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Abstract

In this paper we investigate the existence of solutions for the initial
value problems (IVP for short), for a class of implicit impulsive hyperbolic
differential equations by using the lower and upper solutions method com-
bined with Schauder’s fixed point theorem.

Key words: partial hyperbolic differential equation, fractional or-
der, left-sided mixed, Riemann-Liouville integral, mixed regularized
derivative, impulse, upper solution, lower solution, fixed point

2000 Mathematics Subject Classification: 26A33

1 Introduction

The subject of fractional calculus is as old as the differential calculus since, start-
ing from some speculations of G. W. Leibniz (1697) and L. Euler (1730), it has
been developed up to nowadays. We can find numerous applications in rheology,
control, porous media, viscoelasticity, electrochemistry, electromagnetism, etc.
[17, 19, 24, 25, 27]. There has been a significant development in ordinary and
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partial fractional differential equations in recent years; see the monographs of
Abbas et al. [7], Kilbas et al. [20], Miller and Ross [26], Samko et al. [30], the
papers of Abbas et al. [1, 2, 3, 4, 6, 8, 9], Agarwal et al. [10], Belarbi et al. [11],
Benchohra et al. [12, 13, 15], Diethelm [16], Kilbas and Marzan [21], Mainardi
[24], [29], Podlubny et al. [29], Stanék [31], Vityuk [32], Vityuk and Golushkov
[33], Vityuk and Mykhailenko [34, 35], and the references therein.

There has been a significant development in impulse theory in recent years,
especially in the area of impulsive differential equations with fixed moments;
see the monographs of Benchohra et al. [14], and Lakshmikantham et al. [22].
Recently some results on the Darboux problem for fractional order impulsive
hyperbolic differential equations and inclusions have been obtained by Abbas et
al. [1, 4, 5, 6].

The method of upper and lower solutions plays an important role in the
investigation of solutions for differential and partial differential equations and
inclusions. We refer to the monographs by Benchohra et al. [14], and the papers
of Lakshmikantham and Pandit [23], Pandit [28] and the references cited therein.
In [3, 4, 5] the authors applied the method of upper and lower solutions for some
classes of Darboux problem for hyperbolic fractional order differential equations
and inclusions.

In the present article we are concerning by the existence of solutions to
fractional order IVP for the system

Egku(x,y) = f(x,y,u(%y),ﬁgku(x,y)); if (z,y) € Jg, k=0,...,m, (1)

u(a:‘,:,y) = u(a;,:,y) +Ik(u($1;al/))§ ify € [07b]’ k=1,....,m, (2)

u(z,0) = p(x); = €[0,d],

u(0,y) = (y); y € (0,0, 3)

¢(0) = 9(0),
where Jy = [0,21] x [0,b], Jr := (zk,zr41] X [0,0]; & = 1,...,m, a,b > 0,
0 = (2x,0); k = 0,...,m, De is the mixed regularized derlvatlve of order
r = (ry,r2) € (0,1] x 0,1] O—xo <rp < < Ty < Tpy1 = a, frJ X R X
R™ — R™, J = [0,a] x [0,b], I,: R™ — R", k = 1,...,m are given functions,

¢: [0,a] — R™ and 1: [0, 0] —> R™ are given absolutely continuous functions.
Here u(zy,y) and u(x,y) denote the right and left limits of u(z,y) at x = xy,
respectively.

In this paper we initiate the application of the method of upper and lower
solutions for impulsive hyperbolic implicit differential equations. These results
are based on Schauder’s fixed point theorem [18].

