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:»••()• i ACTA UNIVERSITATIS (' \ R ()l ,INAE - MATHEMATICA ET PHYSIC A V( )I., 50, NO. 1 

On Separating Sets of Words II. 

VACLAV FLASKA, TOMAS KEPKAand JUHA KORTELAINEN 

Praha 

Received 15. October 2008 

Special replacement relation in free monoids is studied with particular interest in antisym­
metry and antitransitivity. 

1. I n t r o d u c t i o n 

This article is an immediate continuation of [1]. References like 1.3,3 lead to the 
corresponding section and result of [1] and all definitions and preliminaries are taken 
from the same source. 

2. M o r e r e s u l t s on s e p a r a t e d p a i r s of w o r d s 

Throughout this section, let u,v f: A* be such that // £ v, \u\ = \v\ and both the 
pairs (u.v) and (\\u) are separated. According to 1.3.3, these two pairs are strongly 
separated (clearly, u ^ e: ^ v). 

Lemma 2.1 uvx = xuv iff x = (uv)m for some m>0. 

f^-oof. We will proceed by induction on |JC|. If x = e, then m = 0. If |.v| < |//|, then 
it ~ .ir, r =- AW. and so x = /•; and /// =-- 0 again. Finally, if \u\ < \x\, then up = x = qv, 
uv(/v •- uvx = xuv = upuv, vq = pu* p -•• vt, q = tu and uvi = up = x = qv -= tuv. If 
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|f| = |JC|, then u = e = v, a contradiction. Thus |t| < |JC|, / = (uv)mi by induction and 
X rr UVt = (UV)"1, tit = m\ + 1. D 

Lemma 2.2 If pux = xvq and \x\ < \pu\f then just one of the following nvo cases 
takes place: 

(1) p - vt, q = tu and x ~ vm (then \x\ = |pw| = \vq\); 
(2) p = JC\7 and q = tw.i f/hc/i |JC| < |p| = |q|j. 

Proof. We have pit = AT, and vq = zx. If |z| < |w|, then it = I/JC, v = a'i , and hence 
c = }•;. Consequently, pu = A = v<y and it follows that p •--• vt, q = tu and x = vm, so 
that (1) is true. On the other hand, if |M| < |z|, then u:u = z = v\'2, u: = vt, 1*2 = to 
and c = v/u. From this, /;// = xz = xvtu, p = JCV/, va -- ~x = vtux, q = ///x and 
M < |p|. a 

Lemma 2.3 pujc = xvq iff p = yv7, a = fwy a/?d x = (yv///)wy f= y(v/uy)m), /// > 0. 

Proof Only the direct implication needs a proof and we will proceed by induction 
on |JC|. 

If |JC| < \pu\j then either 2.2 (1) is true and we put y = e, m = 1, or 2.2 (2) is true 
and we put y = JC, m = 0. 

If \pu\ < \x\, then pux\ - A - x\\>q, 1 < Ixil < |JC|, and we use induction hypothesis. 
• 

Lemma 2.4 puyv = wyva i f at /east one (ana1 then fust one) of the following two 
cases takes piac v 

(1) /; = .-;•: q; 

(2) p = uz.\ /, q = lwzv a/idy = (zvtu)mzt m > 0. 

Proof Again, only the direct implication needs a proof 
If |p| < |it(, then u = pr, v •' sq, ryv = uys and, by 1.3.7, r = uuu s = v\v. Now, 

u = puu\, v = vi va and p = /; • </. 
If |w| < |F|, then p = Mii2, a •-- 1*2 v and yvv2 = uiuy- It remains to use 2.3 • 

Lemma 2.5 Let p,q,x,\ <' A* be such that \x\ < \p\. Then puyvx = xuyvq iff at 
least one (and then just onei of the following two cases takes place: 

(1) p = x^-q; 
(2) /; = xu::vt and q = tuzvx and y = (zvtu)mz, m > 0. 

Proof As usual, only the direct implication needs a proof. We have p = jcpi, 
q = ai.x, |/711 = |ai| and p\uyv = uyvq\. The rest follows from 2.4. • 

Lemma 2.6 Let p,q,x,y c /T be swc/i that |/?| < \x\. Then puyvx = xuyvq iffx = 
= puzvt = tnzva andy = (zv////";., m > 0. 

Proof Standard (use 2.4). • 
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3. A u x i l i a r y r e s u l t s ( a ) 

Throughout this section, let Z be a strongly separating set of words, Z =£ {•*•;}, and 
let fh </. r, A\ /, u\ :G/1* be such that /?r<y = \v = rzw, r. € Z and /;, a are (Z-) reduced. 

