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Witt algebra and the curvature of the Heisenberg
group

Zoltan Muzsnay, Péter T. Nagy

Abstract. The aim of this paper is to determine explicitly the algebraic
structure of the curvature algebra of the 3-dimensional Heisenberg group
with left invariant cubic metric. We show, that this curvature algebra is an
infinite dimensional graded Lie subalgebra of the generalized Witt algebra
of homogeneous vector fields generated by three elements.

1 Introduction

The notion of curvature algebra of a Finsler manifold is introduced in a previous
paper [4] of the authors and it is proved that this algebra is tangent to the holon-
omy group. This property used for the proof that the holonomy group of Finsler
manifolds of constant non-zero curvature cannot be a compact Lie group, if the
dimension of the manifold is greater than 2. The 3-dimensional Heisenberg group
with left invariant cubic metric was given as an example of Finsler manifolds having
infinite dimensional curvature algebra and holonomy group. The aim of this paper
is to describe explicitly the algebraic structure of this curvature algebra. We show,
that it is a filtered subalgebra of the generalized Witt algebra of Laurent polyno-
mial vector fields defined on a 3-dimensional vector space, which is generated by
three elements. We determine the generators of the curvature algebra in this Witt
algebra.

2 Preliminaries

Generalized Witt algebras

Let A be an abelian group, F be a field with char(F) = 0 and T a vector space
over F. The group algebra FA of A over F generated by the basis elements ¢/,

J € A, and the multiplication of FA is defined by ¢/t% = t/*X_ The unit of FA is
the element 1 = ¢Y.
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Let us consider the tensor product
W =FA®p T = Spang {t' ®0|J € A,0 € T}.

The element of W is also denoted as t/9 := t’ @ 9. Now, if a given map (9, J) —
d(J): T®A — I is F-linear in the first variable and additive in the second variable,
then the bracket

[t701,t5 o) := t7HE(91(K)0y — Do())01),  J K€ A, ,0,€T, (1)

defines an infinite dimensional Lie algebra on the tensor product W. The Lie
algebra W with the Lie multiplication (1) is called a generalized Witt algebra over
the vector space T graded by the abelian group A.

Witt algebra W,,(F) over the vector space F™

If A is the additive group of Z" with n > 0, then the group algebra F A is isomorphic
to the Laurent polynomial algebra ]F[tlil, ..,tF over F. For an n-tuple J =
(1, -+, n) EZ™ we write t7 = t]f -+ tin. Let T be the linear span T = &7, F9; of
the operators 0; = ti%. If the map (9, J) — 0(J) : T ® A — F satisfies 0,(J) = j;
then the corresponding generalized Witt algebra W =: W,,(F) can be identified
with the Lie algebra Derg(F[tT!, ..., tF']) of derivations of the Laurent polynomial

algebra F[tlﬁ, ...t over F, consisting of the Laurent polynomial vector fields
W58 = Wit o juid) = 0t
) ) yJno 1 n Z@tﬁ
where (t1,...,t,) € F" are the canonical coordinates in F" (c.f. [2], [1]). A Lie

algebra isomorphic to the Lie algebra W, (F) of Laurent polynomial vector fields is
called Witt algebra over the vector space F".

Lie subalgebras of W,,(F)

Let w: Z"! — Z be an additive map. We consider the linear subspace W, of the
Witt algebra W, (F) generated by the basis consisting of the elements

w(k;1) = w(k,w(k);i)

with kK = (k1,...,kp—1) € Z™ and i € {1,...,n}. The Lie multiplication of W, (F)
induces a Lie multiplication

[w(r32), w(X; )] = [w(k,w(k);i), w(Aw(N):])]
on W, which makes it a Lie subalgebra of W,,(F).
Definition 1. If F = R and w(k) = —(k1 + -+ + kn—1), then we denote the corres-

ponding Lie algebra by W2(R), and W?(R) C W,,(R) will be called the Lie algebra
of homogeneous vector fields on the vector space R™.
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3 Curvature algebra of Finsler manifolds

