﬂ—sinn—é}
2 2
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- 2N 1 (ny ﬂy mS nd . n&)
(FTWF)12 ~ ;t('y—-i-_é—)a—z (— + OST sin > sin 3
(FTWF(1s ~ ( — cos 16-)
: 13 = ﬂ(y + 6) 2
7y[2 wd8/2
(FTWF)23 n(y + 6) ‘ ucos~1udu f ucos—1udu
_my . my =@ . wd  my m?}
2sm2 5 n2 cos2+cos2 s
ie.,
-L *hy —1- *ho az*hs
N ai az
PWE= 9| x Lone  arhs |’
H
X X a1a3*he
hence
al*bn az*b12 —1- *b13
az
1 as 1
N -1 ~ ___ 2 x - *
(F*WF)1 ~ ~ | % - b2z o bas >
X X I 3 *bas
- a1a2 -
ie.,

2
o%(FTWF)™1 ~ % D*B D, where D means the same as in the case I.

The vector N2D-Yd; — a1, d2 — az, d3 — a3) is thus approximately
normally distributed with variance matrix ¢2*B. H* is handled as in case I.

5. Description of the Tables

The variances (of the asymptotic normal distribution) b1, b2, bas, b+, b—,
covariances big, b1, b2s and standard deviations VI?H, VE, VE;, VF, /o= are
given in Table 1, for pairs (y, 4) within therange — 1.0 =<y <10, —1.0 <
=6 =10, —y < d, with the step 0.2 in both variables. The rows of Tab. 1

are headed by pairs y = 4 only, the values for pairs ¥ < § being found by means of
the relations

bU(x’ y) = b‘f(y’ x), for (13]) = (1, 1): 2, 2)’ G, 3)) (1,2),
bis(x, y) = — byy(y, x) , for (4,7) = (1,3),(2,3),
bH(x, y) = b= (y, %) .
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TABLE 1.

Y 0 by baa bas bia bis bas

1.0 1.0 | 247 1.86 2.00 9.32—1 0.00 0.00
1.0 0.8 2.39 2.83 2.53 1.28 —3.44—-1 —9.12—1
1.0 0.6 | 2.20 4.80 4.47 1.52 —6.82—1 —3.07

1.0 04| 1.95 9.28 1.06+1 1.13 —347—1 —8.52
1.0 0.2 | 2.50 2.08+1 3.05+1 —2.22 3.84 —2.39+1
1.0 0.0 9.95 5.67+1 1.024+2 —1.93+1 2.77+1 —7.49+1
1.0 | —0.2| 6.86+1 2.01+2 4.21+2 —1.12+2 1.65+42 —2.90+2
1.0 | —0.4 | 6.03+2 1.0743 2.46+3 —7.96+2 1.21+3 —1.62+3
1.0 | —0.6| 9.1843 1.17+4 2.83+4 —1.04+4 1.61+4 —1.82+4
1.0 | —0.8 | 6.81+5 7.23+5 1.78+6 —7.024+5 1.10+6 —1.13+6
0.8 0.8 ( 2.40 4.37 2.61 1.85 0.00 0.00
0.8 0.6 | 2.29 7.61 3.94 2.45 —541—1 —2.50
0.8 0.4 | 2.01 1.52+1 9.92 2.53 —8.12—1 —9.68
0.8 02| 2.13 3.62+1 34241 —9.46—1 2.59 —3.27+1
0.8 0.0 9.53 1.08+2 1.4342 —2.53+1 3.19+1 —1.21+2
0.8 | —0.2| 9.50+1 4.49+2 7.66+2 —1.98+2 2.6442 —5.83+2
0.8 | —04 | 1.3443 3.31+3 6.73+3 —2.09+3 2.99+3 —4.71+3
0.8 { —0.6| 5.56+4 8.93+4 2.03+5 —7.04+4 1.064+5 —1.35+5
0.6 0.6 2.34 1.38+1 4.04 3.74 0.00 0.00
0.6 04| 2.16 2.96+1 8.47 4.98 —9.43—1 —9.53