Lemma 3.1 Jz/.v/ a/zc of the following nine cases takes place: 
(a I) r == /;»g, / = g//, q = Aw, " = M\ g =£ £ =£ h, k =£ *•; a/zd //, /c, .v arc reduced; 
(ill) r = /;»g, / = gc, a r : .v. g ~t F and s is reduced; 
(a3) r = pg, t = g;;//, .v = //a, g =£ s == //; 
(a4) /* = /;», c = //?, a = hs, h =£ f; and h, s, r, t are reduced; 
(a5) r = p, z = /, s = a aw/ r, s are reduced; 
(a6) r = /,», t = r.//, .v = //a, // =.-= s and r is reduced; 
(a7) p = rg» n = g//, / = //f, ,v = fq, g £ F t f, h =£ F and r, g, it are reduced; 
(a«X) /> = rg, z = g/, a = .v, g # £ £ / aw/ r, g, /, ,v arc reduced; 
(a9) /.» = rg, r, = g// = g/f /z = tf, q = f.v, g =£ £ # f ana1 r, g, /i, f, f, s are 

reduced; 

Proof It will be divided into three parts: 
(i) Let |p| < |r|. Then r = T»g? g =>= t\ /;/</ = pgzs and /# = gzs. Since q 

is reduced, we have |g| < |/|, / = g/z, /z =£ £, ghq = g~:v, //a = ~s and 
/>/ rr / 7g// rr /•/,. 

If |/i| < \zl then c = M\ k * *;, hq = iw = //Aw, a = ks and (al) is fulfilled. 
If |/z| = |z|, then It = r., a = s, / = g\\ and (a2) is satisfied. 
If |/z| > \zl then /z = ~//i, h\ t- F, h\q = :s\ / = g.://i and (a3) is true, 

(ii) Let |/;| = |r|. Then p = r and tq = zw\ 
If |/| < M, then - = ///, // =/ *•;, /a = ;w = ///s, a = hs and (a4) is valid. 
If |/| = |r.|, then - = /, q = .v and (a5) holds. 
If |/| > \z\, then / = zJh h 4- F. zhq = /a = ;w\ hq = s and (a6) follows. 

(iii) Let |/;| > |r|. Then p = rg, g 9- £, rg/<y = ptq = rrw and g/a = r..v. Since g 
is reduced, we have |g| < \z\. z = g//< /z 4 F. Moreover, gtq = z.v = g/zs and 
/a = lis. 

If |/z| < |/|, then / = /zf, f £ *•;, /zfa = tq = //.v, fa = .v and (a7) is clear. 
If |/z| = |/|, then / = /z, a = .v, z = g/ and (a8) is evident. 
If |/i| > |t|, then h = tf, f 7= K, /f.v = tq = hs, q = fs and (a9) is visible. 

D 

Lemma 3.2 Assume that (al) is true. Then: 
(i) vr = pgzs = pghks, z = hk, 1 = g//, a = Aw, g =£ /; =/- //, k =* *•;, |-| > 2, |/| > 2, 

//, k, .v, /;, Aw are reduced and the pair (t,z) is not separated. 
(ii) If pg is reduced, then tr(vv) =- 1. 

(iii) //'/ is reduced, then g is reduced. 
<jv) If g is reduced and pg is not reduced, then p = p\u, g = vq\, t = vai/z, 

vr = p{uvq\zs, u T~ F, =-- i\ z/v C: Z, pj, aj, //, i' are reduced and tr(vi') = 2. 



Proof. 
(i) The assertion follows easily from (al). 

(ii) Combine (i) and 1.5.4. 
(iii) Obvious from t = gh. 
(iv) Since p, g are reduced and pg is not, we have pg = p\Z\qi, p = p\ u, g = v_/i. 

Z\ = uv e Z, it -£ e =£ v, pi, ^i reduced and |zil > 2. Thus w = p\iivq\zs and 
tr(w) = 2 by 1.5.4. 

Lemma 3.3 Assume that {al) is true. Then: 
(i) w = pgzs, f = g:\ q = s, g # E, \t\ > 2, s is reduced and t is not reduced. 

(ii) If pg is reduced, then ii(w) = L 
(iii) If g is reduced and pg is not reduced, then p = p\u, g = vq\, t = vq\z, 

w = p\uvq\zs, u t t: t v, uv £ Z, p\, q\, u, v are reduced and tr(vv) = 2, 

Proof We can proceed similarly as in the proof of 3.2. D 

Lemma 3.4 Assume that (a3) is true. Then: 
(i) w = pgzs = pgzhq, t = gzh, s = hq, g =£ € t h, \t\ > 3 and t is not reduced. 

(ii) If pg and s are reduced, then tr(w) = 1. 

Proof Similar to the proof of 3.2. D 

Lemma 3.5 Assume that (a4) is true. Then: 
(i) vv = pzs = pths, z = th, q = hs, t -,-= B ± h, \z\ > 2 and h, s, t, hs are reduced. 

(ii) tr(w) = 1. 

Proof Easy. D 

Lemma 3.6 Assume that (a5) is true. Then: 
(i) vv = pzs = pts, z = t, q = s, s is reduced and t is not reduced. 

(ii) tr(w) = 1. 

Proof Easy. D 

Lemma 3.7 Assume that (a6) is true. Then: 
(i) w = pzhq, t = zh, s = hq, h -̂  s, \t\ > 2 and t is not reduced. 

(ii) Ifhq is reduced, then tr(w) = 1. 
(iii) Ifh is reduced and hq is not reduced, then w = pzp\iivq\, h = p\u, q = vq\, 

t = zp\u, u ± t: t v, uv e Z, p\, q\, u, v are reduced and tr(vi\ __ i 

Proof Similar to the proof of 3.2. • 

Lemma 3.8 Assume that (al) is true. Then: 
(i) w = rzfq = rghfq, z = gh t = hf, s = fq, g ± s ± / , It # e, \z\ > 2, |r| > 2, 

h, g, r, rg are reduced and the pair (z, t) is not separated. 
(ii) If fq is reduced, then tr(w) = 1. 