A Finsler manifold (M,F) is a pair of an n-dimensional manifold M and of a
continuous function F: TM — R is (called Finsler functional) defined on the
tangent bundle of M, smooth on TM := TM\{0} and for any & € M the restriction
Fz = Fly, a of F to the tangent space T, M is a 1-homogeneous continuous function
such that for all y € T,M = TM, \{0} the symmetric bilinear form g,: T, M X
T.M — R defined by

10°F2(y + su + tv)
2 Js Ot t=s=0

gy (w,0) = gij(y)u'v’ = (2)
is non-degenerate. (M, F) is called a singular Finsler manifold if the condition (2)
is assumed to be satisfied on an open dense cone in T, M. In the following we will
use the name Finsler manifold also for singular Finsler manifolds.

Geodesics of Finsler manifolds are determined by a system of 2nd order ordinary
differential equation i® + 2G%(x,4) = 0, i = 1,...,n in a local coordinate system.
The functions G*(x,y) are called the spray coefficients belonging to the coordinate
system, which are given by

1 dg; g; _
G'(w,y) = 79" (@ y)@%(x,y)— ag;f(x,y))yjy’“-

A vector field X (t) is parallel along a curve ¢(t) if and only if it is a solution of the
differential equation

dxi(t) . . 0
éXt::( T (c(t), X (¢ Jt) 0, 3
VeX(0) = (T, X0)E (1) 3)
where F; = ?)(y;; are the parameters of the associated non-linear connection. The

curvature tensor field

rk  ork ork ¥ . ,
R(T,y):<az_ j+F 7—1—‘7’”8 dx1®dx]®i

Oxi Ozt b oym T oym oyk

characterizes the integrability of the horizontal distribution HT'M CTT M , which is
7z, y)Wv t=1,...,n. The indicatrix
M (M,F) at x € M is defined by the hypersurface of TmM.

I M :={yeT,M; Fly)==*1}.
Since the parallel translation 7.: TeyM — To1)M is a differentiable map between
c(O)M and TC(I)M preserving the value of the Finsler functional, it induces a map

721 oy M — JoyM (4)

C

between the indicatrices. The holonomy group Hol, (M) of (M,F) at x € M is
the subgroup of the group of diffeomorphisms Diff(J,M) of the indicatrix J,M
determined by parallel translation of J,M along piece-wise differentiable closed
curves initiated at the point x € M.
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Definition 2. A vector field ¢ € X(3,M) on the indicatrix J, M is called a curvature
vector field of the Finsler manifold (M, F) at x € M, if there exists X,Y € T, M
such that £ = r,(X,Y), where

Ty (X’ Y) (y) = R(z,y) (X7 Y) (5>

The Lie subalgebra R, := (r,(X,Y); X, Y € T, M) of X(J,M) generated by the
curvature vector fields is called the curvature algebra of the Finsler manifold (M, F)
at the point x € M.

The following assertion is proved in [4]:
Theorem The curvature algebra R, of a Finsler manifold (M,F) is tangent to
the holonomy group Hol, (M) for any x € M.

4 Heisenberg group with left invariant cubic metric

The Finsler functional F of a Finsler manifold (M, F) is called cubic metric if it has
the form F(z,y)% = apqr(z)yPy?y", where a,,(z) are components of a symmet-
ric covariant tensor field. The tensor field a;;(x,y) defined by F(z,y)ai;(x,y) =
a;jr(x)y" is called the basic tensor of (M,F). Let us denote

g _ 1 (Oaijr  Oajpr | Oapir  Oayji
{W’T}_z;(axk 0w " 0wd | 0ar )

According to equation (1.6.2.6) in [3], p. 595, the spray coefficients G?(z,y) satisfy
the system of linear equations

3]:(1‘,y)aiT(.’L‘,y)GT(JT,y) = {jklai}yjykyl~ (6)

Let us consider the Heisenberg group Hj consisting of 3 x 3-matrices

1zt 23
r=0 1 2% |, (2'2%2% R
0 0 1

The vector (z1, 22, 23) € R? is the coordinate representation of the element x € Hj.

