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A GENERALIZATION OF THE AUSLANDER TRANSPOSE AND

THE GENERALIZED GORENSTEIN DIMENSION

Yuxian Geng, Changzhou

(Received November 21, 2011)

Abstract. Let R be a left and right Noetherian ring and C a semidualizing R-bimodule.
We introduce a transpose TrcM of an R-module M with respect to C which unifies
the Auslander transpose and Huang’s transpose, see Z.Y.Huang, On a generalization of
the Auslander-Bridger transpose, Comm. Algebra 27 (1999), 5791–5812, in the two-sided
Noetherian setting, and use TrcM to develop further the generalized Gorenstein dimension
with respect to C. Especially, we generalize the Auslander-Bridger formula to the gen-
eralized Gorenstein dimension case. These results extend the corresponding ones on the
Gorenstein dimension obtained by Auslander in M.Auslander, M.Bridger, Stable Module
Theory, Mem. Amer. Math. Soc. vol. 94, Amer. Math. Soc., Providence, RI, 1969.
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1. Introduction and preliminaries

Throughout this paper, unless otherwise specified, R is a left and right Noetherian

ring with identity, all modules under consideration will be assumed finitely generated.

As usual, RM or MR denotes, respectively, a left or right R-module. AddR M

or addR M stands for the category consisting of all R-modules isomorphic to direct

summands of direct or, respectively, finite direct sums of copies of RM . Similarly,

we have the notations AddMR and addMR. When (R, m, k) is a commutative

Noetherian local ring, for an R-module M , we write depthM for the length of max-

imal M -regular sequences in m, i.e., the depth of M , and use freely the formula

This research was partially supported by NSFC (No. 11271275), Natural Science Foun-
dation for Colleges and Universities in Jiangsu Province of China (No. 0KJB110007)
and Natural Science Research Program of Jiangsu University of Technology of China
(No. KYY12041).

143



depthM = min{i : ExtiR(k, M) 6= 0}. General background material can be found in

[1], [4], [5], [14].

We first recall some known notions and facts needed in the sequel.

An R-bimodule C is called semidualizing if

(1) RC and CR are finitely generated;

(2) the natural maps Rop → End(RC) and R → End(CR) are isomorphisms;

(3) ExtiR(C, C) = 0 = ExtiRop(C, C) for all i > 1.

In what follows, C always denotes a semidualizing R-bimodule.

A left R-module M is said to have generalized Gorenstein dimension zero with

respect to C if

(1) M ∼= HomRop(HomR(M, C), C);

(2) ExtiR(M, C) = 0 = ExtiRop(HomR(M, C), C) for all i > 1.

We denote by Gc(R) or Gc(R
op) the class of all left or right R-modules, respec-

tively, having generalized Gorenstein dimension zero with respect to C.

LetW be a class of R-modules andM an R-module. For a non-negative integer n,

M is said to have W-dimension at most n, denoted by W-dimM 6 n, if there is

an exact sequence 0 → Wn → . . . → W1 → W0 → M → 0 with Wi ∈ W for all

0 6 i 6 n.

A left R-module M (non-finitely generated) is called C-Gorenstein projective if

(1) ExtiR(M, C ⊗R P ) = 0 for all projective left R-modules P and i > 1;

(2) there is an exact sequence 0 → M → C ⊗R P0 → C ⊗R P1 → . . . with Pi

projective left R-modules for all i > 0 such that this sequence stays exact when

we apply to it the functor HomR(−, C⊗RQ) for any projective left R-module Q.

Semidualizing modules (i.e., PG-modules of rank one) were first introduced by

Foxby [8] over commutative Noetherian rings, and have been recently defined and

studied by Holm and White over arbitrary associative rings [10]. A semidualizing

module was also called a generalized tilting module in the sense of Wakamatsu [16]

or a faithfully balanced selforthogonal module in [11].

Auslander and Bridger [1] introduced the Gorenstein dimension (abbr. G-dimen-

sion) for finitely generated modules, and proved that, over commutative Noetherian

local rings R, a finitely generated R-module M with finite G-dimension satisfies the

Auslander-Bridger formula: G-dimM + depth M = depth R. Then Auslander and

Reiten [2] generalized the notion of G-dimension to that of generalized Gorenstein

dimension with respect to a semidualizing module C.

Assume that P1
f
→ P0 → M → 0 is a projective resolution of a left R-module M .

