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Abstract. The paper is a contribution to the complex variable boundary element method,
shortly CVBEM. It is focused on Jordan regions having piecewise regular boundaries with-
out cusps. Dini continuous densities whose modulus of continuity w(-) satisfies

limsup w(s) In 1_ 0
510 B}

are considered on these boundaries. Functions satisfying the Holder condition of order «,
0 < a < 1, belong to them. The statement that any Cauchy-type integral with such
a density can be uniformly approximated by a Cauchy-type integral whose density is a
piecewise linear interpolant of the original one is proved under the assumption that the mesh
of the interpolation nodes is sufficiently fine and uniform. This result ensures the existence
of approximate CVBEM solutions of some planar boundary value problems, especially of
the Dirichlet ones.
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1. INTRODUCTION

The exact solution of a planar boundary value problem can often be expressed by
means of a Cauchy-type integral along the problem region boundary. For example, let
) be a region in the complex plane C, [I'] the boundary of 2, h: [I'] — R a continuous
function and w the exact solution of the Dirichlet boundary-value problem

(D) Au=0in Q, wu=nh on [I].
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Since w is harmonic in €2, it coincides with the real part of some holomorphic function
there. Since u is continuous on QU [I'], it is a continuous extension of the real part
of this holomorphic function over QU [I']. Any function that is holomorphic in some
region and whose real part has a continuous extension over the closure of that region
can be represented by a Cauchy-type integral along the boundary of that region ([7,
p. 255]). Thus the exact solution of the problem (D) can be expressed by the real
part of some Cauchy-type integral along [I'] in 2.

Because most of the Cauchy-type integrals cannot be evaluated exactly, they are
often replaced by suitable approximants (see [1] for summary) that can be evalu-
ated exactly as elementary functions. The approximant that is sufficiently close to
the approximated Cauchy-type integral determines an approximate solution of the
boundary value problem.

Within the CVBEM ([2], [3]), a Cauchy-type integral whose density is a piecewise
linear interpolant of the original one is the approximant. In [4] it was proved that any
function holomorphic in the closure of some region can be approximated by means
of this integral that is considered along the boundary of the region to any degree
of accuracy. However, the class of the functions that can be approximated in this
way appears to be much wider than it is observed in [4]. Actually, from [5, p. 450
452] it follows that this class contains all Cauchy-type integrals along the region
boundary whose density satisfies the Holder condition of order a, where 0 < a < 1.
The purpose of the present work is to give some further generalization of the result
from [4] by weakening the assumptions on density.

Let us note that these results involve the existence of the so called approximate
CVBEM solution of the boundary value problem as close to the exact one as we
wish.

2. PRELIMINARIES

Definition 1. Let M be a non-empty subset of the complex plane C and let
g: M — C be a function. The mapping wg: (0, +00) — (0, 400) defined by

wy(0) = sup{lg(z) — g(w)|: [z —w| <& z,w € M}, § € (0,+00),

is called the modulus of continuity of the function g. The function g is called Dini
continuous if there exists 7 > 0 such that

/ng—(s)ds<+oo.
0

S

Remark 1. We use the familiar facts that any modulus of continuity is a non-
decreasing function and that %i?ol wg(6) = 0 if and only if the function g is uniformly
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continuous. If we assume that g is Dini continuous, then it is clear that

(2.1) hm/OT”—(s)ds—o

710 S
and it is also easy to show that

1
(2.2) liminfwy(r)In— = 0.
T

710

Actually, if 1imlionfwg(7') Inl > 0, then wy(r)/r > e/(rlnl) for sufficiently

small positive numbers 7, ¢ and, consequently, fOT e/(sln %) ds = +oo implies
OT 1wy (s) ds = +oo, which contradicts the Dini continuity of g.

Definition 2. Let o € R and T > 0. A continuous mapping I': (o, a+T) — C
is called the piecewise regular Jordan path without cusps (briefly the path) if it has
the following properties:

(i) D(a) =T(a+T1),
(ii) for arbitrary t,t' € (a, a4+ T)

(2.3) 0<t—t|<T=T()#T(t),
(iii) there exists a sequence {7;}}_, such that
a=1<n<...<Tp=a+T

and that the derivative IV of T' is continuous and nonzero in every interval
(75, Tj+1), where j € {0,...,n — 1},
(iv) for arbitrary ¢t € (o, + T)

()

