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Abstract. The k-convex functions are the viscosity subsolutions to the fully nonlinear
elliptic equations Fj[u] = 0, where FJj[u] is the elementary symmetric function of order &,
1 < k < n, of the eigenvalues of the Hessian matrix D?u. For example, Fj[u] is the Laplacian
Au and Fy[u] is the real Monge-Ampere operator det Du, while 1-convex functions and
n-convex functions are subharmonic and convex in the classical sense, respectively. In this
paper, we establish an approximation theorem for negative k-convex functions, and give
several estimates for the mixed k-Hessian operator. Applications of these estimates to the
k-Green functions are also established.
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1. INTRODUCTION

The k-Hessian operator Fj, and the k-Hessian measure pj were introduced by
N.S. Trudinger and X.J. Wang for k-convex functions. In [9], they proved the weak
continuity of the associated k-Hessian measure uy with respect to the convergence
in L', which is generalized in [10] to the weak continuity of the mixed k-Hessian
measure [i, associated with k-tuples of k-convex functions. And they gave some ap-
plications to the corresponding capacity, quasicontinuity and the Dirichlet problem.
On the other hand, the pluripotential theory in several complex variables, especially
the complex Monge-Ampere operator, has attracted considerable studies. There are
many applications to complex analysis, complex differential geometry and number
theory (cf. [3], [6] and references therein). It is interesting to use tools and ideas

This research was supported by National Nature Science Foundation of China (grant no.
11171298).

547



from the theory of the complex Monge-Ampere operator to study the real k-Hessian
operator. In [8], [9], [L0] N.S. Trudinger, X. J. Wang and D. Labutin have given some
corresponding results in pluripotential theory.

The weak continuity of the k-Hessian measure with respect to the convergence
in L' is not valid for the complex Monge-Ampere measure in the plurisubharmonic
case. With help of this stronger result for the k-Hessian operator, it is natural to
ask whether we can prove some new results for k-convex functions. The purpose
of this paper is to establish a global approximation theorem for negative k-convex
functions, and give several estimates for the mixed k-Hessian operator. Moreover,
we show how these estimates are applied to the convergence of the k-Green func-
tion.

We shall adopt definitions and notation from [9] and [10]. Let © be an open
set in the n-dimensional Euclidean space R™. For k = 1,...,n and u € C?(Q),
let A = (A1,...,\,) denote the eigenvalues of the Hessian matrix of the second
derivatives D?u and let Sy be the kth elementary symmetric function on R™, given
by

(1.1) Sk = D Ay

11 <...<tg

The k-Hessian operator Fy, is defined by Fi[u] = Sk(A\(D?u)). We may write Fj[u] =
[D?u), where for any n x n matrix A, [A]; denotes the sum of its k x k principal
minors. Fy[u] = Au is the Laplace operator and F),[u] = det D?u is the real Monge-
Ampere operator.

In the viscosity sense, an upper semi-continuous function, u:  — [—o00,00) is
called k-conver in Q if Filg] > 0 for all quadratic polynomials ¢ for which the
difference u — g has a finite local maximum in Q. In particular, a function u € C%(Q)
is k-convex in 2 if and only if Fjju] > 0in Q, j =1,...,k. A k-convex function is
called proper if it does not assume the value —oo identically on any component of 2.
We denote by ®*(€2) the class of proper k-convex functions in Q. The definition of
a 1l-convex function is equivalent to the usual definition of a subharmonic function.
For j < k, ®%(Q) C /(). And a function u € ®"(f) if and only if it is convex on
each component of 2. A k-convex function is therefore subharmonic, in particular,
it is locally integrable. Corresponding to the k-Hessian operator Fj, there exists
a mixed k-Hessian operator F}, in [10], determined by the polarized form Sy, of the k-
homogeneous polynomial Sy. For u!, ..., u* € C?(2), the mived k-Hessian operator
is defined by

(1.2) Fplut, ... u*] = Sp(AN(D?*ub), ..., A\(D?u")).
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The k-Hessian measure associated with a function u € ®*((2) is a non-negative
Borel measure defined by

(1.3) /Q nduelu) = Jim /Q nFi )

for any n € C§°(€2), where uy, is the smooth regularization of u. The mized k-Hessian

measure associated with u!,... uF € ®*(Q) is defined by
(1.4) / ndgut,. .. uf] = lim [ nFyful,. .., uf]
Q h—0 Jq
for any n € Cg°(Q), where u! is the smooth regularization of u’, i = 1,..., k. The

measure is independent of the choice of the smooth regularization u}, of u’ by virtue
of the approximation theorem (cf. Theorem 2.4 in [10]).

