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A CHARACTERIZATION OF ISOMETRIES BETWEEN
RIEMANNIAN MANIFOLDS BY USING DEVELOPMENT
ALONG GEODESIC TRIANGLES

PETRI KOKKONEN

ABSTRACT. In this paper we characterize the existence of Riemannian
covering maps from a complete simply connected Riemannian manifold
(M, g) onto a complete Riemannian manifold (M, §) in terms of deve-
loping geodesic triangles of M onto M. More precisely, we show that
if Ag: T|egM — T\iOM is some isometric map between the tangent
spaces and if for any two geodesic triangles v, w of M based at xo the
development through Ag of the composite path v - w onto M results in a
closed path based at &g, then there exists a Riemannian covering map
f+M— M whose differential at zg is precisely Ag. The converse of this
result is also true.

1. INTRODUCTION

Consider two Riemannian manifolds (M, g) and (M, §) of the same dimension
an suppose that one is given an isometry Ay between given tangent spaces
Tz M and T|550M of M and M , respectively. Given a piecewise smooth path
~v: [0,1] — M starting from xq, one develops this curve onto the tangent space
Tz, M to obtain a curve I': [0, 1] — T|,, M such that I'(¢ fo PO(y)%(s)ds
where P?(v) is the parallel transport on M along v from (s s) to ’y(O) = xy.
Consider the curve I’ := Ag oI on T|3, M and let 4: [0,1] — M be the unique
curve (if it exists) on M, called the anti-development of I, starting at o such
that D(t) = fo PY(¥ ) (s)ds where PY(4) is a parallel transport on M along 4

from 4(s) to 4(0) = &o. We say that 4 is the development of  onto M through
Ag.

It happens, as it is easy to verify, that if (M, g) and (M, §) are isometric
through an isomorphism f: M — M whose differential at xg is Ag, that
4 = f o~. Thus, in particular, if v is a loop based at xg, then 4 will be a loop
based at Zg.
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This paper addresses the converse of this result: For a given Ay as above,
suppose that for every loop v based at xg its development 4 onto M through
Ap is a loop (necessarily based at Z), then does there exist an isomorphism
f: M — M whose differential at zq is Ay ? Under the technical assumptions
that (M, g) and (]\7[ , §) are complete and simply connected, we are able to answer
affirmatively to this question. Indeed, instead of an arbitrary piecewise smooth
loop v based at xg, it is enough to consider loops v that are composites of two
geodesic triangles based at xg. Also, the assumptions of simply connectedness
can be relaxed; see the main Theorem [3.3] and its Corollary [3.3]

This result is related to, and was originally inspired by, the so-called rolling
model of Riemannian manifolds (cf. [I @, 5], [7, ©, [T, 13]). Consider two
complete, oriented and simply-connected Riemannian manifolds (M, g), (M ,4)
of the same dimension and suppose Ay is an oriented isometry from T'|,, M
onto Tz, M, called an initial relative orientation of M and M at the initial
contact points xg and Zo. Let v: [0,1] — M be a piecewise smooth path on
M such that v(0) = zo. Put M and M in contact at the points zo and Zo,
respectively, (here it might be useful to think of M and M as submanifolds
of some RN and g, § being the metrics induced by the Euclidean metric of
RY) and identify the tangent spaces at these points by using Ag. Then let M
roll against M along v so that the motion contains no instantaneous spinning
nor slipping. The set of contact points on M that are produced by this rolling
motion form a piecewise smooth curve 4(t) i.e. at instant ¢ € [0, 1] the contact
point 4(t) of M corresponds to that of ~(t) of M. In fact, the model explicitly
tells that P2(3)5(t) = AgP2(7)7(t) for all t € [0,1] i.e. 4 is nothing more than
the development of v on M through Ag as defined just above. Therefore, to
detect if M and M are isomorphic, through some isomorphism f: M — M
with fi|z, = Ao, it is enough to make M roll against M along loops of M
based at xg, identifying initially T'|,, M to T' i.OM through Ag, and to observe
whether or not the paths so traced on M by the rolling motion are loops based
at Zo. Indeed, as mentioned above, it is even enough to consider the rolling
along loops v that are composites of two geodesic triangles based at xg. This
is a way of interpreting the main result, Theorem of this paper in terms of
a mechanical model and “physical experiments”.

The outline of the paper is as follows. Section [2] introduces basic concepts,
notations and results. The next Section [3] contains the statement of the main
Theorem of the paper along with its immediate corollaries. The proof of the
main theorem is found in Section [l Actually, there we first prove a technical
result (Proposition in a more general context of affine manifolds and use it
to prove the main theorem. Section [§ relates Theorem [3.1] to the well known
Cartan-Ambrose-Hicks theorem ([2} [3, (10 [12]). We give in Theorem a total
of 8 different characterizations for the existence of a Riemannian covering map
between two Riemannian manifolds, one of which is the Cartan-Ambrose-Hicks
theorem and one is the main theorem of the paper. Finally, Section [f] contains
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an application to the main theorem related to the affine holonomy group of a
Riemannian manifold ([g]).

2. NOTATIONS AND BASIC RESULTS

All the manifolds that appear are assumed to be smooth, second countable
and Hausdorff (cf. [9, [12]). If M, M are manifolds and = € M, & € M, we
write T*|. M & T\,;M for the set of all R-linear maps T|,M — T|wM We
define T*M @ TM := U, 2)enrsar T|.M @ T|;M for the set of all linear maps
between different tangent spaces.

If M is a manifold and z € M, write Q,(M
smooth loops 7: [0,1] — M based at x i.e. ¥(0)
and w: [e,d] — M are paths such that v(b) =
path as

) for the set of all piecewise
=7(1)=a. If y: [a, 0] > M
w(c) we define the composite

~(t), if t€a,b

wlny:a,b+d—c — M; WUV(t):{w(t—bJrc) if telbb+d—c|

Ifa=c=0andb=d=1,ie. v,w:[0,1] = M, then one defines the composite
path w -y as
v(2t), te [0 ]

N\H

w-v:10,1] - M; w.ry;{

e w-y=(t w(2t))|o12U(— 7(2t))| 0,1/2)- The inverse path v~*: [a,b] —
M of v: [a,b] — M is defined as v~ 1(t) = (b + a — t). Observe that if
~v: la,b] = M, w: [c,d] = M and I': [A, B] — M are three path such that
~v(b) = w(c) and w(d) =T'(A), then (TUw) U~y =T U (wU~y). However, if ~,

I':[0,1] - M and v(1) = w(0), w(1) =T(0), then ' - (w-7) # (I'-w) - 7.
This lack of associativity for ‘’-operation will not be a handicap for us, as
will be explained in Remark [2.9] below, and usually we prefer working with
“normalized” paths whose domain of definition is [0, 1].

A manifold M equipped with a linear connection V is called an affine
manifold (M,V). If v: [a,b] — M is a piecewise smooth path and (M, V) is
an affine manifold, we write (PV)(v), where t,s € [a,b], for the V-parallel
transport from v(s) to y(t). Since the connection to be used is usually clear
from the context, we write simply P!(v) for (PV)%(v). The exponential map of
(M, V) at x is written as expy and (M, V) is said to be geodesically accesible
from x € M if expy is surjective onto M. If expy is defined on the whole
tangent space T'|,M for all x € M, then (M,V) is said to be geodesically
complete. The curvature (resp. torsion) tensor on (M, V) is denoted by RV
(resp. TV). If (M, V) is another affine manifold, then a smooth map f: M — M
is called affine, if for any piecewise smooth path v: [a,b] — M, one has

Felawy © (PY)a () = (PY)o(f o) © felyay -
A manifold M equipped with a positive definite (i.e. Riemannian) metric g
is called a Riemannian manifold (M, g). If (M, g) and (M, §) are Riemannian
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manifolds and if A € T*|,M ® T|;M is such that §(AX, AY) = g(X,Y") for all
X,Y € T|, M, we say that A is an infinitesimal isometry.