Dualizing this sequence by HomR(−, R), the Auslander transpose of M , Tr M , is

defined as coker(HomR(f, R)). It is well known that TrM depends on the choice of
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the projective resolution of M , but it is unique up to projective equivalence. The

Auslander transpose plays a very important role in the representation theory and

Gorenstein dimension theory. Over an artinian algebra Λ, using the minimal projec-

tive resolution of M , replacing the functor HomΛ(−, Λ) by HomΛ(−, C), where C is

a semidualizing Λ-bimodule, Huang [11] introduced and studied TrcM , a transpose

ofM with respect to C. It is the aim of this paper to extend this notion to two-sided

Noetherian rings, which unifies the Auslander transpose and that of Huang, and

use TrcM to develop further the generalized Gorenstein dimension. Especially, we

obtain a generalization of the Auslander-Bridger formula on the generalized Goren-

stein dimension. These results generalize the corresponding ones on the Gorenstein

dimension obtained by Auslander in [1].

In Section 2, for a left R-module M , the notion of a transpose of M with respect

to C, denoted by TrcM , is defined over the left and right Noetherian ring R. It is

shown that TrcM , although depending on the choice of the projective resolution of

M , is unique up to addC-equivalence (Definition 2.1), and that M ∈ Gc(R) if and

only if ExtiR(M, C) = 0 = ExtiRop(TrcM, C) for all i > 1 (Proposition 2.6) if and

only if TrcM ∈ Gc(R
op) (Proposition 2.7). C-Gorenstein projective modules (non-

finitely generated) were first introduced in [9] over commutative Noetherian rings

and then extended to commutative non-Noetherian setting in [17]. Here it is proved

that a finitely generated left R-module M is C-Gorenstein projective if and only if

M ∈ Gc(R) (Proposition 2.8), a result already shown for commutative rings in [17]

with a different proof.

Section 3 is devoted to investigating the generalized Gorenstein dimension under

changes of commutative Noetherian rings. For an R-module M and a non-negative

integer n, it is proved that Gc(R)-dimM 6 n if and only if GcP
(RP )-dimMP 6 n for

all prime (maximal) ideals P (Corollary 3.4), and that Gc/xc(R/xR)-dim(M/xM) 6

Gc(R)-dimM , where x is regular on both R and M ; furthermore, if M has finite

Gc(R)-dimension and x ∈ J(R) (the Jacobson radical of R), then Gc/xc(R/xR)-

dim(M/xM) = Gc(R)-dimM (Proposition 3.7).

In Section 4, as an application of the results obtained in the last two sections, we

show the following theorem which extends the Auslander-Bridger formula [1, Theo-

rem 4.13 (b)] and Strooker’s result [15, Theorem 6.1] to the generalized Gorenstein

dimension setting.

Theorem. Let (R, m) be a commutative Noetherian local ring and M a nonzero

R-module with finite Gc(R)-dimension. Then Gc(R)-dimM + depth M = depthC.
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2. A generalization of the Auslander transpose

For a left R-module M and a homomorphism f of left R-modules, we put M∗ =

HomR(M, C), f∗ = HomR(f, C) and use σM : M → M∗∗, defined by σM (x)(g) =

g(x) for any x ∈ M and g ∈ M∗, to denote the canonical evaluation homomorphism.

Definition 2.1. Two left R-modulesM and N are said to be add RC-equivalent,

denoted by M ≈c N , if there exist A, B ∈ add RC such that M ⊕ A ∼= N ⊕ B. For

right R-modules we have a similar definition.

It is clear that ≈c is an equivalence relation on the category of all finitely generated

R-modules and the addR C-equivalence is just the projective equivalence [1] when

C = R.

Proposition 2.2. Let P1
µ
→ P0

f
→ M → 0 (π1) and Q1

ν
→ Q0

g
→ M → 0 (π2) be

projective resolutions of a left R-module M . Then cokerµ∗ ≈c coker ν∗.

P r o o f. Extending the projective resolutions (π1) and (π2) to the left and lifting

idM to ϕ0, we get the commutative diagram with exact rows

P2
µ′

// P1
µ

// P0

ϕ0

��

f
// M // 0

Q2
ν′

// Q1
ν

// Q0
g

// M // 0.

Let h : P0 ⊕ Q0 → M , h((p0, q0)) = f(p0) + g(q0) for any p0 ∈ P0, q0 ∈ Q0. Then

it is clear that h is surjective. So we have the projective resolutions of M

E
α
→ P0 ⊕ Q0

h
→ M → 0 (π3).