(iii) Ift is reduced, then f is reduced. 
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(iv) If f is reduced and fiq is not reduced, then f = p\ut q = vq\, t = hp\Ut 

w = rzp\uvq\t u # e -£ v, uv € Z, p\t qi, M, V are reduced and tr(w) = 2. 

Procf Similar to the proof of 3.2. D 

Lemma 3.9 Assume that (a8) is true. Then: 
(i) w = rgtst z = gt, q = st g =£ e t tt \z\ > 2 a/id r, gt tt st rg are reduced. 

(ii) tr(vv) = 1. 

Proof. Easy. D 

Lemma 3.1§ Assume that (a9) is true. Then: 
(i) w = rgtfs, z = gtj\ q = fis, g t i: ± / id > 2 and r, gt t, / .y, / / , rg, fs are 

reduced. 
(ii) tr(wO = 1. 

Proof. Easy. D 

Lemma 3.11 Iftr(w) > 2, then just one of the five conditions (al)t (a2)t (a3)t (06) 
and(al) holds. 

Proof Combine the preceding lemmas of this section. D 

Lemma 3.12 
(i) If at least one ofi(o2), (a3), (a5) and (a6) holds, then t is not reduced. 

(ii) Ifit is reduced, then just one ofi(al), (o4), (a7)t (a8), (o9) holds. 
(ili) Ifit is reduced and tr(vr) > 2, then just one ofi(al), (o7) holds and tr(vr) = 2. 

Proof. Combine the preceding lemmas of this section. • 

Lemma 3.13 
(i) //'/ is reduced then tr(w) < 2. 

(ii) Ifit = E, then (a9) is satisfied. 
(iii) Ifit € A (i.e., \t\ = I), then just one of(a4), (a5), (a8), (o9) is true (if (a5) is 

true, then z = t e A) and tr(ve) = 1. 
(iv) // | / | < 1, then ir(w) = 1. 
(v) Ifiz €' A (i.e., |-| = U, then just one of(a2), (a3)t (o5), (06) is true (ifi(a5) is 

true, then t = z £ A). 
(vi) Ifz.zA and tr(vv) > 2. tlten either (a2) or (aS) holds and t is not reduced. 

Proof. Combine the preceding lemmas of this section. D 

4. A u x i 1 i a r y r e s u l t s ( b ) 

In this section, let Z be a strongly separating set of words, Z 9- {s} and let pi, qi, Pi^ 
qiJtJij^if H'2 € A* and z.\,Z2 € Z be such that p\Z\q\ = w\ = pihqi^ P\hq 1 = W2 = 
= PiZiqi and pi, q\ are (Z-) reduced. 



Lemma 4.1 Assume that \p\\ = \p2l Then p\ = p>. . t/i = /2q2 and t\q\ = Z2f2-
Moreover: 

(i) -fl12l < l-it 1/'e// -'] "-' 1:''b 1i :z -2rb f2 :r riO'b ri * £. Ilql > 2 a/irfti /snot 
reduce. 

(ii) If I/2I = |zil, the/i Z\ = 12, 1i = 2̂ and q\ = q2-
(iii) 7/1121 > kil, 1hew 12 = £i8b 22 = tisi, qi = siq2» ̂ 1 ^ £> \h\ .5. 2 and t2 is not 

reduced. 

Proof Easy. • 

Lemma 4.2 Assume that \p\\ < \pz\- Then p2 - p§Ob -K/i = u\tiqi* t\q\ = 
= M1Z272J/1 ^ *-\ i/'il < I1il> 11 = W1W2, «2fi = ~2</2. /'2 ^ >\ 1111 2̂ 2. Moreover: 

(i) //'k/il £ IO/2I the// O/2 = r2^b M2 = £2r2» ti = "b":'.' tu/d 1i rv //Of reduced. 
(ii) y/'|c/i. > K/2I, thew f 1 = vî 2» 11 vi = u\z2, Zin - //,t2, Zi = u2v\, 1*1 ± f: and 

i(2, v\ COT reduced. 
(iii) If\q\\ > \qi\ and\z\\ 12 |//i|, then ii\ = Zis2» V; W \ ti = Zis2u2> z.z = uiszh 

and nei'her ii\ nor p2 nor t\ is reduced. 
(iv) //*k/i| > k/:l /̂//d k"j| > |ui|, then z\ = u\V2, 12 = V2V1, V2 # t: and 1*2 /s 

redum/. 

Proof Easy. a 

Lemma 4.3 Assume that \p\\ > |/r>|. Then p\ = P2M3, 12<?2 = U3Z\q\, Ziqi = 
= u3ti<7i,u3 # s andp2, W3 flre reduced. Moreover: 

(i) //'| 121 ^ I--3L 1/1ew €2 = r3Zi^i, W3 = 12r3. /?i "- P.its.r*, l2r31i = Z:r3Zi and fjt 

r\ are reduced Further, \ti\ < \zil Zi = t:s3, -̂  / ' \ r3ti = s3r3Ci, |zil < |1il, 
11 = kzi, r3& = 83r3, k =£ £, |1i| > 2 and i\ is not reduced. 