Definition 2.1. Let (M, V) be an affine manifold and k& > 1.

(i) A path v: [a,b] — M is called a k-times broken geodesic, if there are
geodesics 7y, ..., such that 7; ends where ~; 1 starts from and v =
Ve Uye—1 U--- Uy Uno.

We use £,(M, V) to denote the set of 1-times broken geodesics defined
on [0, 1] and starting from = € M.

(ii) A loop v € 2,(M) based at z is said to be a geodesic k-polygon based
at z if it is a (k — 1)-times broken geodesic.

Geodesic 3-polygons (resp. 4-polygons) based at z are called geodesic
triangles (resp. quadrilaterals) based x and they constitute a set denoted
by Ay (M, V) (vesp. [, (M, V)). We also define

AL(M V) = {y-w]v,we Ay (M, V)}.

. ; 2
FiG. 1: A typical element - w of A7 (M, V).

Remark 2.2. Notice that a path 7: [a,b] — M is a k-times broken geodesic
if and only if there is a partition {to,...,tx11} of [a,b] such that |, isa
V-geodesic for i =0, ..., k.

Jtiga)

Definition 2.3. Let (M,V) and (M, V) be affine manifolds and let A €
T* |, M&T|; M. We define T,V : A2 T|,M — T|;M and RY V) : AT, M —
T .M ® T|$M called the relative torsion and relative curvature of (M,V),
(M, V) at A by

TOV(X,Y) =ATY (X, Y) — TV (AX, AY)

RYV(X,Y)Z =A(RY(X,Y)Z) - R¥(AX, AY)AZ,
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where XY, Z € T|,M. We will often write simply 74 and R 4 for Tévﬁ) and
REqV,V)7 respectively, when V, V are clear from the context.

Definition 2.4. Let (M, V) be an affine manifold. For a piecewise smooth

v: [a,b] — M we define a piecewise smooth Ay(a) (7): [a,b] = T'|y )M by

ATy (1)(1) = / (PY)0(1)4(s)ds, t € [ab].

We call AY, .\ (7) the development of v on T q)M with respect to the connec-

v(a)
tion V.

In the Riemannian setting, one can characterize the completeness in terms
of the development map.

Theorem 2.5 ([8, Theorem IV.4.1]). A Riemannian manifold (M,g), with
Levi-Civita connection V, is complete if and only if for every x € M and
every piecewise smooth curve I': [a,b] — T|,M, I'(a) = 0, there exists a

(necessarily unique) piecewise smooth curve v: [a,b] — M such that y(a) = x
and AY (v) =T.

Definition 2.6. Given (M,V), (M, V), Ay € T*|,, M®T |3, M and a piecewise
smooth 7: [a,b] — M such that vy(a) = xo.
(i) We define

v,V &\
A = (AT) ™ (Ao 0 AT, (M)(D).
for all ¢t € [a,b] where defined. If ¢ € [a,b] is such that A%ﬁ)(w)(c)
exists, we call A;vo’v)(fy)hmd the development of v onto M through A
with respect to (V, V). We will usually write simply A4, (v) for AEL‘VO’V)(fy)
when there is no risk of confusion.

(ii) If AE;O’V) (7)(t) is defined, we define the relative parallel transport of Ag
along v to be the linear map

A . . e
(P( ))Z(V)AO Ty M — T‘A%m(v)(t)M,

(P Ao = (PY), (A () 0 Ap o (PY)i ().
As before, one writes briefly P! (v)Ag for (P(V:V))t (v) Ay when the connec-
tions in question are evident.
Remark 2.7. It is evident that A%ﬁ)(v) (t) exists for all ¢ > a near a and
if A(Avo’v)(’y) (t) exists for some ¢ > a then A;vo’v)(fy)(t’) exists for all ¢’ € [a, 1]
as well. By Theorem if (M ,§) is a complete Riemannian manifold with

Levi-Civita connection V, the development A&voﬁ)(fy)(t) is defined for every
t € la,b].

We record a lemma whose easy proof we omit.
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Lemma 2.8. Let (M,V) and (M,V) be affine manifold, Ay € T*|,oM
T|zoM and v: [a,b] = M a piecewise smooth path with v(a) = xg.
(i) If w: [e,d] — M is a piecewise smooth path such that v(b) = w(c), then
Any (WU y) = Apo(y)a,(W) U AA(Y)
Pt (v)Ay, if t€la,b
P;(w L ’Y)AO _ (;EZ) 0 , Zf [CL ]
PLbte(w)Pi(y)Ao, if tebb+d— (.
Moreover,
Aa, (Y U@ —a) =0, P L) Ao = Ap.

(i) Ifvy: [a,b] — M is a k-times broken geodesic on (M,V) and if Aa,(7)(t)
exists for all t € [a,b] then Aa,(7v) is a k-times broken geodesic on
(M, V). In particular, if v, (t) := expy (tu), Yagu(t) = expy (tAou),
then A, (Vu) = Yagu-

(iii) Let 4: [a,b] — M be a piecewise smooth curve such that 4(a) = 2.
Then 4 = Aa, () if and only if

PE(A)A(t) = AgPE(A(), e fab].
(iv) If X(-) is a vector field along v: [a,b] — M, then for all t € [a,b] such
that 4(t) := Aa, (7)(t) is defined, one has
Vi (Pa(7)40) X (1)) = (Pa()A0) Vi X (2) -

(v) Suppose ¢: [a, 3] — [a,b] is smooth and ¢(t) # 0 Vt € [, B]. Then the
following hold for all t € [a, 3] such that left or right hand side is defined:

[a,
AAO (7) ((b(t)) = AAO ('7 o ¢) (t)
PLO (1) A0 = Pi(y0 ¢) 4o
Remark 2.9. Suppose v, w, I': [0,1] = M are such that y(1) = w(0), w(1) =

I'(0). As remarked earlier, I' - (w-7) # (I'- w) - 7. Lemma [2.8] however, implies
that

Aup (T w) - 7)(1) = Aag (T (w-7)) (1)
?&((F ‘w) - 7)A0 =P} (F (w - ’y))Ao .
Indeed, the latter (which implies the former) follows by computing
Po (T w) - 7)Ao = Py (L - w)Pg(7) Ao = Py (L) Pg (w)Pg (7)Ao
=Py (D)Pg(w - 7)Ao =Py(T - (w- 7)) Ao

We recall next the Cartan-Ambrose-Hicks theorem (C-A-H Theorem for
short) in the context of Riemannian manifolds of equal dimension.

Theorem 2.10 ((C-A-H)[2, 3, 10, 12]). Let (M,g) and (M,§) be complete
Riemannian manifolds of the same dimension, dim M = dim M, and let
Ay € T*|ooM @ T|3,M be an infinitesimal isometry. Then there exists a
complete Riemannian manifold (N, h), zg € N and Riemannian covering maps
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F: (N,h) — (M,g), G: (N,h) — (M, §) such that G.|., = Ag o F.|., if and
only if

(1) RV =0, Vye Ly (M V),
where V, V are the Levi-Civita connections of (M, g) and (M, §).

