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Abstract. We prove a non-archimedean Dugundji extension theorem for the spaces
C™* (X, K) of continuous bounded functions on an ultranormal space X with values in a non-
archimedean non-trivially valued complete field K. Assuming that K is discretely valued
and Y is a closed subspace of X we show that there exists an isometric linear extender
T: C*(Y,K) — C*(X,K) if X is collectionwise normal or Y is Lindelsf or K is separa-
ble. We provide also a self contained proof of the known fact that any metrizable compact
subspace Y of an ultraregular space X is a retract of X.

Keywords: Dugundji extension theorem, non-archimedean space, space of continuous
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1. INTRODUCTION

Let X be a completely regular Hausdorff space and C*(X,R) the space of all
continuous and bounded real-valued functions on X. The classical Tietze-Urysohn
theorem asserts that every continuous [and bounded] R-valued map on a closed
subspace Y of a normal space X can be extended to a continuous [and bounded]
function on X. Then, there exists a linear extender T: C*(Y,R) — C*(X, R), i.e.,
T(f)|Y = f for each f € C*(Y,R). Indeed, if B is any basis of the vector space
C*(Y,R), then for each f € B there exists an extension H(f) € C*(X,R). We can
extend the map H: B — C*(X,R), f — H(f), linearly over C*(Y, R) to the map T
as desired. It is natural to ask if T' can be constructed to be continuous. This line of
research has been intensively studied by many specialists, see [12], [16], [17] and the
references therein, and we may summarize the early results addressed in the papers
[1], [5], [14] by the following result (x):
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If Y is a closed subspace of a metrizable space X, then there exists a continuous
linear extender T: C*(Y,R) — C*(X,R), provided both spaces are equipped with
the sup-norm topology (in that case T is an isometry), the compact-open topology,
or the topology of pointwise convergence.

If X is nonmetrizable, this fails in general; if X = OGN, where N is discrete, and
Y = BN\ N, then no linear extender T: C*(Y,R) — C*(X,R) is continuous, see
[10], [12] and [17].

In 1966 Borges, see [3], introduced a class of topological spaces called stratifiable
spaces for which (x) is still true. Recall that every metrizable space is stratifiable
and stratifiable spaces are included in the class of perfectly paracompact spaces. The
only other large class of spaces for which some version of (x) is known is the class of
generalized ordered spaces, see [11].

It is known by Ostrovsky’s theorem, see [18], that if a complete valued field K is
not topologically isomorphic to the field of real numbers R or to the field of complex
numbers C, then on K there exists a non-archimedean valuation generating the
original topology of K. In that case we call K non-archimedean.

Let K be a non-archimedean non-trivially valued complete field. We present
a non-archimedean Dugundji extension theorem for spaces C*(X, K) over ultranor-
mal spaces X. Recall that a topological space X is ultraregular if every point in X
has a fundamental system of neigborhoods which are clopen sets; X is ultranormal
if any two disjoint closed subsets of X can be separated by clopen sets. Theorems 1
and 2 (see below) motivate us also to (re)prove Theorem 3 stating that every metriz-
able compact subspace of an ultraregular space X is a retract of X; surely this is
known but it is hard to locate. We provide two independent proofs of Theorem 3.

2. RESULTS AND PROOFS

Throughout this chapter X denotes a Hausdorff topological space and K is a non-
archimedean non-trivially valued complete field. If Y is a compact subspace of an
ultraregular space X and K is locally compact, then every f € C*(Y, K) admits a con-
tinuous extension g € C*(X,K), see [6, Theorem|. It is a classical fact that X is
ultranormal if and only if for every closed subset Y C X any f € C*(Y, K) can be ex-
tended to some g € C*(X, K), see [6, Theorem]. The following stronger result, for the
proof see [15, Corollary 2.5.23] or [18, Theorem 5.24], partially motivates our work.

Theorem 1. Let K be locally compact and Y be a closed subspace of an ul-
traregular space X. If Y is compact or X is ultranormal then there exists a linear
extender T: C*(Y,K) — C*(X,K) such that sup||Tf(z)|| = supl|f(y)| for each
feCcHY,K). vex vey
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Theorem 1 provides an essential difference between the real and the non-
archimedean Dugundji theorems. If K is locally compact, X := N and Y := N\ N,
then Theorem 1 applies. The corresponding real case fails as we have mentioned
above. The next result extends Theorem 1.

