Acta Universitatis Carolinae. Mathematica et Physica

Le Van Hot
On the open mapping principle and convex multivalued mappings

Acta Universitatis Carolinae. Mathematica et Physica, Vol. 26 (1985), No. 1, 53--59

Persistent URL: http://dml.cz/dmlcz/142546

Terms of use:

© Univerzita Karlova v Praze, 1985

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must
contain these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
O with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://project.dml.cz


http://dml.cz/dmlcz/142546
http://project.dml.cz

1985 ACTA UNIVERSITATIS CAROLINAE — MATHEMATICA ET PHYSICA VOL. 26. NO. 1

On the Open Mapping Principle and Convex Multivalued Mappings

LE VAN HOT
Economical Institute of Hanoi*)

Received 17 September 1984

We gencralize the open mapping principle and apply it to study convex multivalued
mappings.

Zobecnime princip otevienych zobrazeni a vyuZ.jeme ho k vy$etfovani konvexnich mnoho-
znaénych zobrazeni.

Haetcs 06061UeHHe MPUHUMIIA OTKPLITHIX OTOGPaXKEHMH U TIPUMEHHMTCS K UCCIIEOBAHUM BbI-
MYKJIbIX MHOTO3Ha4HbIX OTOOpaXeHHH.

We generalize the open mapping principle for mappings defined on closed
subsets of a Banach space and some results in [4], [5], [7] derive as its corollaries.
In the conclusion we prove that a convex multivalued mapping F whose value at
some point x, is a closed convex bounded subset and whose domain is the whole
space is of the form F(x) = F(xo) + T(x), where T is a linear mapping.

Let X, Y be metric spaces, f: X — Y a mapping. For each r > 0, x € X, we put:

k'(f, x) = r~'sup {s:s 2 0, B(f(x)) < f(B.(x))}
where B,(x) denotes the ball with center x and radius r. Of course k'(f, x) 2 0 for

all r > 0, x e X. Put:
k(f, xo) = lim k(f, x)

x=Xxq
r—0

Lemma 1. Let X, Y be Banach spaces, 4, B convex subsets of X, Te L(X, Y).
Suppose that T\A) 2 B,(y,) and k{4, B) < ¢/|T||, 0 < & < r, where h(A, B) denotes
the Hausdorff distance between sets 4, B. Then T(B) 2 B,_(y,)-

Proof: In contrary we suppose that B,_,(yo) ¢ T(B). Let y, € B,_,(y,) and
Y1 ¢WB) For T(B) is a closed convex subset of Y, there exists a y} € Y*, Ivil =1
and «, f such that yi(y,) = « > B = yi(y)forall y € T(B). yT(y, — ¥o) = ¥1(»1) —
= ¥1(¥o) = « — y1(¥o) = |y1 — yo| £ r — & Take y, e BJ(yo) such that
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lim y¥(y, — yo) = r. Thus |y, — y| 2 yT(. — ») = ¥ — yo) — ¥I(») +
+ V(o) Z ¥¥(¥n — Yo) — B + ¥}(¥o) for all ye T\B). Hence b!T{A), T(B)) =
2 lim yi(y, — yo) = B+ yi(yo) = r — B+ yi(yo) > r — a + yi(yo) = &.

That contradicts the fact i T{A), T(B)) < |T|| h(A, B) < ¢. This finishes the
proof of Lemma 1.

Proposition 1. Let X, Y be Banach spaces, 4 a closed convex subset of X, Te
€LX, Y). Then
(1) k(T| A, x) £ k"(T| A, x) for all r > r" > 0 and x € 4,
(2) KT| A, x) = lim k'(T| A, x) for all x € 4,
r—0
where T'| A denotes the restriction of T on A.