0.6 0.2 1.87 7.84+1 3.79+1 2.14 7.49—1 —4.88+1
0.6 0.0 9.26 2.84+2 2.354+2 —3.95+1 4.03+1 —2.52+2
0.6 | —0.2| 1.88+2 1.75+3 2.18+3 —5.56+2 6.324-2 —1.95+3
0.6 [—0.4]| 9.05+3 3.69+4 6.12+4 —1.82+4 2.35+4 —4.75+4
0.4 04| 2.29 7.10+1 8.22 9.05 0.00 0.00
0.4 0.2} 1.92 23142 3.69+1 1.10+1 —1.47 —7.31+1
04 0.0 9.11 1.27+3 5.0442 —8.14+1 5.86+1 —7.77+2
04 | —0.2| 9.42+2 2.32+4 1.80+4 —4.614+3 4.10+3 —2.04+4
0.2 0.2 2.26 1.15+43 3.10+1 3.76 +1 0.00 0.00
0.2 0.0 | 9.03 1.89+4 1.96+3 —3.09+2 1.15+2 —591+3

The variances *bi11, *beg, *bas, *b*, *b~, covariances *bi2, *b13, *be3 and

standards deviations an, VTzz, VT:;:;, V*_b‘“, V—*_b—— are given in Table 2, for pairs
(y,6) in the range —08 <y =08, —08=<0=0.8, —y<34d, with the
step 0.2. Therows of Tab. 2 are again headed by pairs ¥y = J only; for pairs y < 4,
the same relations as above are utilized, with b replaced by *b.

The standard deviations |/c11, |/czz, Vess, Ve /e and |/ *c1y, |/ *cas, [/ *css,
V;_c:, V?‘ are given in Table 3, for the same pairs (y, d) as in Tab. 1 or Tab.2 ,

respectively. (For pairs y < 4, the same relations as in Tab. 1 are utilized, with b
replaced by ¢ or *c, respectively.)
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TABLE 1. (Continuation)

b+ b= Vorr | Vo | Vos | Vo+ V= y 8
6.60 6.60 1.57 1.37 1.41 2.57 2.57 1.0 1.0
1.24+1 | 6.64 1.55 1.68 1.59 3.52 2.58 1.0 0.8
2.60+1 | 6.69 1.48 2.19 2.12 5.10 2.59 1.0 0.6
6.03+1 | 6.76 1.40 3.05 3.26 1.77 2.60 1.0 0.4
1.57+2 | 6.84 1.58 4.57 5.53 1.25+1 | 2.62 1.0 0.2
4.784+2 | 6.91 3.15 7.53 1.014+1 | 2.194+1 | 2.63 1.0 0.0
1.834+3 | 6.98 8.28 1.42+1 | 2.05+1 | 4.28+1 | 2.64 1.0 —0.2
1.02+4 | 7.04 2.46+1 32741 | 49641 | 1.01+2 | 2.65 1.0 —04
1.154+5 | 7.08 9.58+1 | 1.0842 | 1.68+2 | 3.384+2 | 2.66 1.0 —0.6
7.1346 | 7.06 8.25+2 | 8.504+2 | 1.33+4+3 | 2.67+3 | 2.66 1.0 —0.8
1.344+1 | 1.3441 | 1.55 2.09 1.63 3.66 3.66 0.8 0.8
3.06+1 1.49+1 1.51 2.76 1.99 5.53 3.86 0.8 0.6
7.79+1 1.71+1 1.42 3.90 3.15 8.83 4.14 0.8 0.4
2.26+2 | 2.07+1 | 1.46 6.02 5.85 1.50+1 | 4.55 0.8 0.2
7.90+2 | 2.704+1 | 3.09 1.044+1 | 1.1941 | 2.81+1 | 5.20 0.8 0.0
3.714+3 | 4.06+1 | 9.75 21241 | 2.774+1 | 6.09+1 | 6.37 0.8 —0.2
297+4 | 8.26+1 | 3.65+1 | 5.75+1 | 8.20+1 1.72+2 | 9.09 0.8 —0.4
8.46+5 | 4.084+2 | 2.36+2 | 29942 | 4.50+2 | 9.20+2 | 2.02+1 0.8 —0.6
3.81+1 | 3.8141 | 1.53 3.72 2.01 6.18 6.18 0.6 0.6
1.11+42 | 5.15+1 1.47 5.44 291 1.06+1 | 7.17 0.6 0.4
3.844+2 | 7.81+1 1.37 8.85 6.16 1.96+1 | 8.84 0.6 0.2
1.73+3 | 1.444+2 | 3.04 1.69+1 1.534+1 | 4.16+1 1.20+1 0.6 0.0
1.26+4 | 39342 | 1.3741 | 4.19+1 | 4.67+1 | 1.124+2 | 1.98+1 0.6 | —0.2
3.02+5 | 3.03+3 | 9.514+1 | 1.92+2 | 24742 | 54942 | 5.51+1 0.6 —0.4
1.83+2 | 1.83+2 | 1.51 8.42 2.87 1.35+1 1.35+1 0.4 0.4
8.38+2 | 3.7842 | 1.39 1.52+1 | 6.08 2.89+1 1.95+1 0.4 0.2
6.08+3 | 1.204+3 | 3.02 5.5641 | 2.244+1 | 7.80+1 | 3.46+41 0.4 0.0
1.39+5 | 1.13+4 | 3.07+1 1.524-2 | 1.344-2 | 3.73+2 | 1.0642 0.4 —0.2
2.87+3 | 2.874+3 | 1.50 3.39+1 5.57 5.36+1 | 5.36+1 0.2 0.2
6.72+4 | 3.01+4 | 3.00 1.384+2 | 443+1 | 2.5942 | 1.7342 0.2 0.0