Theorem 2. Assume that K is discretely valued and Y is a closed subspace of an
ultranormal space X. Then there exists an isometric linear extender T: C*(Y,K) —
C*(X,K) if at least one of the following conditions holds: (i) X is collectionwise
normal; (i) Y is Lindelof; (iii) K is separable.

Proof. Kisdiscretely valued, so C*(Y, K) has an orthonormal basis (f;)icr, see
[18, Corollary 5.25]. By [15, Theorem 2.5.21], the bounded locally constant functions
form a dense subspace of C*(Y, K), hence applying [18, Theorem 5.16, Excersise 5.C|
we can assume that f; is locally constant for every i € I.

For the cases (i) and (ii) for each f; let (U;);jer, be a clopen partition of Y such
that fi(x) = N if x € U; (\; € K, j € L); note that I; is countable if YV is
a Lindelof space. Using [16, Lemma 5.1] (since X is strongly zero-dimensional by [8,
Theorem 6.2.4]) for the case (i) or applying [7, Theorem 2.1] if (ii) is satisfied, we
find a clopen partition (V});er, of X such that V; NY = Uj for j € I;. Define

Fl(il,') = >‘i7j ifze V} fOI‘j e ;.

In this way we obtain an extension F; of f; such that | F;|| = || fi|| for every i € I.
Assume (iii). Using the same proof as in [7, Theorem 3.1], for each i € T we

construct F; € C*(X,K) such that F;(z) € fi(Y) for every z € X. Hence, ||Fj|| <

I fil]- Since || f;]] < || F;|| holds trivially as F; is an extension of f;, we get || ;|| = || fill-

Then, the map

T: C*(Y,K) = C*(X,K), f=Y Nfir—T(f)=> \F,
iel i€l
is an isometric linear extender. Indeed, let f = > \;f; € C*(Y,K). Then for every
icl

€ >0, the set {i € I: ||NEi|| = €} (= {i € I: ||\ifi]| > €}) is finite, so the sum
> A F; there exists ([18, Exercise 3.K]). Thus, T' is well-defined; clearly it is linear.
i€l

T(f) is an extension of f, since F; is an extension of f;, for every i € I. Clearly,
I < IT(f)]]- Since || F;|| = || fi|| for every i € I and (f;)ier is orthonormal, we have

< . || — | . Al = .
ITCAOIN< max Al - | Eill = max | A] - [1fll = [ /]
Thus | Tf]| = ||f||, so T is an isometry. O
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A result of Arkhangel’skij-Choban, see [2], states that if ¥ is a metrizable compact
subspace of a completely regular space X, then there exists a continuous linear
extender T: Cp(Y,R) — C,(X,R), although Y need not be a retract of X. This,
along with Theorems 1 and 2 motivates us also to (re)prove Theorem 3. We present
two proofs of it. The idea of the first one, suggested to the authors by Professor
W. Marciszewski, essentially depends on the known fact (due to Sierpinski, see [13,
Section 26 II, Corollary 2] or [9, Proposition 17.10]) stating that every nonempty
closed subset of the Cantor set is a retract of it. The second proof, totally different
from the first one, depends on two lemmas (of their own interest), and although it
is longer, it is self-contained.

Theorem 3. Any metrizable compact subspace Y of an ultraregular space X is
a retract of X.

