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ACTA UNIVERSITATIS CAROLINAE-MATHEMATICA ET PHYSICA VOL. 38, NO. 1 

Groupoids and the Associative Law VI. 
(Szasz-Hajek groupoids of type (a, b, c)) 

T. KEPKA and M. TRCH 

Praha*) 

Received 16. September 1996 

The paper is concerned with groupoids possesing just one non-associative triple and this is of the 
form (a, b, c). 

Článek se zabývá grupoidy s jedinou neasociativní trojicí, která je tvaru (a, b, c). 

This paper is an immediate continuation of [3], [4] and [5]. Here, Szász-Hájek 
groupoids of type (a, b, c) are considered. 

VI.1. Basic arithmetic of SH-groupoids of type (a, b, c) 

1.1 In this section, G is an SH-groupoid of type (a, b, c) (see [3]) and a,b,ceG 
are pair-wise different such that a .be =1= ab . c. We put d = ab, e = be, f = a . be 
and g = ab . c. 

1.2 Proposition, (i) Ifx, y e G are such that xy = a (resp. xy = b or xy = c), 
then either x = a (resp. x = b or x = c) or y = a (resp. y = b or y = c). 

(ii) If M is a generator set of G, then {a, b, c} c M. 
(Hi) If H is a subgroupoid of G, then either {a, b, c} c= H and H is an 

SH-groupoid of type fa, b, c), or {a, b, c,} _= H and H is a semigroup. 
(iv) If r is a congruence of G, then either (e, f) $ r and G/r is an SH-groupoid 

of type (a, b, c), or (e, f) e r and G/r is a semigroup. 

Proof. See III. 1.2. 

1.3 Lemma. Let x, y e G be such that a -j= x =i= b and b #= y #= c. Then: 
(i) ax = a iff xb = b. 

(ii) by = b iff yc = c. 
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Proof, (i) If ax = a and xb 4= b, then f = a . be = ax . be = a(x . be) = 
a(xb . c) = (ax . b) c = ab . c = g, a contradiction. Similarly if ax =# a and 
xb = b. 

(ii) Similar to (i). 

1.4 Lemma, (i) ac = a iff b = cb. 
(ii) ac = c iff ba = b. 

(Hi) Either d #= a or e =)= c. 
(7v) Either d =t= b or c #- b. 
(vj Either ba 4- b Or cb 4- b. 

Proof, (i) and (ii). See 1.3(i) and (ii), resp. 
(iii) If d = a and c = c, then f = a . be = ac = ab . c = g, a contradiction. 
(iv) If d = b and c = b, then f = a. be = ab = b = be = ab . c = g, a con

tradiction. 
(v) If ba = b and cb = b, then a = ac = c by (i) and (ii), a contradiction. 

1.5 Lemma, (i) If d 4= b, rhcrz c/l/zcr cb 4= b or ca 4= c 
(//J If ba ^ b, then either e + b or ac + c. 

(iii) If e =£ b, then either ba + b or ca ^ a. 
(iv) If cb 4= b, ?he« either d =t b or ac =t a. 

Proof, (i) Let cb = b and ca = a. Then cd = c . ab = cb = b and, by 1.2(i), 
d = b, a contradiction. 

(ii), (iii) and (iv). Similar to (i). 

1.6 Lemma. (7) If d = a and ba = b, then a2 = a and b2 = b. 
(ii) If d = b and ba = b, then a2 = a and b2 = b. 

(iii) If e = c and cb = b, then b2 = b and c2 = c. 
(iv) If e = b and cb = b, then b2 = b and c2 = c. 

Proof, (i) a2 = ab. a = a .ba = a .b = a and b2 = ba. b = b. ab = ba = b. 
The rest is similar. 

1.7 Lemma, (i) If b2 = b, then either d = a or e = c. 
(ii) If either d = a or e = c, then b2 = b. 

(iii) If d = b, then either a2 = a or a3 = a. 
(iv) If e = b, then either c2 = c or c3 = c. 

Proof, (i) Suppose that a 4= d and e 4= c. Then f = a . be = a . b2c = a(b2. c) = 
a(b . be) = ab . be = (ab . b) c = ab2. c = g, a contradiction. 

