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Higher-order terms in the perturbation expansions for energy and for expectation values
of some frequently occurring one- and two-particle operators are studied in the framework of
the standard Brueckner-Goldstone theory in oscillator basis. For the case of the 4He nucleus
explicit formulae are derived making it possible to calculate the binding energy up to the third
order and other basic ground-state characteristics (r.m.s. radius, form factor), as well as the
expectation value of the centre-of-mass Hamiltonian, up to the second order.

Ynens! 0ojiee BHICOKMX MOPSAOKOB B psAax TEOPHH BOo3MymieHuit Bpakmepa-I'onacroyHa. —
PaccmaTpuBaroTcs 4jieHbl 60Jiee BHICOKHX IOPSOKOB psAnoB bpakHepa-I'onacroyHa Ijis 3HEPrHH
M CPEIHHX 3HAYEHHH HEKOTOPHIX OJHO- H ABYXYACTHYHBIX ONEPATOPOB B OCLHIATOPDHOM Oa3mce.
B cnyuae supa “He nomyueHs! sSBHbIE BbIPaXeHHs, IPH OOMOLIHA KOTOPBIX MOXHO BBIYHCIIHTH
3HEPTHIO CBA3H JO TPETHEro MOPAAKA W APYTHEe XapaKTEPHCTHKH OCHOBHOI'O COCTOSIHHS (CpeHEKBa-
OPaTHYHBIA panuyc, GopM-pakTop) M TaKkKe SHEPTHIO ABHXXEHHA LIEHTpAa Macc sapa, A0 BTOPOro

- IOpsAOKa.

Cleny vyssich ¥ada v Brueckenerovych-Goldstoneovych poruchovych rozvojich. — V ramci
standardni Brueckenrovy-Goldstoneovy teorie v oscildtorové bazi jsou studovany Cleny vysSich
f4da v poruchovém rozvoji pro energii a sttedni hodnoty nékterych ¢asto se vyskytujicich jedno-
&asticovych a dvoudasticovych operatord. Pro pfpad jadra “He jsou odvozeny explicitni formule
umoziiujici vypoéitat jeho vazebnou energii do tfetiho ¥ddu a nékteré dalsi charakteristiky
zakladniho stavu (stfedné€kvadraticky polomér, tvarovy faktor), jakoZ i stfedni hodnotu energie
tézistového pohybu, do druhého fadu.

Introduction

In the last decade many studies appeared dealing with the Brueckner-Goldstone
{BG) theory in oscillator basis and with its applications for calculating the ground-
state properties of light magic nuclei [1—11]. The attention was focused first of all
on the binding energy (b.e.). Strong dependence of results of earlier second-order
calculations on quantities parametrizing the single-particle (s.p.) spectrum [1]
suggested that one cannot get a reliable value of the b.e. without taking into account

*) 180 00 Praha 8 - Troja, Pelc Tyrolka, Czechoslovakia.
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higher-order diagrams of the BG expansion for energy. That’s why the third-order
diagrams were studied in detail. It appeared that all these diagrams, as shown in
Fig. 1'), separate into three groups:

(i) diagrams 1(a, b): these diagrams significantly influence the b.e. and their
contributions should be calculated as accurately as possible;

(ii) diagrams 1(c—g): all these diagrams contain at least one particle-hole
composite interaction and their contributions can be made small by a suitable choice
of the oscillator frequency w [4, 5, 15];

(iii) diagrams-1(h, i): they represent the lowest order terms of the three-particle
cluster expansion in powers of t. As the question of whether, and how rapidly this
expansion converges is still open?), it is of little use to calculate the contributions of
1(h, i). Only the total contribution of the three-particle cluster is of interest; this
quantity was found to be rather small, less than 10% of the total b.e. [13, 14] —
within this accuracy diagrams 1(h, i) can be neglected.

The most important diagrams 1(a, b) involve infinite summations over particle
states and usually a cut-off was used for calculating them [5, 7, 10, 11]. However, it
is possible to express them in a closed form via the correlated two-particle function
that satisfies the Bethe-Goldstone equation. Explicit formulae were firstly obtained
by Kallio and Day [2] for an unrealistic case (central s-wave N—N potential).
Later on, Clement [8] considered a more realistic case (s- and d-wave separable
potentials) but applied several simplifying approximations in his calculation. It is
one of the purposes of the present paper to derive exact formulae that can be applied
for a general static N— N potential with a hard or soft core. To this end the formalism
developed recently [15] is used (see sect. 1 for a brief review) and in the case of the
4He nucleus explicit formulae are obtained for the contributions of diagrams l(a, b)
and 1(c—e) (sect. 2)*). The latter three diagrams were considered in order that we
might verify that a reasonable value of @ can be found for which the diagrams of the
second group become negligible. The numerical results reported in ref. [15] confirm
that this really is the case.

1y In order to reduce the number of diagrams, we join the t-interaction bubbles inserted
into a hole line or creating/annihilating a particle-hole pair with the corresponding V-inter-
actions to a ‘“‘composite” interaction. For example, diagram 1(d) contains one composite inter-
action and replaces two diagrams having at the top a z-bubble and a V-interaction respectively.
Matrix elements of the s.p. potential ¥ between any pair of hole states are assumed to obey the
Brueckner-Hartreé-Fock (BHF) conditions; the corresponding matrix elements of the composite
interaction then vanish and hence the diagrams containing composite interactions inserted
between a pair of hole lines are omitted in Fig. 1.

2) While there is no convergence in the case of nuclear matter [12], some authors suggest
that, in view of specific properties of the oscillator basis, the situation for light magic nuclei may
be different [7, 13].

3) We limit ourselves to *He because the method used works best for this nucleus, e.g. the
Pauli corrections to the most important matrix elements of ¢ vanish (see ref. [15] for details).
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Fig. 1. Third-order diagrams occurring in the BG expansion for energy. All the t-interactions are

on the energy shell except the middle one in diagrams (f)—(i). The diagrams containing a com-

posite interaction inserted between a pair of hole lines as well as those ‘‘adjoint™ to (c) and (d)
(with inverse order of interactions) are not drawn

In contrast to energy relatively little attention has been paid to the BG expansions
for expectation values (O} *). This is partly due to the fact that convergence depends
on the operator considered and very little can be said about it in general. In the case
of the BG expansions for (OY>®, k = 1, 2, which have similar structure as the BG

4) Linked-cluster expansion for the expectation value of a general k-particle operator O%)
(with respect to the ground state of the total Hamiltonian of A-fermion system) is derived e.g. in
ref. [16].
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expansion for energy, one can use the same methods that improve convergence of
the energy expansion (putting t-interactions on the energy shell wherever possible,
application of the BHF conditions, etc.); however, in principle one cannot avoid the
assumption that a few lowest-order diagrams yield the main contribution.

This assumption should be tested ‘and this can be achieved by calculating for
N =0, 1, ... the N-th approximation {O>® that includes all the diagrams of the BG
expansion for (O) up to the N-th order (in t interactions). To this purpose we derive
in sect. 3 explicit formulae for contributions of diagrams up to the second order for
several important one- and two-particle operators. Besides the operators correspond-
ing to the r.m.s. radius and form factor attention is paid to the Hamiltonian Hc,,
that describes the centre-of-mass motion of the nucleus (A4-fermion system) and can
be expressed via simple one- and two-particle operators. The reason for considering
the Hc,, is the following: when calculating the b.e., we must subtract {Hc,> from the
ground-state energy E of the total A-nucleon Hamiltonian, the latter quantity being
given by the BG energy expansion. Now, in the case of “He the E and (H,,> are
comparable quantities and hence it is important to calculate H,, with the same ac-
curacy as E. The formulae given in sect. 3 allow to calculate the {H¢,) up to the
second order both in the “elementary” approach when Hc, = Tc,, (the c.m. kinetic
energy operator) and in the Lipkin’s approach [17] when Hc,, contains an additional
operator of the harmonic-oscillator potential energy.