The unit element of H3 in this coordinate representation is 0 = (0,0,0) € R3 and
the group multiplication has the form

(xl,xQ,x3) ( ’1,x’2,x’3) = (2 a2, 22 a?, x3+x’3+x1x’2,).
The Lie algebra h3 = Ty H3 of H3 has the matrix representation
3
1 0 y2
Y

1
2 0 s 0
Vout TV a2 TV 8 0

o O O

0

The left-invariant Berwald-Modr cubic Finsler functional F (c. f. [5], Example 1.1.5,
p.8) on the Heisenberg group Hj is determined by the function F,: h3 — R sat-
isfying F,(y)® = yly?y3. If y = (y',y? y3) is a tangent vector at = € Hs, then
F(x,y) := F,(x~1y), and hence its coordinate expression is of the form

Flz,y)® =y'y? (v —2'y?) .
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Since F is left-invariant, the associated geometric structures (connection, geodesics,
curvature) are also left-invariant and the curvature algebras at different points are
isomorphic. The coefficients a,q.(z) are the following:

T 1

G122 = G212 = A221 = —51, @123 = G231 = A312 = G321 = Q213 = A132 = 6’
Qi = Qjij = QAjji = 0 with Z,j S {172,3} and (Z,j) 7& (1,2)

Hence the right hand side of (6) gives {jkl, 1}y/y*y! = {jkl, 3}y’ y*y' = 0 and

, 4 3 0ajpa(z) 3 daiza(x) 2 1 42
Gkl — 2 L8R\ gk, 1 2 YOI22\) 12 2 2 12, 2
UkL2YW'y Yy = =5 5=V =557V ¥ 5Y U

The matrix of the basic tensor field a;;(z,y) is

_zto2 1,3 1,2
( y = 1 z! 20 1,3 3yxl+16y ?yl
aij(z,y)) = m Y+ gy -5y Y
’ 1,2 1.1 0

Y Y

This matrix is non-singular on the open dense cone determined by y'y? (y3 —x1y2) #
0 in T, M. In the following we will investigate on this domain. We obtain from
equations (6)

1 1
ngGl(fmy) + —y'G*(z,y) = 0.

6
xt 1 1
(—31/2 + 6313) G*(z,y) + gyzG?’(ﬂ:, y) =0,

1 1
N SR A ] LT 12 113 _ Lo,
( 3 +6y)G(m7y) 3yG(ar7y)+6yG(x,y)— A

The solution yields

. y' %2 " yly?’ : y'y?y? w
G -7 9 @ -_J7 S A A———
(@9) = =50y @Y = sy O @Y = 5 ay Yy

The matrix of the parameters F; of the associated non-linear connection is

1,2 12, 3 12,2
TP —zTy? TP —zly?)? 25 —z1y?)2
. 2 2 2
(T (2, ) = 2 D T
e ) 2= PO
_ i e w1 alyly?
2 —aiy?) Y 205 —z1y2)z Y 2(yS—aly?)?

The derivatives of Fé by 22 and z® vanish, we compute their derivatives by z':

1,22 12 2 3 y12y22
or B T R
A 2 :
I(z,y) | = y2° y' v 3y’ —y’at) _ o yy?
8$1 ) 2(y3_mly2)2 2(y3_zly2)3 (y3_$1y2)3
.
y22 3 y1y2y32 _y1y2 (y3+$1y2)

MW W aiy) 207 —21y7)’
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In the following we put x = 0 and we get

2 2 2 2
y'y? g2 yt?y? _y'y? 'y v y?
Ty 2B 2y32 or v v’ v
. - 3 2 3
(T%) = y2® T i) = ¥ 3y'y? _y'y?
J 2y3 y3 2432 ’ ozl 2932 2 32 y33
2 2
_y Y 0 y? vyttt
2 2 2y3 y3 2y33
Moreover
2 1 1,2 1 12
Y vy Y
X — 3 -3 32 . - ny 0 . 32
ori Y v or} v 2y
1 2 22 2 2 1 1,2
— | = 0 vy , —= | = ¥y oy _yy
oyJ y31 2432 OyJ y“l y3 y3?
0 -3 0 -5 0 0
and ) )
yly? 1 . 1 2
o BT 2452 757
=3 ) = _* ¢ oy
oy’ 2477 e 433
0 0 0