(ii) If d = a and b2 4= b, then e 4= c by 1.4(iii) and f = a . be = ab . be = 
a(b . be) = a . b2c = ab2. c = (ab . b) c = ab . c = g, a contradiction. The other 
case is similar. 

(iii) b = ab = a . ab = a2b and we can use 1.3(i). 
(iv) Dual to (iii). 
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1.8 Lemma, (i) If b2 = b and d = b, then a2 = a, ba = a, e = c. 
(ii) If b2 = b and ba = b, then cr = a, d = a, ac = c. 

(Hi) If b2 = b and e = b, then c2 = c, cb = c, d = a. 
(iv) If b2 = b and cb = b, then c2 = c, e = c, ac = a. 

Proof, (i) We have a + d = b and so, by 1.7(i), e = c. If a + ba 4= b, then 
b = bb = b . ab = ba . b. Now, by 1.3(i) a = a .ba = ab . a = ba, a contradic
tion. Further if ba = b, then, by 1.3(ii), ac = c and so f = a . be = ac = c = 
be = ab . c = g, a contradiction. Thus ba -# b and ba = a. Finally, a2 = a . ba = 
ab . a = ba = a. 

(ii) We have ac = c by 1.3(H). Further by V7(i) either d = a or e = c. If 
a 4= d = b, then g = ab . c = be = c = ac = a . be = f, a contradiction. If 
a 4= d 4= b, then b = bb = ba . b = b . ab and, by 1.3(H), g = c and so 
f' = a .be = a . c = c = ab . c = g, a contradition. Finally, a2 = ab . a = 
a . ba = ab = a. 

(iii) and (iv). Dual to (i) and (ii), resp. 

1.9 Lemma, (i) If d = a, ba = b, e = b and cb = c, then a2 = a, b2 = b, 
c2 = c and ac = c. 

(ii) If d = b, ba = a, e = c and cb = b, then a2 = a, b2 = b, c2 = c and 
ac = a. 

(iii) If a2 = a and d = a, then either ba = a or ba = b. 
(iv) If c2 = c and e = c, then either cb = b or cb = c. 

Proof, (i) Use 1.6(i), (iv) and 1.8(H). 
(ii) Dual to (i). 

(iii) We have a = a2 = ab. a = a. ba. Now, if a 4= ba 4= b, then b = ba .b = 
b .ab = baby 1.3(i), a contradiction, 

(iv) Dual to (iii). 

1.10 Lemma, (i) If cr = a and d = b, then af = f and ag = f. 
(ii) If a2 = a and d 4= b, then af = f and ag = g. 

(iii) If cr 4= a and d = b, then a3 4= a, af = gf = erg and ag = f = a2f. 
(iv) If cr 4= a and d =# b, then af = ag = a2. be. 

Proof, (i) af = a(a . be) = cr . be = a . be = f and ag = a(ab . c) = 
a.bc = f. 

(ii) af = a(a . be) = a2. be = a . be = f and ag = a(ab . c) = (a . ab) c = 
(a2b) c = ab . c = g. 

(iii) af = a(a . be) = a2. be = (a . ab) c = ab . c = g and ag = a(ab . c) = 
a . be = f. 

(iv) af = a(a . be) = a2. be = a2b . c = (a . ab) c = a(ab . c) = ag. 

1.11 Lemma, (i) If c2 = c and e = b, then fc = g and gc = g. 
(ii) If c2 = c and e 4= b, then fc = f and gc = g. 
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(Hi) If c2 4= c and e = b, then c3 = c, fc = g = gc2 and gc = f = fc2. 
(iv) Ifc2 + c and e 4= b, then fc = gc = ab . c2. 

Proof. Dual to 1.10. 

1.12 Lemma. Let x, y e G be such that a 4= x a/id >' 4= c. 
(7) If xa = a, then xf = f and xg = g. 

(ii) If xa + a, then xf = xg (= xa . be). 
(Hi) If cy = c, then fy = f and gy = g. 
(iv) If cy 4= c, then fy = gy(= ab . cy). 

Proof, (i) xf = x(a .be) = xa .be = a .be = f and xg = x(ab .c) = (x.ab)c = 
(xa . b) c = ab . c = g. 

(ii) xf = x(a. be) = xa . be = (xa . b)c = (x . ab) c = x . (ab . c) = xg. 
(iii) and (iv). Dual tl (i) and (ii), resp. 