The first Proof of Theorem 3. By assumption Y is second countable (see
[8, Theorems 4.2.8]), hence, we can select (U,), a sequence of clopen subsets of YV’
which form a base of the topology of Y. In the same way as in the proof of [15,
Corollary 2.5.23] we find (V4,), a sequence of clopen sets of X such that V,, N Y =
U, for every n € N. Define a diagonal product A: X — {0,1}Y by A(z) =
(& (), &y (), . . .), where &y, denotes the characteristic function of V;. By [8, The-
orem 2.3.6], A is continuous and A,y : Y — ¢(Y) is a homeomorphism (see [8,
Theorems 2.3.20 and 6.2.16]). It is a well-known fact that there exists a homeomor-
phism h: {0,1}" — C, where C is the Cantor set. Then, (ho A)(Y) C C is closed
since Y is compact. By [13, Section 26 II, Corollary 2], there exists a continuous re-
traction r: C'— (hoA)(Y). Thus, (A/y) toh~torohoA is the required retraction
X—-Y. ([

To present the promised second proof of Theorem 3, we need some extra work
and two lemmas. Let Y = (Y, d) be an ultrametric space. By a closed ball in Y we
mean a subset of Y of the form B(z,r) := {y € Y: d(z,y) < r}, where x € Y and
r € (0,00); clearly any closed ball in Y is a clopen set. We denote the family of all
closed balls in Y by B(Y'). Any two balls in Y are either disjoint, or one is contained
in the other. Hence for any finite family {B;: i € I} C B(Y) there is a subset J
of I such that {B;: ¢ € J} is a partition of |J B;. Thus, if Y is compact, any open
subset of Y is the sum of a countable familylf)lf pairwise disjoint closed balls in Y.

Lemma 4. Let B; = B(y;,7i), ¢ € N, be a sequence of pairwise different closed
balls in a compact ultrametric space Y = (Y, d). Then limr; = 0.
K3
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Proof. Suppose, to the contrary, that for some r > 0 the set M, = {i €
N: r; > r} is infinite. Put B, = {B;: i € M,}. Denote by M, the family of all
maximal totally ordered subsets of (B,., C). Consider two cases:

(1) Any element of M, is finite. Denote by B,y the minimal element of M € M,..
Then the balls B;ys), M € M,., are pairwise disjoint. Thus, d(y;(ar), yiary) > 7 for
all M, M’ € M,. with M # M’. By the compactness of Y we infer that M, is finite;
so M, is finite, a contradiction.

(2) Some element My of M, is infinite. Let Ng = {i € N: B; € My}; clearly, for
i,j € No we have B; & Bj if and only if r; < r;. The sequence (r;);en, has a strictly
monotonic subsequence (r;, ), thus (B, ) is strictly monotonic. Suppose that (B;,)

is strictly decreasing. For every k € N select x, € B;, \ B then

Th419
d(Tp, Thy1) > Tht1 = d(Thp1, Thio) > Thp2 = ... > T

hence, (z1) has no convergent subsequence. Similarly, assuming that (B;, ) is strictly

increasing, we choose a sequence (xj) with the same property. This contradicts the

compactness of Y. So, both cases yield that limr; = 0. O
K3

Lemma 5. (A) Let Y be an ultrametric, compact space. Then, there exists (U,),
a sequence of closed balls in Y such that

o0
v1) Uy =Y, U, ¢ | Uj foralln € N and (&, ), where &y, denotes the charac-
Jj=n+1
teristic function of U,, is a maximal orthonormal sequence in C(Y, K).

(B) Let Y be an ultrametric compact subspace of an ultraregular space X. Then,
for every sequence (U,) of closed balls in Y which satisfies (v1) there exists (V,),
a sequence of clopen subsets of X, such that
(v2) Vi=X and V,, NY =Upy;

(v3) Vi, C Vi if Uy, C Upy;
(v4d) Vo NV =0 if U, NU,, =0 for all n,m € N.

Proof. (A) Denote by M the family of all M C B(Y) with Y € M such that
{{p: B € M} is linearly independent in C(Y, K). By the Kuratowski-Zorn Lemma,
(M, C) has a maximal element My = {B;: i € I}. It is easy to see that I is infinite
and countable by Lemma 4; so, we can assume that I = N. Let B; = B(y;,r;) for
i € N. It follows from Lemma 4 that limr; = 0. Let = be a permutation of N such
that (rr(;)): is decreasing. Put U; = By ;) for i € N. Clearly, for i,j € N with i > j
we have U; ¢ U; or U; NU; = 0. Moreover, U; ¢ |J Uj for any i € N. Indeed,

J=i+1
in the opposite case there exist ig,k € N and j(1),...,j(k) € {io + 1,40 +2,...}
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such that {Ujq,...,Uju)} is a partition of U;,. Then vy = i U ;) SO (&u,) is
linearly dependent, a contradiction. "

(B) Let (Up) C Y be a sequence of closed balls which satisfies (v1). We form
inductively the required sequence (V). Set V4 = X. Assume that for some k € N
we have constructed clopen sets Vi,...,V, in X that satisfy (v2)—(v4) for all n,m €
{1,...,k}.

