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It is investigated the topology of the set of all distributions of pairs (X, Y) such that Y is
a real continuous local martingale on the canonical filtration of the process X and X is

a stochastic process on some separable metric space T.

It is offered another idea how to prove and generalize the result of weak relative
closedness stated in STEPAN, SEVCIK (2000) and another approach to the convergence

of continuous local martingales given by Remark 2.

V &lénku se vySetfuje topologie mnoZiny viech rozdéleni dvojic (X, Y) takovych, Ze
Y je spojity redlny lokdlni martingal vzhledem ke kanonické filtraci procesu X a X je

stochasticky proces na né&jakém separabilnim metrickém prostoru T.

Déle se nabizi jind mySlenka, jak dokdzat a zobecnit vysledek slabé relativni
uzavienosti ze &lanku SPEPAN, SEVCIK (2000), a jiny piistup ke konvergenci spojitych

lokélnich martingali dany poznidmkou 2.

Se investiga la topologfa de todas las distribuciones de las parejas (X, Y), dénde que
Y sea un continuo local martingalo ‘con respecto a la filtracién canénica de un proceso
X y Y sea un proceso estocéstico con los valores en un espacio métrico separable T.

Se ofrece una otra idea de comprobar y generalizar el resultado de STEPAN, SEVCIK
(2000) y el otro enfoque a la convergencia de los martingales locales continuos dado por

el comentario 2.

1. Notations and results

Fix a metric space T and denote its Borel g-algebra by %(T). Write C(T) =
C(R*, T) for the space of all continuous functions from R* = [0, o0) to R and

Charles University of Prague, Department of Probability and Statistics, Sokolovsk4 83, CZ-186 75

Praha 8 - Karlin, Czech Republic, e-mail: dostal@karlin.mff.cuni.cz

Key words and phrases. Local martingale, convergence in distribution.

The paper was prepared with the support of the Research program “Math. methods in Stochastic”

MSM 113200008 of the Czech Ministry of Education.



endow the space by the metric topology of uniform convergence on compact
intervals in R* that names C(T) to be a separable space if T is separable one and
to be a Polish space if T is Polish one. In what follows, we complement and
generalize the result of [4] related to the convergence in distribution of random
elements (X,Y), where Y = (Y, ¢ >0) is a continuous' %* or %*"-local
martingale with values in (R. #(R)) and X = (X,,t > 0) a continuous stochastic
process with values in (7, %(T)).

Assuming without loss of generality that the underlying probability space
(Q, #, P) is complete, we employed the notation

(1) FX* =o{[X,eB],s < t,Be B(T)} and £*" = o(Z* L A;),

where A7 = {Ne % P(N) = 0}. We refer to [2] for the definition of local
martingale and elements of stochastic analysis, generally.

Having two sets of functions #° = R¥ and ¥ = R’, we shall agree to denote
by A ® £ the set of all functions h: K x L — R of the form

(2) h(k,1) = f(k)- f(I), where ke K,le L

and fe A, ge &
Similarly, ® % denotes the set of all functions F : TO=) _, R of the form

(3) F(u) = fi(u(s) ... fi(u(sd) u = (u(t), t > 0)e T,

where {s,,..., s} and {f), ..., fi} go through all finite subsets of S < [0, o) and
& <= RT, respectively.
Our main result reads as follows.

Proposition. Let X,, X be stochastic processes with values in separable metric

space T and Y,, Y be real-valued continuous processes such that

(i) Y is an % *-adapted process

(ii) Y, is an %*-local martingale for every ne N

(iii) Ef(X,, Y,) > Ef(X, Y) as n > oo for every f € @5Cy(T) ® C4(C) such that
(a) S = R* or
(b) S is a dense subset of R* and X is a right-continuous process.

Then Y is an %*-local martingale. The assertion will stay to be valid if we

replace the filtrations %% and %*» by the completed ones %** and Z£*~F,

respectively.

Assuming that X and X, are continuous T-valued processes, we may interpret
the pairs (X, ¥,) and (X, Y) in Proposition as continuous stochastic processes with
values in T x R, i.e. as C(R*, T x R)-valued random variables, where C(R*, T x R)
is provided by the separable metric topology of uniform convergence on compact
sets in R*. Recall that C(Z,, Z,) denotes the space of all continuous mappings

! especially, Y is a random variable with values in C = C(R)



from topological space Z, to topological space Z,. Using the above interpretation,
we may look at condition (iii) in Proposition as a weakened condition of

(4) (X, Y,) = (X, Y) in distribution as n —» oo in C(R*, T x R).