1.13 Lemma, (i) If ca = a, then aca = a iff a2 = a and cac = c iff ac = c. 
(ii) If ca = c, then aca = a iff ac = a and cac = c iff c2 = c. 

Proof, (i) If aca = a, then a = aca = a . a = a2. If a2 = a, then a = aa = 
a . ca = a. 

(ii) Similar to (i). 

1.14 Lemma, (i) If d = a, then aba = a iff a2 = a. 
(ii) If ba = a, then aba = a iff a2 = a. 

(iii) If a 4= ba 4= b, then aba = a iff bab = b and iff g = c. 

Proof. Obvious. 

1.15 Lemma, (i) If e = c, then cbc = c iff c2 = c. 
(ii) If cb = c, then cbc = c iff c2 = c. 

(iii) If b 4= cb 4= c, then cbc = c iff beb = b and iff f = a. 

Proof. Obvious. 

1.16 Lemma, (i) If bab = b and ab 4= b 4= ba, then aba = a and g = c. 
(ii) If beb = b and cb 4= b 4= be, then cbc = c and f = a. 

Proof. Obvious. 

1.17 Lemma, (i) If an = a (resp. c" = c) for some n > \, then either a2 = a 
or a3 = a 4= a2 (resp. either c2 = c or c3 = c 4= c2). 

(ii) If bn = b for some n > 1, then b2 = b. 
(iii) If a3 = a 4= a2, then ab = b and either c2 = c or ctl 4= c for any n > 2. 
(iv) If c3 = c 4= c2, then be = b and either c2 = c or c" 4= c for any n > 2. 

Proof, (i) Suppose that a2 4= a 4= a3 and let n be the smallest such that an = a 
(obviously, n > 3). Then a = a2. an~2 and, by 1.2(i) a2 = a ox an~2 = a, a con
tradiction. Similarly for b, c. 
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(ii) If b3 = b 4= b2, then / = a . be = a(b3. c) = a(b2b . c) = a(b2. be) = 
ab2 . be. Now, either ab2 + a or be 4= c, so ab2. be = (c/b2. b) c = ab3 . c = 
ab . c = g, a contradiction. 

(iii) and (iv) By 1.3(i), crb = b, and so by 1.4(iii), ab = b. If c" = c 4= c2, then 
c3 = c and be2 = b. Therefore be = b, a contradiction with 1.4(ii). 

1.18 Lemma, (i) If d = c/, t/7en c/lher a2 = a or a" 4= a /or any n > 2. 
(//) If e = c, then either c2 = c or c" + c / o r a/iy n > 2. 

Proof, (i) If a" = a 4= a2, then, by 1.17(i), a3 = a 4= a2. Now, by 1.3(i), 
b = orb = a . ab = a . d and so, by 1.2(i), b = d, a contradiction. 

(ii) Dual to (i). 

VI.2 Minimal SH-groupoids of type (a, b, c) 

2.1 In this section let W be an absolutely free groupoid generated by 
a three-element set {x, y, z}. Let G be a minimal SH-groupoid of type (a, b, c) and 
let (f): W -> G be a projective homomorphism such that (j)(x) = a, (j)(y) = b and 
</>(z) = c. For any teW denote by l(t) the length of t. 

2.2 Lemma. Let a $ {a2, ab, ac, a3, aba, a . be, aca}. Then ax ^ a for every 
x G G. 

Proof. Let, on the contrary, t e W be such that a = a<f)(t) and 1(f) is minimal. 
Clearly, \(t) > 2 and we have t = uv. Now, a = a . (j)(ii) (j)(v) = acf){u). <f)(v), so 
that (j)(v) = a and a = ci(j)(u). a = a . <f>(ii) a. 

Moreover, l(u) > 2, u = pq and a = a((j)(p) (f)(q). a) = a((/)(p). (f)(cf) a) = 
a<j)(p). (j)(q) a and a(f)(p) =# a 4= (p(q) a, a contradiction. 

2.3 Lemma. Let a $ {a2, ba, ca, a3, aba, a . be] and let either ca 4= c or 
a 4= a .be. Then xa =# a for any x e G. 

Proof. Similar to 2.2. 