We say a bounded domain Q2 C R"™ is k-hyperconvez if it is connected and there is
a continuous k-convex function p: Q — [—00,0) such that the set {z € Q: o(z) < ¢}
is a relatively compact subset of Q, for each ¢ € (—o00,0). A function p is called an
exhaustion function of . It follows that o(x) — 0 as z — 0. Note that p may
assume —oo as a value. In this paper, € will always denote a k-hyperconvex domain.

We establish a global approximation of negative k-convex functions by decreasing
sequences of negative k-convex functions which are continuous on Q, equal to zero
on 0f2 and have bounded k-Hessian mass. These functions serve as test functions.

Theorem 1.1. For any negative k-convex function u, there is a decreasing se-
quence of functions u; € ®*(Q)NC(Q) with ujloo =0, j € N, ug[u;](Q) < +oo, and
‘11111 uj(z) = u(z) for x € Q.

We remark here that the same approximation of negative plurisubharmonic func-
tions was given by U.Cegrell in [3]. And F. Wikstrom showed in [13] that upper
bounded plurisubharmonic functions can be approximated from above by plurisub-
harmonic functions continuous up to the boundary on B-regular domains.

The following estimates were established for the complex Monge- Ampére operator
by Z.Blocki [1], U. Cegrell [3], and U. Cegrell, L. Persson [4], respectively. Here we
give these estimates for the mixed k-Hessian operator. They are a different type of
relationship between the k-Hessian operator and the mixed k-Hessian operator.

Theorem 1.2. Suppose that u, h are k-convex functions satisfying u < h in ),
and lirgﬂ(h(x) —u(z)) =0, v1,...,v; are nonpositive bounded k-convex functions
€Tr—

in Q. Then we have
(1.5) /(h - u)k dig[vi, ... v6] < Kol ||vk,1|\g/ |vg | dpsg [u].
Q Q
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Theorem 1.3. Suppose that h,uy,us,v1,...,V—p—q are nonpositive k-convex
functions of x in Q, 1 < p, ¢ < k, p+ q < k, each function converges to zero as x
tends to 90 and pgu;](Q) < 400, i = 1,2, pk[v;](Q) < 400, j=1,...,k—p—gq.
Then

(1.6) /(—h) diig[ua, - ., U, U, oy U, Ve s Vk—p—g]
—— —
p q
p/(p+4q)
< (/(—h)dﬂk[ul,...,ul,m,...,vk_p_q])
————
p+q
q/(p+q)
X (/(—h)dﬂk[ug,...,u2,v1,...,vk_p_q]) )
———
p+q
Corollary 1.1. Let h,ui,...,u; be nonpositive k-convex functions of x in

satisfying ux[u;](Q) < 400, ¢ = 1,...,k. Suppose that each function converges to
zero as x tends to 2. Then

(1.7) /(—h) dfinlur, - .. ur] < (/(—h) duk[ul])l/k... (/(—h) duk[uk]>1/k.

Theorem 1.4. Suppose that w,v are bounded k-convex functions satisfying
lim w(z)= lim wv(z)=0. Then forp>1,0<j <k,
rz—a€0)

T—a €0

(1.8) /(—u)pdﬂk[u,...,u,v,...,v]

<Cp,jj(/(—u)pduk[uo(pﬂ)/(kw)</(_v)pdﬂk[p]>(kj)/(kﬂj)

where C,, j = pP*D =)/~ for p > 1 and Oy ; = exp[(1 + 5)(k — j)].

For a € Q, k < n/2, the k-Green function with a pole at a is defined as go(z,a) =
sup{u(z): u € ®*(, [~00,0)); u has a pole at a of order (2—n/k)}. Here we say a k-
convex function u has a pole at a of order (2—n/k), if u satisfies u(z)+ ||z —a|>~™/* <
O(1) as  — a. For k = n/2, the k-Green function with a pole at a is defined as
ga(z,a) = sup{u(x): u € ®¥(Q,[~00,0)); u(z) —log|lz — a|| < O(1) as = — a}.
There is no k-Green function defined in the case of k > n/2, since the fundamental
solution to the k-Hessian operator Fj in this case is given by |z — al|?>~"/* which
is bounded (cf. [9]). See [12, Appendix A] for more information about k-Green
functions.
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We proved in [12] that go(z,a) — 0 as x — 9. We now consider the following
question: given a point y € £ and a point ¢ € 01, is it true that li_>m ga(y,zn) =0
for every sequence {z,} tending to xz¢? The corresponding questign Egr the classical
Green function G is of no interest, since G is symmetrical, that is, G(x,y) = G(y, x)
for every x and y. However, it is unknown whether the k-Green function is symmet-
rical or not. We can, however, prove the following weaker results.