(ii) 7/1121 > N3I 1̂ e1* 12 = M3W4, Z\q 1 = u4</2. "4 */"• <<: <t*td \t2\ > 2. 
(iii) 7/1121 > |u3| Oriel I72I ^ Iqil, 1/^ew neither U4 nor t> is reduced. 
(iv) If\h\ > \u?\ flfld tel > 1(111 1heft ^2 = V3C71, Z\ * tl\Vx, II3/1 = .72V3, V3 =£ £, V3, 

u4 Ore reduced, \u$\ < \zil Zi = W3V4, ti = i\j v . vi /- £ O/iJ 1*4 is reduced. 

Proof Easy. a 

Lemma 4.4 Assume that either \t\\ < 1 Or ti is reduced and the same is true for t2. 
Then at least one ofthejolhnving three cases takes place: 

if) Z\ = 12, Zi = 1b p\ P: andq\ = q2. 
(ii) zi = W1V2. Zi = u:Vj, /1 = O1O2, 12 = V2V1, P2 = PiMb «7i = vi»72, 

ui, u2» vi, \b G /I ' Our/ (/// //j , //2, vj, V2 Ore reduced. 
(iii) zi = W4V3, z.2 - u\Vi, t\ = \'4\'3, 12 = M3W4, Pi = P2U3, qi = V3<7i, 

u3,u4, V'3,\\| c /V and all 11%, 114, V3. V4 Ore reduced. 

Proof It follows from 4.1, 4.2 and 4 3 that only the cases 4.1 (ii), 4.2 (iv) and 
4.3 (iv) come into account. n 
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5. D i s t u r b i n g p a i r s 

Let Z be a strongly separating set of words, Z £ {E\, and let \jj : Z —» /T be 
a mapping. Consider the relations tr. p, A. r, «5. v and// defined in 1.6 and 1.7. 

An ordered pair (zi,z2) € Z x Z will be called disturbing if there exist words 
u. v. t\ s t.-: /\1 such that zi = ur. z,i = AT, </'(ZI ) = us and ^(z2) = rv. 

An ordered pair (zuZz) G Z x Z will be called paradisturbing if tf/(z\) = z2 and 

Lemma 5.1 L^t (zi,::) G Z X Z />C r/ disturbing pair; z,\ = ur, z2 = sv, ip(zt) = ust 

*A(z2) - r\\ u. v. r, s € /4 + . Put w\ = urv w/d \v2 = //.w. Then: 
(n l:,i( > 2. |c2| > Z |t//(zi)[ > 2, |^(-2)| > 2. 

(in T/ic words u, v, r and s are reduced. 
(jit) Cu'i, vv2) G v. 
(iv) tr(ivi) = 1 = tr(w2). 
(v) Both wi and W2 are pseudoreduced. 

(vi) ivi = u'2 iffr = 5. 
(vii» /fu'i = u'2» then wi is strongly pseudoreduced. 

Pr(H\f. Easy. 

Lemma 5.2 F^t (zi,z2) € X x X /?<' <ri paradisturbing pain Then: 
(i) (r.i,r.2) G v. 

(ii) t r( : i )= 1 = tr(z2). 
(iii) /it.»t// r j r///.rf z2 flr£ weakly pseudoreduced, 

Pr(H)f Obvious. 

Proposition 5 3 There exist no disturbing pairs, provided that either Z Q A or 
i//(X) <J/t 

Proof. Obvious. D 

Proposition 5.4 Suppose that for every z e Z, either \i//(z)\ < 1 or i//(z) is reduced. 
'Then the following conditions are equivalent: 

{i) There exist no disturbing and no paradisturbing pairs in ZxZ. 
(ii) Every pseudoreduced meagre word, is reduced. 

Proof. 
(i) implies (ii). Let, on the contrary w\ be weakly pseudoreduced with tr(u'i) = 1. 

Then w\ = p\z.\q\« where z.\ £ X and p\. q\ are reduced (use 1.6.6). If vv2 = P\t\q\* 
t\ •- ti/(z\), then (v\'i,\v2) G />, and hence (vv2, vvj) G />, since ivj is weakly pseudore­
duced. Consequently, vv2 = F2z2</2, ::2 c X, and u*i = F2/2</2, 2̂ = <A(z2)- Now, 4.4 
applies If 4,4 (i) is true, then (zj.z2) is paradisturbing. If 4.4 (ii) is true, then (zi,z2) 
is disturbing. Finally, if 4.4 (iii) is true, then (z2,z.i) is disturbing. 

(ii) implies (i). See 5.1 and 5.2. D 
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6. M e a g r e and p s e u d o m e a g r c w o r d s 

Let Z he a strongly separating set of words such that Z # [*•:} (except for 6.9) and 
let (1/ : Z —> A* be a mapping. Consider the relations w, p, A, r, f, v and tt defined in 
1.6 and 1.7. 

A word w is called meagre if tr(w) < 1. 
A word w is calledpseudomeagre if (w, A) G /> for at most one x e A*. 

Lemma 6.1 Every meagre word is pseudomeagre. 