2 Preliminaries

In this section, we introduce notations, definitions, and preliminary facts which
are used throughout this paper. By C(J) we denote the Banach space of all
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continuous functions from J into R™ with the norm

[wlleo = sup fw(z,y)ll,
z,y)€J
where ||.|| denotes a suitable complete norm on R™. As usual, by AC(J) we

denote the space of absolutely continuous functions from .J into R™ and L!(J)
is the space of Lebegue-integrable functions w: J — R™ with the norm

a rb
ol = / / (e, y)| dyd.
0J0

Definition 2.1 [20, 30] Let a € (0,00) and u € L*(J). The partial Riemann—
Liouville integral of order « of u(x,y) with respect to z is defined by the ex-
pression

13, u(z, y) = ﬁ / "l — ) Vus,y) ds,

for almost all z € [0, a] and almost all y € [0, b],

where I'(.) is the (Euler’s) Gamma function defined by I'(¢) = [~ ¢* te™" dt;
¢>0.

Analogously, we define the integral

1§ u / u(z, s) ds,

for almost all z € [ a] and almost all y € [0, b].

Definition 2.2 [20, 30] Let o € (0,1] and v € L*(J). The Riemann-Liouville
fractional derivative of order « of u(x,y) with respect to x is defined by

0
D§ u)(x,y) = =—I; - “u(z,y), for almost all 2 € [0, a] and almost ally € [0, b].
0,z 633 0,z
Analogously, we define the derivative

0
(Dgyu)(w,y) = a—y[&;“u(w, y), for almost all z € [0, a] and almost ally € [0, b].

Definition 2.3 [20, 30] Let a € (0,1] and u € L*(J). The Caputo fractional
derivative of order « of u(z,y) with respect to x is defined by the expression

0
Dy pu(r,y) = I&;a%u(m,y), for almost all x € [0, a] and almost all y € [0, b].

Analogously, we define the derivative

Dy u(z,y) = I3 yaaa u(z,y), for almost all x € [0, a] and almost all y € [0, b].
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Definition 2.4 [33] Let r = (r1,72) € (0,00)x(0,00), 8 = (0,0) and u € L*(J).
The left-sided mixed Riemann—Liouville integral of order r of u is defined by

(Igu)(z,y) = m /Ow/oy(x —8)" 7y — t)"2 (s, t) dtds.

In particular,

T ry
Tw)(2,9) = u(zy),  (§u)(y) = / / u(s, £) dds;
0J0
for almost all (z,y) € J,

where 0 = (1,1). For instance, Iju exists for all 1,72 € (0,00), when u € L*(J).
Note also that when v € C(J), then (Iju) € C(J), moreover

(Igu)(z,0) = (Igu)(0,y) =0; =z €[0,a], y € [0,d].
Example 2.5 Let \,w € (—1,00) and r = (r1,72) € (0,00) x (0,00), then

ng)\yw _ F(l + )‘)P(l + U‘)) x)\+r1

= “*r2 - for almost all eJ
T AT (0T w ) Yy , for almost all (z,y)

By 1 —r we mean (1 —ry,1 —1r3) € [0,1) x [0,1). Denote by Dgy = %;,’
the mixed second order partial derivative. (

Definition 2.6 [33] Let » € (0,1] x (0,1] and v € L'(J). The mixed frac-
tional Riemann—Liouville derivative of order r of w is defined by the expression
Dyu(z,y) = (Df,yfgf’“u)(x, y) and the Caputo fractional-order derivative of or-
der r of u is defined by the expression “Dju(z,y) = (I;_TDgyu)(a:, Y).

The case 0 = (1, 1) is included and we have
(Dfu)(w,y) = (“Dfu)(z,y) = (D3 u)(x,y), for almost all (z,y) € J.
Example 2.7 Let \,w € (—1,00) and r = (r1,72) € (0,1] x (0, 1], then

B (1 + M1+ w)
T T4 AT (14w — 1)

2Ty for almost all (z,y) € J.

Definition 2.8 [35] For a function u: J — R"™, we set

q(z,y) = u(z,y) — u(z,0) - u(0,y) + u(0,0).

By the mixed regularized derivative of order r = (r1,72) € (0,1] x (0,1] of a
function u(zx,y), we name the function

Dyu(z,y) = Dyq(z,y).
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The function .
DOTxu(x7 y) = Dg,lr [U(SE, y) - U(Oa y)]a
is called the partial r1-order regularized derivative of the function u(z,y): J —
R™ with respect to the variable x. Analogously, we define the derivative

ﬁg?yu(x,y) = Dgfy [u(z,y) — u(z, 0)].