3. MAIN RESULT

We begin this section with the statement of the main theorem of the paper.
The result will then be followed by two corollaries and some remarks. The proof
of the theorem is postponed to Section [4]

Theorem 3.1. Suppose (M, g), (M,g) are complete Riemannian manifolds
of the same dimension, dim M = dim M, M simply connected and let Ay €
T*|ao M @ T35, M be an infinitesimal isometry. Then there exists a Riemannian
covering map f: M — M with feleo = Ao if and only if

v,V ~

2) ATV (22 (M, V)) € Q4 (),
where V, V are the Levi-Civita connections of (M,g), (M,g), respectively.
Remark 3.2. Notice that by Lemma [2.§(ii) the condition (2) is equivalent to

v,V N

AG Y (82, (M, V) € £3,(N1,%)

and that it is implied by the condition
(3) AT (40 (M) € Qi (AT) .

If one wishes not to assume M to be simply connected in Theorem [3.1] then
the result can be modified as follows:

Corollary 3.3. Suppose (M, g), (M ,§) are complete Riemannian manifolds
of the same dimension, dim M = dim M and let Ay € T*|,, M @ Tz, M be
and infinitesimal isometry. The condition holds if and only if there exists a
complete simply connected Riemannian manifold (N, k), Riemannian covering
maps F: N — M, G: N — M and a zy € N such that Gilz = Ao o Fyl,, and
(4)

{r(1) |T:[0,1] = N continuous, I'(0) = 29, Fol' € AZ (M,V)} C G~'(20),

Proof. Sufficiency. Let (N,h) and the maps F,G be given as stated and
suppose is true. For a v € Aio (M, V), let T’ be the unique path in N
such that v = F oI’ and I'(0) = zp. It follows that GoI' = A4, () and since
['(1) € G=Y(Z0), we have A, (7)(1) = G(T'(1)) = &g i.e. holds.

Necessity. Let F': N — M be the universal covering of M and lift the metric
g onto N, which we denote by h. As is well known, (N, h) is complete. Fix a
point zg € F~1(xg) and write D for the Levi-Civita connection of (N, h). Let
By := Ag o F.|., € T*|.,N ® T|3, M which is an infinitesimal isometry and
notice that if I': [0,1] — N is a piecewise smooth path starting from zg, then
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Ap,(T') = Au,(F oT). In particular, if ' € A2 (N, D), then Fol' € A2 (M, V)
and hence Ap, (I') € Qz, (M) by assumption (2).

Thus Theorem implies the existence of a Riemannian covering map
G: N — M such that G.|., = By = Ag o F.|.,. To prove @), let I': [0,1] = N
be such that I'(0) = zp and FoT € A2 (M,V). Then Gol' = A, (T) =
Ap,(FoTl) € Q4 (M) so in particular, G(I'(1)) = Aa,(F o)(1) = & ie.
['(1) € G=Y(Zg). The proof is complete. O
Remark 3.4. If the the previous corollary one replaces the condition by
(@), then can be replaced by the condition F~!(zg) C G71(Z¢). This is
clear from the proof of the corollary.

The above theorem has an easy corollary.

Corollary 3.5. Let (M,g), (M,f]) be complete Riemannian manifolds of
the same dimension, dim M = dim M. Given an infinitesimal isometry Ay €
T* |x0M®T|i0M andz; € M, 2, € M, then there exists a Riemannian covering
map f: M — M with f,|,, = A and f(21) = &, if and only if

V 6-broken geodesic v: [0,1] — M s.t. v(0) = zg, ¥(1) = 21
= ALV (1) =1

Proof. Necessity. Suppose we are given a Riemannian covering map f: M —
M with f.|z, = Ao and f(z1) = &;. Then if v is a 6-broken geodesic with
¥(0) = g, y(1) = 1, it follows that Aa,(y) = f o+ and hence A4, (7)(1) =
fO() = f(z1) = 21

Sufficiency. Let T': [0,1] — M be any geodesic from xy to z; (such a
geodesic exists since (M, g) is complete) and define A; := P}(T")Ag. Taking
any v, w € A, (M, V), we see that (see Lemma [2.8))

Ay (- w)(1) = Apyrya, (7 - @)(1) = Aag (v -w) -T)(1) = 1,
where the last equality follows from the fact that (y-w) - T is a 6-broken

geodesic that starts from zo and ends to x1. Thus A, (A2 (M,V)) C Q5, (M)

and Theorem implies that there is a covering map f: M — M such that
fslz, = Az In particular, f(z1) = #;. Moreover,

felp—1) = P~ AL =Py Ay,
which implies that fi|., = filp-1(1) = PYAg = Ag. The proof is finished. [
Remark 3.6. The condition of the corollary means that 6-times broken

geodesics of M with end points xg and z; map by the development AEAVO’V) to

6-times broken geodesics of M with end points 2o and 2.
Also observe that this condition is implied by the following stronger one:

YV ~:10,1] - M, piecewise smooth s.t. v(0) = zo, v(1) = 21

— AV ()(1) = 41
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4. PROOF OF THE MAIN RESULT

The proof of Theorem (see pJ223)) makes use of the following key propo-
sition which we state and prove in a more general setting of affine manifolds.

Proposition 4.1. Suppose that (M, V), (M, @) are affine manifolds (possibly
of different dimensions) and let Ag € T*|,oM @ T|3,M be given. Let U C
Tz M, Uc T|§:0M be the domains of definitions of expgo, expz), respectively,
and write v, (t) = expy, (tu), Ya(t) = expf0 (ta) foru e U, 4 € U. Then if

(5) ATV (Dgy (M, V) C Ly (M, V)
(6) T 4, Gu(1)s) =0, VueUn AN (D),

hold, one has for allu € UN Ay (U) that
(M) (PY)(Fa0u) 0 (xpY, )ulagu © Ao = Ag 0 (PY)2 (1) © (exp, ).
(8) RO, (Fu1):)Fu(1) = 0.

Remark 4.2. Since A(AVO’@)(W) might not be defined on whole interval [0, 1]
for every v € Ay, (M, V), except if e.g. (M,V) is geodesically complete, we
understand the assumption (5)) to mean that if v € A, (M, V) and if AEL‘VO’@)('y)
is defined on [0, 1], then A;vo’@)('y) € Ny (M, V).

Proof. We vzill not make the assumption Eq. @ until later on. Notice also
that U and U are star-shaped around the origin of T'|;,M and hence so is
U N Ay Y (U). In the proof we write yx (t) = expy (tX) and 5 (t) = expg(t)z)
whenever z € M, # € M and X € T|.M, X € T|;M and t € R are such that
these are defined. If they are defined for all ¢ € [0, 1], we assume, by default,
that the domains of definitions of yx and 44 are the interval [0, 1].

Given u € UN Ay (U) and v € T|,, M we define a vector field along 7, by

0
Yi(t) = %loexp; (t(u + sv)) = t(expfo)*\tu(v)

i.e. Y, , is the unique Jacobi field along +, such that ¥, ,(0) =0,
Vi) Yuw|t=0 = v. Moreover, we write C’;’; for the set of tangent conjugate
points in T, M of expy, i.e.