Let Wi = {1 <n<k: Uy CUy}and Wo = {1 < n < k: U, NUpy1 = 0}
Clearly {W;, W5} is a partition of {1,...,k}. The set

Vk,+1: ﬂ Van ﬂ (X\Vn)

neWy neWs

is clopen in X and

ViganY = () Uun () (Y \Un) D Ukpa.
neWi neWs

By the proof of [15, Corollary 2.5.23], there exists a clopen set V;’ , in X with
Viliy MY = Ugyq. Thus the set Vi =V, NV, is clopen in X and Vi1 NY =
Ugs1. Moreover for all 1 < n < kwehave: Vi1 C V,, if Ugy1 C U, and Vi 1NV, = 0
if Ug4+1 NU,, = 0. This inductive procedure provides the required sequence (V,,). O

The second Proof of Theorem 3. If YV is finite, then X has a clopen par-
tition {Uy: y € Y} such that y € U, for y € Y. Define the map ¢: X — Y by
p(x) =y for any « € U, and y € Y. Clearly, ¢ is a retraction. Hence Y is a retract
of X.

Assume that Y is infinite. Since every metrizable compact ultraregular space is
strongly zero-dimensional, see [8], we apply [4, Theorem II] to deduce that Y is an
ultrametric space. Applying Lemma 5, we can select (U,,), a sequence of closed balls
in Y, which satisfies (v1) and (V},), a sequence of clopen subsets of X satisfying
(v2)—(v4). Let x € X and N, = {n € N: z € V,}. Consider two cases.

(1) N, is finite: then, by (v1) of Lemma 5, W, := Uy () \|U{Un: n > n(x)}, where
n(x) is the greatest element of N, is nonempty. Take w € W, and set ¢(z) = w.
Fix n € N,. If 2 € V,, then U,,(,) C U, by (v4) and (v1), thus o(z) € U,. On the
other hand, ¢(z) € U, implies U, (,) C Uy, by (v1), hence z € V;, by (v3). If z € Y,
then W, = {x}. Indeed, clearly z € W,. For the converse inclusion assume that
there exists y € W, with y # z. If n < n(x) then x € U, if and only if U,,,) C U,
if and only if y € U,,. If n = n(z) then z,y € U,,. If n > n(x) then z,y &€ U,,. Thus,
&u, (x) = &y, (y) for any n € N. Since Y is ultraregular, there exists a closed ball W
with 2 € W C Y\ {y}. Then &w (z) # Ew (), so &w € [(€u,, )n], & contradiction with
the maximality of (£y,,) given by (v1).
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(2) Ny is infinite: By (v1) of Lemma 5, the sequence (Up,)nen, is strictly de-
creasing, so its intersection is nonempty since Y is compact. Then we take ¢(x) €
(WUn: n € N,}. Note that ¢(x) € U, for some m € N implies, by Lemma 4,
U, C Uy, for some n € N,; hence, x € V,,, by (v3). If x € Y, by Lemma 4 we get
(WHUn: n € N} ={z}.

We see that € V4, if and only if p(x) € Uy for all x € X and k € N; hence,
v, 0op =&y, forall k € N. Let U C Y be a closed ball. By (v1) and [15, Theo-
rem 2.5.22], there exist n € N and scalars a1, ..., a, € K such that &y = i iy, .

i=1

n
Put f = > a;&y;;clearly f € C(X,K) and f = {yoyp. Theset A = {a € K: |a—1| <
i=1

1} is open in K and f~1(A) = ¢~ (¢&;'(A)) = ¢ (U). Thus ¢~ *(U) is open in X
for any closed ball U C Y. It follows that ¢ is continuous. O

Using Theorem 3 we get the following

Corollary 6. If X is an ultraregular space and Cy(X, K) is strictly of countable
type, then every compact subspace Y of X is a retract of X.