Let λ0 : P0 ⊕ Q0 → Q0, λ0((p0, q0)) = ϕ0(p0) + q0 for any p0 ∈ P0, q0 ∈ Q0.

λ0 is clearly surjective, and gλ0 = h. Lifting λ0 to δ : E → Q1, we have the exact

commutative diagram

E
α

//

δ
��

P0 ⊕ Q0

λ0

��

h
// M // 0

Q1
ν

// Q0
g

// M // 0.

Let ω : E ⊕ P2 ⊕ Q2 → P0 ⊕ Q0, ω((e, p2, q2)) = α(e) for any e ∈ E, p2 ∈ P2,

q2 ∈ Q2. Since im ω = imα = kerh by (π3), we have the exact sequence

E ⊕ P2 ⊕ Q2
ω
→ P0 ⊕ Q0

h
→ M → 0 (π4).
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Define λ1 : E⊕P2⊕Q2 → Q1, λ1((e, p2, q2)) = δ(e)+ν′(q2) for any e ∈ E, p2 ∈ P2,

q2 ∈ Q2. Since νλ1((e, p2, q2)) = ν(δ(e) + ν′(q2)) = ν(δ(e)) = λ0α(e) = λ0ω(e), we

have the exact commutative diagram

E ⊕ P2 ⊕ Q2
ω

//

λ1

��

P0 ⊕ Q0

λ0

��

h
// M // 0

Q1
ν

// Q0
g

// M // 0.

We claim that λ1 is surjective. Indeed, for any q1 ∈ Q1, ν(q1) ∈ Q0 we have

h((0, ν(q1))) = gλ0((0, ν(q1))) = g(ν(q1)) = 0, so (0, ν(q1)) ∈ kerh = imα. Take

e ∈ E with α(e) = (0, ν(q1)). Then νδ(e) = λ0α(e) = λ0(0, ν(q1)) = ν(q1). So

q1 − δ(e) ∈ ker ν = im ν′. Thus q1 = δ(e) + ν′(q2) = λ1((e, 0, q2)) for some q2 ∈ Q2,

as desired.

Let ω = ω|kerλ1
: kerλ1 → kerλ0. Next we prove that ω is epic. Let (p0, q0) ∈

kerλ0 with p0 ∈ P0, q0 ∈ Q0. Then h((p0, q0)) = gλ0((p0, q0)) = 0. So (p0, q0) ∈

kerh = im α. Take e ∈ E such that (p0, q0) = α(e) = ω((e, 0, 0)). On the other

hand, since νδ(e) = νλ1((e, 0, 0)) = λ0ω((e, 0, 0)) = λ0((p0, q0)) = 0 we have δ(e) ∈

ker ν = im ν′. So δ(e) = ν′(q2) for some q2 ∈ Q2. Thus (e, 0,−q2) ∈ kerλ1, and

ω((e, 0,−q2)) = α(e) = (p0, q0). Therefore ω is epic.

Now set W0 = P0 ⊕ Q0, W1 = E ⊕ P2 ⊕ Q2, Ki = kerλi for i = 0, 1, and note

that the sequences 0 → Ki → Wi → Qi → 0 are split exact since Qi are projective

for i = 0, 1. Thus K0 and K1 are projective, and then ω is split epic. Dualizing the

last commutative diagram we get the exact commutative diagram

0

��

0

��

0

��

0 // M∗ // Q∗
0

ν∗

//

λ∗

0
��

Q∗
1

λ∗

1
��

// coker ν∗

��

// 0

0 // M∗ // W ∗
0

��

ω∗

// W ∗
1

��

// cokerω∗

��

// 0

0 // K∗
0

ω∗

//

��

K∗
1

��

// K

��

// 0,

0 0 0

where K = cokerω∗. The sequence 0 → coker ν∗ → cokerω∗ → K → 0 is exact by

the Snake Lemma, and since the sequences 0 → Q∗
1 → W ∗

1 → K∗
1 → 0 and 0 →

K∗
0 → K∗

1 → K → 0 are split as well. So cokerω∗ ∼= coker ν∗ ⊕ K with K ∈ addCR

for K∗
1 ∈ addCR. By a dual argument, we have that cokerω∗ ∼= cokerµ∗ ⊕ K

′

for

some K
′

∈ addCR. Therefore cokerµ∗ ≈c coker ν∗. �
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Using minimal projective resolutions of modules, the transpose TrcM of an R-

module M with respect to a semidualizing bimodule C is defined in [11] over an

artinian algebra. Now we generalize this notion and the Auslander transpose to

two-sided Notherian rings.