All values in Tab. 1, 2, 3 are tabulated with 3 valid digits in floating decimal
form: po.pip2 + ¢ means po.pipz X 10 %<,

The use of the tables: The precision of estimates obtained from the interval
of measurement [c, d] and of those obtained from the interval [c/ d'] can be
compared merely by the ratios of tabulated standard deviations for corresponding
(y,0) and (y/ d").

In examples which follow, we always assume the model with a fixed step of
x¢-values (and hence, with the number of measurement points proportional to the
length of the interval of measurements) and the case I (0% = o2a1). The most
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TABLE 2.

y 0 *b11 *ba2 *bss *b1a *b1a *bes
0.8 0.8 2.09 2.19 1.41 1.30 0.00 0.00
0.8 0.6 | 2.03 4.71 2.83 1.86 —5.28—1 —2.10
0.8 04| 1.77 1.05+1 8.45 1.76 —6.00—1 —8.02
0.8 0.2 | 2.05 2.58+1 29041 —1.53 2.93 —2.60+1
0.8 0.0 | 8.77 7.53+1 1.11+4+2 —2.08+1 27241 —8.99+1
0.8 | —0.2| 7.08+1 2.90+2 5.22+2 —1.3842 1.88+2 —3.88+2
0.8 | —0.4| 7.99+2 1.87+3 3.87+3 —1.2143 1.75+43 --2.69+3
0.8 | —0.6| 5.15+4 8.17+4 1.86+5 —6.49+4 9.78+4 —1.23+5
0.6 0.6 2.18 1.02+1 2.99 3.23 0.00 0.00
0.6 0.4 | 2.03 2.41+1 7.41 4.39 —9.03—1 —8.67
0.6 0.2 1.77 6.73+1 3.46+1 2.07 5.04—1 —4.40+1
0.6 0.0 | 8.88 2.36+2 2.07+2 —3.57+1 3.72+1 —2.1642
0.6 | —0.2| 1.56+2 1.3743 1.75+3 —4.49+2 5.164+2 —1.54+3
0.6 | —0.4| 6.44+3 2.59+4 4.32+4 —1.29+4 1.67+4 —3.34+4
0.4 04| 2.23 6.33+1 7.26 8.55 0.00 0.00
0.4 0.2 | 1.87 2.15+2 3.56+1 1.0441 —1.38 —7.01+1
0.4 0.0| 8.95 1.18+3 47842 —7.79+1 5.67+1 —7.29+2
04 ' —0.2| 8.44+2 2.05+4 1.60+4 —4.11+3 3.66+3 —1.81+4
0.2 0.2 2.24 1.12+3 3.01+1 3.71+1 0.00 0.00
0.2 0.0 | 8.99 1.86+4 1.94+3 —3.0642 1.1442 —5.82+3

precise estimates are then those obtained from the entire cosine halfperiod, y = 1.0,
d = 1.0. If we choose their standard deviations for units, then we can find from
Table 3 that for the interval y = 0.8, é = 0.2, which is twice shorter, the standard
deviation of the estimator dz is 6.2 times larger, the standard deviation of ds is 5.9
times larger; for the interval y = 0.8, 6 = — 0.4, the length of which is 1/5 of
the cosine half-period, the standard deviation of dz is 94 times larger, that of d3
129 times larger.

