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Abstract. The numerical solutions of stochastic partial differential equations of It type
with time white noise process, using stable stochastic explicit finite difference methods are
considered in the paper. Basically, Stochastic Alternating Direction Explicit (SADE) finite
difference schemes for solving stochastic time dependent advection-diffusion and diffusion
equations are represented and the main properties of these stochastic numerical methods,
e.g. stability, consistency and convergence are analyzed. In particular, it is proved that
when stable alternating direction explicit schemes for solving linear parabolic PDEs are
developed to the stochastic case, they retain their unconditional stability properties ap-
plying to stochastic advection-diffusion and diffusion SPDEs. Numerically, unconditional
stable SADE techniques are significant for approximating the solutions of the proposed
SPDEs because they do not impose any restrictions for refining the computational do-
mains. The performance of the proposed methods is tested for stochastic diffusion and
advection-diffusion problems, and the accuracy and efficiency of the numerical methods are
demonstrated.

Keywords: stochastic partial differential equation, finite difference method, alternating
direction method, Saul’yev method, Liu method, convergence, consistency, stability

MSC 2010: 60H15, 65M06

1. INTRODUCTION AND PRELIMINARIES

The extensive application of random effects in describing some practical sciences
like engineering and mathematical finance has developed with the theory of stochas-
tic partial differential equations, or SPDEs. Thus, providing applicable numerical
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techniques and high accuracy computational methods is of great importance for ap-
proximating the solution of stochastic problems. Many effective researches for solving
stochastic differential equations as well as their strong and weak approximation have
been implemented by Kloeden and Platen [6], Komori and Mitsui [7], Milstein [10]
and RoBler [11].

In recent years, some main numerical methods for solving PDEs like finite differ-
ence and finite element schemes [1], [4], [9] and some practical techniques like the
method of lines [12], [9] for boundary value problems have been applied to the lin-
ear stochastic partial differential equations, and the results of these approaches have
been experimented numerically.

In [17], the authors considered the approximation of stochastic parabolic equa-
tions with real valued Brownian motion using two various finite difference methods,
and investigated their numerical results. In other words, the fundamental notions of
deterministic methods have been applied to the stochastic case with approximation
of one dimensional white noise. This article provides several alternating direction
explicit methods for solving stochastic heat-diffusion and time dependent advection-
diffusion equations with one dimensional white noise process. These schemes are
unconditionally stable and explicit in nature and can considerably reduce the nec-
essary computation in higher dimensions in comparison with other unconditionally
stable methods which are mostly implicit.

Our concern in the current work is on approximating the solutions of the Ito
stochastic partial differential equations of the following form:

ou ou 0%u

(1) S +vsi@t) = v @) +oul@ W), 0<t<T,

u(z,0) =up(z), 0<x<l,

with respect to an R!-valued Wiener process (W (t), F})iep0,) defined on a complete
probability space (2, F, P), adapted to the standard filtration (F});cj0,7)- The pa-
rameter «y is the viscosity coefficient and v is the phase speed, and both are assumed
to be positive.

Clearly, in the absence of the advection term the stochastic partial differential
equation will be reduced to the stochastic diffusion equation of the form

ou 0%u .
— — N <t<LT.
(2) 5 (z,t) ’yamQ (z,t) + ou(z, )W (t), 0<t<1

The performance of stochastic ADE methods will be illustrated for both the diffusion

and advection-diffusion equations and their main qualifications will be studied.
This paper is organized as follows: the deterministic theory of several alternat-

ing direction methods, in particular, Saul’yev, Liu and Saul’yev/Robert and Weiss
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schemes for solving deterministic heat-diffusion and advection-diffusion equations are
reviewed in Section 2. In Section 3, stochastic Saul’yev, Liu and Saul’yev/Robert
and Weiss schemes for approximating the diffusion and advection-diffusion SPDEs
are presented. In the next section some general considerations for stochastic differ-
ence methods are given. Sections 5, 6, and 7 contain the analysis of the stability, con-
sistency and convergence of the proposed stochastic alternating direction methods,
respectively. The computational performance of the stochastic difference methods
and their numerical results are demonstrated in Section 8. Section 9 contains some
concluding remarks.