ClL ={ueU|IveT,yM, v#0st. Y,,(1) =0}
= {u € U | rank (expy, )«|u < dim M} .
Fix, for now, u € UN Ay (U), v € T|,, M, and assume that u ¢ CL . Let V,

be an open neighbourhood of u in T'|, M such that epr) v, is a diffeomorphism
and V,, € AgY(U). Define wy . € Ay (M, V), for all w € T|,, M near enough
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to the origin such that Jyy, , (1)(t) € expy, (V,,) for all ¢ € [0,1], by
Wy,w = 721 ! (PYYuww(l) . ’Yu) )

u,w

where Zy . = (expy, [v,) " (v, . (1)(1)). For such a w we also define

N v,V
Guw(t) =AYV (wa)(t), tel0,1],

which exists if w is near enough to the origin in T|,,M. Notice that, by
assumption, @y, € Nz (M, V).

Fia. 2: Construction of the geodesic triangle
Wyv = Wgulm . (’YYu,,,(l) : Wu)

In particular, if s € R is near zero, wy, s, and @, s, are defined and

N \AY
Qu,s0(t) = AE% )(Wu,sv)(t) .

It follows that (see Lemma case (ii)) for every s near zero, the curve
t— o L (t/2), t € ]0,1], is a geodesic and @;})(t/Q) = Aa,u(t) for t € [0,1].

u,sv

Therefore a vector field along 44,, defined by
. 9, .,
Y, v(t) = a7 % (t/2) , L€ [Oa 1]

s g0 usv
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is a Jacobi field. Since &1, (0) = Gy (1) = &, we have that ¥, ,(0) = 0

U,Sv

which implies that there is a unique o(u,v) € T3, M such that

- 0

Y, (t) = s |0 expg0 (t(Aou + s0(u, v)))
(9) = t(expio) |tAou( (u U)) te [07 1] )
ie. O(u,v) = VWA u(t) w.v(t)]t=0. Notice that Yy, (t), and hence also ©(u,v), is

well defined for all (u, ) (UN A D)\ CL) X T|zyM and t € [0,1] and it is
clear that v is a smooth map. O

We will now state and prove three lemmas and come back to the proof of
the proposition after them.

Lemma 4.3. Under the above assumptions, one has
(10) vfyu(t)Yu,Uh:l = (/P(% (%L)Ao)v'yu(t)yu,v't:l - TP(% (vu)Ao (7u<1)7 Yum(l)) .

for all (u,v) € (UNAZHU)\ CL ) x Ty M

Proof. In the proof we always assume that s € R that appears is near zero.
Then we may assume that wy sy, @y 50 and Y, g, are defined.
Writing 0y := % expy, (t(u+sv)), s := % expy, (t(u+sv)) Oy := gt Wpbo(t/2),

D, = 8‘98&}; L(t/2), we have (here %h, means the left hand side derivative at
t =

1)

@»i/Aou(t)Yvu,v |t:1 - Tv (aAtv és) ‘ (t,s)=(1,0)

0 . & oA A
= Vo, 52| Gm /2] ~TV 0 0)l0w=a0)

. 0 ~A—1 ¢ 0 ~
_vé@(&’l_ us’u(t/2) _ __va a‘l_wu,sv(l_t/Q) _

=-V,, (Pol/Q(wusv Aoat‘ Wa,so(1 _t/Q))L=0

= @éb (,P(} (’)/Yu,sv(l *Yu AOa ’1 eXPwO tZu sv)) ‘s:O

where at the second to last equality we used the fact that

Dusn(t) = (Pwa.s0) A0, so(t), t € [0,1] (using one-sided derivatives at
break points); see Lemma case (iii). Notice that Y, s, (t) = sY,,(¢) and
80 Yy, .. (1) (1) = Ysv,.,(1)(t) = Vv, 1) (ts), which leads us to conclude that if
s> 0,

Po(Von() - Yu) Ao = Po(t = .., (£5)) Py () Ao = P5(Vy,..(1))Po (Yu) Ao
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Therefore

A

V’LYAOu(t)Yuﬂ)h:l -1V (éh és)|(t,s):(l70)
- s 0
= Vo, (P31, )P (1) A0) 5 |, expT, (200 )
0
= (P8 (1) 40) Vo, (5|, xS, (HZu) ) | g

= (Pé (’YU)AO) (v’)’u(t (8 |0 expxﬂ tZu Sv ) ‘t:l + T(657 at)| t>s):(110)>7

where at the second to last equality we used Lemma case

(i
s 2 L expy. (tZy,s0) is a vector field along s — 7y, v(l)( s)
v

s=0+

v) (notlce that

= W ))
and at the last equality we noticed that Z, o = u, so at exp, ( ” Sv)|
Au(t) = Or. At this moment we make the following observatlons
ét|(t75):(1,0) = (P(%(’Yu)AO)atkt,s):(LO)
as|(t,s)=(1,0) = Yu,v(]-) s
A . Q. R
8S|(tv5):(1»0) Yu 'U( ) = 88 Owu,}sv(l/2) = wu,sv(l/Z)
0
as‘o A0 (W o (1) V) (1)
0 ., .
as‘oAP ()40 (W) (1) = g’oV(Pé(m)Aom,.w(l)(1)
0

= %‘0’?(7’&(%1,)140)3/%“(1)(S) = (Pg (u) Ao) Yu,u(1) -
These allow us to write the above equation into the form

A

vﬁAou(t)Yu,vh:l + TP&(%)AO ('Yu(l) Y. v(l))

= (P(%('Yu)AU)V‘Yu(t)(a |OeXpr tZu 50 )‘t:l :

Therefore, it remains to show that %|0 expy, (tZu,s0) = Yuo(t), Vt € [0,1].

Indeed, J(t) := % ’o engY0 (tZy,sv) is a Jacobi field along v, and it satisfies the
boundary conditions J(0) =0 =Y, ,(0) and

0 0 0
J(l) = %‘OGXPX)(Z%M) = E|07Yu,,m(l)(1) = E|07Yu,,v(1)(5) = Yu,v(1)~

Since u ¢ Cﬂ), it follows that J =Y, ,, and thus the proof is finished. O
From the last proof, we record for later use the following fact:
(11) Y/u,v(l) = (7)5 (Yu)A0)Yu,0 (1),

for all (u,v) € (UN Ay (U)\CL) x T|ye M

Lemma 4.4. Under the above assumptions, for all (u,v) € (U N Az (U) \
CL) x Ty, M the following holds:

(exD, ) A0 (D19(u, 0) (1)) = T (4 a0 (1), Yaro (1))
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Hence in particular,
Ta, =0.

Proof. By assumption, u € U N Ay (U) \ CI and so for all t near 1, one has

tue UNAZHD)\ CZ. . In the proof of the first claim, we assume always that
t is near enough to 1 so that this is the case.
Since Yiy (1) = %Yuyv(t), Eq. implies that

Viui,0(1) = H(P5 (1) A0) Yoo (1) = (P§(7a) A0) Yoo (1) -
Writing 0y := 4u,(t), Oy = f*yAOU(t) to simplify the notation, we have

Yu7 ( )+$A }A/tuv( )|t—1 (tyrtuv(l)”t 1
= vat((PO('Vu)AO) Yuw(t ))| =1= (P(g('yu)AO)vc'?t uv( MNe=1
= Vo, Yuo(®)li=1 + Tp1 (v, 0 (1), Yun (1),

where at the third equality we used Lemma case (iv) and at the fourth
equality we used . But