The k-Hessian capacity of the Borel set E € ) in R™ is defined by

(1.9) Capy(E) = Capy(E, Q) = sup{ur[u](E): u € ®*(Q), -1 < u <0}

(cf. [10]). For uj,u € ®*(£), we say that a sequence {u;} converges to u in capacity
if for any € > 0 and relatively compact subset K € (,

(1.10) lim Cap(K N {|u; —u| >¢€})=0.
j—o0

Proposition 1.1. Let k < n/2 and let {z;} be a sequence of points in {2 tending
to 0N) as j — oo. Then gqo(-,x;) converges to zero in capacity as j — oo.

Proposition 1.2. Suppose that k < n/2, and {z,} is a sequence of points in )
tending to xo € 02 as n — oo. Then there exists a k-polar set E C € (depending
on the sequence) such that

lim go(w,z,) =0 foreveryw € Q\ E.

n—oo

The above two propositions for the complex Monge-Ampere operator were proved
by R. Czyz [5], M. Carlehed, U. Cegrell and F. Wikstrom [2], respectively. Although
we use methods from pluripotential theory, our results are completely new for the k-
Hessian operator and some of them are even stronger. The complex Monge-Ampere
operator can be written as (dd°u)™ in terms of the operators d and d°. This is very
important in establishing the properties of the complex Monge-Ampere operator
since it allows us to integrate by parts. Although we cannot write the k-Hessian
operator in the form of exterior differentials, the k-Hessian operator is an operator
of divergence form, and so we can also integrate by parts. This is an essential reason
why we can prove some k-Hessian versions of results in the complex pluripotential
theory.

The paper is organized as follows. In Section 2, we establish the approximation
theorem. The relative extremal function plays a crucial role in our proof. The results
about the k-Hessian operator and the mixed k-Hessian operator we need are collected
in Section 3, and Theorems 1.2, 1.3, 1.4 and Corollary 1.1 are proved in Section 3. In
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the last Section, our estimates are applied to the k-Green function. Proposition 1.1
and 1.2 are proved.

2. APPROXIMATION OF k-CONVEX FUNCTIONS

The purpose of this section is to prove Theorem 1.1. The construction of the
approximation sequence follows the process in [3]. The main difference between our
proof and the proof in the plurisubharmonic case in [3] lies in the difficulty of finding
a continuous k-convex function which vanishes on 99 and has bounded k-Hessian
mass. In the case of plurisubharmonic functions, this is a classical result due to
J.B. Walsh [11].

Analogously to the potential theory for subharmonic functions, D. Labutin in-
troduced the regularized relative extremal function for a k-convex function in [8].
For a relatively compact set £ in (2, we denote by h};  its regularized relative ex-
tremal function, which was defined as the upper semi-continuous regularization of
the relative extremal function hg o:

(2.1) hp.o(r) = sup{u(z): ue ®(Q), u<0, ulp < -1}, 2z
If E1 Q EQ Q Ql Q QQ, then

(2.2) hEl,Ql = hEz,fh > hEzﬂz'

The following lemmas concern some properties of k-convex functions, which are
used throughout the paper (cf. [12] for the proof).

Lemma 2.1. (1) Suppose {uq}aca is a sequence of k-convex functions in Q2 such

that its upper envelope u = sup u,, is locally bounded from above. Then the upper
acA
semi-continuous regularization u* is k-convex in €.

(2) If u,v are k-convex in 2, then max{u, v} is also k-convex.
(3) Suppose that () is an open set in R™ and Qisa non-empty proper open subset
of Q. Ifu € ®*(Q), v € ®*(Q), and limsup v(z) < u(y) for y € IQNQ, then

T—Y

max{u,v}, on Q,
w= -
u, on Q\ Q,

is a k-convex function in ).