We denote by A the family of all pairs of continuous processes (X, Y) on some
probability space (Q, &, P), which may be different for different pairs (X, Y), such
that Y is a real-valued % *-adapted process and X is a T-valued process and by
L the family of all (X, Y) € A such that Y is an %*-local martingale. The families
A, L are not sets, of course, but the following families of distributions

(5)  Z(A) = {Z(X,Y),(X.Y)e A}, 2(1)={LX Y) (X Y)el)

are subsets of Z(C(T x R)), where Z(C(T x R)) denotes the set of all Borel
probability measures on metric space C(T x R). Recall that #(Z) denotes the
probability distribution of a r.v. Z.

It this notation, we get by Proposition.

Corollary 1. Let T be a separable metric space, then ¥(L) is a relatively
weakly closed set in L(A).

Remark 1. Similar assertion holds if we consider processes Y that may be
Z*P.adapted in the definition of A and that are %X F-local martingales in the
definition of L by Proposition. But in fact, the sets £(A), #(L) would not change
if we worked with the completed filtrations instead of with the canonical ones.

Note only that the values Ef (X R Y) in (iii) (a) of Proposition determine
distribution of (X, Y) as a random variable with values in C(R*, T x R) or, more
generally.

Lemma 1. Let P, Q be probability measures on o-algebra # := ®*<)%(T) ®
AB(C) such that for every f € ®0,«)Co(T) ® CyC) [f dP = [ dQ. Then P = Q.

Proof. The following set of functions ®o,.)Cs(T) ® C4(C), generating 2, is
obviously closed under products and it is a subset of a linear set of bounded
functions

6) # = { f: T x C - R bounded % measurable, J‘ fdP = J‘ f dQ},

which is closed under bounded pointwise limits and contains constants. Applying
Proposition 1.4.11. in [3], we get that every bounded Z%-measurable function is
contained in J# The choice f = Ize #, Be# gives P = Q, which is the
statement of Lemma 1. O

We use the technology of the proof of Proposition given by Theorem 1. First,
we introduce some more definitions that are needed to understand this Theorem.
Fix x € C, x(0) = 0 and denote



(7) 73 = inf{s > 0, |x(s) > c}
the first entry of the function [x| into the set { —c,c} and
(8) afx) = (x(t A 1)),t > 0)eC

the function x stopped at time ;. Then the mapping . : x € C — o (x — x(0)) e C
is Borel measurable. We recall that a real-valued continuous Z%-adapted process Y
is an Z-local martingale iff for all ¢ > 0 oX(Y) is an %-martingale.

Theorem 1. Let Y,, Y be real-valued continuous processes such that Y, - Y
a.s. as n — oo in C(R*). Then for ¢ > O there are sequences J, € (0, ¢) and n, e N
such that

9) o 5(Y,) = oY), k > o0 as. in C(R*).

Theorem 2. Let X, X, be real-valued continuous processes such that X, - X
in distribution as n— o in C(R*). If R:C(R*) —» C(R*) is a continuous
mapping such that for ne N R(X,) is a local %**-martingale and R(X) is an
ZX-adapted process, then R(X) is also an %*-local martingale. The assertion will
stay to be valid if we replace the filtrations %* and Z*~ by Z** and F*~*,
respectively.

Theorem 3. o is a continuous mapping at Y a.s. whenever Y is an % Y-local
martingale and ¢ > 0.

Remark 2. Theorem 2 with the choice R(f) = f and Theorem 3 provide
an equivalent condition to the a.s. convergence of local martingales as follows:
If Y, Y are %™ and %" local martingales, respectively, then

Y, - Y as. iff a)(Y,) > «¥(Y) as. for ¢ > 0 & Y,(0) > Y(0) as. as n — oo.

One may ask if we could leave out the assumption, R(X) is an % *-adapted
process, in Theorem 2. The following example shows that it is impossible.

Counterexample. We will find R-valued continuous processes such that
X, > X as n > oo everywhere and R:C(R*) -» C(R*) a continuous mapping
such that for n e N R(X,) is an &% *-local martingale but R(X) is not even adapted
to the completed canonical filtration of the process X.