1. Preliminaries

Our calculations of higher-order diagrams in the next two sections are based
on the method of ref. [15] that enables one to obtain the t-matrix elements as well
as the solution to the Bethe-Goldstone equation with a very good accuracy. Several
features of this method, which are essential in the following, will be briefly summarized
in this section.

1.1. The Single-particle Spectrum

The standard modification of the harmonic-oscillator (h.o.) spectrum is used
(cf. refs. [1,5,7,9—11]). The modified spectrum is pure point, the corresponding
s.p. Hamiltonian h acting on the s.p. Hilbert space H has the same eigenvectors as
the h.o. Hamiltonian

hOSC = T + VOSO
and is related to it by
) v(F) ©
h=T+V=hm—E[CI—quPv]=Z£vpv.5) (1.1)
v=0 v=0

5) The system of units is used in which /(27) = ¢ = 1.
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The quantities occurring here have the following meaning:
1. | ... the unity operator on H;

2. P, ... projection on the subspace of H spanned by eigenvectors of h., belonging
to the eigenvalue e, (v) = (©/2) (2v + 3). In the standard notation one has

1

P=> Y ¥ Inlm; at) {(nlm; ar|. ‘ (1.2)

2n+l=vym=-lo,s=11/2

Clearly, P H is also an eigenspace of h belonging to its eigenvalue

sv=s°.c(v)—§{(c+") 0§v§v(F)}_

C .. v > F)
3. ¥(F) ... the maximum of occupied shell quantum numbers;
4. C,7n, ... real dimensionless parameters determining an overall shift of the h.o.

spectrum and shifts of occupied-state h.o. energies respectively.

In the case of “He we have v(F) = 0 and thus the s.p. spectrum depends on three
parameters o, C and n = 7,; the occupied (hole) states differ only with respect to
spin and isospin quantum numbers

|hy = |000; o7y

and all of them belong to the same s.p. energy

e(h)5§0=§(3—n—C). (1.3)

1.2. The Two-particle Hilbert Space H,

~

Two realizations of H, will be used. First of them is the usual tensor-product
realization H ® H; the set

EIP - {|q1q2> = |n111m1; U1"1> ® |n212m2; Uztz)' n; li = 0, 19 ooy
m, = _lia ey li; 0, T; = i1/2} (14)

is an orthonormal basis in H ® H. With the help of projections corresponding to-

this basis (see Eq. (1.2)) the Pauli operator A(w) is conveniently expressed:
< & P,®P,
v=v(F)+1 p=p(F)+1 W — &, — 8“ )

A(w) =

The starting energy w cannot exceed max {¢, + &, I v, 0 =0,1,..., »(F)} and hence
the right-hand-side is always well-defined.

As the second realization the Hilbert space of vector-valued functions L(M, y; G)
is chosen. Here G is the Hilbert space related to angular, spin and isospin degrees.
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of freedom of a nucleon pair, whereas elements of L*(M, u) are complex functions
on M = [0, ) x [0, o) such that

'f M| fI?du = f : .[:{ f(r, R)[> r*R* dr dR (1.5)

exists. The r, R are dimensionless radial coordinates of the nucleon pair with respect
to its c.m. system and are related to radius vectors x; (i = 1, 2) of individual nucleons
by

r= |x, — x|, |, + x5|, b= (myw) 12, (1.6)

b \/ 2 T b \/
In the space I*(M, p; G) we shall work with the basis E,, that is obtained using:

1. The basis in G in which the partial-wave decomposition of the Bethe-Goldstone
equation can be performed exactly for a general N—N potential [3] and which
correspond to couplings | + L= A, A+ S =}:

{g[((',L)l,S)JM;TM(T)] ' l, L= 0, 1, vee sy S, T = O, 1:
M=—J,..,0; MT)=~T,..,T}.5 (1.7)

2. The basis in L*(M, y) that is for any given pair of quantum numbers I, Lformed
by the functions

R&P(r,R) = R,(r)[r . Ry (R))JRn, N =0,1,.
the R,/’s being usual radial h.o. eigenfunctions that satisfy the normalization

rR,Z,(r) dr = 1.

0

Now, the basis E¢y < LZ(M, u; G) can be constructed according to general proper-
ties of Hilbert spaces of vector-valued functions [18]:

Ecy = {(P(((nl,NL)A,S)JM;TM(T)) I n,LN,L=0,1,...;
S, T=0,1; M=-J,...,J; M(T)=—T,...,T}, (1.8)
the mapping ¢y : M — G being given by
@¢ntNpa.» s R) = Ry L)(’ R) . grtnya,.. -
We shall also use the Dirac’s notation
(1, L) 2, S) IM; TM(T)] = gyet,uya,99m5mm(m)
I((nl, NL) 4, S) JM; TM(T)) = @((m1,NL)2,5)IM;TM(T)) -

6) Quantum numbers /, L refer to relative and c.m. orbital angular momenta of the nucleon
pair, S and T to its total spin and isospin respectively.
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The unitary transformation connecting the bases E., and E;p is expressed via
Moshinsky brackets [19] and vector-coupling coefficients.

In our further considerations we shall frequently use the subspace H*®) < H,
that is spanned by all the vectors of Ejp satisfying 0 < 2n; + I; S W(F), i = 1,2.
This subspace is not spanned by any subset of Ec, except the case W(F) = 0, when
vectors

oSnrmery = |((00,00) 0, S) SM; TM(T)> S, T=0,1; M= -S5,...,S;
M(T)= -T,..,T

form a basis in H©, In this case the projection P°? onto H ) can be expressed
via one-dimensional projections P§})zr, corresponding to vectors @§arr:

1

Pecd = Y |hh'y Chl'| = Y Y PQrrmer - (1.9)
hh’ S, T=0 M,M(T)

Similarly, if W(F) = 0, then it holds for the “‘antisymmetrized” trace of any two-

particle operator O on H®;

Trgacc)o(Z) = Z <hhll O(Z)l hh'>‘l =
hh’

1

= Y X [ = (=0T (@5M racry OP oSk i) - (1.10)

S,T=0 M,M(T)

1.3. The Reaction Matrix and Related Quantities
in a Diagonal Approximation

In view of properties of the N— N potential v, the LZ(M, p; G) realization of H,
has to be used when solving the reaction matrix equation

t,=Vv+ VA(w)t,,

the matrix elements of t having the simplest form in the E,, basis. However, the
Pauli operator A(w) given by Eq. (1.5) cannot be expressed via one-dimensional
projections corresponding to vectors of Ec, and hence its matrix representation in
this basis is not diagonal. This fact causes serious complications and therefore one
usually proceeds in two steps: (i) introducing some diagonal approximation Ap(w)
of A(w) and solving the corresponding operator equation for the “diagonal” reaction
matrix t?, (ii) calculating the non-diagonal corrections to t‘» with the help of the
BBP relation [20] or other methods.