The precision of estimates depends substantially not only upon the length of
the interval of measurement, but also upon its location; e.g., the standard deviation
of the estimate H+ obtained from the interval y =08, 6= — 04 is 19 times
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TABLE 2. (Continuation)

*b+ *b- ’ VTII V% V;b_as Vm VTIF Y é
6.82 6.82 1.45 1.79 1.19 2.61 2.16 0.8 0.8
2.11+1 | 7.85 1.42 2.17 1.68 4.59 2.80 0.8 0.6
5.95+1 | 9.09 1.33 3.24 291 7.711 3.02 0.8 04
1.74+2 | 1.09+1 | 1.43 5.08 5.38 1.3241 | 3.30 0.8 0.2
5.79+42 | 1.39+1 | 2.96 8.67 1.05+1 | 24141 | 3.72 0.8 0.0
24643 | 2.00+1 | 8.42 1.704+1 | 2.28+1 | 4.96+1 | 4.48 0.8 —0.2
1.69+4 | 3.84+1 | 3.83+1 | 433+1 | 6.22+1 | 1.30+2 | 6.20 0.8 —0.4
7.75+5 | 3.314+2 | 22742 | 2.86+2 | 4.31+2 | 8.80+2 | 1.82+1 0.8 —0.6
2.83+1 | 2.83+1 | 1.48 3.20 1.73 5.32 5.32 0.6 0.6
9.40+1 | 3.95+1 | 1.43 4.90 2.72 9.70 6.29 0.6 0.4
3.39+2 | 6.25+1 | 1.33 8.20 5.88 1.8441 | 7.90 0.6 0.2

P 14743 | 11142 | 298 1.544+1 | 1.444+1 | 3.83+1 | 1.05+1 0.6 0.0
9.99+3 | 29142 | 1.25+1 | 3.714+1 | 4.18+1 | 1.00+2 | 1.70+1 0.6 —0.2
2.12+5 | 2.08+3 | 8.03+1 | 1.64+2 | 2.084+2 | 4.61+2 | 4.56+1 0.6 —04
1.63+2 | 1.634+2 | 1.49 7.93 2.70 1.28+1 | 1.28+1 0.4 0.4
7.86+2 | 3.45+2 | 1.37 1.474+1 | 5.96 2.804+1 | 1.86+1 0.4 0.2
5.67+3 | 1.094+3 | 2.99 3.43+1 | 2.1941 | 7.53+1 | 3.30+1 0.4 0.0
1.23+5 | 9.89+3 | 29141 | 14342 | 1.264+2 | 3.514+2 | 9.95+1 0.4 —0.2
2.79+43 | 2.79+3 | 1.50 3.354+1 | 5.49 5.28+1 | 5.28+1 0.2 0.2
6.61+4 | 2.95+4 | 3.00 1.36+2 | 4.40+1 | 2.57+2 | 1.72+1 0.2 0.0

larger than of that obtained from the interval (of the same length) y = — 0.4,

6 =0.8.

Whereas the relative precision of two estimates (of the same parameter) obtained

from two different intervals depends only on values of ¥ and 4, the absolute

precison depends on o, 4 (or N), a1, a2 as well. E.g., the standard deviation
of the estimate d» obtained from the interval y = d = 0.8 is approximately
1.32 . 04V2q;1/2q3/2,

[1] WEisss, L.: Asymptotic properties of maximum likelihood estimators in some nonstandard cases.