Vs, Yuw et = Vi, (t(expd, )l eagu (0(u, 0))|,_,
= (€xPag )+ 40w (0(u,0)) + Vs, ((exp¥,)eleanu(8(u,0))) |,
=Y..(1)+ @&((QXP;O) ltAgu(D(u,v )|t:1 '

while
Vs, Yiuw (D=1 = V5, ((exp3, )sltaou(®(tu, v)))|,_, ,

so combining these three formulas, one gets

A

Tp1 () A0 (Tu(1), Yuu (1)) = Vg, ((exp, )leagu(B(tu, )|,
= V5, ((exPF, )+leagu (0w, )|,
=V, ((exp, )sleagu (0(tu, v) — 9(u,v)))|,_, -

Writing 019 (u, v)(X) for the differential of ¥ at (u,v) with respect to v in the
direction X, we have

(
(0

(u,

¢ ¢
(tu,v) — O(u,v) = / g@(su,v)ds = / O0(su,v)(u)ds.
1 Os 1

Notice that (expz])*h,%u € T*(T|3, M) @TM for t € [0,1], so if we write D for
the vector bundle connection on T*(T|3, M) ® TM — T\ZOM x M naturally
induced by the canonical connection on vector space T|I0M and V, we get
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finally

Tp (va) Ao (Yu(1), Yu (1)) = ﬁgt ((eXPXJMtAW /t 816(su,v)(u)ds)>

/ 00 (su,v)

S d
+(exngvo)*|,40u&|t:1/1 09 (su,v)(u)ds

t=1

= (D% (tAou,yagu(t)) (expzo \tAou

= (exp3, )«| aou (010 (u, v)(u),
which proves the first part of the lemma.

It remains to prove that T4, = 0. Indeed, by what was just proved, we have
that for all u,v € T|,, M and for all ¢ small,

(exp3, )ultu (D10 (tu, v) (tw)) = Tp (4, 40) 1) (Feu(1); Yeuw(1))
holds, i.e., because Yy, (1) = %Yuyv(t),

~ R . 1
H(exp3, )« (D10(tu, v) (1) = Tp (s, a0) (1) (Fu(t), T Vi (£)
But as t — 0, one has 1V, ,(t) — Vi ) Yuwli=o = v, 019(tu,v)(u) —

010(0,v)(u) and P(vu, Ao)(t) — Ao, so in the limit one gets 0 = Ty, (u,v).
Since u,v € T, M were arbitrary, the result follows. O

From now on we will make all the assumption in the statement of Proposition
i.e. we also include the torsion condition Eq. @

Lemma 4.5. Under the above assumptions and for all (u,v) € (UﬁAal(ﬁ)\CE))x
T|woM and t € [0,1], one has

(12) Vao(t) = %|0 expg0 (tAo(u + sv))
(13) Vo) = (Pg(7u) Ao) Yo (8) -

Proof. Write C’z:, for the tangent conjugate set of (M, @) at &g defined in the
same way as C;FO. By Lemma and condition @, one has
(expivo)*uou(alﬁ(u v)(u)) = 0 for all (u,v) € (UN Aal(U)\Cfo) X T)po M
Given such a (u,v), if Agu ¢ CT then alv(u v)( ) = 0. Otherwise Agu € CA';FO,
but then Je > 0 such that tu € U N Ay (U )\C’;’; and tAgu ¢ CA’;{O for all
t €]l —e,1+€[\{1}, hence 910(tu, v)(tu) = 0. Letting ¢ — 1 then implies that
010(u,v)(u) = 0. Therefore we have shown that

O10(u,v)(u) =0, V(u,v) € (UﬁAal(U)\CxTO) X T M

Now fix u € U N Ay (U U)\CT and v € T|,,M. Notice that the set
S:={tel0,1]|tue CT}lsﬁmteorempty If S # 0, we write S = {t; }i=1,...,
where 0 < t; < t;4+1 < 1 for all 4 and we set ty41 := 1. In the case where S’ is
empty, we set t1 :=1, N :=0.
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Write to := 0 and notice that for ¢, 7 €]¢;,t;11] we have

¢
1
(tu, v) = 0(Tu,v) + / — O10(su,v)(su)ds = 0(Tu,v),
7 S N———
=0

i.e. the value of t — ¥(tu, v) is constant on each interval |¢;,t;11[, 1 =0,...,N.
Let 9;(u,v) be the constant value of 0(tu,v) for ¢ €]t;, ;1]
Define J, ,(t), t € [0,1]\S, by

N

Ju,v(t) = t(expgo)*hAou (f)(tu, ’U)) R if ¢ E]ti7ti+1[ .

Then JAW, is a Jacobi field on each interval |¢;, t;41[ since for ¢ €]¢;, t;11].

. . P :
Juo(t) = t(eXpX))*\tAou (ﬁz(u,v)) = %|Oexp§0 (t(Aou + sﬁz(u,v))) .

But we observe that
ju,v(t) = thu,v(l) = (P(t)(’Yu)AO)Yu,v(t)a vt € [Oa 1]\57
hence because t — (P§(vu)A0)Yuo(t) is smooth and S is finite, we see that

A~

Juw(t) uniquely extends to a Jacobi field along 44,, defined on the whole
interval [0, 1]. We still denote this Jacobi field by .J,, () and notice that since

Juo(t) = t(expy, )xleaou (Po(u, v))

holds for ¢ €]0, ¢1], it holds for all ¢ € [0, 1].

To identify J, ,(t) once and for all, it remains to compute the value of
Do (u, v). We have

9(0,v) = (expy, )«|o (8(0,v)) = Yo,4(1) = (P5(70)Ao) Yo,.(1)
= AgYo,(1) = Ao(epo))*b(U) = Aopv
and thus 0o(u,v) = lim;_,o4+ 9(tu,v) = 9(0,v) = Agv. We have thus shown the
following:
(eprvo)*leu (@(u,v)) = ?u,v(l) = ju,v(l) = (eXpZ))*|AOU(AOU)'

We will prove that o(u,v) = Agv. Indeed, if Agu ¢ CA'EO, then the above

equation readily implies that ¢(u,v) = Agv. On the other hand, if Agu € CA'mTO,

then for all ¢ # 1 near 1, one has tAgu ¢ CA’;FO and (expz))*h,%u(@(tu, v)—Apv) =
0, which implies that ¥(tu,v) = Apv and finally 9(u,v) = Agv by passing to
the limit ¢ — 1.

Since (u,v) = Agv, the claimed Eq. follows from @ To prove (13)),
notice that

~ 0 -
(’Pé('yu)Ao)Yuﬁv(t) =tYiu (1) = t% ’0 exp@v0 (Ao(tu + sv))

— 1(expY, )s |t agu (Aov) = Vi (t) .

This concludes the proof. O
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We are now ready to finish the proof of the proposition. Let u € U N
Aal(AU)\C’gO. Because Yy, (1) = (expy, )«|u(v) by definition and since Y, (1) =
(expy )«laou(Aov), by (12), the formula (7)) is an immediate consequence of
and Definition Since C’fo }}as no interior points in T'|,, M, it follows
that (7) holds for all u € U N Ay (U).

It remains to prove the formula (). Let (u,v) € UN Aal(ff)\CrTo X T|go M.