(24) (0

€ C\ (—O0,0>,

where I'| () and I” () are the derivatives on the right and left of I" at the point ¢
and I'' («), T (a + T') are to be defined by I (a4 T'), I} (), respectively.
In some cases, we denote by I' the T-periodic extension of the path I' to the set of

real numbers. We set
[ ={C#): a<t<a+T}

and denote by 2 the bounded component of the open set C \ [I'] in the sense of the
Jordan theorem. We extend the sequence {7; };l;ol to a collection {7}: k € Z} so that
for every k € Z we put 71, := 7; + pT whenever j € {0,...,n — 1} and the integer p
satisfies pn = k — j.
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Definition 3. Let a path I' and m > 2 be given. We say that a sequence
P = {I‘j};-”:f)l is a partition of I' when there exists a sequence {¢;}2 such that

to<ti1 <...<tm=tg+T

and I = Ty, 4,,,) for every j € {0,...,m —1}. We extend the sequence {tj}gn;ol to
a collection {t: k € Z} so that for every k € Z we put t; := t; + pT whenever j €
{0,...,m—1} and the integer p satisfies pm = k—j. We extend the sequence {I} ;”;OI
to a collection {I: k € Z} so that for every k € Z we put Iy := I, whenever

j€{0,...,m—1} and k — j is divisible by m. For every k € Z we introduce
ze =T(tr), [Tk] ={T@): tx <t <t}

Definition 4. We say that a function {: [I'] — C is piecewise linear on [I'] with
respect to a partition P = {I} ;”;OI if I coincides with some linear function on [I}]
for every j € {0,...,m — 1}. By the symbol gp we denote the piecewise linear
interpolant of a function g: [I'] — C with respect to a partition P = {Fj}g”;ol, ie., a
function gp: [I'] — C that is piecewise linear on [I'] with respect to P and satisfies

gr(2j) = 9(zj)-

Remark 2. The derivative IV of I" is continuous and nonzero in the interval
(T, Tk+1) for every k € Z and the conditions (2.3), (2.4) as well as

/tt/ I(s)ds

are satisfied for arbitrary ¢,¢’ € R. Here

(2.5) IT(t) = T()] = <Vt -t

V =sup{|[l"(t)]: t € R\ {mx: k € Z}}.

Lemma 1. Let | be a piecewise linear function on [I'] with respect to a partition
P = {Fj};’gol and let

Kev max |(E+D)— Z(Zj)‘ (
0<j<m—1 Zj41 — %5

‘l(zk+1) _l(zk)D.

Zk+1 — Rk

= V max
keZ

Then
[(T(t) = UTE) < K[t =t|, tt' eR.

Proof. Lett t € R. Without loss of generality we suppose that ¢t < #’. Then
te (tjtjp), t € (s thtr)
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for some j, k € Z, where j < k. First, let j = k. Clearly
te <t <t < gy

As [ coincides with some linear function on [I;], we have

U(2k41) = U(zk)
Zk+1 — Rk

() — UI() = (T(t) = T(t)).

This identity and (2.5) imply
UT() — T < K(t' —t).

Next, let j < k. Then
b <t <ty <t <t <t
and, by virtue of the foregoing case (j = k), we obtain
[L(T()) = LTEN] < UTE) = 1(zi4)] + [U(zj41) = 1(zi42)| + - -
+ [U(zk—1) = U(z)| + [U(z) = LT(@))]
SE((tj4r =) + Gz = tig1) + oo+ (b — tie1) + (' = 1)
=K(t' —t).
(Il

Definition 5. Let us assume that g: [I'] — C is such a function that the integral

9(¢) —g(2)
/1“ cz %

absolutely converges for every z € [I']. By means of Cauchy-type integrals, we define
the function ¥~ (g): QU '] — C by

OO -5 [ 2L cen
- i L[99 s
6 = fmge [ oL e

Remark 3. The definition of €~ (g) is correct because the limit exists under
the considered assumption (see [6, p. 191]). We use the familiar fact that the func-
tion €~ (g) is holomorphic in Q.
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Our aim is to generalize the following result obtained by R.J. Whitley and
T.V. Hromadka II in [4, Theorem 1].

Theorem 1. Let f be a function holomorphic in the closure of §2 and let g = f/|r}.
Then for any € > 0 there exists a partition P = {I) };’!01 such that

€7 (9)(z) =€ (gp)(2)] <&, z€QUIT
(Note that f coincides with €~ (g) on Q U [['] by virtue of the Cauchy integral
formula.)

Remark 4. Due to [5, p. 450-452], the assumptions of Theorem 1 can be re-
placed by “let g: [I'] — C be a function satisfying the Holder condition of order «,
where 0 < o < 17.

Another generalization of Theorem 1 is provided by our main statement, Theo-
rem 3.