Lemma 2.2. Suppose that K C € is a compact set such that hj. o = —1 on K.
Then hg q is continuous in €.
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Proof. Denote h = hgi o. Assume that o is an exhaustion function of {2 such
that o < —1 on K, then ¢ < h in Q. For each ¢ € (0, 1), there exists n > 0 such that
h—e/2< —e/2<pin Q\Q, and K C Q,, where Q, = {x € Q: dist(z,9Q) > n}.
By Lemma 2.1 (1), h* is k-convex, thus it is upper semi-continuous. Denote by hs
the smooth regularization of h, defined on €25, then (h*)s; decreasingly converges to
h* as 6 — 0. Note that h* = h a.e. in Q, hence we have (h*)s; = hs. By Dini’s
theorem, hs converges to h* uniformly on any compact set. Therefore we can find
a uniform ¢ > 0 such that hs —e < h* —¢/2 < p on 0%, and hs —e < —1 on K.
Define

0, in Q\ Q,,
9 = max{hs — ¢, 0}, in Q.

Then g. € ®* N C(Q2) by Lemma 2.1 (3) and g. < —1 on K. Thus g. < h in Q. On
the other hand, h — e < max{hs — ¢, 0} < g- at each point in Q. It follows that A is
continuous in €. O

Corollary 2.1. Suppose that K C ) is compact and it is the union of a family
of closed balls. Then hk o = hj o is continuous in €2.

Proof. By Lemma 2.2, it suffices to prove that hi o is continuous at 0K. By
hypothesis, let b € 9K and choose a € K and R > r > 0 such that b € B(a,r) C K
and B(a, R) C Q. Then by (2.2) we have hx o(2) < hg(,,).0(@) < PB),Ba.r)(®)
for © € B(a, R). It follows from the fact shown in [8],

R2k _ ||z — a2 /¥
max{—l, r27n/k_R2*”/k }a f0r1<k<n/2;
hE(a r),B(a,R) (:L‘) -
), B(a, log(||z — al|/R) -
that lin}) hgo(z) = -1 :
xr—

Proof of Theorem 1.1. If E = B is a ball, we have pelhg ol = 0in Q\ B,
thus suppuk[hz o € B (cf. [8]). By Corollary 2.1, hg ¢ is continuous in 2. Let
be an exhaustion function of Q such that Co < —1 in B. Then Cp < hE,Q < 0.
Thus hg o(z) — 0 as 2 — 9. Therefore, there exists a function v € ®*(Q) N C()
with px[v](Q) < +o00 and v|pq = 0. Then follow the process in [3] to construct the
approximation sequence. (I

553



3. MAIN ESTIMATES FOR k-HESSIAN OPERATOR

Before proving our main estimates, we present some properties of the k-Hessian
operator (see [10] for details).

The mixed k-Hessian operator F}, defined by (1.2) is linear in each u® € C?(Q),
s = 1,...,k, invariant under permutations and F}, [ty...,u] = Fylu] for any u €
C?(2). Moreover, we have the explicit representation

. 1 o
1 k in 1 k
(3.1) Filu™,...,u"] = o E A N T
where uj; = D;ju®, 1,j = 1,....n, s = 1,...,k, the summation takes over all

multiindexes {i1 ...k} and {j1...Jx} and 5;1;’; denotes the generalized Kronecker
delta, which vanishes if {i1,...,ix} # {Jj1, ..., jx} and otherwise it is the sign of the

permutation from (é1,...,%%) to (j1,...,Jk). An inequality of Garding [7],

(3.2) Fylut, . uf] > T (Felw))/*

s=1
for u',...,u* € ®*(Q), guarantees F}, > 0 on (®*)*. Let

0

i, 1 k—17 _
(33) Fk][u,...,u ]7875

Sp(A(D?ul), ..., \(D*uk))

be the coeflicient of ufj in (3.1). Then we have

(3.4) DiF [, .. b =0, j=1,...,n,
and
L 1 y 9 5
(3.5) Folu,...,ul = —F?[u], where F/[u]= Sp[A(D?u).
k 8uij

The matrix [F ;j |nxn is positive definite. We can write Fk in the divergence form
(3.6) Fifu',... wf] =) uli B!, uF =Y DAF W, ut T D)

Now we are ready to prove Theorem 1.2. Here we use ideas from Z.Blocki [1].