Proof Obvious. D 

Lemma 6.2 Let z c Z be such that \p(z) c {s,z}. Then the word zf\ n > 2, is 
pseudomeagre but not meagre 

Proof It follows from 1.6.6 that tr(zw) = // > 2, and so zn is not meagre. On the 
other hand, if (z!'\ x) e p, then x = zn~x for if/(z) = t: and x = zn for i(/(z) = z. • 

Lemma 6.3 Let z\, z:. z ^: Z and u, v, x e A* be such that ztxzi = uzv. 
(i) If u = i\ then z :~ z\ and v = xzi. 

(ii) Ifv = £, then z =- Z: and it = z\x. 
(iii) Ifu -£ t •£ v, then it ~ ziui, v = v\Zi andx = uizvp 

Proof 
(i) Easy to see. 

(ii) Easy to see. 
(iii) If |u| < |zil, then zj = u\\ y =£ e, uyxzi = -a^> -: i o \ y.vz2 = zv, a contradic­

tion. Thus |n| > |zil and, similarly, |r| > |:2|. The rest is clear. 
D 

Lemma 6.4 Let z c Z and x c A* be such that if/(z) = zxz. TTẑ n; 
(i) tr(zxz) > 2 n/i{/ z.vz /.v not meagre. 

(ii) zxz is pseudomeagre ijfip(zi) = Z\vzuzt whenever z.\ c Z and x = uz\v (or 
iff(z) = zuzivz). 

Proof 
(i) Obvious. 

(ii) Clearly, (E,z,xz),(zx,z*t:) c Tr(zxz), £t(/(z)xz •• zxzxz = zxi//(z)£ and (z.vz. 
ZJCZ^Z) c p. If 2- is reduced, then tr(zxz) ::" 2 by 1.6.6, and hence zxz is 
pseudomeagre (and the other condition is satisfied trivially). 

Now, let (ui,zi,vi) c Tr(zxz), u\ # s i v\. According to 6.3, it\ = zu, 
v\ = vz and x = uz\v. We have zxz = zuzivz and (zxz, zuif/(z\)vz) c p. 
Consequently, z//.//(zi)i;z = zxzxz iff w^(zi)v = xzx = uz\vzuz\v and iff 
^(zi) = z\vzuz\ • The rest is clear. 

• 

Lemma 6.5 Let zi,Zj c Z /̂//d x,y c A* fee sue/?, that if/(z.\) = yxz\ and i/zizi) = 
= Z2-VV- Fheft.' 
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(i) tr(z2XZ\) > 2 andzixz\ is not meagre. 
(ii) zixz\ ispseudomeagre iffif(z3) = zsvyuzi whenever Z3 c Z and x = uz^v (or 

if/(zi) = yuz3vzt onff(z2) = Z2UZ3vy). 

Proof 
(i) Obvious. 

(ii) Clearly, (6\z2, A\:I) , ( :2A\ZI, / ; ) c Tilz.zxzt), rif/(zi)xz\ = zixyxzi = zixif/(z\)£ 
and (zixzu Zzxyxzi) c /> If .v is reduced, then trfaAZi) = 2 by 1.6.6, and hence 
Z2XZ1 is pseudomeagre (and the other condition is satisfied trivially). 

Now, let (u\*z.3, v\) e Tr(:.2.vz.i), u\ ± r t v\. According to 6.3, u\ = ziu, 
v\ = vz,\ and .v = 11:3V. We have :.2 \z.\ = Z2-C3VZ1 and (Z2xzi,zainf(z3)vzi) £ 
e p. Consequently, Z2Ui(/(z3)vz\ = Z2ATAZ1 'M mf(z:})v = xyx = wzjvywzjv and 
ifftfj-(z3) = z.̂ vyuz.*. The rest is clear. 

n 

Proposition 6.6 Suppose that every pseudomeagre word is meagre. Then the fol­
lowing three conditions are satisfied: 

(bI) r # ^/(:) 4- zfor every z e Z; 
(b2) (f : j , :.2 c Z a//d A\V c: A* are such that if(zt) = yxz\ and if/(z2) = Z2xy, then 

x •£ E # y a/id .v Lv not reduced: 
(b3) If z.\-z.2*z.3 e Z rt//d //, v,y c / t \ t/iew e/7/ier t/J(zi) =£ yuzavzi or ifj(zi -£ 

# Z2//Z3VV) ort!/(z;\) ^ :3vyn::3 

Proof The condition (bl) follows from 6.2. Further, if t//(zi) = yxZi and ^(z.2) = 
= :.2A>\ then x is not reduced due to 6.5. and hence x # r. Moreover, if v = *•;, then 
:,2:i is pseudomeagre, but not meagre, and therefore x ^ E t y and we have shown 
(b-2). Finally. (b3) follows from 6.5. D 

Proposition 6.7 Suppose that the following two conditions are satisfied: 
(e I) E t«//(:) t z and il/(z) * zxzfor all: e Z and x c A*; 
(c2) Ifzuzi c Z and A\V C /V «ir .v/*Y.7f //w/ t/Mzi) ^ ^feX tftew either if/(z\) # 

£ y.v.: 1 Or i/J(:2) =£ :.2-vy. 
77/c/z every pseudomeagre word is meagre. 

Proof Let, on the contrary, vv be pseudomeagre word, but not meagre. Then 
tr(vv) > 2. and therefore pz.\q = vv = rZ2s, where (p.z\,q) # (r,Zi, s) andzi,Z2 € Z; 
we will assume |/*~21 --. IP^il- the other case being similar. 