2.4 Proposition. Let a $ {a2, ab, ac, ba, ca, a3, aba, aca, a . be). Then xy 4= a 
for all x, y e G. 

Proof. Use 2.2 and 2.3. 

2.5 Proposition. Let c £ {c2, ca, cb, ac, be, c3, cac, cbc, ab . c}. Then xy 4= c 
for all x, y e G. 

Proof. Dual to 2.4. 

2.6 Proposition. Let b $ {IT, ab, cb, ba, be, bab, bcb). Then xy 4= b for all 
x, y e G. 

Proof. We can proceed similarly as in the proof of 2.4 (use also 1.17(ii)). 
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G is of subtype 
b, b 4= be, bab = b, beb = b; 
b, b 4= be, beb = b, (and bab = b) 
b, b = be, bab = b, (and beb = b) 
b, b 4= be, beb 4= b, (and bab = b) 
b, b = be, bab 4= ft, (and beb = b) 
b, b 4= be, bab = b, beb 4= & 
b, b 4= be, bab 4= b, beb = b 
b, be 4= b, bflb 4= b, beb 4= b 
b, be 4= b, bflb 4= b, beb = b, 
b, be = b, bab = b, beb 4= 6; 
b, be 4= b, bab 4= fc, fccb 4= £>; 
b, be = b, bab 4= b, beb 4= 
b 4= tc/, be 4= fc 4= cb, bab = b, beb = b; 
b 4= fca, be 4= b, bflb = b, beb 4= b; 
b, b 4= b 4= cb, bab 4= 6, beb = b; 
b, be + b, bab 4= b, beb 4= b. 

2.8 Proposition. G w of just one of the preceding sixteen subtypes. 

Proof. It follows immediately from 1.4, 1.5, 1.6, 1.7, 1.8, 1.9, 1.16, 1.17, 1.18,2.6. 

2.7 We shall say that 
(a) if b2 = /з, a/j ф 

(ß) if b2 
= />, a/> = 

(Y) if b2 = ь, ab ф 
(5) if b2 = ->, a/> = 
(£) if b2 = b, ab Ф 

(Ф) if !>2 = b, a/? ф 
(v|/) if /r = b, a/? ф 
(x) if b2 = b, ab ф 
(X) if /r Фl>, a/j = 

(џ) if /r Ф Ь , ab ф 
(v) if b2 

Ф/3, a/j = 

(co) if /r Фl>, a/j ф 

(71) if ír ф/л ab ф 

(Q) if l>2 Ф/>, a/? ф 

(ст) if lr Ф/>, ab ф 
(т) if /r Ф Ь , a/j ф 

VI.3 Minimal SH-groupoids of subtype (a) 

3.1 Let V be of subtype (a). Now, b2 = b implies that either ab = a or be = e. 
(i) Suppose that ab = a. Then bab = b implies ba = b, and so ac = c. Further, 

a2 = ab . a = a. ba = ab = a. Obviously, e = be 4= c, e = be 4= b, e = be 4= a 
and so V contains at least four elements a, b, c, e. 

Further, a = a . be = ae, c = cbc = ce and b = beb = eb. 
Moreover, if cb = e, then ce = c, c2 = e. Obviously, ea 4= a (for ca = a we 

obtain ea = be . a = b . ca = ba = b, a contradiction with 1.2(i)), and hence 
either ca = c or z = ca 4= a, b, c (and then we put w = ea = bca = bz). Now, 
V is one of following two groupoids: 

V, a b c e 

a a a c a 

b b b e b 

c c c c e 
e e b e e 

v2 
a b c e z w 

a a a c a z a 

b b b e b w w 
c z c c c z z 
e w b e e w w 
z z z c z z z 
w w w e e w w 

(ii) If be = e, then beb = b implies cb = b and ac = a. Further, it follows 



from be = c and cb = c that c2 = c (and a 4= ab 4= b, ab 4= c). In both cases 
V contains at least four elements a, b, c, d. 