In ref. [15] earlier approaches [1—3] were generalized and a diagonal approxi-
mation was developed that appeared to be very accurate especially in the *He case.
Matrix elements of t‘® in the E,, basis are diagonal with respect to all the quantum
numbers except n, I, 1 and do not depend on M, T and M(T).”) In this paper we

7) The Coulomb interaction is not included in v.
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shall consider only on-energy-shell matrix elements
{((nl, NL) 2, S) IM; TM(T)| to ., (7], NL) 7, S) JM; TM(T)> ,

which means that
w(h, k') = e(h) + e(W) = %[471 +2+ 4N + 2L+ 6 — 5, — n, — 2C] .

The set J of pairs (I, 1) obeying the relations (for given J, S, L,I)
[J-8|sag7+S, |[L-4<IsL+a, (1) =(-1)} (L11)
is obviously finite; if one chooses the order of pairs so that (I, L) is the first, one has
J=(,%4) i=12,...,Z, (I,A)=(117).

Then, on-energy-shell matrix elements of t® in the E,, basis can be written as
follows:

((nl, NL) 4, S) IM; T™M(T)| t°|((nl, NL) 1, S) IM; TM(T)) =

1)
= Py 15y >5NN5LL55s5115MM5M(T)M(T) (1-12)

where (I;, ;) = (I, 4), w stands instead of W(h, h’) and <O0) represents the set of
quantum numbers AlNLISJ (the quantum numbers M, T and M(T) are omitted
since the t{” matrix elements do not depend on them).

Similar notation can be used for the components of the two-particle correlated
function: let Y € I*(M, u; G) satisfy the “diagonal” Bethe-Goldstone equation

VS = 0oy + AP, (1.13)

the quantities Y& and t{ being related by t$ ¢ oy = v§$’. The Y& is a vector-
valued function assigning to each r, R € M a vector y5°(r, R) € G. Now, the diagonal
approximation ensures that the following simple partial-wave decomposition holds:

KR =S[00 D) Y] SRR (114)

From Egq. (1.13) one then obtains a system of ordinary second-order differential
equations for the functions y{°’(r).

In the *He case the condition v(F) = 0 implies i = "= N = L= 0, which
further gives J = S = 0, 1, and thus the single quanium number S fully identifies
the set <0). Similarly, the starting energy w assumes the same value for all pairs of
hole states (cf. Eq. (1.3))

W =26 = %(6 — 27— 20). (1.15)
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Finally, the conditions (1.11) imply I; = 4; = 0, 2, the value [; = 2 occurring only
in the triplet case S = 1; thus the number Z of admissible pairs (I;, 4;) is equal to
S + 1 and it holds

L=2=2i-1) i=1,.,S+1.

Concluding this summary of the method of ref. [15] let us mention explicit
formulae for contributions of the ‘“composite’ interactions inserted between two
hole lines or creating/annihilating a particle-hole pair. In general, this contribution
reads

z<qh | towmmn |t >a — <q| V|R) = = Z(q, h) (1.16)

where |q> = Inqlqmq, 0,7, is an arbitrary s.p. state and |h> = In,,l,,m,,, 0,7,y is a hole
state. The BHF condition for (q] V|h) then becomes Z(q, h) = 0. Applying the
diagonal approximation, the following simple formulae are obtained for the “He

case (n, = I, = m, = 0 for all hole states):

Z(h, 1) = 8, [3(1Q + 110 — 1) + n + C], (1.17)
ha)(”_’—’:zp) - i‘s“"s"""s‘"”‘s“' S(n) (1.18)

where |p> = Inlm; o71) is a particle state (2n + I > 0), ¢’ = 0,, T = 7, and
S(n) =

It follows from Eq. (1.17) that the BHF conditions for any pair of different
hole states are identically fulfilled, whereas for h = h’ they do not depend on h
and are equivalent to the single condition

(Y + ) =3 -n—C.

D+ D)+ 6, 4/3] n=1,2,... (1.19)

This condition reduces the number of free parameters to two (usually C and w are
left free) and rules out each diagram that contains at least one composite interaction
inserted between any pair of hole lines.

2. Contributions of Third-order Diagrams
in the BG Expansion for Energy

In this section the contributions E{>), j = 2, ..., 5 of diagrams 1(b—e) are cal-
culated (the ES¥, E{? contain also the contributions of diagrams adjoint to 1(c, d)).
For completeness the derivation of the contribution E{» of diagram 1(a) is reproduced
from ref. [15].

We proceed as follows: the contribution of a given diagram is firstly expressed
according to the general rules for BG diagrams [16] in the “abstract” notation,
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using symbols lh> and I p) for hole and particle states (eigenstates of the s.p. Hamilto-
nian h) and &(h), &(p) for their respective energies, the shortened notation (1.16) being
used wherever possible. As all the t-interactions are on the energy shell, we omit
writing the starting energies. Then we put t = t®, V = h — T and pass to the “He
case so that everything is expressed via quantities {3, ¥{® and S(n); eventual sum-
mations over hole states are performed with the help of Egs. (1.9, 10).

E¥=-3Y ¥ <h1h2| tjﬂp2>a <P1P2‘ Vel+1® VIP3P4> .
hihz p1p2p3p4 (e(hy) + &(h2) — &(p;) — &(p2))

) <P3P4l thu‘:% -
(&(h1) + &(h2) — &(ps) — &(pa))

= =3 Y C(hyhy| tA(e(hy) + e(hy)) VO A(e(h,) + e(hy)) t|hyh,),

where VO =V, ® | + | @ V,,. — oCl @ 1.8)
Let A,(w) be the diagonal approximation of A(w) [15], i.e.

A(w) = Ap(w) + 4A(w).

This decomposition is substituted into (A) and the term containing (4A(w))? is
neglected. For the “He case and t = t® we then get

EP = (EM)p + (EP)e

the first term representing the diagonal approximation of E{*, the second one the
Pauli correction:

(E)p = =3 TrlO[e@AL(w) VA AL(W) tP]
(E)p = —Re TrO[t® 4A(w) VO Ay(w) t®] .
Further we make use of the identity (see Eq. (1.6))
tmyo ([ + xof?) = 5 (7 + R)
which yields
(V@) (r, R) = %(r’ + R? - 2C) ¢(r, R).

It is useful to define a more general operator V() ¢

(V2 c0) (r, R) = %(arz + BR? — 2C) ¢(r, R) (2.1)

8) The projections Po® I, 1® Py, which are contained in V® | + | ® V, need not be
included into V(?) since they give zero if multiplied by A(w).
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and introduce for S = 0, 1 the quantities

KP@pO) =2 3 P [1-(-1947] x

M=—S T,M(T)

X (‘Pg& TM(T)> @ AD( W) Vg},c Ap(w) t®p) TM(T)

KOp Q=2 3 ¥ [1-(-1p*7].