Proof: It is clear that B;(x)n A 2 AB,(x)n 4 — x) + x for all r >0, 0 <
<A=1 and xe A. If B(T\x)) € T(B/x)n A) = T\B(x)n A — x) + T(x) then
B,(T(x)) € AT(B(x) ~ A — x) + T(x) € T(B,(x) n 4). Thus k*(T| 4, x) =
> k'(T| A,x) for 0 <A=<1 or K(T|A,x)<k'(T|A,x) for all r>r' >0,
x € A. By the Dini theorem we have:

lim k(T | A, x) = lim lim k"(T| 4, x) .
xX—=Xx0 r—0 x—xg
r-0

On the other hand h(B,(x) N A, B(x,) N A) £-|x — xo|. Then
lim h/B(x) N A4, B(xo) N 4) = 0.

X—*Xx0

By Lemma 1 lim k'(T| A, x) = k'(T| A, xo). Thus k(T| 4, xo) = lim k'(T| 4, x,),
x—=X0 r—0

for all x4 € 4.

Theorem 1. Let X be a complete metric space, x, € X, Y a normed space, f: X —
— Y a continuous mapping. Suppose that there is a continuous mapping g: X —» Y
and an r > 0 such that g(x,) = f(x,) and

(1) k(g, xo) > O,

() |f(x) = £(x') = g(x) + g(x")| £ K d(x, x") for all x,x" e X, d(x, xo) < r,
d(x', xo) < 1,

(3) K(k(g, x0))™* < 1.
Then f(x,) € int (f(By(x,)) for all s > 0.

Proof: Choose 0€(0,1), ¢€(0, 1) such that (K + 6)(k(g, xo) — &)™ "' < 1.
Put % = k(g, X,) — ¢. Then there exists a b > 0 such that B,(g(x)) = g(By(x)) for
all xeX, d(x,x) <b<rand 0<s<b Putg=(K+0)x'<1 Let yeY
and ||y — f(xo)] < %(1 — q)s, 0 <'s < b. We construct inductively the following
sequence {x,} such that: (1) d(x,., x,) < (L — q)s, (2) [|g(xus1) — 9(xa) +
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+ f(x,) = y|| £ 0d(x,+y, x,) for all n. Since ||y — f(xo)]| < #(1 — g)s then ye

€ By - q)s( (xO)) = g(B(l -q) \'0)) If y= (Xo) = g(xo) then put x; = x,. If a =
= ||y — g(xo)| > O then by the continuity of g there is a § > 0 such that ||g(x) —

~ g(xo)|| < a2 for all x, d(x, x,) < 8. Choose x, € By _ (%) such that |g(x,) —
— y| £ 0 min {a/2, 5}. Then of course d(x,,xo) 26 and [g(x,) — y| < 65 <
< 0d(xy, xo). Suppose that we have constructed {x,}, 0 < k < n satisfying the
inductive assumptions. Then

A x0) é:;olq(xkﬂ, x)Ss(1-q)(1 - q)1-g) <s.

Consider

Yo = 0(%) = 9(%-1) + f(5amr) = Vs 20 = 9(x) = f() + ¥ -

By the mductwe assumptions we have |y, < 0d(x,, x,-1), [z, — 9(xa)| =

= ”f f(xn 1) - g( ) + g( n l) + yn“ Kd(xm xn 1) + Gd(xm X,, l)
(K + 0) d\X,, X,—1) < (K + 0) g"(1 — q) s. Thus z, € Bk p)gn-1(1-95(9(X,)) =

= g\Bq (1 - q,,(x,,) In the same argument as in the construction of x;, we choose
Xyt 1 € By g(x,) such that: [|g(x,4,) — 2z,| £ 0d(x,+4, x,). Then

”gfxn'f-l) - g(X,,) +f(xn) - y” é 6 d(xn+1? xn) )
d(X, 4 15 x,) < q"(1 — q)s.
That completes the inductive construction. Of course {x,} is a Cauchy sequence
in X, then there exists an x € X, x = lim x,; it is d(x, xo) < sand 0 = lim (g(x,+) —

—g(x,) + f(x,) — y) = f(x) — y. Thus y = f(x). This proves that B, _,,(f(xo)) =
€ f{BJ{(x,)), i.e. f(xo) € int f(By(x,)). This ends the proof of Theorem 1.