Definition 2.3. Let P1
f
→ P0 → M → 0 be a projective resolution of a left

R-moduleM . Then we have the exact sequence 0 → M∗ → P ∗
0

f∗

→ P ∗
1 → coker f∗ →

0. We call coker f∗ a transpose of M with respect to C, and denote it by TrcM .

Similarly, we have the concept for right R-modules.

Remark 2.4. (1) For a left R-module M , it is clear that TrcM depends on the

choice of the projective resolution of M , but it is unique up to addCR-equivalence

by Proposition 2.2. So each ExtiRop(TrcM, C) is identical up to isomorphisms for

any i > 1 since ExtiRop(C, C) = 0 for all i > 1. In the following, we will use TrcM

to indicate a right R-module and will be careful to specify, when necessary, that

a particular resolution is used. In many instances, the distinction is irrelevant.

(2) Let k be a positive integer. By [12, Definition 2], a left R-module M is C-k-

torsionfree if and only if ExtiRop(TrcM, C) = 0 for all 1 6 i 6 k.

Lemma 2.5 [13, Lemma 2.1]. Let M be a left R-module. Then we have the

following two exact sequences:

(1) 0 → Ext1Rop(TrcM, C) → M
σM→ M∗∗ → Ext2Rop(TrcM, C) → 0.

(2) 0 → Ext1R(M, C) → TrcM
σTrcM

→ (TrcM)∗∗ → Ext2R(M, C) → 0.

By Lemma 2.5, we immediately obtain the following proposition which extends [1,

Proposition 3.8].

Proposition 2.6. Let M be a left R-module. Then M ∈ Gc(R) if and only if it

satisfies ExtiR(M, C) = 0 = ExtiRop(TrcM, C) for all i > 1.

Proposition 2.7. The following implications hold for a left R-module M :

(1) If M ∈ Gc(R) then M∗ ∈ Gc(R
op).

(2) M ∈ Gc(R) if and only if TrcM ∈ Gc(R
op).

P r o o f. (1) is clear by the definition.

(2) Let P1 → P0 → M → 0 be a projective resolution of M . Since Pi
∼= P ∗∗

i for

i = 0, 1, we have the following two exact sequences:

0 → M∗ → P ∗

0 → P ∗

1 → TrcM → 0,

0 → (TrcM)∗ → P ∗∗

1 → P ∗∗

0 → M → 0.
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Then for all i > 1 we have

ExtiRop(M∗, C) ∼= Exti+2
Rop(TrcM, C),

ExtiR((TrcM)∗, C) ∼= Exti+2
R (M, C).

So if M ∈ Gc(R) then TrcM ∼= (TrcM)∗∗ and ExtiRop(TrcM, C) = 0 for i = 1, 2 by

Lemma 2.5, and then ExtiRop(TrcM, C) = 0 = ExtiR((TrcM)∗, C) for all i > 1 by

the isomorphisms above. Thus TrcM ∈ Gc(R
op). The proof of the other direction is

similar, so we omit it. �

Enochs and Jenda defined in [7] Gorenstein projective modules whether the mod-

ules are finitely generated or not. Also, they defined the Gorenstein projective dimen-

sion for arbitrary (non-finitely generated) modules. It is well known that for finitely

generated modules over a commutative Noetherian ring, the Gorenstein projective

dimension agrees with the Gorenstein dimension. We have here a similar result for

C-Gorenstein projective dimension and the generalized Gorenstein dimension with

respect to C which is shown in the commutative setting in [17] with a different proof.

Proposition 2.8. Let M be a left R-module. Then M ∈ Gc(R) if and only if M

is C-Gorenstein projective.

P r o o f. We first note that C ⊗R Proj = AddR C, where Proj is the class of

all (non-finitely generated) projective left R-modules. It is clear that C ⊗R Proj ⊆

AddR C. Conversely, suppose M ⊕ N = C(I) for some left R-module N and some

index set I. Then

C ⊗R HomR(C, M) ⊕ C ⊗R HomR(C, N)

∼= C ⊗R HomR(C, C(I))

∼= C ⊗R (HomR(C, C))(I) (for RC is finitely generated)

∼= C ⊗R R(I) (for HomR(C, C) ∼= R)

∼= C(I)

and HomR(C, M) ⊕ HomR(C, N) ∼= HomR(C, C(I)) ∼= R(I). Thus M ∼= C ⊗R

HomR(C, M) with HomR(C, M) a projective left R-module. So M ∈ C ⊗R Proj.