Taking twice the covariant derivative w.r.t. @;/Aou

(13), recalling that Y, ,, )A/u,v are Jacobi fields and using Lemma case (iv),
we get

) of both sides of the equation

Rv (}}’Aouu)a Y/u,v (t))'AYAou(t) + ﬁ';)’AUu(t) (Tv (’A)’Aouu)a Y/u,v (t)))
= Vi Viagu() Yuw () = (P(7)A0) Vi () Vi () Yo ()
= (P5(va)A0) (RY (Fu(t), Yuw (8)) 1 () + Vi) (T (Fu(?), Yuro (1)) -
Using the last two equations above, the fact that Ja,. () = P(Yu, Ao)(t)Fu(t)
and Definition [2.3{ we get that, for all (u,v) € U N Ay (U)\CL x Ty M,
RP&(%)AO (’yu(t)vyu,v(t));}/u(t) = _@’.?Aou(t)TP(,(vu)Ao (’Yu()ayu,v()) =0,

since TPS(%)AO (’Vu(t)v Yu,v(t)) = T’P&(’ym)Ao (’Ytu(l)a thuv(l)) =0,t¢ [0, 1}7 by
assumption @

Let then u € UN Ay*(U) and let 0 < t; < t5 < ... be the conjugate times
along v, (e {tiu,tou,...} = {tu | t € [0,1]} N CL ). Suppose X(t) is any
vector field along v,. If t # ¢; for all j, then there is a v(t) € T'|;,M such that
Yoy (t) = X(t), and so

’R"P(fj(’)’u)Ao (’Yu(t), X(t))'yua) =0.
By continuity, this holds for all ¢ € [0, 1] and hence the result follows once we
set ¢ = 1.
Remark 4.6. Notice that is equivalent to the condition
VAY ~
AG Y (D (M, V) € Q, (0T).
On the other hand, if is replaced by a stronger condition
AT (90, (M) € 23, (AT,

then in the proof one can define w,, to be 'y;_&v . ((s — Yutso(l)) - ’yu) €
Qg (M). Then w, , and hence &, ,, }Aﬁw and finally 9(u,v) are defined for all
(u,v) € (UN A (U)) x T|,, M. The proof goes through in the same way as
above, all the Lemmas being true even with the set U N Aal(U)\CwTO
replaced with U N Ay ' (U) everywhere. Moreover, the proof becomes slightly
easier since one does not need to pay attention to the tangent conjugate set

T
T
We will now proceed to the proof of Theorem
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Proof of Theorem B.1l Necessity. If f: M — M is a Riemannian covering
with f.|s, = Ao, then for v € A2 (M, V), one has Ay, (y) = f o~ and hence

AAO (’7)(1) = f(’)/(l)) = f(-TO) = Z¢. So AAO(’V) € Qio(M)
Sufficiency. The idea is to prove, using Proposition [4.] that the condition
of C-A-H Theorem given by Eq. holds, which then implies the claim.
Define

A= {,P&(’Y)AO | 7€ AZO(Ma V)}
and notice that assumption implies that A C T*|,, M ® Tz, M and it is

clear that each A € A is an infinitesimal isometry.
We claim that

(14) Plo(’AYAu) © (eXpivo)*|Au 0A=Ao Plo(%b) © (eXpZ)>*|u )
VAec A uweT|,,M.

Indeed, fix A € A and let w € A,,(M,V) be arbitrary. Then there is an
v € Lgo(M, V) such that A = Pj(y)Ap. But then w-y € A2 (M,V) and
hence by Lemma i) and the assumptions of the theorem,

Aa(@)(1) = (Apa(y) a0 (@) - Ay (7)) (1) = Ay (w - 7)(1) = o

i.e. Ag(Dyo(M,V)) C Agy(M, V). Thus the above claim follows from Proposi-
tion @11

For a unit vector u € T'|,,M, let 7(u) €]0,4+00] be cut-time for the geodesic
Yu and set

UT = {tu | u € T|,, M, Jull,=1, 0<t<7(u)}, U:= expzo(UT).
For every A € A one defines a map
da:U—M; ¢a= epo) oAo (expﬂcv0 lor) L.

We are to show that each ¢4 is an isometry onto its open image. Indeed, if
zeUand X € T|,M, let u= (exp,, |pr)”*(x) and use to compute

1(64)- GO, = (P (au) 0 A0 PUGIX]),
—[l(4e PG)X ], = 1P X, = X1, -

Since dim M = dim M, it follows that ¢ is a diffeomorphism onto its (open)
image and is isometric. This settles the claim.

Knowing this, we may now show a property which then allows us (eventually)
to call for the C-A-H Theorem For all A € A and all unit vectors
u € Tz M,

(15) Rptyya =0, Yt 0<t<7(u)
with the understanding that 0 < ¢ < 7(u) is replaced by ¢ > 0 if 7(u) = +o0.
To prove this, notice that since ¢ 4 is an isometry onto its open image, one has

(64)«(RY((X,Y)2)) = R¥ ((($4)+X, ($4).Y)((4)-2)),
VeeU, X,Y,ZeT|.M
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i.e. Ripy).), = 0 for all x € U. But we know from that if 0 < ¢ < 7(u)
(whence tu € UT), one has (¢4)+|, 1) = Pé(vau) © Ao P (v,), which equals
to P§(vu)A. Hence Rype(,,)a = 0if 0 < ¢ < 7(u) and by continuity this also
holds when ¢ = 7(u) (if 7(u) < +00) which establishes the claim.

We are now ready to finish the proof by appealing to C-A-H Theorem 2.10]
Indeed, let w € Z,,(M, V). Since (M, g) is complete, there exists a unit vector
u € Tz, M such that ~,: [0, 7(u)] — M is a minimal geodesic from xo to w(1).
Because then v\ -w € A, (M, V) one has that A := P} (v w)Ap is in

T(u)u

A and therefore Rpg(u)(%)A =0 by (15)). But by Lemma

Tu)u.

Po ) () A = P (Vo)) PS (W ay - @) Ao
= P3 (Vo) Pd (Vo) P () Ao = P (w) Ao,

which proves that Rp1(,)a, = 0 for all w € £, (M, V).

Therefore the condition of C-A-H Theorem is satisfied and hence
there exists a complete Riemannian manifold (N, h), zp € N and Riemannian
covering maps F: N — M, G: N — M such that Ay = G. |, 0 (F.|.,)"!. Since
M is simply connected, F': N — M is a Riemannian isomorphism and setting
f := G o F~! finishes the proof. a

Remark 4.7. In the case where there are no cut- points on any geodesic of
(M, g) emanating from z, then one may replace (2)) in Theorem [3.1] by the
condition

AS—XV(J’@)(AGCO (M’ V)) C Qio (M) .

Indeed, in this case expy, : T|y, M — M is a diffeomorphism and in the above
proof UT = T|, M, U = M and so ¢a,: M — M is an isometry onto its
open image. It follows from a standard result on Riemannian manifolds that
f:=@a, is a covering map and obviously fi|., = Ao.

5. DIFFERENT FORMULATIONS OF THE CARTAN-AMBROSE-HICKS THEOREM

In this section, we will complement the C-A-H Theorem [2.10] by giving eight
equivalent characterizations for the existence of a Riemannian covering map
f: (M, g) — (M, ) (under specific assumptions).

First we recall a well-known proposition and, for the sake of completeness,
give its easy proof.

Proposition 5.1. Suppose (M,V), (M, @) are affine manifolds such that M
is simply connected and geodesically accessible from xo and that (]\Zf,@) is
geodesically complete. Given Ag € T*\%M®T|,@0M, there exists an affine map
f: M — M such that felze = Ao if and only if

(16) (PN Ao =40, Vye[],, (M,V
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Proof. Necessity. If f: M — M is an affine map such that filze = Ao and
if vy e[ ], (M, V), then Ag,(y) = f o~ and hence Ay, (7)(1) = f(7(1)) =
f(xo) = Zo.