Proof of Theorem 1.2. Let h = max{u,h —e}. Then h = u in a neighborhood
of 30 and h — u converges to h — u as ¢ — 0. We can therefore assume that h = u
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in a neighborhood of 0f). First assume that h,u and v; are smooth. By hypothesis,
we can let ||v;||q = 1. We want to show that for p=2,...,k,

(3.7) /(h—u)pﬁk[u,...,u,vk_p+1,...,Uk]
Q
<p/(h_U’)p_lﬁk[ua'"7uavk—p+25"-7vk]-
Q

By (3.6) and Stokes’ theorem, the left-hand side of (3.7) is equal to

/ (h — u)pﬁéj [’U,, ceey Uy Vp—p42, - - - ,Uk]Dijvk_p+1
Q
= — / Dz[(h - ’U,)p]ﬁ}z] [’LL7 s Uy Vg—p42,5 - - - ,Uk]DjUk_p+1
Q
_ /Q Okt 9ttty 0« 0] D (= )]

= / Uk—p+1ﬁk[u7 sy Uy (h - u)p7vk—p+25 s 7Uk]-
Q

And it follows from —vg_pt1 = ||vgk—p+1] < 1 that the right-hand side of (3.7) is
greater than or equal to p [o,(—vr—ps1)(h — WP Fylu, ... U, 05 pia, ..., vg]. For
p=2,...,k, by (3.6) we have

F‘k[u, cos Uy (B = w)P vk_pya, ..., Uk
= F,ij (W, .oy Uy Vk—pt2, - - -, Uk Dy [(h — u)?]
= F[uy ..oy u, v piay o 0i]p(p — 1) (h — w)P2D;(h — u)Dj(h — u)
+ F,ﬁj [y ooy Uy Vk—pi2s -, Ok]P(R — w)P " Dy (h — u)
> p(h —u)P" Y Flu, ..., u, Vk—pt2, - - -, Uk, B| — Filu, ..., u, Vh—pt2y - -« Uk, U])

> —plh— u)pflﬁk[u, ey Uy Vk—pt2y - -+ 5 Uk,

where the first inequality follows from the positivity of the Hessian matrix [F,ij]nxn
and the last inequality follows from (3.2). Then we get (3.7). Now by (3.2), (3.7)
and Stokes’ theorem,

/(h—u)kﬁk[vl,...,vk] <k!/(h—u)ﬁk[u,...,u,vk]
Q Q
:k![)(—vk)ﬁk[u,...,u,u—h]

<I<;!/ |vk|ﬁ‘k[u,...,u]:k!/ |vg| F [u].
Q Q
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Now assume u and h are arbitrary and v; still smooth. Let u. and h. be the smooth
regularizations of u, h respectively, such that u. and h. decreasingly converge to u
and h respectively as € tends to 0. Then u. < h.. If we shrink 0 a little, then
ue = he in a neighborhood of 0€). So by the proof above, we have

(3.8) /(hs —u ) Fifvr, ..., o0 < Eoi]a. .. ||vk,1|\g/ |vg | g [ue].
Q Q

By Lebesgue’s dominated convergence theorem, the left-hand side of (3.8) tends
to [o(h — u)Fg[v1,...,v], and by (1.3) the right-hand side of (3.8) tends to
RMvilla - lloe-1lle fo [vel duxlul.

Finally, let vy,..., v, be arbitrary. Denote by (v;). the smooth regularization of
v;, then (v;). decreasingly converges to v; as € tends to 0. Note that

/(h—u)kﬁk[(vl)ea-w(%)e] <k‘!ll(’vl)eHQ-~H(Uk—1)s|\n/ |(vk)e| dpar[u]
Q Q

<k!||v1||n...||vk71na/ ok | dpag [,
Q
so that we have

/(h—u)kd/}k[vl,...,vk] <liminf/(h—u)kﬁk[(vl)e,...,(vk)s]
Q Q

e—0

<ol fonrlla | ol dial.
Q

Let h = 0 in Theorem 1.2. Then we have the following result.