Let M ∈ Gc(R). Since M is finitely generated and ExtiR(M, C) = 0 for all i > 1,

ExtiR(M, N) = 0 for all N ∈ AddR C and all i > 1. On the other hand, since M

is C-k-torsionfree for all k > 1 by Proposition 2.6 and Remark 2.4 (2), there exists

an exact sequence 0 → M → Cn0 → Cn1 → . . . which is HomR(−, C) exact by

[12, Theorem 1], and then HomR(−, AddR C) exact, where nj are positive integers

for all j > 0. So M is C-Gorenstein projective. Conversely, if M is C-Gorenstein
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projective, then ExtiR(M, C) = 0 for all i > 1 and there exists an exact sequence 0 →

M → C(A0) → C(A1) → . . . which is HomR(−, AddR C) exact, where Aj are index

sets for all j > 0. In fact, by an argument similar to the proof of [5, Theorem 4.2.6],

we can construct a HomR(−, C) exact exact sequence 0 → M → Cn0 → Cn1 → . . .

with nj a positive integer for each j > 0. SoM is C-k-torsionfree for all k > 1 by [12,

Theorem 1] again, and then ExtiRop(TrcM, C) = 0 for all i > 0 by Remark 2.4 (2).

Thus M ∈ Gc(R) by Proposition 2.6. �

3. Generalized Gorenstein dimension under changes of rings

In the following two sections let R be commutative Noetherian and C a given

semidualizing R-module. We begin with the study of semidualizing modules.

Proposition 3.1.

(1) For any P ∈ Spec R, CP is a semidualizing RP -module.

(2) Let x ∈ R be R-regular (i.e., x is a nonzero-divisor on R). Then C/xC is

a semidualizing R/xR-module. In general, if x1, x2, . . . , xn is an R-regular se-

quence then C/(x1, x2, . . . , xn)C is a semidualizingR/(x1, x2, . . . , xn)R-module.

P r o o f. (1) is immediate by [6, Proposition 5.8].

(2) By the definition of semidualizing modules and [3, Proposition 10, p. 267],

we have Ass R = Ass(HomR(C, C)) = Ass C ∩ SuppC = Ass C. So R and C have

the same zero-divisors by [14, Corollary 2, p.50]. If x is R-regular then it is also

C-regular. So there exists an exact sequence

(♯) 0 → C
x
→ C → C/xC → 0.

Since Ext1R(C, C) = 0, applying the functor HomR(C,−) to the sequence above we

obtain the following exact sequence

0 → HomR(C, C)
x
→ HomR(C, C) → HomR(C, C/xC) → 0.

Then we have HomR(C, C/xC) ∼= R/xR since HomR(C, C) ∼= R. So by the adjoint

isomorphism we have HomR/xR(C/xC, C/xC) ∼= HomR(C, C/xC) ∼= R/xR.

On the other hand, we have ExtiR(C, C/xC) = 0 for all i > 1 by (♯) since

ExtiR(C, C) = 0 for all i > 1. So we have

ExtiR/xR(C/xC, C/xC) ∼= ExtiR(C, C/xC) = 0

for all i > 1 by [1, Lemma 4.7]. Therefore C/xC is a semidualizing R/xR-module.

The last conclusion is immediate by induction. �
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Corollary 3.2. Let xi ∈ R for all i = 1, 2, . . . , n. Then x1, x2, . . . , xn is an R-

regular sequence if and only if x1, x2, . . . , xn is a C-regular sequence. In particular,

if R is local then depthC = depth R.

In the following, we put R = R/xR, M = M/xM for any x ∈ R and any R-

module M .

Proposition 3.3. Let M be an R-module. Then the following assertions hold:

(1) (TrcM)P ≃cP
TrcPMP for any P ∈ Spec R.

(2) (TrcM) ⊗R C ≃c̄ Trc̄M for any R-regular element x.

P r o o f. In fact, we can prove a more general result: if f : R → S is a ho-

momorphism of commutative Noetherian rings such that C ⊗R S is a semidualizing

S-module, then (TrcM) ⊗R S and Trc⊗Rs(M ⊗R S) are add(C ⊗R S)-equivalent for

all R-modules M .