Let a; € [0,a], 27 = (a1,0) € J, J. = (a1,a] x [0,b], 71,72 > 0 and
r = (r1,r2). For u € L(J,,R"), the expression

T _ 1 ‘ Y Tr—s r1—1 _ rgflu s S
I2) = i L [ =7 =07 dus,

is called the left-sided mixed Riemann—Liouville integral of order r of u.

Definition 2.9 [33]. For u € L'(J,,R") where D u is Lebesque integrable
on [z, xr4+1] X [0,b], k = 0,...,m, the Caputo fractional-order derivative of
order 7 of u is defined by the expression (°D7, f)(x,y) = (I;jTDiyf)(a:,y).
The Riemann-Liouville fractional-order derivative of order r of u is defined by

(DLy ) (@, y) = (D3, L7 ), y)-
Analogously, we define the derivatives

5Z+u($7y) = DZJrQ(]"vy)a
Ezll,zu(xvy) = Dgi,z[u(xvy) - u(O,y)],

and -
D,. yu(x,y) = D2 [u(z,y) — u(z,0)].

a1,y

3 Existence of solutions
To define the solutions of problems (1)—(3), we shall consider the space

PC(J) :{u: J=oR":uelC(Jg); k=0,1,...,m, and
there exist u(z) ,y) and u(x}l‘,y); k=1,...,m,

with u(z,,y) = u(wk, y) for each y € [0,5]}.
This set is a Banach space with the norm

[ullpc = sup |lu(z,y)|.
(z,y)eT

Definition 3.1 A function u € PC(J) N\ Uj—o C*((xk, zx+1) x [0,b]) such that
u, EZLEU, E;iwu, 5gku; k = 0,...,m, are continuous on J; and I;I:ru €
AC/(Jy) is said to be a solution of (1)—(3) if u satisfies equation (1) on Ji, and

conditions (2), (3) are satisfied.



10 Said Abbas, Mouffak Benchohra

Let z, z € C(J) be such that

Z(xvy) = (Zl(‘r?y)sz(xay)v' . .,zn(az,y)); (xay) € J7
and
Z(xvy) = (zl(xvy)sz(xay)v' . .,Zn(x,y)); (xay) € J
The notation z < z means that
Zi(xvy)§27(x7y)7 7::].,...,717

and

max z(z,y):= max z(z,y), max zx(x,y),..., max z,(z, .
Jax 2(@,y) ((z,weJ 1(@y), max 25(@,y),..., max zn( y))

Definition 3.2 A function z € PC(J) U C*((wk, zk41) X [0,0]) is said to
be a lower solution of (1)—(3) if z satisfies

The function z is said to be an upper solution of (1)—(3) if the reversed inequal-
ities hold.

For the existence of solutions for the problem (1)—(3) we need the following
lemmas

Lemma 3.3 [35] Let a function f: J x R™ x R" — R™ be continuous. Then
problem

Dy, u(x,y) = f(z,y,u(x,y), Dy,u(x,y); if (x,y) € J:=1[0,a] x [0,0], (4)
U(IE,O) = QD(SC); HARS] [O,CL],
0,y) = ¥(y); y €[0,0], (5)

is equivalent to the equation
9(z,y) = f(z,y, u(x,y) + Iy, 9(x,y), 9(z,9)), (6)
and if g € C(J) is the solution of (6), then u(z,y) = p(z,y) + Iy g(x,y), where

w(w,y) = o(x) +P(y) — ¢(0).
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Lemma 3.4 [6] Let 0 < r1,79 < 1 and let h: J — R™ be continuous. A func-
tion u € PC(J) is a solution of the fractional integral equation

ul,y) + F(H)F T2) // )" (y — )7 h(s, 1) dtds;
if (z,y) € [0,24] x

k
e yHZ(I-( (27,9)) — Li(u(@;,0)))
7ﬂl)ll—\ r2 Z/ / r1 1 _t)rzflh(&t) dtds

F Tl)IF(TQ / / ) 1 . t)rz—lh(&t) dtds:
if (z,y) € (g, zpp1] X [0,0], kB =1,.