2. ALTERNATING DIRECTION DETERMINISTIC SCHEMES

Basically, partial differential equations have considerable applications in different
areas of science and engineering. In this section, we consider the approximation of
the solution of deterministic heat diffusion and advection diffusion equations using
deterministic ADE finite difference schemes. Numerically, finite difference methods
have vast applications in approximating the solution of partial differential equations
(PDEs). These schemes discretize continuous space and time into an evenly dis-
tributed grid system, and the values of the state variables are evaluated at each
node of the grid. Considering a uniform space grid Az and time grid At in the time-
space lattice, we can estimate the solution of the equation at the points of this lattice.
The value of the approximate solution at the point (kAx,nAt) will be denoted by
u}l, where n, k are integers [19].

Alternating direction explicit finite-difference methods are essentially based on the
two approximations that are implemented for computations proceeding in alternating
directions, e.g., from left to right and from right to left [2], [3]. These methods were
first introduced by Saul’yev [15], [16] for solving initial value problems involving the
one-dimensional heat diffusion equation and then developed to the other cases. In
these schemes, the computation process in two opposite directions follows the imple-
mentation of explicit finite difference methods. The Saul’yev and Liu techniques for
solving the linear parabolic heat equation are unconditionally stable explicit methods
that do not require the solution of large systems of simultaneous equations at each
time step like most other unconditionally stable methods.

An important characteristic of these approaches, in addition to their unconditional
stability, is that they have truncations error of opposite sign. So, by appropriate
combination it may be possible to construct combined solutions having the properties
of accuracy, stability and simplicity. In the following subsection, the formulations of
Saul’yev and Liu schemes for the diffusion equation and Saul’yev/Robert and Weiss
schemes for the advection-diffusion equations are reviewed:
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2.1. Alternating direction methods for diffusion equation.

2.1.1. Saul’yev schemes. The Saul’yev scheme approximates the diffusion equa-
tion by

(3) (140Ut = (1 = yo)UL + vo(Upt + Ulyy),

with the calculation proceeding from the left boundary to the right (L-R Saul’yev),
and

(4) (1 +70) U™ = (1= yo) Ul +vo(UT + Uiy),

with the calculation proceeding from the right boundary to the left (R-L Saul’yev),
where o = At/Axz?. The Saul’yev schemes can be shown to be unconditionally stable
using the Von Neumann method of stability analysis [2], [3].

2.1.2. Liu schemes. Liu [8] used a higher order approximation and obtained the
L-R Liu difference equation

(5)  Bro+2Up™ =201 = 290U +vo(Uiy +3URy, — Uy +4U7),
and the R-L Liu algorithm by
(6)  (Byo+2)Uptt =2(1 = 2v0)U +~o(Uyy + 33U, — Uy +4UH.

They are analogous to the Saul’yev schemes except that the first point on any line
(either from left to right or in the reverse direction) must be obtained by some other
methods. Liu schemes in both cases are unconditionally stable for approximating
the solution of the heat equation. Basically, separate use of left to right and right to
left Saul’yev algorithm at a certain time and the following calculation of the average
of the solutions at the gridpoints of the lattice can lead to a better approximation
because of the truncation error cancellation. Of course, such a combination can also
be applied to the Liu algorithm [2].

2.2. Alternating direction methods for advection-diffusion equation.

2.2.1. The Saul’yev/Robert and Weiss schemes. This method is based on an
alternative approximation for the first derivative in the advection diffusion equation.
Combined with the Saul’yev’s discretization for the diffusion term, the first space
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derivative is approximated using the alternating direction explicit schemes of Robert
and Weiss [3]. The discretization is

n+1 n n+1 n
Ju _uj ' +ufyy —uity —uj

P j
(7) ox 2Ax

in the left to right step and

n+1 n n+1 n
Ou _Ujpy tuj —uj —uj

(8) ozr 2Ax

in the right to left step.
Applying the Robert and Weiss and Saul’yev discretizations to the first and second
space derivatives respectively, we have

VA VA VA VA
9) (1 +ve+ 7)%“ = (1 —ve+ 7)% + (vg+ 7)%@% + (79— 7)%#1

in the L-R step and

(10) (1 +v0— V—QA)u?“ = (1 —v0— V—;)U? + (%9— V—QA)“?E + (79+ %/\)U;L—l
in the R-L step where A = At/Az and o = At/Ax?. In the stability analysis, the
L-R Saul’yev/Robert and Weiss scheme is unconditionally stable and can be used
with no stability restriction on the time step size. But, the R-L Saul’yev/Robert and
Weiss scheme is conditionally stable and a sufficient condition for stability is A < 1
applying to advection-diffusion equations [3].

3. STOCHASTIC ALTERNATING DIRECTION SCHEMES

3.1. Stochastic Saul’yev and Liu schemes.

We extend the proposed unconditional stable finite difference schemes for ap-
proximating the solutions of the stochastic diffusion equations of the form (2) and
investigate their performance in the stochastic cases.