Let P1 → P0 → M → 0 be a projective resolution of M . Then P1 ⊗R S →

P0 ⊗R S → M ⊗R S → 0 is an S-projective resolution of M ⊗R S. For i = 0, 1, we

have

HomS(Pi ⊗R S, C ⊗R S) ∼= HomR(Pi, C ⊗R S) (by the adjoint isomorphism)

∼= HomR(Pi, C) ⊗R S (by the tensor evaluation isomorphism).

So we get the following commutative diagram with exact rows:

HomS(P0 ⊗R S, C ⊗R S) //

��

HomS(P1 ⊗R S, C ⊗R S)

��

// Trc⊗Rs(M ⊗R S) //

��

0

P ∗
0 ⊗R S

ν
// P ∗

1 ⊗R S
g

// TrcM ⊗R S // 0.

Therefore (TrcM) ⊗R S ≈c⊗Rs Trc⊗Rs(M ⊗R S) by Remark 2.4. �

We use temporarily Ext>1
R (M, N) = 0 to indicate ExtiR(M, N) = 0 for all i > 1

for two R-modules M and N . The following corollary is a generalization of [1,

Corollary 4.15].

Corollary 3.4. Let M be an R-module and n a non-negative integer. Then

Gc(R)-dimM 6 n if and only if GcP
(RP )-dimMP 6 n for all prime (maximal)

ideals P . Therefore

Gc(R)−dimM = sup{GcP
(RP )−dimMP : P ∈ Spec R}.
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P r o o f. By Propositions 2.6 and 3.3 we have that

M ∈ Gc(R)

⇔ Ext>1
R (M, C) = 0 = Ext>1

R (TrcM, C)

⇔ (Ext>1
R (M, C))P = 0 = (Ext>1

R (TrcM, C))P for all prime (maximal) ideals P

⇔ Ext>1
RP

(MP , CP ) = 0 = Ext>1
RP

((TrcM)P , CP ) for all prime (maximal) ideals P

⇔ MP ∈ GcP
(RP ) for all prime (maximal) ideals P.

So the “only if” part is clear since localization preserves exactness. Conversely,

assume that GcP
(RP )-dimMP 6 n for all prime (maximal) ideals P . Let

0 → K → Gn−1 → . . . → G0 → M → 0

be an exact sequence with Gi ∈ Gc(R) for all 0 6 i 6 n−1. Then localizing at P we

get KP ∈ GcP
(RP ) by [17, Proposition 3.12]. So K ∈ Gc(R) by the previous proof,

and then Gc(R)-dimM 6 n by [17, Proposition 3.12] again. �

Corollary 3.5. Let x ∈ R be R-regular and M ∈ Gc(R). Then M ∈ Gc̄(R).

P r o o f. Since x is R-regular, x is C-regular by Corollary 3.2. So x is also

M -regular since there exists an exact sequence 0 → M → Cn for some positive

integer n by the proof of Proposition 2.8. Because x is C-regular, we have the exact

sequence 0 → C
x
→ C → C → 0 which induces the exact sequence ExtiR(M, C) →

ExtiR(M, C) → Exti+1
R (M, C) for all i > 1. So ExtiR(M, C) = 0 for all i > 1 since

ExtiR(M, C) = 0 for all i > 1 by M ∈ Gc(R). Since x is both R and M -regular,

TorRi (M, R) = 0 for all i > 1 by [1, Lemma 4.7]. Thus, by [4, Proposition 4.1.3,

p. 118], we have that Exti
R
(M, C) ∼= ExtiR(M, C) = 0 for all i > 1. On the other

hand, since TrcM ∈ Gc(R) by Proposition 2.7, we have Exti
R
((TrcM) ⊗R R, C) = 0

for all i > 1 by the previous proof. So Exti
R
((Trc̄M, C) = 0 for all i > 1 by

Proposition 3.3. Thus M ∈ Gc̄(R) by Proposition 2.6. �

Remark 3.6. By an inductive argument, we immediately obtain that if x1, x2, . . . ,

xn is an R-regular sequence and M ∈ Gc(R) then

(1) x1, x2, . . . , xn is an M -regular sequence,

(2) M/(x1, x2, . . . , xn)M ∈ Gc/(x1,x2,...,xn)c(R/(x1, x2, . . . , xn)R).
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Proposition 3.7. Let M be an R-module and let x be regular on both R and

M . Then the following assertions hold:

(1) Gc̄(R)-dimM 6 Gc(R)-dimM .