® M==S TM(T)
D =) V@ =) (D), (0
(osirmcry, £ AA(W) Ves.c Ap(%) t P05 rarcry) -

The diagonal Bethe-Goldstone equation (1.13) together with the partial-wave decom-
position (1.14) imply

([(1:, 0) 1, S) SM; TM(T)|, (As(%) t P05 raecry) (s R)) =
= %ROO(R) % X(is)(") s 1D =y - 5, Ry . (2-2)
Further it holds for any r, R € M (see ref. [15] for details)

([((1:, 0) 1, S) SM; TM(T)I’ (4A(®) tP 050 raeery) (s R)) =
1 S

© Ry 21-2(r) Ryo(R)
: 2(mI,NOL,| n1,001,y ~m2i=2\) Znol®) -5 5
nzl 2?’[ +4n + 4i — 4 nti-1 m;;;n < l > r R ( )

With the help of reccurence relations for the M-brackets [19] and of the relation
(see [21])
rzR"l(r) = (2" + l + %) R"l(r) - bi’.‘),lR".*_l'l(r) - bgl)Rn_l'l(r) Py (2.4)
b = /[n(n + I + )]

the following expressions are obtained:

K§(5,5,0) =6 % {Bﬂ =20+ o [ 00 or}

S+1 o (S) 1

KP( B, C)= ~68/3 Y ¥

x
i=1 n=12n + 4n + 4i — 4 23+2i-3

< \/(M) L Ru-1.2i-2(r) 25(r) dr . 2.5)

@

The series occurring here converges better than )’ n2~" since the quantities

n=1

s
G

c(.s) =

(2.6)

2n +4n + 4i — 4
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are proportional to the Fourier cofficients of y/{* e I*(0, c0) with respect to the basis
{Ry2i-2|n =0,1,...} ®) and hence ¢{3’ ——> 0. The final formula for E thus

reads

1
EQ = (EP)p + (EP)p =§ % [-4K(1,1,€) - ReKP(1, 1, O]

3) _ <hy h4| t5|P1I’2> Chyh Itlh ha)a <P1P2| tlh h2)a
AR X X ) + olie) — (o) — ) (o) + elha) —elp) — ez3))
= %,.Z;. Chyhy| [:hzh |h3ha> <hshy| tA(e(hs) + e(hy)) Ale(hy) + e(h2)) t] |hihaD, -

For the “He case and t = t® we get with the help of Egs. (1.9,10)

E® = %Tr(om[t(b)p(occ)tw)(A(W))z @] =
1

=3 Y [1-(- DAY Z
5, T=0 M, M(T) T'=0 M’ M(T")
((OSM TM(T)> t@pQ . M(T’ )) ((pS’M'T’M(T')’ t(D)(A(W))Z tPp) T™(T)) *
Now, Eq. (1.12) implies S = S', T= T', M = M’, M(T) = M(T’) and thus we can
proceed as in the preceding case:

EQ = (E)p + (ES)r

1 (S) - 3w 1 (s)s+ 1 po ® 2
Z 0 3Kp(0,0, —3) = 5 szotlo .ZO [®(r)|* dr
s5b =0 %% ),

1
Z 1) Re K$(0,0, —4) = 0.

(0]
S Apy) % Z(hp2) <p1pa| t|h1had,
EP =2ReY ¥

wivz pip2 (e(hy) — &(p1)) (e(h1) + e(h2) — &(p1) — &(p2)) ’
for the “He case and t = t® we get with the help of Eq. (1.18).
dm + n
E(S) = 2 Re S(n) S —_
n§1 (n) S(m) 4n+ m)+ 2n
x Y {n00ct; m000’r’| t® |000crr; 0005’7’ p, .

ga’tt’
By passing to the E,, basis, one easily expresses the matrix elements of t® in terms
of 5 and Moshinsky brackets; then the E{¥ becomes

EQ =60 Y S(n)S(m)——mt 1

—————— {n + m0000 | n0m00 ) =
nm=1 4(n+m)+271< | >sz "

) This follows from Eq. (1.13) — see [15].
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0) r—
= 6wy t——& 27T Z 2™ S(r — m)2m S(m) (4m + n) (rOOOOi r — mOmo00) .
r=2 4r + 2’1 m=1

Now Egs. (1.19) and (2.6) show that 2" S(n) ~ ¢{? + c{}) and hence there is some
K > 0 such that l2" S(n)l <K, n=1,2,.... Using the Schwartz inequality and
unitary properties of the M-brackets, we arrive at the following estimate

r-1
S| X 2™ S(r — m) 2™ S(m) (4m + 1) <r0000 | r — mOm00)| <
m=1
1/2

< 4K? {ril (m + ﬁ)z Y <r0000 | nln’lO}z} = %ﬁ (r*? + o(r)) .

m=1 4 n+n’'+1=r
As the set {(t§) + 1§ /(4r + 2n) |r = 1,2,...} is bounded (cf. (2.6)), the series (2.7)

converges better than Z r3za-r

r=1

Z(hspx)
E® =2Re| -3 Z 2 <hy hzl t|h3P2>a <P1P2| tlh hy)a

v 55 o{s) — o(py) e(hs) + o{hs) — a(py) — ()
For the “He case and t = t® it holds

EQ = Re 3. S(m) (~2 Tr=o[t™(~ Q) ] @8
m=1

where the operator Q,, on H, is defined by

255 |00007) (m00s7| ® P,

Q. =
@ ot v=1 217+4m+2v

For evaluating the trace in (2.8) we use Eq. (1.12) which implies
tPo0) ey = — Z Z t|((n;, 00) 1;, S) SM; TM(T)) . (2.9)

Thus the only matrix elements of Q,, we need are

<(nt, 00) 1, S) SM; TM(T)| Qu|((w'L;» 00) 1,, S) SM; TM(T)) = é TEMTMTN ()

These quantities do not depend on S, M, T, M(T) and are simply expressed via
M-brackets:

Ty jn(m) = TRHTM T (m) =
 Subrm <nl001; | 00nLl,y <n + ml,00; | mOnl,1,> 82 + 1 — 1)
2n + 4(n + m) + 21,
where
9(x)=1...x20, 9x)=0...x<0. (2.10)
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Then the trace becomes

Tr‘(locc)[t(D)th(D)] — _a_) 6i Ll t(ii)t(ifl-mrin:in+m(m) i
2 s=oi=1n=2-i2n + 4n + m) + 21,

@.11)

By substituting this into (2.8) a twofold series arises. In order to estimate its con-
vergence we make use of the formula (see [19])

<nl00I | 00nlly = 27""Y2 n=0,1,... 1=0,2,... (2.12)

and introduce a new summation index r = n + m:

. 1 §+1 ® £5) 1 -t )
EY) = —6w r - 2" S(r — n)t,) x
4 sz=:o igl r=23—i 2 + 4r + 4i — 42r+i71 n=;—i ( )

x <rl00l; | r — nOnll> .

The sum over n can be estimated in the same way as in Eq. (2.7), which implies that
the whole series is again dominated by Y, r3/227".

) )
‘2‘ Z(h1p2) - Z(P1h1)
EP=—-3Y ——py|V|pr) ———.
’ mrp: &(h;) — &(p2) | I &(hy) — &(py)
The matrix elements of V occurring here are immediately evaluated with the help
of the reccurence relation (2.4). Then it holds for “He and t = t®

EQ = =203 {S(n2[(2n + 3) — C] — 28(n) S(n + 1) /((n + 1) (n + 3))} .
n=1
As to the convergence, Egs. (1.19), (2.6) imply that the series is dominated by ) ,, n27"

3. The BG Expansions for Expectation Values of Some
One- and Two-particle Operators

Let O®, k = 1,2, be a k-particle operator describing an observable of the
A-nucleon system (A 2 2). The state Hilbert space H, of the system is the A-fold
tensor product of the s.p. Hilbert spaces H = I*(R*) ® H,, or, more precisely, the
antisymmetrical subspace H{” of H,. The operator O® acts on H, and is reduced
by the subspace H”. Each one-particle operator O!) is fully determined by an
operator O(1) on H: .