First, we introduce L-R stochastic Saul’yev methods using the approximation of
the white noise process W () for stochastic parabolic equation (2):

At
(11) uZ'H = uy + 'ym[uzﬂ —up — uZ‘H + qu%] + oup AW,

where AW,, = W((n + 1)At) — W (nAt). This equation can also be written as
(12) (1 +y0)up™ = yeui + (1 —yo)uy +voup’; + oup AW,
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where o = At/Az? and u? is intended as an approximation to u(kAz,nAt). A
similar stochastic difference method can be rewritten for the stochastic R-L Saul’yev
technique. In the same way, the stochastic Liu scheme can be considered as

(13) (3yo+ Z)uZJr1 =2(1—2vo)uy +vo(up_; +3up,, — qu% + 4u2ﬂ) + oup AW,

We want to approximate the solution of (2) by the random variable u} defined by
(12) and (13), which are respectively the stochastic version of the Saul’yev and Liu
methods. For all proposed schemes, the increments of Wiener process are assumed
independent of the state uj.

3.2. Stochastic Saul’yev/Robert and Weiss schemes.

Applying the Saul’yev/Robert and Weiss schemes for discretizing the advection
and diffusion terms in equation (1) and using the discrete time approximation of
continuous time white noise, we obtain

VA VA VA
(14) (1+79+7)u2+1 _ (1—794—7)%’4— (vg+7)ugj}
VA
+ ('yg - 7)u2+1 + oup AW,

for the L-R stochastic Saul’yev/Robert and Weiss scheme, and

VA VA VA
(15) (1 + 0 — 7)%“ = (1 — o — 7)%’ + ('yg — 7)1;2111
A
+ (’yg—i— %)u?_l + oup AW,

for the R-L stochastic Saul’yev/Robert and Weiss scheme, where

At At
AW, =W ((n+1)At) — W(nAt), A= s and o= N

4. SOME GENERAL CONSIDERATIONS FOR STOCHASTIC SCHEMES

In this section, we present some basic definitions which are indeed stochastic ver-
sions of the main concepts of the deterministic finite difference schemes.

Essentially, it is extremely important for the solution of stochastic difference
schemes (SDS) to converge to the solution of the stochastic partial differential equa-
tions or SPDEs. First, consider a stochastic partial differential equation:

Lv =G,
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where L denotes the differential operator and G € L?(R) is an inhomogeneity. As-
suming uf is the solution that is approximated by a stochastic finite difference
scheme denoted by L7, and applying the stochastic scheme to the SPDE, we have
Liu} = G}, whereby G} is the approximation of the inhomogeneity.

We refer to Roth [13], [14] for the following definitions, but first we introduce

for sequences u = {...,u_1,up, U1, ...} the ¢ ag-norm |ujz Ay = \/Z;ioo |ug|PAx
and the sup-norm |u|e, = \/supy, |zx|2.

Definition 1 (Convergence of an SDS). A stochastic difference scheme L7u} =
G} approximating the stochastic partial differential equation Lv = G is convergent
in mean square at time t if, as (n + 1)At converges to t,

(16) E|tins1 — vni1||*> =0 for (n+1)At =t, and Az — 0,

where u?t! and vt are infinite dimensional vectors

n+1l __ n+l n+l n+l n4+l n+1l T
u" = (T L u )
n+1 __ n+1l _n+l n+1 n+l n+l T
v = (v o vy, )

Definition 2 (Consistency of an SDS). The finite stochastic difference scheme
Liu} = G} is pointwise consistent with the stochastic partial differential equation

Lv =G at a point (z,t), if for any continuously differentiable function ® = ®(z, 1),
(17) E|(L® — G} — [L}®(kAz,nAt) — GR||*> — 0

in mean square as Ax — 0, At = ¢, and (kAz, (n + 1)At) converges to (z,t).

Definition 3 (Stability of an SDS). A stochastic difference scheme is said to be
stable with respect to a norm in mean square if there exist positive constants Axg
and Aty and non negative constants K and § such that

(18) Elu™? < Ke™ Ellu|®

forallOétz(n—i—l)At,OgAxéAxo,OgAtgA—to.

Remark 1 (Stability analysis of a stochastic scheme using the Fourier-trans-
formation).