Corollary 3.1. Suppose that w is a nonpositive k-convex function satisfying
lirgﬂu(x) = 0, and vy,...,v; are nonpositive bounded k-convex functions in ).
xr—
Then

/|u|kdﬂk[v1,...,vk]<k:!||v1||g...||vk_1||9/ | dyn[u].
Q Q

Now we use the induction method in [3] to prove Theorem 1.3.
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Proof of Theorem 1.3. First assume that all the functions are smooth. Let us

prove the statement for p = ¢ = 1. By Stokes’ theorem,

/(—h)Fk[ul, U2, V1, - - - ,’Uk_g] = /(—h)ﬁzj [’U,Q, Vly--- ,’Uk_g]Dijul
= /DihDjulﬁlzj[UQ,Ul, e ,Uk_g] = /(—’U,l)ﬁ}zj [’LLQ, Vly--- ,'Uk_Q]Dijh

= /(—’U,l)ﬁk[h, U2, V1, - - - ,’Uk_g] = /Di'U,le'U,QF}ij [h, Vly.-- ,Uk_g]
o 1/2 o 1/2
S (/DiuleulF,z] [h, Vly--- ,’Uk_g]> ( Di’LLQDjUQF]z] [h, Vly.-- ,’Uk_g]>

. 1/2 . 1/2
= (/(_UI)F;J[ha’Ulw'kaQ]Dijul> </(_u2)Flzj[hvv1a“'vvk2]Diju2)

= (/(_M)Fk[h’ul’vl"”’vk2])1/2(/(_“2)Fk[h,uQ,vh,,,wk2]>1/2
- (/(—h)ﬁk[ul,ul,vl,...,vk_g])l/Q(/(—h)ﬁk[ug,ug,vl,...,Uk_2]>

Assume that the theorem is proved for p+ ¢ < m. We now prove it for p+q < m+1.
We first show that the following inequality holds:

1/2

(3.9) /(_h)Fk[UhU%"'7u2;v17"'7vk7p7q71]
——

p+q

~ 1/(p+q+1)
< </(—h)Fk[u1,...,ul,vl,...,vkpq1]>

p+a+l

- (p+9)/(p+q+1)
X (/(—h)Fk[’u,g,...,U,Q,Ul,...,vk_p_q_l]> .

ptg+1

By the assumption above,

/(_h)ﬁ‘k[ulvu%'~'7U2;v1a~~'7vk7p7q71]
———

pt+q
. 1/(p+a)
< </(—h)Fk[U1, ey, U, U2,V . . ,vkpql])

————
p+q

- (p+q—1)/(p+aq)

X (/(—h)Fk [UQ, ce U2, U2,V . . ,’Ukpql])
———
p+q
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1/(p+q)
</ Ul,.. u17u27u17v17"';vkpq1]>
%,_/
pt+g—1
(ptq—1)/(p+q)
X (/ kU, . .. uQ,vl,...,vkpql])
%,_/
p+q+1
(p+q—1)/(p+q)
|:(/ ul;-- u17u17vl7"'7vk—p—q—l])
H/—/
p+q
1/(p+q)71/(p+a)
X / UQ,.- u27ulavl7"'avk—p—q—l]) :|
H/—/

X Ug,.. u27vl7---7vk—p—q—1]

oo
(Je

) (p+q—1)/(p+a)
p+q+1

Therefore (3.9) follows. Using (3.9) to complete our induction we arrive at

p+1 q
- p/(p+9)
< (/(—h)Fk[uh Ce UL, UL, VT, avk—p—q—1]>
————
p+q
- a/(p+q)
X (/(_h’)Fk[UQa ceey U2, UL,V e e 7Uk—p—q—1]>
——
p+q
- p/(p+9)
< (/(_h)Fk[uh sy UL,V e, Uk—p—q—l])
———
p+q+1
- (p+a)/(p+q+1)
X |:</(—h)Fk[’U,2, e, U2,V e, vkpql])
———
p+q+1
B 1/(p+q+1)7 ¢/ (p+aq)
X </(—h)Fk[u1,...,ul,’ul,...,vkpq1]> :|
————
p+a+1
B (p+1)/(p+q+1)
= (/(_h)Fk[uh ceey UL, V1, Uk—p—q—l])
————
p+q+1
- q/(p+q+1)
X (/(_h)Fk[UQ,...,UQ,'Ul,...,'Uk_p_q_l]> .
——
p+q+1

558



Let h = max{h, —}, then h = h in a neighborhood of 9Q and h — h converges
to —h as ¢ — 0. We can therefore assume that h vanishes in a neighborhood of 0f2.
For arbitrary h, denote by h. the smooth regularization of h such that h. decreasingly
converges to h as ¢ tends to 0. By shrinking ) a little, h. vanishes in a neighborhood
of 9. So the inequality (1.6) with & replaced by h. holds. And by the monotone
convergence theorem, each integral [ —h.F}, converges to J —hF},. Thus we get (1.6)
for nonsmooth h. For the same reason, the formula (1.6) with w;,v; replaced by
(us)e, (vj)e respectively holds. By Theorem 2.4 in [10] and Theorem 1.1,