Denote by W one-dimensional Brownian motion and for n e N put

X()=WetAal)n+W[t—-1)"Arl1]>X(t)=W[t—1)"Al]n>o0
and R:C(R*) - C(R*), R(f)(t) = f(t + 1) — f(1).
Now it is enough to check that R(X,) = W(.A1) is an £*» = % -local
martingale but R(X) = W(.A 1) at time 1 is a nontrivial random variable and it

cannot be measurable with respect to a trivial g-algebra Z** = Z%{ , at time
t=1.

6



2. Proofs

Proof of Theorem 1. Let Y,, Y be real-valued continuous processes on prob-
ability space (Q, % P) such that Y, - Y a.s. in C(R™). Fix ¢ > 0 and check by the
definition of o that we may assume that Y,(0) = 0 and Y(0) = 0 on Q and work
with o, instead of with a.

I Fix e,n > 0,t > 0. We will show that there is 6 € (0, ¢) and ny € N such that
for n > n,

(10) P(”ac—é(}’n) - ac(Y)“l > ’7) <eg,

where [yll, = sup {|y(s)l,s < t} is a pseudonorm on C(R*). The continuity of Y
implies that wy(1/k) — 0 in probability as k — oo, where

(11) wi(9) = sup{lf(u) — f(s).Is —ul < $s,u<t}

is the modul of continuity of function f up to time t. Hence, we can find
a measurable set F; € # and k € N such that for [ > k

(12) wy(1/l) < n/2 on F, and P(F}) < ¢/3.
Considering a real variable
(13) Zy=min{|Y] — clu <tf At — 1/k},

which possesses only positive values, and by the continuity of measure P, we get
a measurable set F, € # and 6 > 0 such that

(14) Z,> 256 on F,and P(F;) < ¢/3.
Applying the definition of ) and Z,, we get from (14)
(15) 1Y 07y _p < ¢ — 20 onF,.

The assumption Y, - Y a.s. as n - oo gives us a measurable set F; € & and
ny € N such that for n > n,

(16) IY, — Y|, <n/2A 6 on Fyand P(F;) < ¢/3.
Now apply the definition of a, to compute
(17) lae-o(%) = oY)l < max [%fs & w22 = ¥(s A o2

+max |[Y(s Atlns) — Y(s Atd) < 1Y, — Y + wh(lt Azl —t A Tly).

s<t
A combination of the above results yields that it suffices to prove
(18) tAatl —tAatly <1/k on FnF,nF;.
Fix w € F; n F, n F;. We will show that

(19) At At >t At — 1)k,




Apply relations (15), (16) to check that
(20) WGall g S WYy + 1Y = Yl <e =20+ 6 =c—9,

which by the definition of t)»; easily implies the second inequality in (19). To
prove the first one in (19), we may assume that ¥ < t, which implies || Y I.r,,=c
Now use the definition of 7)7; to check that the following inequality, using

(16) and [|Y | r,, = c, proves the first one in (19).
(21) 1%y, = 1YL, = 1% = Y], >c — 6.

II. For me N put &,# = 1/m,t = m and use (10) to get 6(m) € (0, c), n(m) e N
such that

(22) P(”(XC__,;(m)(Yn(m)) — ac(Y)Mm > l/m) < 1/m

Now it remains to realize that &, _ s Y,) converge to a(Y) in probability in C as
m — oo and select m, such that

(23) e sm Yomg) = 0{Y) as. in C(R™),
which is the statement of Theorem 1, since we assumed that Y,, Y started at 0. [

Now we introduce lemma, which characterizes the martingale property of
an adapted process with respect to the canonical filtration of another process in
terms of their distribution.

Lemma 2. Let Y be a real-valued continuous process adapted to the canonical
filtration of a process X, which possesses values in some separable metric space
T. Then Y is an %*-martingale iff for all 0 < s < t, H € ®[o,Cy(T)

(24) EH(X) Y, = EH(X) Y,.

Proof. If Y is an % *-martingale and 0 < s < ¢, then

(25) EH(X) Y, = EE% H(X) Y, = EH(X) E% Y, = EH(X) Y,.