Sufficiency. In the proof we write v, (t) = expy (tu), when u € T|, M. Let
x € M be given. Let v, w € Z,,(M, V) be such that v(1) = z, w(1) = z, which
exist since (M, V) is geodesically accessible from xo. Then w1 € on (M, V)
and hence

,P& (wfl . 'Y)AO = AO .

It follows that (see Lemma and Remark

Ay (W)(1) =Api-19)4, (@) (1) = Mgy (w - (W1 7))(1) = Ay ((w-w™h) -7)(1)
=Api(y)a,(w-w (1) = Aay (7)(1).
This shows that if for x € M one defines

f@) :={Aa,(7)(Q) | 7 € Loy (M, V), (1) =z},

then f(z) is a singleton set for all x € M and hence f can be seen as a map
f: M — M.

We show that f is an affine map. To do that, we first make a construction
for its differential that is analogous to that for f above. Let x € M and
let v,w € £, (M, V) be such that v(1) = z, w(1) = = as above, then since

w_l e € I:'zg(M’ V)a
Po (7)Ao = P (w - w )Py (7)Ao = Py ((w-w ™) -7) Ao
=P (W) Py (w ™ 7)Ao = Py (w)Ao,
and so
A(z) = {Pg (7)Ao | ¥ € Liy(M, V), 7(1) =z}

is a singleton set for every x € M and thus we can view A as a map M —
"M ®TM.

We claim that 3f.|, = A(x) for all x € M. Indeed, for any v € Z,,(M, V),
one has f(y(t)) = A(AVO’V)(W)(t) and so

SH0) = A0 = (P A0)3(0) = AR (D)),

Then if X € T|, M, choose u € T|,,M such that v,(1) = z and notice that
v := vx .7 is a 1-broken geodesic. Thus the above formula gives by letting
t— 14

2 i

fo(X) = A(x) X,

showing also that the differential f,|, exists.
To show that f is an affine map, it is enough to show that for any geodesic
I': [0,1) = M and any vector field X (t) parallel to it, the vector field f.(X(t))
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along f oI is parallel. So choose such I" =, and X. Let u € T'|;,M be such
that v, (1) =T'(0) and notice that vz - Yy € Lyo (M, V). Then for all ¢ € [0,1],

FA®) = F((ro - 1) (1) = Dag (o - 1) (1) = Apy ()4, (D) (E)
where the right hand side is a geodesic by Lemma [2.8] Moreover,

F(X (1) = A((vo - 1) (1) X (1)
= (Po (o ) A0) X () = (Po(T) Py () A0) X (1),
which, by using P?(T') X (t) = X (0) and Api(y,)a,(L) = f ol simplifies to

F(X (1) = Po(f o ) ((Pg (74) A0) X (0)) -

Thus t — f.(X(¢)) is the parallel transport of (P (7,)A0)X (0) along f oI and
the proof is finished. O

We now give the reformulation of the C-A-H Theorem .10} The equivalence
of (i), (ii), (v), (vi), (vii), (ix) can essentially be found in [11] the Global C-A-H
Theorem 4.47.

Theorem 5.2. Suppose (M, g), (M,f)) are complete Riemannian manifolds
of the same dimension, dim M = dim M, M simply connected and let Ay €
T\ 20 s M be an infinitesimal isometry. Let V, V be the Levi-Civita
connections of (M, g), (M,g), respectively. Then the following are equivalent
(for the sake of clarity we write P2(v) instead of (’P(V’@))Z(y)):

(i) There exists a Riemannian covering map f: M — M such that f,|,, =

Ao;
ii) For all vy € Zyo,(M,V) one has R

iit) AV (Q, (M) € Q, (31);

(
( ~

(iv) AYYVI(A2 (M, V) € 22, (N, V);
Ev) P(y)Ag = Ag for all v € Quy (M);
(vi
(

V.9 .
’P)O_O’

vi) Pg(v)Ao = Ag for all vy € A2 (M,V);
vii) Pg(y)Ao = Ao for ally €[], (M,V);
viii) There exist points x1 € M, & € M such that (pw.="‘piecewise’)

Vy:[0,1] — M pw. smooth, v(0) = xg, y(1) =21 = A(v v)(’y)(l) =7.

(ix) If v,w : [0,1] — M are piecewise smooth, v(0) = w(0) = zy and
(1) =w(1), then AV (1)(1) = ALY (@)(1).

Proof. We write v,(t) = expy (tu) if u € T|,M and 44(t) = expg(ta) if
G eT|:M,tel01].

We will do the following four cycles of deductions: (i) <= (ii) and (i)
(v) = (iii) = (iv) = (i) and (i) = (v) = (vi) = (vii) = (i) and (i) = (ix)
(viii) = (i).

=
=
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(i) = (ii): Since f is a local isometry and f.|,, = Ao, we have Ay, () = for,
fily(1) = P (7)Ao and hence if X,Y, Z € T|,1)M,

Rpsnao(X,Y)Z = f.RY(X,Y)Z = R¥(£.X, f.Y)Z = 0.

(ii) = (i): C-A-H Theorem [2.10]

(i) = (v): Again, since f. is a local isometry and f.|,, = Ag, then P(y)Ag =
f«lyq) for any piecewise smooth . In particular, v € Qg (M) implies Pi(y)A¢ =
f*"y(l) = f*‘l() = Ap. )

(v) = (iii): Since P§(y)Ao : T|y)M — Tlay ()M, and Ag : T|zo M —
T3, M, it follows that if v € Qg (M) and if PL(y)Ag = Ao, that A, ()(1) = &0
i.e. AAU (’}/) S QQO (M)

(iii) = (iv): Obvious (cf. Lemma [2.8).

(iv) = (i): Theorem (and the remark that follows it).

(v) = (vi): Obvious.

(vi) = (vii): Let T € [ ] (M, V). After reparameterizing if necessary (see
Lemma [2.8] case (v)), we may assume that I is 74.73.72.71 with y;: [0,1] — M,
i=1,2,3,4, geodesics. Let p: [0,1] — M be a geodesic from zg to v2(1) = v3(0).
Then v:=p~ - (12-m) € Dpy (M, V) and w := (y4.73) - p € Dgy (M, V). Hence
by assumption and Lemma [2.§ one has

P&(F)AO = 7)5(74 '73)735(72 '71)140 = 7’5(74 '73)7)5(/) : P_l)Pé(Vz '71)140
=Py -w)do = 4.

(vii) = (i): By Proposition [5.1| there is an affine map f: M — M such that
filze = Ao. Let € M and take some geodesic «: [0,1] — M from zg to z.
>From the affinity of f and f.|z, = Ao, it follows that Pj(v) Ao = fulyq1) = felo
and since Ap is an infinitesimal isometry, then so is Pg (7)Ao and hence f is a
local isometry. It follows from a standard result in Riemannian geometry that
f is a Riemannian covering map.

(i) = (ix): If f: M — M is a Riemannian covering with fi|,, = Ao
and v,w are as stated, then Ay, (y) = fo~y, Aso(w) = fow and hence
Aay (1)) = f(v(1)) = flw(1)) = Aa,(w)(1).

(ix) = (viii): Take any point x; € M, fix any piecewise smooth path
w:[0,1] = M from z( to 1 and set £1 := Aa,(w)(1). Then if v: [0,1] —» M
is an arbitrary piecewise smooth path from xo to x1, we have v(1) = x1 = w(1)
and hence by the assumption, A, (7)(1) = Aa, (w)(1) = 2.

(viii) = (i): Corollary (and the Remark after it). O

Remark 5.3.