Further, ca 4= c (for ca = c we have b = cb = ca . b = c . ab, a contradiction with 
1,2(i)), and so ca = c or v = ca 4= c, a. Therefore, V is one of following two groupoids: 

v3 
a b c d 

a a d a d 
b b b c b 
c a b c d 

d d d c d 

K a b c d V w 

a a d a d a d 
b a b c b V w 

c V b c w V w 

d d d c d V w 

V a w V w V w 

w w w c w V w 

VI.4 Minimal SH-groupoids of subtype ((3) and (y) 

4.1 Let V be of subtype (P). We have b2 = b, ab = b, and so, by 1.8(H) a2 = a, 
ba = a. Further, be = c (by 1.7(i), ab = a or be = c, but a 4= ab = b), and so 
b = be. b = cb. Obviously, a 4= be 4= b and, by 1.3(i), a = a . be = ac implies 
cb = b. Finally, it follows from be = c and b2 = b that c2 = c by 1.8(iii). Now, 
V is one of the following three groupoids V5, V6, V7: 

v5 
a b c 

a a b a 
b a b c 
c a b c 

v6 
a b c X 

a a b a a 
b a b c X 

c X b c X 

X X b X X 

v7 
a b c 

a a b a 
b a b c 

c c b c 

Moreover, V5, V6, V7 are (up to isomorphism) the only minimal SH-groupoids of 
type (a, b, c) and of subtype ((}). 

4.2 Let V be of subtype (y). Similarly as in 4.1 we have b2 = b, be = b and, 
by 1.8(iii), c2 = c and cb = c. Further, ab = a (by 1.6(iii) ab = a or be = c, but 
c 4= be = b) and so b = b . ab = ba. Now, by 1.8(H), a2 = a. Finally, 
c 4= ab 4= b and by, 1.3(H), it follows from b = b . ab that c = ab . c = ac. Now, 
V is one of the following three groupoids V8, V>, V10: 

v  a b c 

a a a c 
b b b b 
c a c c 

v, a b c У 

a a a c У 
b b b b b 
c У c c У 
У У У c У 

Vì0 a b c 

a a a c 
b b b b 
c c c c 

Moreover, V8, V9, V10 are (up to isomorphism) the only minimal SH-groupoids 
of type (a, b, c) and of subtype (y). 
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V I . 5 M i n i m a l S H - g r o u p o i d s of s u b t y p e s ( 5 ) 

5.1 Let V be of subtype (5). Then it follows from fe2 = b, b = ab #= a and 
fecfe 4- fe that fee = c, cfe =t= fe, and so ac + #• Suppose that ac = c, then we have 
c = a . c = a .be = f ^ g = ab . c = b . c = c, a contradiction. Therefore, 
a #- ac = f -# c and so, V contains at least four different elements a, fe, c, f 

For a -# fea 4= fe, we obtain a = a . ba = ab . a = ba, a contradiction. For 
fea = fe, we have fe . f = fe . ac = fea . c = fe . c = c, a contradiction with 1.2(i). 
Therefore, fea = a. Now, a2 = a . fea = afe . a = fea = a. 

Further, either ca = c or a + ca =h c (for ca = a, we have fe = afe = ca . fe = 
c . afe = ca = c, a contradiction). Suppose that c3 = c 4= c2, then fe = fee2 = 
be . c = c2, a contradiction with 1.2(i). Therefore either c2 = c or c" 4= c for any 
n > 2. If c2 = c then cb = c (for cfe =t- c we have c = c . c = c . fee = cfe . c, hence 
fe . cfe = fe, a contradiction). 

5.2 Example. Let c2 

groupoid Vn: 
c and ca = c. Then G is isomorphic to the following 

Vu 
a b c f 

a 
b 
c 

f 

a b f f 
a b c f 
c c c c 

f f f f 
5.3 Example. Let c2 = c, and c 4= ca = x. Denote vk = fk. a 

wk = xk. c = c . fk for any k > 1. 
Then G is isomorphic to the following groupoid V12: 

a . xk and 

Vv_ a fe c X 
1 

x~ . . / ľ -. ^l v2 . . VVi vv ... 

a a fe f V\ v2 • . / f2 .. . ü, v2 • . f2 f3 ... 
b a fe c X 

1 
X" . . / f2 .. . ľl v-> . . Wj łV . . . 

c X c c X 
1 

X' . . w\ w2 .. 1 
. X" x 3 . . Wj VVŞ . . . 