Von Neumann [18] introduces a method to prove stability using Fourier analysis so
that it can give a necessary and sufficient condition for the stability of deterministic
finite difference schemes.
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Assuming 4"t! is the Fourier transformation of u”t!, the Fourier-inversion-
formula gives us

N
19 n+1 __ 1 r/Aw imAzg sn+1 d
( ) um - \/ﬁ /A € u (E) ga
—T xT
where
m=0oQ
(20) anl = _12 § emAnty A,
T

m=—0oQ

and ¢ is a real variable. Substituting in a stochastic difference scheme, we have
(21) a"ti(€) = g(Axg, At, Ax)a" (€),

where g(Ax, At, Az) is the amplification factor of the stochastic difference scheme.
The decision whether a scheme is stable or not, can be simplified by the aid of
amplification factor. Like the deterministic case, we get the following necessary and
sufficient condition, for a scheme’s stability via its amplification factor, see Roth [13]:

(22) Elg(Az¢, At,Ax)]* <1+ KA.

5. STABILITY ANALYSIS OF STOCHASTIC ADE SCHEMES

5.1. Stability of stochastic Saul’yev and Liu schemes for stochastic dif-
fusion equations.

Theorem 1. The stochastic Saul’yev schemes are unconditionally stable accord-
ing to the Fourier-transformation analysis for the stochastic diffusion equation.

Proof. According to the Fourier-inversion-formula, u;, has the transformation

1 n/Ax

n o _
" V21 —n/Azx

Substituting in L-R stochastic Saul’yev scheme, we have

U emATEsn (&) d¢.

(L+70)a" (&) — (yo)e A7 (€) = (70)e 278 0™ (€) + (1 —y0)d™ (€) +0tt™ (€) AW,,.
Then we get

[(1+70) — (vo)e "2 ]am 1 (€) = [(y0)e™ ™ + (1 — yo)a™ (&) + o™ (§) AWy,
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and

iAx
S (L, )
1+7y0—yoe 1828 140 — e~ i€

Therefore, the amplification factor of the stochastic Saul’yev scheme is

1 — 0+ yoe'&7¢ AW,
g(AzE, At, Ax) := { Ter e = g n_.A }
L4y —yoe A28~ 1 4 yp — ype~iAat
So, we get
1- 1Az8 AW, 2
Blg(Aat, At Ax)f? = B| 11 SR
L4y —yoe A28~ 1 4 yp — yge~iAat
11— y04yeettt 2 N E‘ o AW, 2
L4 yo — yoemiant 1+ 70— yge 1At

1 — yo + yoeitré y o AW,
1+ 750 —yoe 478 1+ yp — yoe~iArt

+2F

Because of the independence of the Wiener process, we have

1 — 70+ 702"

2 o QA
: . t.
1+70— we“A”f) " <1 +70 - we“A”f)

Elg(Aag, At, Ax)? =

Since for every 7, o and Az we have

1 —yp + voelA%¢

1+ 70— yoe~iAwe

’ K
1, ( : ) <K,
= 1+~ —yge~iAeg) =

therefore
Elg(Az¢, At,Ax)]* < 1+ KA.

So the stochastic Saul’yev scheme is unconditionally stable. ([
By a similar argument it can be proved that the stochastic right to left Saul’yev
method is unconditionally stable when applied to the stochastic diffusion equations.
Theorem 2. The stochastic Liu schemes are unconditionally stable according to

the Fourier-transformation analysis for the stochastic diffusion equation.

Proof. We give a proof for the stability condition of the L-R Liu stochastic
scheme. Applying the stochastic L-R Liu scheme to the equation (2), we have

(2 + 37Q)ﬁn+1 + (,yg)ef%AxgﬂnJrl o 4(,yg)efiAzEﬁn+1
= 2(1 — 270)0" + yo(e 'A% + 3687 + o u™ (£) AW,

447



Therefore,

[(2+ 3v0) + (vo)e P48 — dype 278 g !
= [2(1 = 270) + voe A" + 3(y0)e A" + o™ (€) AW,

and

2(1 — 2y0) +yoe” B + 3rypelA*

(2 + 370) + yoe  HATE — dyge~iart
o AW,

T4 3y0) Yoo TATE — dype AT

() = {

Jan ).
Therefore, the amplification factor of the stochastic L-R Liu scheme is

2(1 — 270) + yoe ATE 4 3rygelAzE
(2 + 370) + yoe  HATE — dygemiAwt
o AW,
T2+ 370) + Yoo FATE — dyge AT