/(_h) dﬁk[(ul)ev ey (ul)ea (UQ)E; ey (u2)67 (UI)E) ey (kapfq)s]

q

—>/ h) djig[uq, . .. ul,ug,...,ug,vl,...,vk,p,q], as e — 0.
—_———— ———

The theorem is finally proved. O

Proof of Corollary 1.1. It follows from Theorem 1.3 that

/(—h) dﬂk[ul,u2, e ,Ug]

k-1

< </(_h)dﬂk[Uh.“’U1])1/k</(—h)dﬂk[u2,...,u2]>(k1)/k
- </(—h) duk[u1]>”’“</(_h) duk[u2]>(k1)/k.

This is the case of Corollary 1.1 for ug = ... = uy = u. Suppose that the corollary
is proved for up41 = ... = up = u. We now prove it for up42 = ... = up = u. By
Theorem 1.3,

/(—h) dig[ur, ... Up, Upt1, U, -« -, U

1/(k—p)
g (/(—h) d/]/k[ulw- -5 Up, Up41, - - .,Up+1]>

(k—p—1)/(k—p)
X (/(—h)dﬂk[ul,...,up,u,...,u])

559



<[(feman m)/’i..( /(_mduk[up])”k
y </ B | uerl])(kp)/k} 1/(k—p)
(Jimia) (o)
) </ duk Bk :| 1/k (k—p—-1)/k
= ([emamba)) o ( fenamtna) ( [enan) .

X

O
Corollary 3.2. Let uy,...,u; be nonpositive k-convex functions of x in ) satis-
fying pi[u;](Q) < 400, =1,..., k. Suppose that each function converges to zero as

x tends to OS2, then

fuelur, - wr](Q) < (uilua] ()5 (i [ur] () V5.

Proof of Theorem 1.4. First we assume that both u, v are smooth. By Holder’s
inequality and using Stokes’ theorem twice we get

(3.10)
(—u)pdﬁk[u u,v,...,v] :/(—u)pﬁéj[u,...,u,v,...,v]Dijv
J
= /D FU ,u,v,...,v]Djv:/vﬁ}ij[u,...,u,v,...,U]Dij(—u)p
J J
= p( —1)/ (—u)P"2DjuDjul | Uy Uy, V)

+p/(—v)(—u)p_1ﬁk[u, UV, ]

——
Jj+1
<p/(—v)(—u)p—1ﬁk[u,...,u,v,...,v]
——
j+1
. 1/p ~ (r—1)/p
<<p/(—v)ka[u,...,u,v,...,v]) ><(p/(—u)ka[u,...,u,v,...,v]) ,
—— ———
+1 +1

where the first inequality follows from the positivity of the Hessian matrix [F,z] Jnxn-
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Let

xj; = log/(—u)pﬁ‘k[u, LU, L), Y = 1og/(—v)pﬁ‘k[v, R TR IR
———
j e

By using the method in [4, p. 97-99], we then get the conclusion when u,v € C.

Let @ = max{u, —¢}, then @ = u in a neighborhood of 99 and @ — u converges
to —u as € — 0. We can therefore assume that u and v vanish in a neighborhood
of Q. For nonsmooth u and v, denote by u. and v. the smooth regularizations of
u and v respectively. By shrinking €2 a little, u. and v. vanish in a neighborhood
of 9. So the inequality (1.8) with u, v replaced by u.,v. respectively is valid. By
the approximation theorem in [10, Theorem 2.6], as ¢ — 0, we have

/(—ue)pd/}k[ue,...,ug,vg,...,ve] — /(—u)pdﬂk[u,...,u,v,...,v],
J J

[ dmiud — [Cordud and - [o)rdule) — (o7 du

O

4. APPLICATIONS TO k-GREEN FUNCTIONS

For k < n/2, a € 2, we proved in [12] that u(z) = ga(x,a) is the unique solution
to the Dirichlet problem

u € Q) NC(Q\ {a}),

u] = Cp 104, on €,
(4.1) o [u] ke
u(z) + ||z — a|>™* = 0(1), as T — a,
u(z) — 0, as x — 09,

where Cp, 1 = wp, (Z) (n/k —2)*.
Proof of Proposition 1.1. 'With help of (4.1), Lemma 2.1 and Corollary 3.1, we
can get the conclusion by repeating the process in [5, Theorem 1]. O