(2) If M has finite Gc(R)-dimension and x ∈ J(R) (the Jacobson radical of R) then

Gc̄(R)-dimM = Gc(R)-dimM .

P r o o f. (1) If Gc(R)-dimM = ∞ then the inequality obviously holds, so we

assume thatM has finite Gc(R)-dimension. When Gc(R)-dim M = 0 we haveGc̄(R)-

dimM = 0 by Corollary 3.5. Now let Gc(R)-dim M = n > 1, and assume that the

statement is true for all modules of smaller dimension. Then there exists an exact

sequence 0 → K → G → M → 0 with G ∈ Gc(R) and Gc(R)-dimK 6 n − 1.

Since x is regular on both R and M , we have TorRi (M, R) = 0 for all i > 1 by [1,

Lemma 4.7]. So we have the exact sequence 0 → K → G → M → 0. On the other

hand, we have Gc̄(R)-dim K 6 n − 1 and G ∈ Gc̄(R) by the induction hypothesis.

Thus Gc̄(R)-dim M 6 n.

(2) It is sufficient to prove Gc(R)-dimM 6 Gc̄(R)-dim M by (1). This inequality

obviously holds if M has infinite Gc̄(R)-dimension. So we assume Gc̄(R)-dimM =

n < ∞. Then Exti
R
(M, C) = 0 for all i > n by [17, Proposition 3.13]. Since

TorRi (M, R) = 0 for all i > 1 by the proof of (1), ExtiR(M, C) ∼= ExtiR(M, C) = 0

for all i > n by [4, Proposition 4.1.3, p. 118]. On the other hand, since x is also C-

regular, there exists an exact sequence 0 → C
x
→ C → C → 0 which yields the exact

sequence ExtiR(M, C)
x
→ ExtiR(M, C) → ExtiR(M, C) = 0 for all i > n. Therefore

ExtiR(M, C) = 0 for all i > n by Nakayama’s Lemma. So Gc(R)-dimM 6 n by [17,

Proposition 3.13] again since Gc(R)-dimM < ∞. This completes the proof. �

4. A generalization of the Auslander-Bridger formula

The purpose of this section is to prove the theorem from Introduction using the

results obtained in the previous two sections.

Lemma 4.1. Let (R, m) be a local ring. If depth R = 0, then all R-modules with

finite Gc(R)-dimension belong to Gc(R).

P r o o f. Let n be a positive integer and M a nonzero R-module with Gc(R)-

dimM 6 n. We proceed by induction on n. First we assume Gc(R)-dimM 6 1.

Then ExtiR(M, C) = 0 for all i > 2 by [17, Proposition 3.13]. It is enough to

prove Ext1R(M, C) = 0 by [17, Proposition 3.13] again since Gc(R)-dimM < ∞. By

assumption, we have the exact sequence 0 → G1 → G0 → M → 0 with Gi ∈ Gc(R)

for i = 0, 1. Since Ext1R(G0, C) = 0, applying the functor HomR(−, C) twice to this
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sequence we have the exact sequence 0 → (Ext1R(M, C))∗ → (G1)
∗∗ → (G0)

∗∗. So

(Ext1R(M, C))∗ = 0 since (Gi)
∗∗ ∼= Gi for i = 0, 1. Thus, by [3, Proposition 10,

p. 267], we have

∅ = Ass((Ext1R(M, C))∗) = Ass C ∩ Supp(Ext1R(M, C)).

Since depthC = depthR = 0 by Corollary 3.2, Ass C = {m}. So m does not belong

to Supp(Ext1R(M, C)), and then Ext1R(M, C) = 0.

Now suppose thatGc(R)-dimM 6 n−1 impliesM ∈ Gc(R). If Gc(R)-dimM 6 n,

then we have the exact sequence 0 → K → G → M → 0 with Gc(R)-dimK 6 n − 1

and G ∈ Gc(R). So K ∈ Gc(R) by the induction hypothesis, and then Gc(R)-

dimM 6 1. Therefore M ∈ Gc(R) by the case n = 1 already proved. �

Lemma 4.2. Let (R, m) be a local ring and M a nonzero R-module with finite

Gc(R)-dimension. Then the following assertions are equivalent:

(1) M ∈ Gc(R).

(2) depthM = depth C.

(3) ExtiR(M, C) = 0 for all i > 0.

(4) ExtiR(M, N) = 0 for all i > 0 and all R-modules N with finite addC-dimension.