g(AzxE, At, Ax) =

Applying E| - | to the amplification factor, we have

2(1 — 290) + y0e 27 + 3ygeS7

(24 370) + yoe  HA7E — dygeinwt
o AW,

T4 3y0) + Yoo AT — dype AT

Blg(Aat, At, Az)[2 = E

2

So,we get

2 2(1 — 290) + yoe™ "B + 3y0e'27¢ |2
Blg(Aat, At M) = Bl o e e

E‘ o AW,

(2 + 370) + yoe  HATE — dygeiArt

2(1 — 290) + 70027 + 3ypel A7

‘ (2 + 370) + yoe HATE — dyge~iart
" o AW,

(24 3y0) + yoe 2ArE — dyge 1At

2

+2F

Since the increments of a Wiener process are independent, we have

2(1 = 2y0) +y0e™ 878 + 3ypel BT \2
2 _
Elg(Axg, At, Az)|” = <(2 T 3v0) + yoe 2AwE — 4,)/Qe—iA;c§)

2 )QAt
i <(2 + 370) + yoe~HATE — dygemiArt ) T
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For every v, 0 and Az,

‘ 2(1 — 290) + yge 27 + Bygee
(2 + 370) + yoe  HATE — dyge~iAwt

~ Y

2
< K.

(o2
‘ (2 + 370) + yoe PATE — dygemiart

So,
Elg(Az¢, At,Ax)]* < 1+ KA.

Therefore, the stochastic L-R Liu scheme is unconditionally stable for the stochastic
diffusion equation. It can be proved that the stochastic R-L. Liu method is also
unconditionally stable for approximating the solutions of SPDE (2). O

5.2. Stability of stochastic Saul’yev/Robert and Weiss schemes for
stochastic advection-diffusion equation.

Theorem 3. The L-R stochastic Saul’yev/Robert and Weiss scheme is uncon-
ditionally stable according to the Fourier-transformation analysis for the stochastic
advection-diffusion equation.

Proof. Substituting the Fourier transformation of u"*! in the L-R stochastic
Saul’yev/Robert and Weiss scheme, we get

(1 +tre+ %)@"“(E) = (1 —vo+ %)ﬂ”(ﬁ) + (79 + %)e—mﬁanﬂ(g)
+ (vg - %)emia"(g) + o™ (6)AW,,.

Consequently, we have

[(1 +v0+ &) — (7.@ - ﬂ)e‘mg}ﬁ”*l(é)

2 2
(170 3) + (ro- ) + eariram,
and
amH(g) = { (1 =70+ /2) + (yo — Av/2)ei2<
U1 +y0+ A/2) — (vo + Av/2)e1BaE

o AW, .
T et w2~ (et Av/2)e B }“ ().
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Therefore, the amplification factor of the L-R stochastic Saul’yev/Robert and Weiss

scheme is
(1 =0+ Av/2) + (yo — Av/2)elree
Az€, At, Az) = -
g( 1’57 5 (E) {(1+’YQ+/\V/2)—(’YQ+/\V/2)Q_IA%
. o AW, }
(14+~v0+ M /2) — (yo+ Av/2)e 18
Further,

(1 —~y0+ Av/2) + (yo — A\v/2)elA7¢
1+~0+ Av/2) — (vo+ Mv/2)eiAzE
o AW,

T 0t w/2) — (o + Avj2)e B
‘ (1 —~y0+ Mv/2) + (yo — A\v/2)elA7¢
(L+v0+Av/2) — (yo+ Av/2)e 188

E‘ o AW, .
(1+7v0+Av/2) — (vo+ Av/2)e i8¢

_ [ (1 —y0+W/2) + (vo — Av/2)e'd* }2
(1+70+ A\v/2) — (vo+ \v/2)e1A¢
o2 At

T+ /) = e+ w/2)e A

Blg(Aeg, At Aa)f* = B

2

2

2

The condition )

(1—vo+\/2) + (yo = Av/2)et2e¢ |7

‘ (L+v0+Av/2) = (vo+ Av/2)e A%
is satisfied if and only if

AV
+_

. . _ \ |
L ye(e = 1) + (1 - e_’A‘”E)‘ < ‘1 +y0(1— 707 + 7”(1 — oAy

and we have

i A i - A .
—1 — 'YQ(l _ e—lA:CE) _ 71/(1 _ e—lA:CE) <1+ ,yg(eleﬁ _ 1) + 71/(1 _ e—leg)

. \ .
<1 +70(1 —e 1828 4 71/(1 — e 1ATE)

The first inequality does not impose any condition on At and Az, and for the second
inequality we get

’yQ(elAzE _ 1) _ 79(1 _ e—leg) < 71/(1 _ e*lAmf) _ _(1 _ e*lAmf)
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which means that

—v0[2 — 2 cos Az€] < 0.
This inequality is satisfied for all Az, also we have

1
: <L
[(1+7y0+ Av/2) — (vo + Av/2)e A2

Therefore,
Elg(Azg, At, Ax)|? < 1+ o?At.