Assume, for a moment, that zi zr :: = ::• Then |r| < \p\ and we get a contradiction 
by easy combination of (cl) and 3.11. Consequently, r.i ^ z.2 and it follows easily that 
\r\ < \p\. Then if/(z,\) ^ if/(Z2) and we get a contradiction with (c2). D 

Proposition 6M 
ii) Suppose that <//(:) -,-= r, and that z is neither a prefix nor a suffix of if (z) for 

every z, G Z. Then every pseudomeagre word is meagre. 
(ii) Suppose that \il/(z)\ < \z\ for every z c Z. 77ieTi every pseudomeagre word is 

meagre if and only if E ± if/(z) -£ zjor every z e Z. 
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Proof See 6.6 and 6.7 • 

Remark 6.9 Let Z = {e}. Then E is the only meagre word. Moreover: 
(i) If if/(e) = e, then all words are pseudomeagre (and hence there exist pseu­

domeagre words that lire not meagre). 
(ii) If i[/(s) = t and | var(n| = 1, t = a"1, a £ A, m > 1, then a word w is 

pseudomeagre iff* w - a'\ n > 0. Consequently, there exist pseudomeagre 
words that are not meagre. 

(iii) If IJJ(E) = t and | var(r)| > 2, then s is the only pseudomeagre word (and 
hence nil pseudomeagre words are meagre). 

7. D i s t u r b i n g t r i p l e s 

This section is an immediate continuation of the preceding one. 
An ordered triple (Z[.Zi,Z2>) e ZxZ x Z will be called disturbing if there exist 

it, v,g, h e A+ and p e A* such that z,\ = uv, Z3 = gh and tff(zi) = vpg. 

Lemma 7.1 Let (z\*zi.z\) a Z x Z x Z be a disturbing triple, z\ = uv, Z3 = gh, 
ijj(zi) = vpg, u,v,g,h €: / i4 , p (-. A*. Then: 

(i) | z i |>2 , \z3\>2awl\iHz2)\>2. 
(ii) The words if, v, 1̂, // arc reduced. 

(iii) (ui,vi) € p, ir(it\) ~- I </w/ tr(vj) > 2, where u\ ~ 10/f andv\ = uvpgh. 

Proof Easy (use 1.6.6). D 

Proposition 7.2 There exist no disturbing triples, provided that cither Z C A or 
if/(Z) c A. 

Frotf Obvious. • 

Proposition 7.3 Suppose that for every z e Z, either \tf/(z)\ < 1 w ^(z) /s reduced. 
Then the following conditions are equivalent: 

(i) rhere exist no disturbing triples in Z x Z x Z. 
(ii) //Xwi,W2) e p arcd tr(wi) = 1, thenir(w2) < 1. 

(iii) If (wj, W2) € p and w\ is meagre, then w-j is meagre. 
(iv) If(w\,W2) € r andtr(w\) = 1, then tr(M^) < L 
(v) If(w\, W2) e £ and wj is meagre, then w2 is meagre. 

Proof 
(i) implies (ii). We have w\ •- pz^q, z,2 e Z, p, q reduced, and H'2 = plq, t = (/>(c:). 

Now, assume that w2 = 'T,A and 3.1 applies. If |/| r; 1, then tr(M'2) = 1 by 3.13 (iv). 
and therefore we will assume that |/| > 2. Then / is reduced and, according to 3.12 
(iii) we can assume that a 1) holds, the case (a7) being similar. 

By 3.2 w2 = pghks, z\ ~- hk. t - gh, q = ks, g -/- f 1 h, k =£ £ and, moreover, g is 
reduced, since t is so. If pg is reduced, then tr(w2) = 1 by 3.2 (ii). If pg is not reduced, 
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then, by 3.2 (iv), pg = p\Z\cf\* z.\ = u\\ p =• p\u, g = vq\, t = vcf\h, u # s ^ v and the 
triple ('->, r.;s z.}) is disturbing. 

(ii) implies (iii), (iii) implies (iv), (tv» implies (v). Obvious. 
(v) implies (i). See 7.1 (iii). • 

8. On w h e n t h e r e i n l i o n p i s a n t i s y m m e t r i c 

As usual, let Z be a strongly separating set of words such that Z ± {«*;} (except for 
8.7, 9.11) and let \f/ : Z --> A* be a mapping. 

Proposition 8.1 The relation p (-= py^,) is irreflexive if and only if \p(z) t zfor 
everx z <-. Z. 

ProoJ\ Obvious from the definition of p. • 

Proposition 8.2 The relation ft is antisymmetric (i.e., it = v, whenever (//, v) € /> 
and (w u) c; />) if and only if the jbllowing three conditions hold: 

(1) Ifz\nZ.2 G Z and A,y c A* are such that zi = xif/(z\)y and \J/(z.i) = xz\y, then 
i(/(z.:.) = Zz (and hence ijj(z.\) = z\ as well); 

(2) If z.u z,2 e Z and x\y € A4 are such thai z,i = yx^fo) fa = ^fe)-^v» A .̂vp.j 
and[f/(z\) = Ci AT ('^(r.,) = VAT.I, resp,)t then x = *•; = y (and hence if/(z\) = r.i, 
,/y(C2 , = - , j ; 

(3) Ifzu r.2 G -̂  w ^ -^J, ^ v G /U are SMC/I that z\ = uy, "2 = *v, I/̂ (ZI ) = vy afld 
î (r.2» = Air, t/irif u = v (and hence if/(z\) = ;.., ^(^2) = r.2). 