Corollary 1. Let X, Y be Banach spaces, A < X a convex closed subset of
X, Te L'X, Y) such that T(A) is a set of the second category. Then int T(A) =+ 0
and if x € 4, T\x) € int T(A), then k(T| 4, x) > 0.

Proof: Let x, be any point of A. Without loss of generality we can suppose
Xxo = 0. Then for r > 0 we have

A=UB,0)nAcUn(B(0)n A),
n=1

T(4) = G T(B,(0) ~ 4) < G nT(BL0) n A).

Since T(A) is of the second category, there exists an n, such that int T(B,,(0) N 4) +
# 0. Choose y, = T(x,) € T(B,,(0) " A) and s > 0 such that: T(x,) + B,(0) <

€ T(B,ol0) N 4) S T(Bugrs i, (X1) N A). Then by Proposition 1, we have
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K(T| A, x;) 2 k™" 15(T| A4, x;) = s/(nor + |x,]) > 0. In Theorem 1, put X = 4,
f=9 =T, we have T(x,)eint T(B(x,)n A) < int T\A) for all r > 0. Thus
int T(4) # 0. If 0 = T(0) € int T A) then there is a K > 0 such that —(y,/K)e
€ T(A). Let n; € N such that —(y,/K)e T(B, ,(0) " A) = n,T(B,(0) n A); then

niry

B, x(0) = I—i T(B,,(0) N A) + n,T(B(0) " 4) < <';—(° + n 1) T\B,0) N A) .

Then

s—>0.

k(T| A,0) =2 k(T| A,0) =
Kny + ng

That finishes the proof of Corollary 1.

Let A be a convex subset ot a Banach space X, put Cor 4 = {x € A: for each
y€A,y+ xthereisazedandale(0,1)suchthat x = (1 — 1)y + Az}.

Corollary 2 (P. C. Duong - H. Tuy [7]). Let X, Y be Banach spaces, F: X — 27
a multivalued closed convex mapping such that F(X) is of the second category. Then

for each x, € Cor (dom F) and for each open set U 3 x,, F(x,) N int F(U) =% 0.

Proof. Put A = Gr(F) = {(x, y): y € F(x), xe X}. By the assumption, A is
a closed convex subset of the Banach space X x Y. We define T: X x Y— Y by
T(x, y) = y. Then F(U) = T\U x Y A). By Corollary 1 thereis y, € int T(A) + 0,
for T(A) = F(X) is of the second category. Let y, € F(x,), x, € dom F. Thereis
an x, e dom F and a A€ (0, 1) such that x, = Ax, + (1 — 1) x,. Take a y, € F(x,).
Then yo = Ay, + (1 — A) y, eint T(A), yo € F(Ax; + (1 — 1) x;) = F(x,). By Cor-
ollary 1, k(T| 4, (xo, ¥o)) > 0. Putting f = g = T, X = A in Theorem 1, we have
Yo € int T\B/(xo, yo) N A) for all r >0, hence y,eint FU) = int WU x Y A)
for all open sets U containing x,.

Corollary 3. (Robinson [4] - P. C. Duong- H. Tuy [7].) Let X, Y be Banach
spaces, F: X — 2¥ a multivalued closed convex mapping such that F X) is open.
Then F{U) is open for each open set U.

Proof. Put A = Gr(F), T((x,y)) = y. Then T((x, y)) € int T(4) for each
(x,y)e A. Thus k(T| 4,(x, y)) > 0. Then T(Vn A) is open for each open set V
in X x Y. Hence F(U) = T\U x YN A) is open for each open set U.

Recall that a multivalued mapping F: X — 2Y is surjective at a point x, if it
carries every neighbourhood U of x, onto a neighborhood F(U) of F(x,).

Let M be a subset of Y. We say that a singlevalued mapping f is M-surjective
at x, if the mapping f(x) — M is surjective at x,,.

56



Let X, Y be Banach spaces, F: X — 2¥ be a multivalued convex mapping.
Put K'(F,(xo, yo)) = r~sup {inf {||y — yo|, y € F(x)}, |x = xo| < r, x € dom F}
for r > 0, yo € F(x,).