3. SOME ESTIMATES

In this section we deal with some properties of the path I' in order to prove the
forthcoming Theorem 2 that states some important estimates for T'.

Definition 6. We define the function r: (0, 17) — (0, +00) by
r(s) =min|[(t) —T(t+s)]: 0<t<T}Y, s€(0,37).
Since for every s € R the function ¢ — |I'(¢t) — I'(t + s)| is T-periodic, we have
(3.1) r(s) = min{|T(t) = T(t)]: [t—t'| =s; t,t' € R}, s€(0,5T).

Lemma 2. The function r is uniformly continuous on (0,+T) and positive in

2
(0,37).
Proof. We set

M={zeC: O<Rez<T,0<Imz<%T}

and
f(z) =|T’(Rez) —T'(Rez + Imz)|

for all z € M. The function f is uniformly continuous on the set M and

r(s) =min{f(t+is): 0<t< T}, s€(0,3T).
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Let s,s' € (0,1T). Then for t € (0,T) we have

(t +is) — f(t +1is")

r(s) = f(t+1is) <
(t+1is") — f(t+1is) <

< f
r(s') = f(t+1is) < f

whence

r(s) —r(s’) = max{r(s) — f(t+1is): 0< ¢t
r(s") —r(s) = max{r(s') — f(t+is): 0 <t

Thus, it is proved that
[r(s) = r(s")| Swy(ls = s']), 5,8 €(0,5T).

This inequality and Remark 1 say that r is uniformly continuous on (0, %T}

The function r is nonnegative. If r(s) = 0, then, according to (3.1), there exist
t,t" € R such that I'(¢) = T'(¢') and |t — ¢'| = s. It follows s = 0 due to (2.3), so that
r is positive in (0, 7). O

Definition 7. Let ¢t € R and let s; be an arbitrary solution of the problem
|(1—s)T"(t) + sT(t)] — min, s € (0,1).

We define
I(t) = (1 — se)I(t) + s: T (2).

The geometrical meaning of |T'°(¢)| is the distance of the line segment, which has
the endpoints I' (), I}, (¢), from the origin. Since (2.4) ensures that the origin does
not belong to this line segment, |T'°(¢)| is positive. Moreover,

(32) T2 < J(1 = )T (t) + sTL (1)), s €(0,1),
whence especially
(3.3) T°(6)] < min{[T” (2)], [T (t)|}-

The mapping
R>t—T°%)

is T-periodic and obviously
(3.4) r°)] = (0] = [TL@), te R\ {m: ke 7).
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Let us consider k € Z and t € (7g,7g41). Since IV (t) = I", (t) = I''(¢), we have
[T°(t)] = [T'(t)]. Moreover, |I'°(7)| < T (7%)| and [T°(7g11)] < [T (741)] if we take
into account (3.3). We see that the number

VE = min{|F°(t)|: Tk < t < Tk+1}

exists. It is clear that vy is positive.

Definition 8. We define the number

v* =min{vg: k€ Z} (=min{v;: 0<j<n—1})

and the set Q) of all positive numbers ¢ for which there exists ¢ € (0, %T} such that

(3.5) 0<s<d=r(s)>gs,

ie.,
Q={q>0: 35€(0,5T) satisfying (3.5)}.
Lemma 3. We have (0,v*) C Q C (0,v*).

Proof. For every k € 7 the function

I, =T

(Th Tt 1)

is uniformly continuous on (7x,7k+1). Thus, if we take into account Remark 1, the
function w: (0, +00) — (0, 400) defined by

w(s) =maxwr(s) (= max wr(s)), s € (0 +00),

is nondecreasing and

(3.6) 1glﬁ)1w(s) =0.

Now we prove the inclusion (0,v*) C Q. Let ¢ € (0,v*). According to (3.6), there
exists do € (0, 7)) such that
w(dg) < v* —gq.

We put
0= min{éo,min{TkJrl —T1x: k€ Z}}
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and consider ¢,t’ € R satisfying 0 < ¢/ —¢ < §. There exists a unique k& € 7 such
that ¢/ € (Tk,Tk+1>. Ife > Tk,then Tk S <t<t' < Tk+1 and

6D TW) =T = [ T =IO -0+ [ T -Tio)ds,

which, by virtue of (3.3), yields

ID(t) = D(t)] > [D°(0)](¢ — 1) — w(t' — 1) / ds > (v —w(0))(t' — 1) > q(t! — ¢).