D.Labutin defined two types of exceptional sets in [8]. A set E C R™ is said to
be k-polar if for each point a € E there are a neighborhood B(a,r) and a function
u € ®*(B(a,r)) such that u| g p(a,r) = —00. Let Z C ®*(12) be a family of functions
which are locally bounded from above. Define U(x) = sup{u(z): uw € %} for x € Q.
Denote by U* the upper semicontinuous regularization of U. A set N is called k-
negligible it N C {x € Q: U(x) < U*(x)} for some family % as above. D.Labutin
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proved in [8, Theorem 4.2] that the following three statements are equivalent for a set
E € Bp: (1) E is k-polar; (2) E is k-negligible; (3) Capy(E, Bg) = 0. D. Labutin also
proved that compact sets with finite (n — 2k)-Hausdorff measure have zero capacity,
thus being k-polar sets (see [8, Section 5] for details).

Now we proceed with the proof of Proposition 1.2. Our method is due to
M. Carlehed, U. Cegrell and F. Wikstrom [2]. We need the following lemma. Denote
by ®k(£2) the convex cone of proper k-convex functions ¢ with xlirgﬂ o(x) = 0 and

1 [](2) < oo

Lemma 4.1. C3°(Q) C &k N C(Q) — Bk N C(Q).

Proof. Let x € C§°(©2). Then x + mlx||? is positive and k-convex if the
constant m > 0 is sufficiently large. Let a < infy < sup(x + m|z|?) < b. Choose
Q

a negative function f € ®% N C(). Define g1 = max(x + m|z||> — b, C'f), where C
is sufficiently large such that C'f < a — b on the support of x. Then by Lemma 2.1
(2), 1 € ®ENC(Q) and so go» = max(m|z||?> — b,Cf). Then x = g1 — g2 €
ENC(Q) — dENCQ). O

Proof of Proposition 1.2.  Define u;(w) := sup go(w, ). By Lemma 2.1 (1),

nzj

uj is a bounded k-convex function and converges to 0 as w tends to 9€2. Let h be

a function in ®5 N C(Q2) and h(z,) — 0 as n — oco. Denote by (u}). the smooth
regularization of u}. By (1.3), (3.6) and Stokes’ theorem, we have

o<b%mwmﬁm(%ﬂmw

e—0 Q

— tim [ (~W)EZ (), .. ()] Dy ().

e—0 Q
— lim DihEY [(u))e, .., (u))e] Dy (ul)e
Q
= lim [ —(u)-F [(w))e, -, (u})e] Dish
Q
< lim [ —(ga(@a)E [(4)e, -, (u))] Digh
e~lJa
= lim | (=h)E[(w)e, - (u):]Dij (g0 (-, 2n))e
e~lbJa
= &11_1;1’(1) (_h)Fk[(u;)Ev7(uj)ev(gﬂ(axn))€] <.
Q
< lim [ (=h)Fil(ga(2n))e; - (g0(  2n))e] = lim | (=h)Fil(ga(,2n))e]
Q Q

- / (=B ds[(ga( 2n))] = —Co () — O
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as n — 00, where the last identity follows from (4.1). It follows from Lemma 4.1
that the measures uk[u;] converge weakly to 0. By the continuity of the k-Hessian
operator on the sequence {u} C ®*(Q) (cf. [9, Theorem 1.1]), the limit function

u := limu] satisfies ugxu] = 0. Thus u is k-maximal (cf. [12, Theorem A.1]) and
J

equals 0 on 0f2. Tt follows that u = 0. Since {u}} is a decreasing sequence, each uj
must vanish identically in €. For each j, there is a k-polar set E; such that u; = 0 on
Q\ E;. Let E = Ey. Since {u;} is decreasing, the k-polar sets E; form an increasing
sequence. On the other hand, if w € E;\ E, then go(w,z;) = 0 for some [, 1 < < 7,
which is impossible. So we have E; = E for all j. Thus u; =0 on Q\ E. d

The exceptional set may depend on the sequence {z,,}. We can get a weaker result
which is independent of the sequence. Let S denote the set of all sequences in €
tending to zg. Take E = [ E, where E denotes the exceptional set corresponding

seS
to the sequence s, then we get the following corollary.

Corollary 4.1. Let z¢p € 0%, k < n/2. Then there exists a k-polar set ECQ
such that

lim go(w,z) =0 for every w € Q\ E.

T—T0
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