u(z,y) =

(7)

if and only if u is a solution of the fractional IVP
cngu(xvy) = h(xvy)v ( ) € Jka k= 0 (8)
el y) = u(wg,y) + L(u(eg,v); y € 0,8, k= - (9)

By Lemmas 3.3 and 3.4, we have

Lemma 3.5 Let a function f: JxR"xR"™ — R" be continuous. Then problem
(1)—(3) 1is equivalent to the problem of the solution of the equation

9(,y) = f(2,9,£(,v), 9(x,v)), (10)
where
#l o)+ F(n)F ) / / )"y — 1) g(s, t) dtds;
if (z,y) € [0, z1] x
k
y)+ ) Liu(a;,y) = Li(u(z;,0)))
§($7y) = i=1

1 1 -1
E ) — )" t) dtd
Tl)r TQ / / ) 9(87 ) S

F(rl)lr( / / x—8)" " 1 t)rzilg(s,t) dtds;
if (z,y) € ($k7$k+1] [0,0], k=1,.

p(z,y) = (@) +9(y) — ¢(0).
And if g € C(J) is the solution of (10), then u(x,y) = &(z,y).
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Further, we present conditions for the existence of solutions of problem
(1)-(3).
Theorem 3.6 Assume

(Hy) The function f: J x R™ x R" — R"™ is continuous,

(Hs) There exist v and w € PC(\C'((zg, zk+1) % [0,0]), k = 0,...,m lower
and upper solutions for the problem (1)—(3) such that v < w,

(H3) The functions I,: R™ — R™; k = 1,...,m are continuous and for each
y € [0,b], we have
v(z,y) < min I (u) < max I (u) < w(zf,y),
u€lv(z, ,y)w(zy ,y)] u€lv(zy ,y),w(zy ,y)]
k=1,...,m.

Then the problem (1)—(3) has at least one solution u such that
v(z,y) <u(z,y) <Sw(z,y);  forall (z,y) € J.

Proof Transform the problem (1)—(3) into a fixed point problem. Consider
the following modified problem,

Dy, u(z,y) = g(z,y); if (x,y) € Jp; k=0,...,m, (11)

u(zl,y) = u(zy,y) + Le(h(xy, y,u(zy ,y)); ifyel0,b; k=1,...,m, (12)
u(m,O) = <p($), u(07y) = w<y)7 MRS [O,G], RS [07b]’ (13)
where g € C(J) such that for each (z,y) € J
g(xvy) = f(a:,y, h(Jf, y,u(a:,y)),ﬁgkh(x,y, u(x7y)))7 k=0,...,m,
and
h(z,y, u(z,y)) = max{v(z, y), min{u(z, y), w(z,y) }}.

A solution to (11)—(13) is a fixed point of the operator N: PC(J) — PC(J)
defined by,

N(u)(z,y) = pla,y) + Y Te(hlzy, y,uzy,y) — Le(h(zy,0,u(zy, 0))))

O<zp<z

; o yx _87‘171 _ \re—1 s s
tiporg. 2 [ et -yt i

O<zp<x

1 Ty Ly _ ety .
+m/xk/o(w—s) (y —t)"2"Lg(s,t) dtds.

Notice that g is a continuous function, and from (Hs) there exists M > 0 such
that
llg(z,y)|| < M, for each (z,y) € J. (14)



Upper and lower solutions method for Darboux problem. . . 13

Also, by the definition of h and from (H3) we have
U(J?Z_,y) Slk(h(ajk7y7u($kay>)) Sw(xz_vy)v Yy e [O7b}’ k= 17"'7m7 (15)
Set

2Ma™ b
F(Tl + ].)F(T‘Q + ].)7

1= llloe +237 max (oG, )l ol )l +
k=1 ’

and
D ={ue PC(J): |lullpc < n}.