A
oW==%0,;,, 0,=11®...0101)®1®...®1I. (3.1)
i=1 —_—

j-1

NI

Similarly, each two-particle operator is determined by an operator O(2) on the
two-particle Hilbert space H,:

o® =

Y 0,. (3.2)

1
A 15sj<ksa



In order to define the operators O, let us take a basis {e,} = H; then E, =
= {@u1) ® Puzy} is a basis in H, = HQ H and E, = {¢,1) ® ... ® @4} is
a basis in H, [18]. It is then sufficient to define matrix elements of O, with respect
to E : '°)

(Put) ® - ® Puiay Cji®ui1) ® -+ ® Pyuy) =

A
= g Sy v Puchy ® Guay O2) 215 ® Ovim) - (3.3)

i*j,k

The set of n-th order diagrams in the BG expansion for (O®) is obtained from
the set of (n + 1)-th order diagrams in the expansion for energy according to well-
known rules [16]. In this section diagrams up to the second order contributing to
{O®} are calculated. The same procedure as in sect. 2 is applied. General formulae
for a rather wide class of one-particle operators are obtained, the specification being
performed for the operators R0, DI and F(*)(q) (see below Egs. (3.5, 6, 15)). As to
two-particle operators, we limit ourselves to those appearing in the centre-of-mass
Hamiltonian

2
HE), = Pew ymyAtw?X2,, = g [«3(RW + 2R®) — D — 2D@],
my
1 A A
Oéaél,ll) XCM=——ZXJ~, PCM=ZPJ‘ (3.4)
® A j=1 j=1

The operators D) and R are constructed according to Eq. (3.1) from the Laplace
operator A on I*(R) and the harmonic oscillator potential V,, respectively:

D) =A@, (3.5)
R(l) = Rorb ® Idt P Rorb = 2w vosc ’ (3.6)

where |, is the unity operator on the s.p. spin and isospin Hilbert space H,,.

The operators D(2) and R(2) that determine D® and R® (see Eqs. (3.2,3)) are
defined in the H ® H realization of H, via variables r; = {r{ |p = 1,2,3} =
= x,/b (i = 1,2 — cf. (1.6)):

3

(R(Z) ll’ou)s(ma(z)r(z)) ('1, "2) = ] rr (z")'/’a(nz(n;a(z)r(z)(' vir 2) (3 '7)
' ‘
2 0%V (1ye(1)s0(2)e(2)
(P@) Vuaramar) (F1s F2) = 3, =0 @ (e r). - (33)
n= 1 2

10y In fact this can be done only if O(2) is a bounded operator on O,; for the general case
see ref. [22].

11y By means of parameter a both the ‘“‘elementary” and the Lipkin’s approaches of treating
the c.m. motion are covered: the former for « = 0, the latter for « = 1.

41



For the I*(M, p, G) realization of H, the relations (1.6) imply
(R(2) @) (r, R) = ¥(R* — r?) ¢(r, R) . (3.9

Analogously the D(2) becomes $(A€™ — A*D) where AM is the Laplace operator
with respect to the c.m. coordinates R® = (r{ + r$")[{/2, p =1,2,3, and
similarly A“*? is related to the relative coordinate r® = (r{ — r{?)//2. Now,
(M, p, G) is the space of functions depending on spherical c.m. and relative co-
ordinates and thus the action of D(2) is described by means of the basis (1.7) in G
as follows:

(9rtva,..» (D) @) (r, R)) = (AL frapya,..n) (1 R) = (AYfrma,..)) (1, R)
(3.10)
where

fuana,..ars R) = (G, @(rs R)) € B(M, p)
and

(A7) (r, R) = —

R

(a% Rf) (r, R) - % £(r, R) (3.11)

(AY*f) (r, R) = %(:_:2 rf) (R) — I(lr_tl)f(r, R). (3.12)

Notice that the r.m.s. radius can be expressed via (R™’) and (R®) [15].
.
3.1. One-particle Operators

The diagrams we have to consider are shown in Fig. 2 where the conventions
introduced in Fig. 1 are used: especially the BHF conditions Z(h, h’) = 0 (cf. Egs.
(1.16, 17)) are assumed to be fulfilled so that all the diagrams containing a “com-
posite’ interaction inserted between a pair of hole lines are omitted. As to diagrams
containing a composite interaction creating/annihilating a particle-hole pair, we can
expect their contributions to be small when the oscillator frequency w is chosen self-
consistently (see the discussion in Introduction). However, except diagram 2(k)
where an off-energy-shell t-interaction appears, all these contributions can easily be
calculated. The explicit formulae we give below can be used for examining how
these diagrams depend on @ and checking that they actually become small for the
self-consistent value of w.

We shall consider only such O™ that are constructed from operators O(1) of
the form (cf. Egs. (3.5, 6))

O(1) =0O,,;, ® l,. (3.13)

where O,,, is an operator on L*(R®). Then, for A = 4, matrix elements of O(1) for
any pair of hole states read

Ch| O(1) [A"Y = 8,,<000] O,,;|000 .

2



—_

(2) (v)

—_—

(1) (i) (k)

Fig. 2. Diagrams up to the second order in the BG expansion for { O!). All the t-interactions are
on the energy shell except the middle one in diagram (k). The diagrams adjoint to (b, g, h, i, j, k)
are not drawn

For the orbital operators corresponding to R(1) and D(1) it follows from Egs. (3.5, 6)

(nlm| Ry — Aln'Um’y = 6,88 pmddn + 21 + 3). (3.14)

Combining this result with the reccurence relation (2.4), we see that the operators R,,,
and A have identical non-diagonal matrix elements, whereas the diagonal matrix
elements are of opposite signs. Thus, in most cases it is sufficient to consider only
one of these operators, say R(*,
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In addition to R™), D™ we shall derive explicit formulae also for the operator
F()(q) that is needed when calculating the form factor [15] and is determined by
the following operator F(1; k) on H:

F(1; k) = For(k) ® Lo s (Fors(k) ¥) (r) = exp (ikr) y(r),
ye(R?), k=bq. (3.15)
The generating function for the Laguerre polynomials [21] can be used when cal-
culating the matrix elements of F,,(k):

. 2 e 2 n
sin kr _ exp (- k2 5 (k*[2) LY (2) =
kr 4

n=0 (2n + 1N
2 © 2 n
=exp|( — zc_ Z (k /2) Rno(r) . (3.16)
4 / n=0 \/(2n + 1)! Ryo(r)
Explicit expressions for matrix elements <n00| O,,,,,{OOO), n = 0, 1, ... that frequently
occur in the following calculations read
<n00| Rorb|000> = %5710 - %6111 ’

(n00) (k) |000>=L Ruo(r) S22 Rog(r) —% (3.17)

1. Contributions of diagrams 2(a—c):
These quantities, which we denote (O Y@ (OMYW apnd (OMYD), are simply

related to matrix elements (3.17):
OMYO = %" (h| $0O(1) |h) = <000 O,,,|000) ,
h

Z(p. h) 2

oWy — 2 Re ¥ ¢h|30(1) |p) ———— = =
<Oy °§<|“)l">s(h)_a(p)

—2 Re i S(n) <000| O,,;|n 00} ,
<hhz| t]pp1)a Cha| 3O(1) |h2> <ppi| t]hh 1)
OUNG) — _
O = e 2 ) + oltha) - o(0) — o) ((A) + o) — op) — opa)
= —3€000| O,,,|000) 2 Tr{**?[tP(A(w))* t] .
The trace can be expressed via K$’(0,0, —1/2) and K$(0, 0, —1/2) (see (2.5))
proceeding as in sect. 2, we get:
OWHP = (O + (KON,
1 S+1 oo
((OMYP)p = —3£000| O,,[000> 3 3. f [x®(r)]? dr,
S=0i=1J0
<Oy, = 0.




2. Contribution of diagram 2(d):

(NG <hhy| t|pp2da <p2] $O(1) |p1) <pPy| t|hh:Da
OO = L L 0 + olin) = o{p) — e{p2) () + lhs) — (o) — o)
= P TAO[e A®W) (1 © O(1) + O(1) ® 1) A(W) t™] .