P r o o f. (1)⇒ (2). It is enough to show that depthM 6 depthC by Remark 3.6

and Corollary 3.2. If depth C = 0 then AssC = {m}. Since M 6= 0 and M ∼= M∗∗

by M ∈ Gc(R), we have Ass M = Ass C ∩ SuppM∗ = {m}. So depthM = 0.

Now suppose that depth R > 1 and that the implication holds for all rings of

smaller depth. Since depth M > depthR > 1, we can find x ∈ R such that x is both

R and M -regular, and then C-regular. Thus depthM = depthM − 1, M ∈ Gc̄(R)

by Corollary 3.5, and depthR = depthC = depth C − 1 = depthR − 1. So we have

depthM = depthC by the induction hypothesis, and then depthM = depthC.

(2)⇒ (3). We prove (3) by induction on depth R. If depth R = 0 thenM ∈ Gc(R)

by Lemma 4.1 since M has finite Gc(R)-dimension. So ExtiR(M, C) = 0 for all

i > 0 by [17, Proposition 3.13]. Assume that depth R > 1 and the implication

holds for all rings of smaller depth. As above we can choose x ∈ R such that x is

both R and M -regular and C-regular since depth M = depthC = depthR > 1 by

assumption. Then depthM = depthM − 1 = depth R − 1 = depthR = depth C,

and Gc̄(R)-dim M < ∞ by Proposition 3.7. So Exti
R
(M, C) = 0 for all i > 0 by

the induction hypothesis. Since x is regular on both R and M , TorRi (M, R) = 0

for all i > 0 by [1, Lemma 4.7]. Therefore ExtiR(M, C) ∼= ExtiR(M, C) = 0 for all

i > 0 by [4, Proposition 4.1.3, p. 118]. On the other hand, since x is C-regular,

there exists an exact sequence 0 → C
x
→ C → C → 0 which yields the exact
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sequence ExtiR(M, C)
x
→ ExtiR(M, C) → ExtiR(M, C) = 0 for all i > 0. Therefore

ExtiR(M, C) = 0 for all i > 0 by Nakayama’s Lemma.

(3) ⇒ (4) is clear by the usual dimension shifting argument and (4) ⇒ (1) is

immediate by [17, Proposition 3.13] since Gc(R)-dimM < ∞. �

Lemma 4.3. Let (R, m, k) be a local ring with k the residue field and M an

R-module. If depthC = d and Gc(R)-dim M = 1 then depthM = d − 1.

P r o o f. We prove this by induction on d. Since depthR = depthC, it is trivial

when d = 0 by Lemma 4.1. Let d > 1 and let the equality hold for all rings of smaller

depth. Since Gc(R)-dimM = 1, there is an exact sequence 0 → G1 → G0 → M → 0

with Gi ∈ Gc(R) for i = 0, 1. Then we have the exact sequence ExtiR(k, G0) →

ExtiR(k, M) → Exti+1
R (k, G1) for i > 1. Because depthG0 = depthG1 = d by

Lemma 4.2, we have ExtiR(k, M) = 0 for i 6 d − 2. So depth M > d − 1. If

depthM > d then we can choose an element x ∈ m which is both R and M -regular,

and also C-regular. Thus Gc̄(R)-dimM = 1 by Proposition 3.7, and depth C =

depthR = d − 1, depth M = depthM − 1 > d − 1. On the other hand, we have

depthM = depthC −1 = d−2 by the induction hypothesis. This is a contradiction.

So depth M = d − 1. �

Now we are in position to prove the theorem from Introduction.

Theorem 4.4. Let (R, m) be a commutative Noetherian local ring and M

a nonzero R-module with finite Gc(R)-dimension. Then Gc(R)-dimM + depthM =

depthC.

P r o o f. Let Gc(R)-dim M = n. We proceed by induction on n. If n = 0, the

result is contained in Lemma 4.2. If n > 1, then depthC = depthR = d > 1 by

Lemma 4.1, and the case of n = 1 is immediate by Lemma 4.3. We now suppose

n > 2. Then there is an exact sequence 0 → K → G → M → 0 with G ∈ Gc(R) and

Gc(R)-dimK = n − 1. So depth G = depthC = d by Lemma 4.2, and depthK =

d − (n − 1) by the induction hypothesis. Thus depth K < depthG since n > 2. So

we have the isomorphisms ExtiR(k, M) ∼= Exti+1
R (k, K) for all i 6 d − 2, and hence

depthM = d − n. �
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