It is obvious that K'(F, (x, y)) = k" (F,(x, y)) if r > r' > 0. Put k(F, (x, y)) =
= lim k"(F, (x, y)), F~}(») = {x € X: y € F(x)}. It is clear tht if F is convex then F~!

r—-0

is convex, if F is closed then F~! is closed.

Corollary 4. (P. C. Duong - H. Tuy [7]). Let X, Y be Banach spaces, U an open
subset of X, x,e U, f:U — Y a continuous mapping, M a closed convex subset
of Y. Suppose that there is a continuous mapping g: X — Y and r > 0 such that
g(xo) = f(x,) and

(1) G(x) = g(x) — M is a closed convex mapping,

(2) a = k(G (f(xo), X0)) > O,

() 169 - 1<) - g(x) + 9(x)

[ = s s

(4)K.a<1,

(5) G(X) =Y.

Then f is M-surjective at x,.

Proof. Put Z = X x Y, ||(x, y)| = max {|x||, a. |y}, 4 = Gr(G), T(x, y) =
=y, hiA->Y, h(x,y) = f(x) — g(x) + y. Then Kk(T|A4, (%o, f(Xo)) = a™ ',
Ia(x, ) = h(x', ¥') = T((x, ») = (= V)] = [f(x) = £(x) = 9(x) + 9(x)] =
< K|x — x'[|. By Theorem 1 f(xo) = yo = h(xo, ¥o) € int (h(B,(xo, yo) N A)), hence
yoeint(h(U x Yn A)) for every open set U containing x,. h({U x YN A4) =
={f(x) — g(x) + y: xeU, yeg(x) - M} = {f(x) — M: xe U} = F(U), where
F(U) = f(x) — M. That proves that f(x,) e int F(U) for every open set U con-
taining x,, i.e. f is M-surjective at x,,.

S K|x — x'| for all x,x’,

|x — xof| =1,

Now let X be a Banach space, X* denotes the linear space of all linear forms
on X. Let f: X - R be a convex function. Linear form x* € X* is said to be an al-
gebraic subgradient of f at x, if {x*, x — x,)> < f(x) — f(x,) for all x € X. Put
*f(xo) = {x* € X*: x* is an algebraic subgradient of f at x,}. It is obvious that if
Xo € int (dom f), then by Hahn-Banach theorem 8%(x,) * 0.

Remark. If F is a multivalued convex mapping, dom F = X and there exists
an x, € X such that F(x,) is bounded then F(x) is bounded for all x € X. In fact,
if there were an x € X such that F(x) is unbounded, then F(x,) = F(3x + ¥(2x, —
— x)) 2 $F(x) + $F(2x, — x) would be unbounded too. It is a contradiction.

Theorem 2. Let X, Y be Banach spaces, F: X — 2¥ be a convex closed multi-
valued mapping such that dom F = X and F(x,) is bounded for an x, € X. Then
there exists a unique linear singlevalued mapping T: X — Y such that F(x) = F(0) +
+ T(x).
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Proof. By the remark, F(x) is bounded closed for all x € X.

(1) Let Y=R. Put —oo < ¢(x) = max {y: ye F(x)} < o0, —o0 < §(x) =
= min {y: y € F(x)} < o0. It is clear that \ is convex, ¢ is concave and dom ¢ =
= dom y = X. Put h{x) = — ¢(x) < 0; h is a convex function and °h(x) + 0
for all x € X. Let £ be any pomt of X, x* € 0°h(®). Then {x*, x — 2> < h(x) — h(%)
for all x € X, hence {x*, k) < h(% + k) — h(&) < —h(&) for all k € X. This shows
that linear form x* is upper bounded, thus {x*, k) = 0 for all k € X. That means
0°h(x) = {0} for all xeX and thus h is a constant. Let h(x) = —aj; then ¢(x) =
= a + Y(x). It follows that ¢, y are simultaneously convex and concave functions.
Thus ¢, § are affine. Put T(x) = y(x) — y(0), then T is a linear form on X and
Fix) = [W(x), o(x)] = [(x). ¥(x) + a] = $(x) — Y(0) + [¥(0). ¥(0) + a] = T(x) +
+ [¥(0), ¥(0) + a] = T\x) + F(0).