If t < 7k, then 741 <t < 7, < t' < Tk4+1 and consequently

(3.8) T(#) —T(t) = /t " sy ds + / I(s) ds
1m0+ [ () - T ) ds

t/

+ T ()t — ) + / (TY(s) — Ti(ry)) ds

Tk

(- e+ R ) -

v —t v
n / P ()~ T () ds + [ i) - i) s

k

which, by virtue of (3.2), implies

ID(t) = ()] > () [(#' — ) — w( k—t/ ds — w t—rk/ ds
> (0" —w(o))(t — ) > gt — 1),

Analogously, the same result can be established in the case 0 < ¢ —t' < ¢ and it is
evidently valid for ¢ = ¢’. Hence,

[t =t <6 = [T(t) - T () > qlt — ']

This is equivalent to (3.5) if we take into account (3.1). We see that ¢ € Q.
In order to prove the inclusion @ C (0,v*), we prove the following equivalent
statement:

q¢(0,0") =q¢Q.
If ¢ <0, then g € @ holds trivially. Let ¢ > v*. We show that

(3.9) (VO €(0,5T) At,t' €R): [t —'| <ON[D(E) —T(t)] < qlt — '],
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because it is equivalent to ¢ ¢ @ due to (3.1). There exists £ > 0 such that v*+¢ < ¢
and, according to (3.6), there exists d; > 0 such that w(d;) < €. We denote by ¢*
an arbitrary real number satisfying |T'°(¢*)| = v*. Then there exists a unique k € 7
such that t* € (75, Thg1). Now let § € (0, 17). If t* > 74, we put

c:=min{d, 0,741 — t*}, t:=1% ' :=1t"+c

Then 7, < t <t < 7i11. Consequently, (3.7) and (3.4) imply

IT(t) =T < @) —t) +w(t' — 1) /t’ ds
< (W +w(6))(t —t) < (v* jra)(t’ —t) < q(t' —1).
If t* = 71, we put
c:=min{0, 1, Tk41 — Ths Tk — Th1}, t: =Tk —c(l1—85.), t =Tk +csy,.

Then Thk—1 < t < Tk < t < Tk+1 and

(1_15’—7'

t'—
" tk BT () = (1= 87 )T (7h) + 87, T (12) = T° (7).

t—t

)T () +

This identity and (3.8) imply

¢

IT(t) —T)| < IT°(m)|(t — t) + w(T — 1) /tTk ds +w(t' — Tk)/ ds

k

< (W 4+ w())t —t) < (W +e)(t' —t) <q(t' —1).

The proof of (3.9) and thus the whole proof is complete. O

The main result of this section is presented by the following theorem that contains
two important estimates.

Theorem 2. There exist g € Q and A € (0, %T} such that for every A € (0, A)
and t,t’ € R we have

(3.10) [t—t|<A=|T(t)-T{) [t -],
t/

| >q
(3.11) ALt=t|< 3T = |T(t) —=T(t") > ¢

>

Proof. The set ) is non-empty by Lemma 3. Let us consider an arbitrary
q € Q. Then there exists § € (0,37) satisfying (3.5) and, according to Lemma 2,
the number

c=min{r(s): § <s< 3T}

1
2
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exists and is positive. We set
A =min{é, ¢}.

Now let A € (0,A) and t,#' € R. Then (3.10) as well as

A<t —t] <5 = [(t) ~ T()] > qlt — #] > gA.
5 <t~ 1] < 3T = [T(t) ~ T()] > ¢ > gA > A
follow from (3.5) and (3.1). The last two implications yield (3.11). O

Remark 5. A function ! that is piecewise linear on [I'] with respect to a parti-
tion P = {I} };’!01 is Dini continuous, because

wi(s) < Ksup{|t —t'|: |T(t) = T(#")] < s} < —s, se€(0, A),

==

due to Lemma 1 and (3.10).

4. CONVERGENCE

In this section we consider a Dini continuous function g: [I'] — C, the quantity V'
from Remark 2 and numbers ¢, A from Theorem 2. Further, We consider a fixed
€ (0,1) and denote by & the set of all partitions P = {I}}7", ! such that

tj+1—tj>MV(P), j=0,...,m—1,

with
1/(77) = max{tjﬂ — tj3 0 é] <m— 1}

For any 7 € (0,400) we set

1 v
A(T) = wgor (57) * 3 waor(7),

B(r) = ﬂ(/o Woor(s) 4 ¢ iwgop(ﬂ +2A(T)(1né 22 ))

q S

Lemma 4. Let P € & and v(P) < A. Then for every z € [I'] we have

(4.1) (g — gp)(2)] < «4(1/(7’)),
(4.2) /F(g—gp)(éz_ig gp)( dg‘ < Bw(P)).
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Proof. According to (3.10), for every j € {0,...,m — 1} we have

gr(zj41) — gp(2j) ‘ _ ‘9 (tj+1)) — Q(F(tj))‘ < wgor (tj+1 — t5) < WgoF(V(P)).
Zj+1 = Zj [(tj41) — () q(tj1 —t;) quv(P)
Then
V max ‘gP(Zj-H) _QP(ZJ‘)‘ < Vwgor (v(P))
0<j<m—1 Zjt1 — Zj = quu(P)

and from Lemma 1 it follows that

Vwgor (v(P))