F/y^f Use 1.5.4. D 

Corollary 8.3 Assume that for everx z c: Z,either \if/(z)\ < 1 or ip(z) is reduced. 
Then: 

(1) The relation p is ami sy me trie if and only the following two conditions hold: 
(i 1) lf(z.\,Z2) & (Z xZ)f) (A x A) is a paradisturhing pair, then z\ = Zi; 
(12) 77irrc <"'A7".s7 no disturbing pairs in Z x Z. 

(ii) 77ir relation /> is both irreflexive and antisymmetric if and only if there exist 
no disturbing nor paradisturhing pairs in Z x Z. 

Proposition 8.4 The following conditions are equivalent: 
(\) lf(u. v) € p and (\\ v) c />, then it •- v. 

(ii) If (u, v) c /> and (u, u) c />, t//r7i /1 =- v. 
(iii) Either if/(z) ̂  r./or every r. r:. Z or ^(z) = zfor every z c Z 

I'roof Kasy to check. n 

Proposition 8.5 /Assume that \z\\ - \ft(z\)\ =?- I#fa)l - V'Afor all zuZi e Z. Then 
the relation p is both irreflexive and antisymmetric (i.e.f it is strictly antisymmetric). 

Proof Use 1.5.4. • 

25 



Proposition 8.6 The relation p is weakly antisymmetric (i.e., u = v, whenever 
(u, v) e p, (w u) e p, (u, u) £ p) if and only ift//(z\) = z\, whenever zuZi,Zs G Z and 
p, q, r, s, x,y G A * are such that pz\.q = rzis = xif/(z3)y andpft(z\)q = xzsy. 

Proof Obvious. a 

Remark 8.7 Let Z = {/;}. If i//(/;) = t:, then /> = \dv, and hence p is antisym­
metric, but not irreflexive. If IHE) ^ t;, then p is both irreflexive and antisymmetric. 
Moreover, 8.4 is true in both eases. 

9. O ii w h e n t h e r e l a t i o n p is a n t i t r a n s i t i v e 

This section is an immediate continuation of preceding one. 

Proposition 9.1 The relation p is weakly antitransitive (i.e., (vv, v) i p, whenever 
u, v, w e A* are such that u 4- v + w # w, (vv, u) G p WK/ (u, v) G p) if and only if the 
following condition is satisfied: 

(1) If ZuZi G Z and x,y,k e A* are such thai if/(z\) ^ Z\, ^(zi) ± Z2 and 
Z\ki//(z2) =£ *ls(z\)kzi, then (u, v) i p and (v, w) £ p, where u = xz\kif/(z2)y and 
V = l ^ ( Z i ) k Z 2 j 

Proof See 1.7.1. D 

Lemma 9.2 L^/ - G Z t//jd k G A*. Then zkijj(z) 4- ip(z)kz ijf^(z) ± z and cither 
(/>(-.) = E and k i- z!1 for every n > 0 or s -£ f/J(:J #-- (zuf'zforall u G /V and m > 1 or 
t/l(c) = (ctf- *.Wk =£ (vzf'v for some v G / \ \ r > 1 and every n > 0. 

Proof Easy. o 

Lemma 9.3 Let z G Z /V \u< /? t/iO/ i//(c) is reduced and let k e A*. Then zkiHz) ± 
# if/(z)kz iff either \p(z) i: r, <>r »//(;:) = E and k -.*= zn for every n > 0. 

Proof This follows from 9.2. D 

Lemma 9.4 Let z\.z.2 <' '/<* z\ * c.:. and k e A\ Then z\ki//(z.2) £ &(z\)kz2 fflat 

least one of the following three conditions is satisfied: 
(1) iHz\) ± z\ and(/;(z2) ~ z2: 
(2) i//(z.2) 7 z.2f ip(z\) '- z.\uv for some u,v G A* and either tAfc.) # vuzi or 

i//(zz) = vuzz and k 1- (uvfu for every n > o; 
(3) i//(:.2) t .:2. if/(z.\l i- z\xy for all x,y e A*. 

Proof Easy. a 

Lemma 9.5 Let z\,z.2 (- Z he such that z,\ # zi and both \f/(z\), ^ f e ) are reduced. 
Then Z\ki//(z2) ̂  &(z\)kz2 for every k e A*. 

Proof This follows easily from 9.4. • 

26 



Proposition 9.6 Лssume thatfor every z c Z, either \ф(z)\ < 1 or ф(z) is reduced. 
Then the relation p is weakly antitransitive if and only if(u,v) g p and (v,u) í p, 
whenevcr u = xz\kф(z.г)y\ v = лү(zi)Aт.2У and z.\У Zг ore such that: 

(1) /fľi, ^ i ) є Л П Z, /Лť/ř ^O-i) * -ь' 
(2) /fc2,<Afø) Є t l í ì Z , thenф(zг) Ф г.2." 
(3) Ifcj = ̂ 2 = - tf'-d iД(г.) = #, //ie/i k Ф z" for every n > 0. 