Reference

J. Amer. Statist. Assoc., 68 1973, 428-430.
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TABLE 3.

y o Ve Ve Veas Ve Ve
1.0 1.0 8.86—1 7.70—1 7.98—1 1.45 1.45
1.0 0.8 9.19—1 1.00 9.46—1 2.09 1.53
1.0 0.6 9.35—1 1.38 1.33 3.21 1.63
1.0 0.4 9.42—1 2.05 2.20 5.24 1.75
1.0 0.2 1.15 3.33 4.03 9.13 1.91
1.0 0.0 2.52 6.01 8.07 1.74+1 2.10
1.0 —0.2 7.39 1.27+1 1.83+1 3.81+1 2.36
1.0 —0.4 2.53+1 3.37+1 5.11+41 1.04+2 2.73
1.0 —0.6 12142 1.37+42 2.124-2 4.27+2 3.36
1.0 —0.8 1.47+3 1.52+3 2.38+3 4.76--3 4.74
0.8 0.8 9.77—1 1.32 1.02 2.31 2.31
0.8 0.6 1.02 1.86 1.34 3.73 2.60
0.8 0.4 1.03 2.84 2.29 6.43 3.01
0.8 0.2 1.16 4.80 4.67 1.20+1 3.63
0.8 0.0 2.75 9.26 1.07+1 2.51+1 4.64
0.8 —0.2 1.00+1 2.184-1 2.85+1 6.27+1 6.57
0.8 -0.4 4.614-1 7.26+1 1.03+2 2.17+2 L15+1
0.8 —0.6 42142 5.3342 8.03+2 1.64+3 3.60+1
0.6 0.6 1.11 2.71 1.46 4.50 4.50
0.6 0.4 1.17 4.34 2.33 8.42 5.72
0.6 0.2 1.22 7.90 5.49 L7541 7.88
0.6 0.0 3.14 1.74-+1 1.58+41 4.284-1 1.24-+1
0.6 —0.2 1.73-+1 5.28+1 5.90-+1 1.42+2 2.50+1
0.6 —0.4 1.70+4-2 34342 4.41+42 9.80+4-2 9.83+41
0.4 0.4 1.35 7.52 2.56 1.21+41 1.21+1
0.4 0.2 1.43 1L.57+1 6.26 29841 2.00+1
0.4 0.0 3.81 4.50+-1 2.8341 9.84+1 4.36+1
0.4 —0.2 5.48+41 2.72+2 2.40+-2 6.66+2 1.894-2
0.2 0.2 1.90 4.284+1 7.02 6.764-1 6.76 41
0.2 0.0 5.36 24542 7.90+1 4.62+4-2 3.08+2
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TABLE 3. (Continuation)

Ve | Ve | VR Je &5 y >
9.12—1 L 1.13 7.49—1 1.65 1.65 0.8 0.8
9.60—-1 | 1.46 1.13 3.09 1.89 0.8 0.6
9.68—1 ¥ 2.36 2.12 5.62 2.20 0.8 0.4
1.14 | 4.05 4.29 1.06+1 2.63 0.8 0.2
2.64 774 9.38 21541 3.32 0.8 0.0
8.67 1.75+1 2.3541 51041 4.61 0.8 —02
3.57+1 5.46--1 7.85+41 1.64+2 7.82 0.8 —0.4
4.05+2 51042 7.69+2 1.57+3 32541 0.8 —0.6
1.08 2.33 1.26 3.87 3.87 0.6 0.6
1.14 3.91 2.17 7.74 5.02 0.6 0.4
1.19 7.32 5.25 1.64+1 7.05 0.6 0.2
3.07 1.584-1 1.48+1 3.9541 1.08-+1 0.6 0.0
1.58+1 4.68+1 5281 1.2642 2.15+1 0.6 0.2
1.4342 2.8742 3.7142 82242 8.1441 0.6 —0.4
1.33 7.10 2.40 1.14+1 1.14+1 0.4 0.4
1.41 1.51+1 6.14 2.8941 1.91+1 0.4 0.2
3.77 4.33+1 2.76+1 9.50+1 4.16+1 0.4 0.0
5.18+1 2.56+2 22642 6.27-+2 17742 0.4 —0.2
1.89 4.22+1 6.92 6.67+1 6.67+1 0.2 0.2
5.35 24342 7.86+1 4.5942 3.06+2 0.2 0.0
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