Proof. By [15, Theorem 4.3.4] there exists a continuous injection from X
to K. Therefore there exists on X a weaker utrametric topology. Thus any compact
subspace Y of X is metrizable and Theorem 3 applies. O
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References

[1] R. Arens: Extension of functions on fully normal spaces. Pac. J. Math. 2 (1952), 11-22.

[2] A. V. Arkhangel’skij: Spaces of mappings and rings of continuous functions. General
topology III. Encycl. Math. Sci. 51 (1995), 71-156; Translation from Itogi Nauki tekh.,
Ser. Sovrem. Probl. Mat., Fundam. Napravleniya 51 (1989), 81-171.

[3] C.J.R.Borges: On stratifiable spaces. Pac. J. Math. 17 (1966), 1-16.

[4] J.de Groot: Non-archimedean metrics in topology. Proc. Am. Math. Soc. 7 (1956),
948-953.

[5] J. Dugundji: An extension of Tietze’s theorem. Pac. J. Math. 1 (1951), 353-367.

[6] R.L.Ellis: A non-Archimedean analogue of the Tietze-Urysohn extension theorem. Ned-
erl. Akad. Wet., Proc., Ser. A 70 (1967), 332-333.

[7] R.L. Ellis: Extending continuous functions on zero-dimensional spaces. Math. Ann. 186
(1970), 114-122.

[8] R. Engelking: General Topology. Rev. and compl. ed. Sigma Series in Pure Mathematics,
6. Heldermann, Berlin, 1989.

[9] M. Fabian, P.Habala, P.Hdjek, V. Montesinos, V. Zizler: Banach Space Theory. The
Basis for Linear and Nonlinear Analysis. CMS Books in Mathematics. Springer, Berlin,
2011.

163



[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]

[18]

K. Geba, Z. Semadeni: Spaces of continuous functions. V: On linear isotonical embedding
of C(Q1) into C(Q2). Stud. Math. 19 (1960), 303-320.

G. Gruenhage, Y. Hattori, H. Ohta: Dugundji extenders and retracts on generalized or-
dered spaces. Fundam. Math. 158 (1998), 147-164.

R. W. Heath, D.J. Lutzer, P.L.Zenor: On continuous extenders. Stud. Topol., Proc.
Conf. Charlotte, N. C., 1974. pp. 203-213.

K. Kuratowski: Topology. Vol. II. Painstwowe Wydawnictwo Naukowe Polish Scientific
Publishers, Warsaw, 1968.

E. Michael: Some extension theorem for continuous functions. Pac. J. Math. 3 (1953),
789-806.

C. Perez-Garcia, W. H. Schikhof: Localy Convex Spaces Over Non-Archimedean Valued
Fields. Cambridge University Press, Cambridge, 2010.

E. K. van Douwen: Simultaneous linear extension of continuous functions. General
Topology Appl. 5 (1975), 297-319.

E. K. van Douwen, D.J. Lutzer, T.C.Przymusiriski: Some extensions of the Tietze-
Urysohn theorem. Am. Math. Mon. 84 (1977), 435-441.

A. C. M. van Rooij: Non-Archimedean Functional Analysis. Monographs and Textbooks
in Pure and Applied Mathematics. 51. Marcel Dekker, New York, 1978.

Authors’ addresses: Jerzy Kakol, Faculty of Mathematics and Informatics,

A. Mickiewicz University, Poznan, 61-614 Poland, e-mail: kakol@amu.edu.pl; Albert

Ku

bzdela, Institute of Civil Engineering, Poznan University of Technology, Poznan,

61-138 Poland, e-mail: albert.kubzdela@put.poznan.pl; Wiesltaw Sliwa, Faculty of
Mathematics and Informatics, A. Mickiewicz University, Poznan, 61-614 Poland, e-mail:
sliwa@amu.edu.pl.

164



		webmaster@dml.cz
	2020-07-03T20:23:53+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