Clearly D is a closed convex subset of PC(J) and that N maps D into D. We
shall show that N satisfies the assumptions of Schauder’s fixed point theorem
[18]. The proof will be given in several steps.

Step 1: N is continuous.
Let {u,}nen be a sequence such that w, — w in D. Then, for each (z,y) € J,
we have

< (Ilfk(h(fl?;»%un(fE;Z»y)))) — I (h(zy, y, ulz, )l
k=1

+ (A7 0, un (@, 0)) = (b, 0, u(er, 0)))

T o L ) T 0 o) — ol s
k=1"YTk-1

* Tt . I /< =)y = 72 gals,t) — 9(s.8) deds,  (16)

where g,,g € C(J) such that
gn(@,y) = f(2,y, h(z,y, un(2,y)), Dy Mz, y,un(z,y))); k=0,...,m,
and
g(@,y) = f(z,y, h(z,y, u(x,y)), Dy bz, y,u(z,y))); k=0,...,m.
Since u,, — © as n — oo and f, h are continuous functions, we get
gn(z,y) = g(z,y) as n — oo, for each (z,y) € J.
Also Iy; k=1,...,m are continuous functions. Hence, (16) gives
IN(un) — N(u)||lpc =0 asn— oo.

Step 2: N(D) is bounded.
This is clear since N(D) C D and D is bounded.
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Step 3: N(D) is equicontinuous.
Let (11,91), (12,y2) € J, 1 < 72 and y; < y2 and let u € D. Then

[N (u)(72,92) = N(u)(r1, y1)l| < (71, 91) — w72, y2) ||

=S | By ue 5) = T o, (o ))|
k=1

1 Tk Y1 ri—1 _ p\re—1_ _ p\re—1 s s
+mkz/m“/o(xk—s) [(y2 =) (g1 =) "llg(s, 1) ded

=1
1

m T Y2
+ / / (x — 8) " Hya — )27 g(s, t)||dtds
e = ), ) Y2 lg(s, 1)

+ m /071/0111[(72 B 5)r171(y2 B t)rzfl —(m — S)rlfl(yl . t)T271]
x |lg(s, t)|| dtds

1 T2 Y2 - -
+ - T — g) e s.0)|| dtds
e /. / (72 =)™ g2 = ) lg(s.0)|
+ 1 /Tl/y2( )Tlfl( t)T2,1H ( t)”dtd
T(r1)T(r2) -8 - S, S
Lro)C(re) Jo Jo, 2 Y2 g
1 T2 (Y1 . B
+ — To — g)"1 — " S,t dtds,
T(r1)T(rs) /71/0 (72 ) (y2 — 1) llg(s, D)l
where g € C(J) such that
o(@.9) = f(e.. by u(z.). Dy by u(e. ) £=0.....m.
Then,

[N (u)(72,y2) = N(u) (1, y0)ll < (e, m1) — w72, 92)|

- zm: Hlk(h(a?;,y17u(x;}y1))) - Ik(h(wi’yz»u(wi»yz)))H
k=1

M o vt ri—1 _op\re—1 _ p\r2—1 S
+ W;/x“/o (zr —8)" " (y2 — 1) (y1 — )™= "]dtd

1
M N / -1 -1
+ (zp —8)" 7 (y2 — 1) dtds
F(TI)F<T2) k=1 Te—1 Y1
TR - /n/yl[(f — )1 gy — )72 — (71 — )Y (g — £ deds
T(roT(ra) Jo Jo =" ? ' '
M T2 Y2
+ Ty —g)T1 71 2" dtds
F(’I’l)F(T‘Q) [_1 " ( 2 ) (y )
M e 1 1
+ Ty — 85) t)27 " dtds
F(Tl)F(TQ) /0 /y1 ( 2 ) (y2 )
Y1
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Thus,
[N (u)(72,y2) = N(u) (11, y)l| < [lp(m1, 1) — (72, y2) |
+ Z e (M, yr, u(ay 1)) — Te(h(xy, g2, u(zy , y2)))||
k=1
* I+ rlz)ﬂg(l +12) 2y5° (12 = 71)"™ + 275" (Y2 — 41)"™
+ 1Y = Tt yst = 2(e — ) (Y2 — y1) P
Since the functions u, h and Ix; & = 1,...,m are continuous, then; for any