If OM = RM, it holds | @ O(1) + O(1) @ | = (2/w) V], and hence the result
is the same as in the case of E{* for C = 0, i.e.

1
ROYD = 15 [KP(1, 1,0) + 2 Re K$(1, 1,0)] .
S$=0

As in (O™ both diagonal and non-diagonal matrix elements of O(1) occur, we
cannot obtain the formula for (DM){? directly from that for (R, Let us
denote

Psyrmen = [ ® D(1) + D(1) ® 1] Ap(®) P0G rarcry 5
Egs. (2.2), (3.10—12) now imply

F(;s)(r: R = i [ - (— I)SH]M;(T)([U:', 0) L S) SM; TM(T)I’ Psu TM(T)(r’ R)) =

= o[ 70) (470 50) 0+ R (252,25 9]

Further Eqs. (1.14, 17) yield

1 S+1

(PN =43 ¥ j f = Roo(r) x®(r) F®(r, R) r*R? dr dR =
§=0i=1

1 S+1

=13, % [0 (s ) o - ST ar,
r 0

§=0i=1

The Pauli correction contains integrals
o0 @ 1
J(iS)(n’ N) = J J‘ 'E RNo(R) Rn—N,Zi-2(r) FES)(", R) r?R? dr dR n,N=1, 2,....
oJoT?
Using orthogonality of functions Ryo, N = 0, 1, ..., and Egs. (3.14, 17), we get
3 a0
J(ES)(n, N) = —0p \/EI Rn—l,Zi—Z(r) X(is)(") dr.
0

Now, comparison with the formula (2.5) for K§’(1,1,0) shows that

(<D(1)>(2) (<R(l)>(2))
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If O = F()(q), the calculation is much more difficult and we shall limit our-
selves only to the diagonal term. As in the previous case we introduce

'llgl(i}TM(T) = [I ® F(l; k) + F(l; k) ® l] AD(W) t(D)(P.(s(;t} TM(T)
and
GO (k; r, R) =

=5l (- ”sn]m;l(n([«l" 0) 1, ) SM; TM(T)|, ¥%) garcno(7 R))

so that
1 S+1

(CFXaP) =33 3 [ [ Rool®) 70) 01k 1 R) 2R dr aR.

Now, Egs. (3.15) and (1.6) imply that it holds for any vector ¢ € I*(M, p; G)
([F(1; k) @ I + 1 ® F(1; k)] @) (r, R) = fy5(k; r, R) o(r, R)

where f;,(k; r, R) is the bounded operator on G that multiplies each vector of G
by product of functions F*® and f*" of the c.m. and relative angular variables of
a nucleon pair:

F*R)Y(@) = exp (11;—12{ cos @) , SE((8) = 2 cos (% cos 9) .
Using once more Egs. (1.14) and (2.2) we get
() GP(k; r, R) = Z G (ks 7, R) = Roo(R) £7(r)
where
Gk r R) = L1 = (~1)*7].

Y [((7 0) 1, S) SM; TM(T) |f,a(k; r, R)| (1), 0) I, S) SM; TM(T)] =

M ,M(T)

1
=Y [1—(=1*"]QT+ 1)} ¥ (Lu, SM — p| SM) (L, SM — p' | SM) x
T=0 M up’
x 5,,,‘,'f F("R’|Y00|2dQJf(k')YZi_z,”Yzj_z,”.dQ.
Q2 Q2

Now, the sum over M can be performed: symmetry properties and orthogonality
relations of Clebsh coefficients yield the factor &,(2S + 1)/(2l; + 1). Then the
summation over u is carried out with the help of the addition theorem for the spherical
harmonics, which gives

1
Gk, R) = 5,25 + L1 = (71T + 1) | P ag - [ 1 ag
Y T=o0 47 4n J o
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_ 15, SiD (kR[\/2) sin (kr[\/2) .
7 kR[{2 kr[2

Then (*) is transformed to .

690 r, R) = 12 LTI L gy 190

and, using the expansion (3.16), the final result is obtained:

LSE (e in (kR//2) * sin (kr[\/2)
FO (@) = R3,(R) SR RN2) g sin (krV2) | csypy12 g, =
(< (q)>2 )D %sZ'o i;1 0 00( ) kR/\/Z 0 kr/\/2 |X ( )l
=3 exb k! i (k?/4y i sil ’ M R,o(r)dr.
4 Jw=0/(2n + 1)!5=0i=1 )y Roo(r)
As 15X(r) ~ Roq(r) for large r and |x{¥(r)|?/Roo(r) tends to zero for r — 0, it holds
|x$|2/Roo € I(0, 20); hence the integrals on the right-hand-side of the last equation

converge to zero for n — oo and consequently the series is convergent for all values
of k.

3. Contributions of diagrams 2(e — j)

These quantities will be denoted (OMWY?), j = 3,4,...,8; for j = 5 each of
them contains also the contribution of the corresponding adjoint diagram. The
calculation is analogous as in section 2, this analogy referring also to the question of
convergence of eventual infinite series. In case that the resulting formula for O‘”)S.Z)
depends on O(1) only via matrix elements (nOOlO,,,,I 000}, we shall not perform
specification for the operators R and F(*)(q): explicit expressions are obtained by
substituting from Egs. (3.17).

N _ _ v (@[2) Z(h,p) (w/2) Z(ph,) _
O = -3 ) — o(p) <hy| 3O(1) Ih2>£(hl)_8(p)

= — (000| O,,,| 000) oZOZ(S("))2~

i@ _ v (©[2) Z(hp,) y (0/2) Z(p;h) _
R T A DRy

= i S(n) S(m) <n00| O,,,|m00> .

nm=1

In particular, we get (cf. the calculation of E$”)

(ROYD =”§1[(2n + 3/2) (S(n))* — 2 S(n) S(n + 1) J/((n + 1) (n + 3/2))],

@D = = 3 [(2n + 3(2) (SO + 25(0) S(n + 1) ([n + D (n + 3/2)].
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For the operator F*)(q) Eq. (3.15) yields

D@ = 3 S(n) S(m) f Rl Raor) I

0o

Further the inequality

j Ruo?) Ruclr) 2 4

sin kr|?

| 5 [ imator

implies that the twofold series is dominated by Y ,(S(n))? and thus the convergence
is very rapid for all k.

<O(1)>(52) _ _ hl }0(1) le (p | |p1> ((9/2) Z(Plh) _
Pxpzh (h) - ( 2) 8(h) - 6(pl)
- ke 3 M‘ﬁ"(%l;i (00| Ryry — C1 | m00) (— S(m)) =
— _2Re Z I ,,,,,InOO
n=1 4n + 1
x [(2n + 3]2 = C) S(n) — %(n — 2)/[n(n + 1/2)] x
x S(n = 1) = J[(n + 1) (n + 3(2)] S(n + 1)].
OMY® — 2 Re Cha| 3O(1) |p) <hih| t|hap'da <pP| t]h 11D, _
O = R R ha) — o) (k) + () — o) — )
© L <000| $O,,;|nlm)

B —Revgl 2ntl=v m=—1 (a)/2) (2v + 1)

dr Im|Rmo(r)|2 dr=1
0

2Tt PQ, ,tP] .  (3.18)

The calculation is similar as in the case of E{»; however, we have to treat a more
complicated operator

[

2 |000¢rr> (nlmar| ® |n'l m'a’t’y (n'lI'm'c’t
Qi gvz—lhl-izl—vm;—lazt 4n + 21+ 2v' + 2p

because matrix elements of O,,, need nof be diagonal with respect to angular quantum
numbers I, m. The calculation again reduces to evaluation of

<((rl;, 00) I;, S) SM; TM(T) | Quum|((r'1;> 00) 1;, S) SM; TM(T)) .