(2) Let Y be any Banach space. For each y* e Y*, put (y}F)(x) = y*(F(x));
then y*F is a convex multivalued mapping of X into 2R, Wlthout loss of generality
we can suppose that 0 € F(0). Let xe X, x + 0, 1 < 1, < 1,; then

dix = i_‘(,gx) +(1 —%)0,

2 2

F(lx) 2 2 () + (1 — ﬁ) F0) 2 M F(i,x)
1, P 1

2
and hence

L R 2 11— Fi,x).

1 2
On the other hand, for each y* € Y* there exists a unique linear form T,.: X —» R
such that (yXF)(x) = (y*F)(0) + T,«(x). Then
diam F(x) = sup diam (y}F) (x) = sup dlam (PXF)(0) + Tyu(x)) =
ly*i=1
= sup diam (y}F) (0) diam F(0) .

y*l=1

Thus lim diam [(1/4) F(Ax)] = 0. By the Cantor theorem, there is a unique element,
whxch is denoted by T(x), such that {T(x)} = 1//1) F(Ax). Of course T(x)e F(x)

for all xeX. Now we claim that T(x) is posmvely homogeneous. Let x,, x, € X,
and x, = Ayx,. Without loss of generality we can suppose that 4, > 1. Then 21y > 4
for all A = 1. It holds

1

F(Ax;) =F(A Aox,), F(Ax;) 2= F(lxl)

0
and hence

L Faxy) 2 ’l; F(Ax,).



Thus
, 1 |
{T(x;)} = N = F(Axy) 2 Ao N - F{Axy) = ,{T(xy)},
iz1 A iz1 A

ie. T(xz) = 2o T(xy).

This shows that Tis positively homogeneous and of course (yXT)(x) € (yF)(x) =
= (y¥F)(0) + T,«(x) for all x € X. Then A(yXT) — T,.) (x) € (y:F) (0) for all A > 0,
((yT) — T,») (x) = lim (1/2) (y?F) (0) = {0}, hence yXT = T,.. Let a, fe R, u,ve
eX, y*eY* then y*(T(au + Pv)) = T,fou + Bv) = a T(u) + B T,u(v) =
= o(y*T)(u) + B(¥IT)(v) = y*(« T(u) + B T\v)). Thus T(au + Pv) = a T(u) +
+ B T(v). Hence T is a linear mapping. On the other hand we have (y}F)(x) =
= y¥(F(x)) = (v}F) (0) + y*(T(x)) = y*(F(0) + T(x)). Then F(x) = F(0) + T(x)
and the proof of Theorem 2 is completed.

We denote the linear hull of a subset 4 by £(A).

Corollary 5. Let X, Y be Banach spaces, F: X — 2¥ a continuous multivalued
closed convex mapping, dom F = X, F(x,) bounded for an x, € X. Suppose that:
1) A(F) = Y, 2) dim (£(F\0))) < o, 3) F is 1-1, i.e. F\x) % F(x') if x # x". Then
XY

Proof. By Theorem 2, F(x) = F(0) + T(x) for a Te L(X, Y). Of couse T is an
injection. It is sufficient to prove that 2( T) = Y (that means that T is open). Suppose
that Z(T) + Yand €Y, § ¢ (T). By the assumption, for each ne N there is an
a, € F(0), x,eX such that ny = a, + T(x,). Put H = £({T(x,)}) = L(F(0)) ®
® ZL({p}). Then H = #(T) and dim (H) < dim (£(F(0))) + 1. Therefore H is
a closed subspace of Y. By the Hahn-Banach theorem there is a y* € Y* such that
y*(9) = 1, y*(y) = 0 for all y e H. Thus y*(a,) = n for all ne N and sup y*(y) =

yeF(0)
= co. This contradicts the boundedness of F(0). That shows that %#(T) = Y and
the proof is over.
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