€ > 0, there exists § > 0, such that max{rs — 71,y2 — y1} < ¢ implies
€
o)

lia(rr. ) = mlra, o)l < 5

S [ttt o)) — el o )| <
k=1

and

T1,,T2

’2y§2(72 =7)" 215 (Y2 —y1)"? Y = Tty = 2(me — ) (2 —yn)"™

- eL(1+7r)D(1 +79)
6M

Hence, for any € > 0, there exists § > 0, such that max{m — 7,92 —y1} < d
implies

[V (w)(T2, y2) — N(uw)(m1,91)[| < e

As a consequence of Steps 1 to 3 together with the Arzeld—Ascoli theorem, we
can conclude that N: D — D is continuous and compact. From an application
of Schauder’s theorem [18], we deduce that N has a fixed point u which is a
solution of the problem (11)—(13).

Step 4: The solution u of (11)—-(13) satisfies

v(z,y) < ulz,y) <w(z,y); forall (z,y) € J.
Let u be the above solution to (11)—(13). We prove that
u(z,y) <w(z,y) forall (z,y) € J.

Assume that © — w attains a positive maximum on [z, zx11] X [0, ] at (T, ) €
[k, Tr41] X [0, b] for some k =0, ..., m, that is,

(u—w)(Tx, ) = max{u(z,y) —w(z,y) : (2,y) € [z, Trsa] X [0,6]} >0,

for some k =0,...,m.

We distinguish the following cases.
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Case 1. If (ZTy,Y) € (xk, Tr+1) %[0, b] there exists (z},y*) € (g, zr+1) %[0, D]
such that

[u(z, y*) = wlz,y*)] + [ule}, y) —weg,y)] - [w(@g, y7) —w(ag, y)] < 0;
for all (z,y) € ([zf, 7] x {y"}) U ({3} < [y",0]), (17)
and
u(z,y) —w(z,y) > 0; forall (z,y) € (zf, zx] x (y",b]. (18)
By the definition of h one has
Dy, u(x,y) = g(z,y); for all (z,y) € [z}, Ta] x [y*, ], (19)
where 6} = (2},0) and
9(x,y) = f(a,y,w(z,y), Dgyw(z,y)); for all (z,y) € [w}, T] x [y, b].
An integration of (19) on [z}, z] X [y*,y] for each (z,y) € [z}, T] X [y*, b] yields

(af y) +ulrp,y") —ulz,y") —ulzg,y)

= // Y=ty — )2 g (s, t) dtds. (20)
7‘1 7“2

From (20) and using the fact that w is an upper solution to (1)—(3) we get
’U,(J,‘, y)+u(mlt7 y*) —u(a?, y*) —’U,(LEZ, y) < U)(l‘, y)+w(x;;7 y*) —IU(QT, y*) —UJ(JJZ, y)a
which gives,
< [uz,y*) —w(e, y)] + [ulag, y) — wizg, y)] — [ulel, y*) —w(ag, y)] (21)
Thus from (17), (18) and (21) we obtain the contradiction
0< [u(xa y) - U/(l’,y)]
for all (z,y) € [z}, Tk] X [y",b].
Case 2. If 7, = x¢, k=1,...,m, then
w(y,y) < I(h(zy, ulwy,9)) < wlzg, ),
which is a contradiction. Thus
u(z,y) <w(z,y), forall (x,y)e J
Analogously, we can prove that
u(z,y) > v(x,y), forall (x,y) € J.

This shows that the problem (11)—(13) has a solution u satisfying v < u < w
which is solution of (1)—(3). O
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