As these matrix elements are diagonal with respect to M, it is clear that they vanish
for m # 0. For m = 0 it is possible to perform the summation over M (cf. (1.10))
which gives the factor J,/(2S + 1)/(2; + 1). Then, with the help of symmetry
properties of Clebsh coefficients, the sum over m’ is carried out:

Y10, im" | Lim') = 8,921 + 1) (3.19)



Thus the trace in Eq. (3.18) is zero unless = m = 0, and the formula for (O
is obtained from that for E{ if one replaces S(r —n) by

(2/w) <000| O,,|r —n00Y/(4r — 4n + )

<o(1)>(2) _ _3i Sil i t(s) 2——1—(1'—1) 'il or -«
s=0i=1r=3-i2 + 4r + 4i — 4 n=2-i
<000| O,,|r —n00)

£3¢r1,001; | r—nOnll> .
4(r —n) + 1

Finally, Egs. (3.17) show that

27000 O,,5|n00Y/(4n + 1) —— (3.20)

n—*ao0

for both R,, and F,,,,(k); consequently, the estimate of convergence performed
for E? is valid.

(OWyD — 2Re ¥ hl 10(1) |p) @ 2(h,p,) <ppy| t|hh 1)

)uh PIP s(h) - ( ) 2 8(h) + a(hl) - 8(1)) - 8(p1).

As the quantities Z(h, p) and <h |O(1) |p) are diagonal with respect to spin and
isospin quantum numbers, the calculation reduces to evaluation of the following sum

Y. {(nlmat) ® (n,000,7,) ]t“’)l(OOOat) ® (0000,7,)>, = Spm(ny) -

ag10T1t

Passing to the basis E¢), and using Egs. (1.12), (3.19), we find
Spim(n1) = 68,00,0(15 + £12) <r0000[n0n,00>, r =n + n, .

Then
o (0 (1 r—1
(O — 3 Re y P <000i00,,, n00) y
r=2 4r + 21 n=1 4n +

x S(r—n)(4r — 4n + ) (r0000|n0r—n00> .

In view of (3.20) we can apply the estimate of convergence for ES (see Eq. (2.7)).

D F O S R

6D+ tl,
2 <000| O,,,|n00Y S(r— n) {r0000|n0r — n00>

RZ “1r T C1r

r=2 4r +

(the same procedure as in the previous case).
3.2. Two-particle Operators

Only operators R® and D', Egs. (3.7—12), will be considered. The zero- and
first-order diagrams in the BG expansions for (O®) are shown in Fig. 3; their
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respective contributions will be denoted (O@H@ (O@YMH (OPYM the first-
order quantities containing also contributions of diagrams adjoint to 3(b, c).

The operators R(2), D(2) act on the orbital part of H, only; it is convenient
to work with the “coupled” basis in (H ® H)

orb*

I("xln nzlz) 112'"12} = Z (llmxa lzm2| 112’"12) I(”1l1m1) ® (n212m2)> .

my+my=mj,

~

TTX

O—0

(a) (b) (c)

Fig. 3. The zero- and first-order diagrams in the BG expansion for {O(®)). Horizontal thick
lines represent O(2) ‘‘interactions”. The diagrams adjoint to (b, c) are not drawn

H H U-—_-x
(*) (v) (<)

-
-
-

(4) () (f)
AN [ To B
(¢) (n) (i)

Fig. 4. The second-order diagrams in the BG expansion for (R‘®?)> or {D(®)} that do not vanish

in view of Egs. (1.18), (3.23) and the BHF conditions Z(h, h’) = 0. All the t-interactions are on

the energy shell except the middle ones in diagrams (g—i). The diagrams adjoint to (b, ¢, f—i)
are not drawn
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For calculating the matrix elements of O(2) = R(2), D(2) in this basis we use Egs.
(3.7,8) showing that each of these operators is the scalar product of two identical
vector operators

0(2) =(0o®o) zljl(—l)"oq@)o_q, o=r,d, (3.21)

q=-

where r, is the operator that multiplies each y(r) € L*(R*) by the g-th component
of r and similarly the d.’s are spherical components of the gradient operator. The
well-known rules of tensor-operator algebra [23] then lead to the following selection
rule:

{(ni13, n3l3) Ii,mi,| O(2) I(nlll, nyly) I;;my,} = 0 unless
a=lgpmy=my, |L—1sShsh+1, |[L-1shshL+1. (322)
This rule together with Eq. (1.18) causes that it holds

(RSO — (D@Y© _ 0, (RO = (DY — ¢

and of the second-order diagrams only those shown in Fig. 4 may be non-zero.
Further, in the remaining diagrams 3(b), 4(a—1i) only two type of O(2) matrix ele-
ments occur. In view of (3.21) the standard formula [23] can be applied giving the
following expression in terms of reduced matrix elements of o:

(*)  {(n1,w'1) 00 O(2) (70, 00) 00} = —1/y/3 (n1] o]0} (n'1] o[[00)
(**) {(n1,00) 1m| O(2) (00, n'1) 1m} = —3(n1] o]00) (00| ofn'1).

The reduced matrix elements are easily obtained using the expression of opera-
tors ro, d, in spherical coordinates [23]:

(o5 Ra¥i) (:.0) = 2 R0) Y9, ) Vi, 0)

r

(do 1 RnlYlm> (r’ 8, (P) = cos 9 Ylm(99 (P) i (l Rnl)(r) - Slnzs i Ylm(‘g’ (P)
r dr\r r‘ 09

and the following relations for the R,;’s [21]

rRo(r) = /(1 + 3[2) Ryy(r) — /(1) Rpey 1(7)
3 (1 30) 0 = = TL( + 32 Ru() + V() Bucs ]

A\r
Then

(n1] r#0) = —(RO[ rn1) = /(1 + 3f2) 6us — /(%) 6,5-4

(”1” d”ﬁO) = (ﬁO“ d”nl) = —\/(" + 3/2) Ows — /(1) Op 5 g -



By substituting into (*), (**) we finally get (the upper sign refers to r, the lower
one to d):

{(n1, n'1) 00| O(2) |0, 00) 00} = + ‘%/50 [V(7) S0t F J(n + 3[2) 6]  (323)

{(n1,00) 1m| O(2) [(00, n'1) 1m} = + 33,00, - (3.29)

The contributions of diagrams 4(g—1) that contain t-interactions off the energy
shell will not be calculated for the following reasons: (i) diagrams 4(g, h) can be
regarded as the lowest-order terms of the ‘“three-particle cluster” in (O®) which
arises from the three-particle cluster in the BG expansion for energy by replacing
in each diagram the bottom t-interaction by the O(2) interaction. One can thus expect
that the total contribution of the three-particle cluster in (O‘®) is small and then the
diagrams 4(g, h) can be neglected (cf. Introduction); (ii) the contribution of diagram
4(i) is small since this diagram contains a “composite” interaction'?).

Explicit formulae for the contributions of diagrams 3(b), 4(a—f) will now be
derived.