We obtain for 90 — 2LaTy, (a,b) = (1,2), (2.1), (1,3),(3,1), (2,3), (3,2) the fol-

lowing expressions:

2 2
y'y? _Tyty?
ory o rm) — 5 yty?? s 9Ty mm) _ 34192’
Ox2 Oym 2 4 32 ’ Ozt oym 1 2 32 ’
1y'y® 1y'y®
2 y3 2 y3
O §1412:1422
4 y33
art  art mn\ _ 1y'y? ary ok rm) _ | 12
513 dym 3 ) T 2 ¢33 ) ozl dym-1 | — 2 33 ’
712/11/22 1 y1y22
4 y32 _5 y32
3
l yl y2 _l U13y2
2 y33 2 y33
ar} AT +~m\ _ ari ATE +~m ) _ 12, 22
(3903 T oym Is') = 0 ’ d2% Y™ Iy) = gyy%
2
lyl y2 0
4 32

Hence we can obtain the following curvature vector fields on the indicatrix Jo(M)
at z =0:

12 9 _§y12y22 y13y2
Y 3?2J 4 433 433
Y
].]. 1,23 12 22
— 1,22 — Y 1 — 5 2
TO(]-aQ)_ Y y2 ) 7"0(1,3)— Y gs ) 7‘0(2,3)— 7Zy 3%
4 v Y 2 y2
0 lf‘lly2 lyl y2
4 32 4 y32

where we use the notation ro(7, j) = ro (%, %) . These vector fields ry (i, j), i < 7,

1,7 = 1,2, 3 generate the curvature algebra tg at x = 0.
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Let us consider the vector fields
Ak’m<a1,a2,@3) = a1Yk+1’mE1 + G,QYk’nH_lEQ + Clg,Yrk’mE‘g7

defined on h3 = Ty H3, where

0 .
(alaa2;a3)€R37 EZ:@ o’ 1=1,2,3,
and .
1/, 2m
yy
Yk’m = W, k,mGN
Yy

Then the curvature vector fields ro(Z, ), i = 1,2,3 can be written in the form
r0(1,2):%A171(1, —1,0), 7"0(173):%141’2(—5,4, 1), r0(2,3):iA2’1(4, —5,1).
We have that

(AR (a1, as, a3), AP9(by, ba, bs)] = AFTPIT (1 s, ¢5),
where

c1 = b1 ((p + 1)@1 + qas — (p + Q)a3) — ax ((k’ + 1)b1 + le — (k‘ + l)bg)7
c2 =ba(par + (g + V)az — (p+ q)az) — az(kby + (14 1)ba — (k + 1)bs3),
c3 = b3(p6l1 + qasz — (p—|— q— l)ag) — a3(/€b1 + by — (k‘ +1— l)bg).

With these preparations we are able to completely describe the structure of the
curvature algebra of the Heisenberg group as a Lie subalgebra of the Witt algebra
W3 (R). We have the following

Theorem 1. The curvature algebra vy of the Berwald-Modr left-invariant cubic
metric F on the Heisenberg group H3 is isomorphic to the Lie subalgebra Wy, p, ns)
of W9(R) generated by the elements

hi=  @(1,1;1) —w(1,1;2),
he = —=5w(1,2;1) +4w(1,2;2) + w(1,2;3),
hs = 4w(2,1;1) — 5w(2,1;2) + w(2, 1; 3).
In particular, vg is infinite dimensional, and we have the following sequence of Lie

algebras:
to = W<h1,h27h3> - W??(R) - W3(R)'

where W3 (R) is the Lie algebra of homogeneous vector fields and W3(R) is the
Witt algebra of Laurent polynomial vector fields on the vector space hz = R3.
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