FmO/; Combine 9.1, 9.2 and 9.4. D 

Corollary 9,7 Лssume thatfor every z c Z, tД(z) Ф z and either \ф(z)\ < 1 or ф(z) 
is rcduced (equivalently, either ф(z.) is reduced or фiz) = є or ф(z) € A and ф{z) Ф z)-
Then the rclaiion p is weakly antitransitive ifand only if(u, v) £ p and (v, м ) í p (/.£,, 
u, r шv incomparahle in p), whenever n = xz.\kф(zг)yf \

; = xф(z\)kzгУ and z\,z.г є Z 
are л7/c'Л ////// either z.\ Ф z.г or z.\ = г.2 ŕмd <Дfci) Ф є or z\ - Zг ond ф(z.\) = я and 
k ф :" far every n > 0. 

Proposition 9.8 Лssшne that ф(zi)) Ф- z\)for at least one ZJO Є Z. Then thefollowing 
conditions ore equivalent: 

(i) The relation p is irrejiexíve and weakly antitransitive. 
(Ü) 77? ť relation p is strictly antitransitive (i.e., (w, v) ÿ p whenever (w, м) є p 

////d UÍ, v) 6 /)). 
(iii) 77/Í' relation p is antitransitive (i.e.f u = v = w, whenever (w, м) e p, 

(u, r; є /> a/ïd (w, v) є p). 
(iv) 77iť condition 9.1 (I) is satisfied and ф(z) Ф zfor every z є Z. 

Proof. 
(i) implíes (ii). Let (w, u), (w, v), (w, v) є p. Sínce p is weakly antitransitive, either 

w = !i or м = v or w = v. On the other hand, sínce p ís irreflexive, we have w Ф u Ф 
Ф v Ф w, a contradiction. 

(ii) implies (iii). Obvious. 
(iii) implies (iv). Clearly, p ìs weakly antitransitive, and hence 9.1 (1) řollows from 

9.1. Moreover, ф(z) Ф z follows from 8.4. 
(ív) ímplies (í). Use 8.1 and 9.1. D 

Proposition 9.9 Лssшиe that \zĄ\ + \z.2\ - Ы Ф \Ф(z\)\ + \ф(z2)\ - Џ(zз)\ jbr all 
ZĄ.Z.I* ZЛ G Z. Then the relation p is strictly ontitransitive. 

Pronfi Let (w,u), (ic v), (w, v) G p. Thiii pz.\q = w = rcд.v, pф(z.\)q = w = xzгy, 
n//i;;.)л = v = xф(zг)y. Consequently, |w! - \u\ = |~i| - \ф(z.\)l |w| - |v| = |zзl - Џ(zз)l 
|//| - |г| = |::2| - \ф(zг)l From this we gel Ы - \Ф(zз)\ = |w| - |v| = |w| - \u\ + \u\ - |v| = 
- s^ľЧ'//(cj)|+1C2hl^(^2)|and|;:il + L:2h-ІCзl == l<A(-:i)l + l^(cз)l-l^(г.3)U a contradiction. 

D 

Eemark 9.10 The condition fгom 9.9 ìs satisfied e.g. íf \z\ - Џ(z)\ is odd for every 
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Remark 9.11 Let Z -• [s]. lfif/(s] = s, thenp = id^*, and hencep is antitransitive, 
but not strictly atititransitive. If ij/(e) -£ e, thenp is strictly antitransitive. 

Proposition 9.12 Assume that s ( Z and for every : r Z zx # if/(z) -£ yz, x. y r A'. 
Then p is antitransitive. 

Proof According to 1.7.1, we have to prove that for all z\,:.2 £ y and \v e A* 
such that z\wif/(z2) =£ ^(z\)wz2 we have (z\wif/(z2),^(z\)wz2) i P and (il/(:,\)w:.2* 
Z\wif/(z2)) € p. Suppose, for a contradiction, that there are zuZi e Z and w e A* 
such that (z,\wipiz,2)^(z\)wz2) £ p (the other case is similar). This means that there 
exist u, v G A* and z € Z such that Ziw^fo) = «zv and i/Kzi)wz2 = iu//(z)v. It* 
u = E then ;: =--- zi, v = wif/fa) and l̂/(zi)wz2 = ^(z\)wt//(z2), thus Z2 = <A(Z2), 
a contradiction. Hence we may assume that u = z\u' and hence wtj/izz) = u'zv 
and ip(zi)wz2 = Z\u'\j/(z)v. Since z\x £ i/Mzi), zi = ^(zi)s for a proper .v e A* (s is 
a suffix of z\), wip(zi) = u'zv and wz,2 = su'if/(z)v. Now, let w = s"w', i/ = .vmu", >v\ 
w" be such that s is not a prefix of either one of them. Then snw'if/(z2) = smu"zv and 
fw'zi = sm+lu"ifs(z)v. If w < m then w'z2 = sm~n+lu"if/(z)v and (s is not a prefix of 
w') there exists a suffix of z\ which is a prefix of zi, a contradiction. If" /i > m then 
s""mw^(z2) = u"zy and (s is not a prefix of u") there exists a suffix of z\ which is 
a prefix of z, a contradiction again. • 
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