X X c w{ x2 
X 3 . . wx w!2 .. 1 

. x~ x 3 . . w2 W'з ... 
1 

x~ 
x2 c w x3 x 4 . . w w3 .. . x 3 x 4 . . w3 w4 ... 

f V\ f f V\ v2 . '.' f2 f3 .'. . v2 Vъ • '.' f2 f3 •'.'.' 

ľ Vi ľ f2 v2 
. . f3 ľ .. . v} VĄ . . f3 ľ ... 

V\ V\ f f2 v2 
v3 . '.' f2 f3 .'. v2 V} • .'•' f3 ľ .'.'.' 

Vi Vi ľ f3 
Vз v4 . • f3 ľ .. . v} v4 . . ľ ľ ... 

w{ x2 w{ w{ x2 x 3 .' vv2 
w3 .. '. x 3 x 4 .' w2 w3 ... 

w2 x3 vv w2 x3 x 4 . • W} w4 .. . x 4 x 5 . w3 w4 ... 
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5.4 Example. Let c2 = c, x = ca + a, c 4= ac = f ba = a. Then a2 = a, 
aca + a and cac =t= c (if aca = a, then we have f. x = ac . ca = a(cc . a) = 
a. ca = a, a contradiction. Similarly, if cac = c, then x .f = ca.ac = c(aa. c) = 
c . ac = c, a contradiction). Now, xf = ca . ac = cac and fx = ac. ca = aca. If 
cac = aca = z, then x . x = cac . a = aca . a = aca = z = cac = c . cac = 
c . aca = f .f and G is isomorphic to the following groupoid: 

Vц a b c x f z 

a a b f a f z 

b a b c x f z 

c X C C X z z 
X X c z z z z 

f a f f z z z 

z z z z z z z 

5.5 Remark. The case of subtype (e) is dual to (5). 

VI.6 Minimal SH-groupoids of subtype (x) 

6.1 Example. The following ten-element groupoid Vj4 is an SH-groupoid of 

subtype (i). One may check that sdist(V14) > 2: 

v» a -> 
a-

b b2 c •> 

C~ d f 9 3 

a aг 3 •> 

a~ 3 d f 9 3 3 3 
•> ar 3 3 3 3 9 3 3 3 3 3 

b 1 

a~ 3 b2 3 c2 3 9 3 3 3 
b2 3 3 3 3 3 3 3 3 3 3 
c •> 

ÍГ 3 c2 3 c2 3 9 3 3 3 
c- 3 3 3 3 3 3 3 3 3 3 
d 3 3 f 3 f 3 3 3 3 3 

f 3 3 3 3 3 3 3 3 3 3 
9 3 3 3 3 3 3 3 3 3 3 
3 3 3 3 3 3 3 3 3 3 3 

6.2 Example. V14 is a homomorphic image of the following SH-groupoid V15: 
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У,s a - b b2 
c c2 d / 0 3 4 5 m 

a a~ 3 ĆГ 3 d f 0 4 4 4 5 6 ш + 1 

a2 3 4 3 4 0 4 4 5 5 5 6 7 . ш + 2 ... 

h a2 3 b2 3 c2 3 0 4 4 4 5 6 ш + 1 

h2 3 4 3 4 3 4 4 5 5 5 6 7 . ш + 2 ... 

c a2 3 c2 3 
-

c~ 3 0 4 4 4 5 6 .. m + 1 ... 

c2 3 4 3 4 3 4 4 5 5 5 6 7 . ш + 2 ... 

d 3 4 f 4 f 4 4 5 5 5 6 7 . m + 2 ... 

f 4 5 4 5 4 5 5 6 6 6 7 8 .. . iи + 3 ... 

У 4 5 4 5 4 5 5 6 6 6 7 8 .. . ш + 3 ... 

3 4 5 4 5 4 5 5 6 6 6 7 8 . iи + 3 ... 

4 5 6 5 6 5 6 6 7 7 7 8 9 .. ш + 4 ... 

m m + 1 m + 2 m + 1 ш + 2 ш + 1 ш + 2 ш + 2 ш + 3 ш + 3 ш + 3 ш + 4 ш + 5 .. ш + ш 

VI.7 Comments nad open problems 

7.1 The structure of minimal SH-groupoids of type (a, b, c) seems to be rather 
complicated. Anyway, continue the description of these groupoids. 

7.2 Find the semigroup distance of the groupoids V14, V15 from VI.6. 
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