(4.3) lgp(T(t)) — gp(T(t))] < o (P)

[t—1t|, tt eR.

Now let z € [I']. There exists a unique t € (to,t,) such that z = I'(¢) and there
exists a unique j € {0,...,m—1} such that ¢ € (¢;,¢;41). Without loss of generality,
let us suppose that t —t; < $(tj41 — t;) (otherwise, we consider ;1 instead of ¢; in
the following computation). If we make use of (4.3), we obtain

(g = gp)(2)] = l9(T (@) = g(I'(;)) + gp(T(t;)) — gr(L'(?))]

<lg(T@) = g@(E)) + lgr(T'(E5)) — gp(T(1))]

< wgorlt — 1) V“’;;f,i;f” (t 1))

+
wgor( ) + ngor (P)) = A(v(P)),

so that (4.1) holds. We set

Lo = L= )T0) = G g EO

It is clear that

wa /F (g— gp>(<2 ~o =) dc‘ *TZ * L) ds
Consequently,
/ T pas< Y / ) lg(T(s)) — g(P(D)] +lgp(T(s) ~ gp (T |
. Sq st
Vv t+v(P) Wgo (3 — t) ngo (V(P)) t+v(P)

<§</t peranl A q/j/(?’) /t ds>
4 v(P) Wgor () %
— E(/0 Td8+ ﬁwgol—‘(y(,])))
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by (3.10) and (4.3),

/t+A Lis)ds < v /t+A [(g — gp)(T'(9))] —_kL(g —gp)(T(1))] ds
t+v(P) 4 Jitv(P) s

by (3.10) and (4.1),

t+T/2 VoottT/2
/ L(s)ds < —
t+A qA Ji+A

< %A(V(P))(QQ -1)

(g = gp)(T(s))| + (g — gp)(T'(1))]) ds

by (3.11) and(4.1), so that f:+T/2 L(s)ds < 1B(v(P)). Similarly, we can ob-
tain ftt_T/Q L(s)ds < $B(v(P)). Then the inequalities (4.4) and j;tjg//; L(s)ds <
B(v(P)) imply (4.2). O

The main statement of this article follows. It provides a generalization of Theo-

rem 1 and Remark 4.

Theorem 3. Let g: [I'] — C be a Dini continuous function satisfying

1
(4.5) limsup wg(7)In — = 0.
710 T

Then (1712%110 ¢ (gp) = € (g) uniformly on QU [I7.
Pe»

Proof. Since g is Dini continuous, the integral

9(¢) —g(2)
/F S

absolutely converges for every z € [[']. Then from [6, p. 191] it follows that

(46) @6 =g+ o [ L9 g se

Let P € £ be given. The function gp is Dini continuous by Remark 5 and thus
(4.6) remains valid if we replace g by gp. Then

G (9)(z) =€ (9r)(2)

_ L [ (g—9r)() — (g —gr)(2)
—(g—gp)(z)wLZ—m/F L & P2 A¢, zeln).
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Let us assume that v(P) < A. Lemma 4 says that

€7 (9)(2) = € (9p)(2)] < AWP)) + 5-Bw(P))

for any z € [I']. According to the maximum modulus principle for holomorphic
functions, the same holds for any z € Q U [I']. Now it is sufficient to prove that
liﬁ}(A(T) + £B(7)) = 0. It is clear that 11?01 A(T) = 0. Since wgor(7) < wy(VT) for

every 7 € (0,400), we obtain

lim Mdsgnm/ Mds:lim/ “’—(S)ds=o,
710 0 S 710 0 S 710 0 S

. 1 . 1 ) 1
17}%1 wgor (7) In - < 17}%1 wy(VT)In - = 1:% wy(VT) (ln V+1In W)

. 1
= 17}?01009(‘/7') In T 0

by virtue of (2.1), (2.2), and (4.5). Obviously, both limits on the left-hand side are
equal to zero, so that liﬁ)l %B(T) =0. O
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