Conversely, we are to show that £* is a subset of # = {Fe £*, EI;Y, = EI; Y},
which is easily seen to be a Dynkin system. Now it remains to find a system
% < M closed under intersections, which generates o-algebra %%, and use
Dynkin Lemma. Put

(26) £ ={[X,€G,i<n]s <sG openin T,i <neN}

and check that it is closed under intersections and every F € % is a pointwise
bounded limit of some H,(X), where H,€ ®oC,(T). Now use Dominated
Convergence Theorem and (24) to get that ¥ < /. O

Remark 3. Apply Lemma 2 to see that the %" (local) martingale property of
a real continuous process depends only on its distribution and note that Lemma 2
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will stay to be valid if we replace the canonical filtration of the process X by the
completed one Z**.

Lemma 3. Let Z, = (Z), Z),ne N U {0} be random variables with values in
T, x T, for some Polish spaces T, and T, such that for every f € C)(T}) ® CyT)

(27) Ef(Z,) - Ef(Z,) as n > 0.
Then Z, — Z, in distribution as n —> o in T; X T,.

Proof. Use Prochorov Theorem to get {#(Z,),ne N} is a tight set of Borel
probability measures on T, (i = 1, 2), which easily implies that {#(Z,), n € N} is
also a tight set of Borel probability measures on T} x T,. Now use Prochorov
Theorem again to get that {#(Z,), n € N} is a relatively weakly compact set. Note
that the system C,,(Tl) ® Cy(T) contains only continuous functions and determines
measure on T; x T; to get by (27) that ¥(Z,,) is the only possible weak limit of
each subsequence of (£(Z,),ne N). A combination of the above results yields
#(2,) > £(Z.,) as n > oo weakly, which is the statement of Lemma 3. O

We will use Skorochod Theorem on the representation of the convergence in
distribution, Theorem 1 and Lemma 2 and 3 to prove the Proposition. The proof
of Theorem 2 will be omitted, since it is a consequence of the Proposition.

Skorochod Theorem. If 3, 9 are S-valued random variables, where S is
a separable metric space, such that §, — 9 in distribution, then there are #,, 7 on
some probability space (Q, & P) such that £(9,) = Z(n,), £(9) = £(n) and
N, = n as n — oo on Q (see thm. 6.7. page 70 in [1]).

Proof of Proposition. We will work with the canonical filtrations of the
processes X, X,. The proof for the completed ones would be similar.

1. case (a) Fix s < tand H € ®[0)C,(T) and use assumption (iii) and Lemma 3
to get

(28) (H(X,), Y,) » (H(X), Y) as n > oo in distribution in R x C.

Now use Skorochod Theorem and the separability of R x C to check that we may
assume’ that Z,:= (H(X,), Y,) - Z:= (H(X), Y) everywhere on some common
probability space. Fix ¢ > 0 and apply Theorem 1 to get n, € N and J, € (0, ¢) such that

(29) (H(X,,), 22_5(Y,) = (H(X), «)(Y)) as. as k > 0.
Then for every ve R
(30) EH(X,,) o0 s(Y,), » EH(X) oY), as k —» o0.

% A suspicious reader can imagine that Z,, Z are defined on some other probability space given by
Skorochod Theorem and look at H(X,), H(X) and Y,, Y as projections of Z,, Z up to the relation (33),
which depends only on distribution of (H(X), ).



Now use assumption (ii) and the equivalent definition of local martingale, using
o?, to see that for ke N

(31) a5 (Y,

ni

) is an Z*m-martingale.

By Lemma 2 and the previous relation, for k € N

(32) EH(X,) & s(Y,)s = EH(X,) %l_5(%,,).-
A combination of (30) for v = s, t and relation (32) gives
(33) EH(X) oY), = EH(X) oXY),,

which is by Lemma 2 the martingale property of «2(Y) with respect to the canonical
filtration of the process X, since Z*Y) = Y < ZX and s < t,He ®0.51Cu(T)
were arbitrary. Now it remains to apply the equivalent definition of local
martingale and assumption (i) again to see that Y is an Z%*-local martingale.

2. case (b). Let s < t and G € ®o,), say

(34) G(u) = gy(u(sy)) .- gu(u(sy), ue T for some g, C|(T),s;

Choose 57" € S such that s | s; and put H,,(u) = g,(u(s7))... gu(u(s¥)) € ® (0,5 SC,,( T),
where s™:= s7 v ... v sp. Then for sufficiently large m (s™ < t) and by part 1. up
to the relation (33) with H := H,, and s:= s™ we get for c > 0

(35) EH,(X) a(Y)em = EH,(X) 2(Y)..