(a) Although we don’t prove it here, the condition (ii) in the previous
theorem (and Eq. in C-A-H Theorem [2.10]) can in fact be replaced
with

(ii)" For all v € £y, (M, V) and X € T'|(1)M, one has

v,V . .
Rips (o4, (F(1): X)3(1) = 0.
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(b) We point out that the condition (v) (resp. (vi)) is significantly stronger

than (iii) (resp. (iv)). To see this, consider the set Q C T*M ® TM of
infinitesimal isometries as a bundle over M (resp. over M), where the
bundle map mp: Q@ — M (resp. my: Q — M) maps A to z (resp. to %),
itA:T|,.M —-T +M. As a manifold Q@ has dimension 2n + @

If v: [0,1] — M is a piecewise smooth path that starts from zg, then
t — Pt(v) Ao, t € [0,1], is a piecewise smooth path in @ that starts from
Ag and A, (7)(t) = my (P5(v)Ao), ¥(t) = mar (PG(7) Ao)-

The condition (v) says that if + is a loop of M based at xg, then
PL(v)Ap is a loop of Q based at Ay (and therefore automatically A, (7)
is a loop of M based at Zo). In other words,

{P(}(’V)AO ‘ v E QCEO(M)} = {AO} .
On the other hand, condition (iii) demands that for any loop v of M

based at zg, the path P{(y)Ag comes back to the set fiber 7717&11 (Zo) (and

of course to 7y, (20)), where it started from i.e.
{Ps(1) Ao | 7 € Quy (M)} C iy (o) N ().

The set 75, (z0) N Tl';;(i‘o) is @ dimensional in contrast to {Ag}
which is 0-dimensional. This can be seen as an illustration of the stringency
of condition (v) with respect to (iii).

(¢) It is an open problem to determine if actually there is a weaker version of

(vii) i.eA. ifA(i)f(ix) are equivalent to the following: A%ﬁ)(D w0 (M, V) C
[[]. (M,V). See also Remark

Zo

(d) In (viii) the assumption that v be piecewise smooth can be replaced by

the assumption that it be 6-times broken geodesic (see Corollary [3.5)).

(d) The condition (ix) can be replaced by the assumption that 7, w be

1-broken geodesics.

To see this, we use the argument from [I1] which is essentially the same
as for Proposition (but in Riemannian setting). For any = € M, the
set

{Aay(7)(1) | v € Zay (M, V), 7(1) = x}

is a singleton set by assumption, so one may define f(x) to be its unique
element. This defines f: M — M. If X € T|, M, let w: [0,1] = M be any
geodesic from xg to . Then yix - w € Lo (M, V), yix -w(1) = yx(t), and
SO

Flrx (@) = Aay (vex - w)(1) = Apt )4, (x) () = AP () a0)x (1) -

This implies that f is differentiable at z and f.(X) = (P3(w)4o)X.
Since P§(w)Ap is an infinitesimal isometry, this implies that f is a local
Riemannian isometry (the smoothness of f is easily established) and
therefore a Riemannian covering map, i.e. we arrive at case (i).
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(e) We also remark that the condition (ix) is much stronger than (viii).
To see this, observe that (viii) can be written in the following way that
resembles more condition (ix):

(viii) There exist a point 1 € M such that if v, w: [0,1] — M are
piecewise smooth, v(0) = w(0) = zp and v(1) = w(l) = x4, then
ALY ()W) = ATV @)0).

To put it another way, in (ix) the endpoints v(1) of the curves v are

allowed to move freely on M while in (viii) one only uses curves v whose
endpoints v(1) are fixed to the pre-given point ;.

Remark 5.4. In [I0] the following local version of C-A-H Theorem was proven
in the context of affine manifolds: Let (M, V), (M,V) be affine manifolds
(possibly of different dimensions), let Ay € T*|,, M ® T|3, M and suppose
U C Tl M is an open set containing the origin such that expg0 v is a
diffeomorphism onto its image and that expg0 is defined on Ay (U). If

v,V . v,V .
(17) Rt o), (1) X)Y =0, T | (u(1), X) =0,

for all w € U and X, Y € T|,,1)M, then expy oAgo (expy, |v)~': U — M is
an affine map.

We point out that the conclusion of Proposition is not enough to
invoke this local of C-A-H Theorem in the general setting of affine manifolds,
since gives only in the special case where Y = 4,(1). It is an open
question whether one is able to reach the former condition in from the
assumptions of Proposition

6. AN APPLICATION OF THE MAIN RESULT

Recall that the affine group Aff(V') of a vector space V is GL(V) x V as a
set and it is equipped with a group multiplication x given by

(A, v) x (B,w) := (AB, Aw +v), (4,v),(B,w) € Aff(V).
Also, there is a natural action x of Aff(V) on V given by
(A, v)xw:=Aw+v, (Av)eAf(V), weV.

Recall also that if (M, V) is an affine manifold and « € M, then its affine
holonomy group A, at x is a subgroup of the affine group Aff(T'|. M) given by

1
A= {(PPe. [ Ps)s) | v € 20},
0
As an application of Theorem [3.1] we will give a different proof of Theorem IV.7.2
in [g].

Theorem 6.1. Suppose (M, g) is a simply connected, complete Riemannian
manifold and x € M. If the affine holonomy group A, has a fixed point
W eT|.M, then (M, g) is isometric to the Euclidean space.
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Proof. Suppose W € T'|,, M is a fixed point of A,.. Then for all v € Q, (M) one
has W = (P (v), fol P2(~)4(s)ds) » W. Write vy : [0,1] — M for the geodesic
with 4w (0) = W and define g := yw (1).

Then if w € Q,, (M), it follows that vy, - (w - yw) € Qu (M),

w :(Plo (’Yv_vl (w- VW))a/O P! (’Yv_vl (w- VW))%(%}} (w - WW))(s)ds) * W

ie. if W' := PP (v, )W + fol PO (v ) L3t (s)ds,

1
/ 0 0 . * /'
W (P1 (), /O P (w)w(s)ds) W
But
1 1
W= R OwW = [P i (1= 9)ds = (1) = [ sw(1)ds =0,
so one has
1
(18) 0:/ Po(w)w(s)ds, Vw € Qu(M).
0

Let Ay be the identity map idg|, ar : T|zgM — T, M and define (M,§) =
(T|2gM, gl7),, 1) and Zo := 0, the origin of T'|;, M. Then using the natural
identification of Tz, M = T|o(T | M) with T|,, M, one sees that Ay is an
infinitesimal isometry. For any piecewise smooth «: [0,1] — M such that
~(0) = xy we obviously have

AT () = / PO(7)3(s)ds

with V,V the Levi-Civita connections of (M, g), (M ,9), respectively. The
above equation shows that quvo,v) (W)(1) =0 =& for all w € Q,, (M) i.e.
AEAXVO’V)(QEO (M)) C Q;, (M) and thus one may invoke Theorem (see also the
Remark following the Theorem) to obtain a Riemannian covering f: M — M.
Since (M, §) is an Euclidean space and in particular simply connected, it follows

that f is an isometry from (M, g) to the Euclidean space. This completes the
proof. O

Remark 6.2. The above result is used e.g. to determine all the possible affine
Riemannian holonomy groups from the usual (linear) holonomy groups (see
[8]). Moreover, the affine Riemannian holonomy group turn out to determine
the orbits of the the control system associated to the rolling (without slipping
and spinning) of a Riemannian manifold onto its tangent plane (see [5]).
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