1. Contribution of diagram 3(b):
(ODYD — 2 Re L Yy <hh" thP'>a <PP'| 10(2) Ihh’>a _
vrin &(h) + e(h') — &(p) — &(p)
__ 13 Ty <(00057) ® (0005'7")| t®[{(01, 01) 00} ® (o7, 0'7')), _
42 T —(w[2) (4 + 2n)
Passing to the E,, basis we get

(ROYD = (DDYD = 3 /(3) (10000 | 01010

(0) (1)
fin + i

4 + 2n
where (10000 l 01010y = —1/,/2 (see below Eq. (3.25).
2. Contribution of diagram 4(a):
NI <hh’| tIP1P2>a <P1P2| 10(2) |P3P4>a <P3P4| tlhh,>a

pip2mses i (e(h) + &(h') — &(py) — &(p2)) (e(h) + &(h’) — &(ps) — &(p4)) -
— 3T A(R) 0(2) A(W) 7]

We shall limit ourselves to the diagonal approximation only: A(w) = A,(W). Then
Egs. (3.9—12) and (2.2) imply (cf. the calculation of ({R™W){?), and (<DWH{P),):

(RP), =33y L 3 [ e ar = [l er]
s=0i=12[2 ], o

]2) Unlike the case of diagrams 4(g, h), the calculation of 4(i) would not be difficult since
the starting energy of the middle t-interaction is again w (see Eq. (1.15)) and further the selection
rule (3.23) implies that the quantum numbers of both incoming particle lines are n; = n, = 0
L=L=11,=m,=0.
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(2)\(2)) _— . s+11 _g ? (S), 2 —_ wl
(DP)p =1y ¥ |x(r)|* dr
s=0i=12 2]Jo r

0

s n 1 2
2(r) (A({f—)z T) (rr dr] .
By comparing this result to the formulae for (OM>® k = 1,2, we get

2(CO@P), + (KON, + (KOMHP), =0 O=R,D.
The expression (3.4) then shows that in the framework of the diagonal approximation
the contributions of diagrams 2(c, d) and 4(a) to (H&)) cancel out.

3. Contributions of diagrams 4(b, c):

The matrix elements of O(2) occurring in these diagrams are of the type (3.23
(for i = 0) and hence the same results are obtained for R® and D®: (R®)? =
= (DDYD, k =2, 3,

ROYD = 2Reyy 5 SPPLARQ)[hihado Chiba| tlhshed, |
pp mianahs €(hy) + e(hy) — &(p) — &(p')
y hsha| t|pp'Da
(h) + elh) — o(p) — e(p')

143 1 2
= - -V Re Tr® | Z ¢® ¥ |f01, 01) 00 : .
42 (44 2m) [ 2 {01, 01) 00} ® (o7, 0'c))

. <{(00, 00) 00} ® (o, 0’z')| = t(D)]

_ _ 3/3<1000001010) ¢ (48 = Vi ¢ o
D) (4 + 21)? sg ilio (@ + 21)? SZOI 11t10 -
(ROYD —
— 2Re4Y Y <] 4R(2) [hhy)a <P'| V]P) <] t]pip'>,

pise hih (e() + e(hs) — (p) — &(py)) (e(h) + e(hy) — e(ps) — (p)
_ (-2} < \/3)§ {n'10| R, — C| 010)

=0 (4 + 2n) (4 + 2n + 4n’)

2.»

agit10t

x ¥ <(0000'11:,) ® (00001)

{(01, n’1) 00} ® (74, 01:)>

The reccurence relation (2.4) rules out all terms except those for n’ = 0, 1:

33 1
(ROYD — J
2 4429

x [(; - C)%ﬂ <10000 | 01010y — /3 % <20000 | 01110>]
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With the help of Eq. (3:25) we get

o= T 5 - o) A B ]

4 4+ 25 s= 4+2n 2 8+2n|

4. Contributions of diagrams 4(d —f):

These quantities are denoted (O@)?, j = 4,5 6. The formulae for R®
and D differ at most in sign; in the following the upper sign always refers to R
and the lower one to D®. As a result of transformation between the Ecy, and Ejp
bases M brackets of the following three types appear; all of them can be expressed
in a closed form with the help of the recurrence and symmetry relations [19]:

®, = ¢(n0000 | n—11010% = <n0000 | 01n—110) = —2'~" \/g (3-25)

B, = (n2002 | n1012) = —2~" \/2"10+ > (3:26)
3n
= (n2002 | n—13012) = —2°" o (3.27)
<O(z)>(2) 3 Z <P1P| t!h1h>, Zh< 'h’ h'>a <h1h| tZII’,P>a

b m;p (e(h) + e(hs) = e(p) — e(p1)) (e(h) + e(hy) — e(p) — (b))
Now Egs. (3.2, 24) imply

O@DYD — T 3 Trleco 2.mp2 , B= |P'p> <p'p| 81001 -
N © 7p (4n + 21 + 2 + 2n)?

In view of (1.10), (2.9) only the following matrix elements of B are needed when
evaluating the trace:

(1, 00) 1, S) SM; TM(T) |B| (r'1;, 00) 1, S) SM; TM(T)) =

00,
% gy ]2 Cr1,001, | nIOLLY? .
(4r + 21, + 29)? ( )2n+l+;=2'+l| |

Using Egs. (3.25—27) we get the final result

[Z (4'” ) AL (m) (8 +9(r—1)7r)]
5 LR (.

This series is dominated by Y, r 272" (see Eq. (2.6)).

NG <P1P| t|hlh>a <h1P2I 10(2) |P1h2>a <h2hl t3|I72P>a .
OO = b X (i) + ) — ) — o(p) ez) ~ o) — o(p2) — )

ONP =7
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Here the O(2) matrix element is of the type (3.24); only the direct part contributes —
the exchange part vanishes in view of (3.22). Passing to the Eg,, basis we get with
the help of (2.9)

OB =Y ¥ ¥ [- (0TI (0 TTE B x

atét S,T=0 §’',T'=0 i=1r=0
S’+1 1+1
S’
X Z Zt‘ ) > 52; 2,1025-2,:11(G, 0, S, 2) x
j=1 r'=0 2n+1=1 A=|1-1]

004 | 01nlA) <r'A00A | 01nlA)
(4n + 21 + 2 + 2n)?

x (5, o, §', ) II(z, <, T, 0) II(z 7, T", 0) <
where
(G,0,8,2) =
= Y40, 46 | So’ + &) (40", 30 | S¢’ + 6) (46 — 0, S0’ + o | S’ + 5).

It can be shown [4] that this quantity is proportional to the 6-j symbol

1212 S
{ S i 1)2
occur in our case, we have

} so that it vanishes unless A = 0, 1. As the latter possibility does not

H(E, ag, S, A) = 5),0 H(&x g, S; 0) = 5/105&7 25 + ! .

With the help of Eq. (3.25) we then get the result
Oy = £35 TZT [y o,
R W PP P e

The same estimate of convergence as in the previous case holds.

D\ _ . <p'p| t|h'h). <Bh'| $O(2) |pP'Da (]2) Z(h, p)
O = AR 5wy + o) — ko) — o) olh) —(0)

Applying Eq. (1.18) we see that the matrix element of O(2) occurring here is of the
type (3.23), which implies

O = £ 2722 % 5 (=) [T duas F /(0 +312) 3] ¥

1 S+1 o
i 63 3 s, , (0000|0110
§=0 i=1r=0 —(4n + 4 + 29)

Finally, using (3.25) we get

® i) (1) (0) (1)
<O(2)>(62) = % Z S(n) na-n 1+ l 1+ i tin+1 + tin+t F2 tin + tin .
n=1 n 2n)) 4n + 4 + 2 4n + 29
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The considerations done when estimating Eq. (2.7) show that the series converges
better than Y, n 272",
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