Now it remains to use the right continuity of process X and Dominated Conver-
gence Theorem to get EG(X) «(Y); = EG(X) oY), and to repeat arguments of
part 1. following after the relation (33). O

Remark 4. For feC, = {geC,¢(0) = 0} and ¢ > 0 we may define 1/, =
lim, o+ /. = inf{t > 0,|f(¢) > c} the time of the first entry of the function | f|
into (c, ). Then ©/ is a lower semi-continuous and t/, is an upper
semi-continuous function on C,.

Now we introduce lemma which characterizes points of discontinuity of
mapping of in terms of 1/, t/,

Lemma 4. Let ¢ > 0, f be a continuous real function on R*. Then o is

continuous at f iff g = f — f(0) is constant on interval [74, 72, ]

Proof. See for the definition of a to check that it is enough to prove that for
f € C with f(0) = 0 holds

(36) f is constant on [t t/, ] iff a(f,) - a(f) in C,

3 By [a, b] we understand the interval {xe R, a < x < b}evenif b = + 0.
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whenever, f, — f in C such that £,(0) = 0 for n e N. If the left-hand side of (36)
fails, then it is enough to put f, = f - (1 — 1/n) and check that the right-hand side
fails, too.

Conversely, we use the following inequality for t > 0

(37) lad fo) = o £)lle = sup lo( £3) () — e ) )] <

s<t

(38) sup |[ffs ATl) — f(s ATl + sup|f(s A tf) — fs A tl) <

s<t s<t

(39) lfu— fll. +sup{|f(u) — f(v)l,u,v between L A t, T/, At}VvO.
If f is constant on [t} 7/, ] and f, - f in C, = {ge C, g(0) = 0}, then the lower

and upper semi-continuity of 7. and 7., provide

(40) /At <liminftl At <limsupth, At <1/, At.

=00 n—oo

It implies that the last term in (39) is asymptotically less or equal to zero since
f is constant on [t/ A t, T/, A t]. O

Now we introduce lemma which says something about stability of the property
of being a point of continuity of & under transformation.

Lemma S. Let ¢ > 0, f, he C such that there exists a non-decreasing con-
tinuous real function a such that a(0) = 0 and f(t) = f(0) + h(a(t)) for t = 0. If
h is a point of continuity of «°, then so is f.

Proof. See for the definition of «? to check that we may assume that f(0) = 0.
Denote by a(o0) = lim, ., a(t) and use definitions of 7/, /, to check* that for d > 0

41 t = a(t]) which implies %, = a(tf,) as d - ¢*
p

since a is continuous. By Lemma 4, we get that h is constant on [/, 7/, ] and we
are to show the same for f. Let u € [t t/, ], then f(u) = h(a(u)) = h(z%) does not
depend on u, since a(u) € [a(cf), a(t/,)] = [ b, ] d

Proof of Theorem 3. 1. If Y = W is a Brownian motion, then t¥ = 1%, as.
which by Lemma 4 implies that o is continuous at W almost surely.

IL. If Y is an %"-local martingale with {Y) (00) = oo a.s., use DDS Theorem
to get a Brownian motion W on Q such that

(42) Y(t) = Y(0) + W(KYD)(t), t = 0 as.,
where (Y, is a non-decreasing continuous real function with (Y) (0) = 0 as.,

which implies that « is continuous at Y a.s. by Lemma 5 and part I.

* Show that h(a(t})) € {—d,d} if a(t]) < oo and use the properties of a to verify that h(u) € (—d, d)
if a(0) < u < a(t)).
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III. If Y is an &% "-local martingale, see for Remark 3 to check that both, the
assumption and the conclusion of Theorem 3, depend only on distribution of the
process Y. It means that we may assume that there is a Brownian motion W
independent of Y. Now use Lemma 4 or the definition of & to check that we may
assume that Y(0) = 0. For ne N we define an %(*")-local martingale

Y, (t):= Y(¢) + W[(t — n)*] with <¥>()=(t —n)* > o0 as.as t > .

By Lemma 4, we are to show that Y is a.s. constant on [z}, ), ]. Since ¥, = Y
on [O, n] for ne N, it is sufficient’ to show that for ne N Y, is a.s. constant on
[t5, %2 ]. Now it remains to use Lemma 4 and part II of this proof for Y, since
for its quadratic variation holds (Y, (c0) = oo almost surely. O
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S If ue[cl,1),] such that Y(u) + Y(z), then for n > u hold: 7} =t} and Y(u) = Y(u) +
Y(z)) = Y(z)).
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