The L-R stochastic Saul’yev/Robert and Weiss scheme is unconditionally stable for
solving SPDE (2), with K = o2. O

Theorem 4. The R-L stochastic Saul’yev/Robert and Weiss scheme with Av <
~vo+ Av/2 < 1 is stable in mean square with respect to the |- |oc = \/supy, | - |2-norm
for the stochastic advection-diffusion equation.

Proof. Applying E| - |? to the R-L stochastic Saul’yev/Robert and Weiss
scheme, we get
Av Av 2
B| (1490 = T )Jui - (ve = T )it

A A 2
= E‘ (1 —v0— ?V)uz + (’yg+ Ty)uﬁ_l +oup AW, | .

Using the assumption yp + Arv/2 < 1 and the independence of the Wiener process

increments, we have

v v 2
Bl (1490 - 5 )uit! = (ve— 5 )uiti]

Av Av 2
= B|(1-e- 5 )i+ (re+ 7)u;;_l‘ + o ALE ]
A AV [\2
< (‘1 —vo0— TV‘ + ‘fyg—l— %D sup E|u}|? + o At sup E|u}|?
k k

< (14 o2 At)sup Elu}|?.
k
Since this holds for all k, we have
A A 2
sup E‘ (1 +~v0 — %)uzﬂ - (’yg - %)u?]ﬂ‘ < (1 + o®At) sup E|ul 2.
k k
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Assuming 1 4+ ~vo — Av/2 > 0 and vo — Av/2 > 0, we get

AVN AVN a2
(10~ )i (o Wi

2
AV
> (}1 + 70— —‘ }79 —~ 7‘) SupEIU"HI2
> supE|u”+1|2
So we have
lu" I3 < (1+02Aﬁ)IIU"II2
+
a2 < (1407 )" el
(n+1)/2
e < (14 -7 1) ]l
" oo < 7 2]|u oo

So the R-L stochastic Saul’yev/Robert and Weiss scheme is stable for

A
/\V<’YQ+7V<1.

6. CONSISTENCY CONDITIONS OF STOCHASTIC ADE SCHEMES
Theorem 5. The stochastic L-R Liu scheme is consistent in mean square for
approximating the solution of stochastic diffusion equation (2).

Proof. If p(z,t) is a smooth function, then we have
L(®)[} = ®(kAz, (n + 1)At) — ®(kAz, nAt)

(n+1)At (n+1)
— 'y/ Do (kAx, s)ds — 0/ O(kAz,s)dW (s)
nAt nAt

and

Ly (®) = ®(kAz, (n + 1)At) — ®(kAxz, nAt)
722%@»((1@ —1)Az, nAt) + 35((k + 1) Az, nAL)
—®((k —2)Azx, (n+ 1)At) + 4®((k — 1) Az, (n + 1)At)
—3®(kAzx, (n + 1)At) — 4®(kAx,nAt)] — o @ (kAx, nAL) AW,
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Therefore, we get in mean square

(n+1)At
E|L(®)|? — LY(®)]* < 24*FE / O, (kAx, 5)
n.

At

1
— 573 [ ®((k = DAz, nAl) + 38 ((k + 1) Az, nAt)

— O((k —2)Az, (n+ 1)At) + 49((k — 1) Az, (n + 1)At)
—3®(kAz, (n+ 1)At) — 4®(kAz, nAt)] ds i

2

)

(n+1)At
+ 2U2E‘ / (®(kAz, 5) — B(kAz, nAL)) AW (s)
nAt

(n+1)At
EIL@)[ — Lp(®) < 2@\ [ eutans)
nAt

1
~ 5apz 2((k = 1Az, nAt) + 38((k + 1) Az, niAt)

—P((k —2)Az,(n+ 1)At) + 4®((k — 1) Az, (n + 1)At)
—30(kAz, (n+ 1)At) — 4®(kAx,nAt)] ds :

(n+1)At
+ 202/ |®(kAz, s) — ®(kAz, nAt)|? ds;
nAt

if ®(x,t) is a deterministic function, we get

E|L(®)[; — Ly (®)] = 0,

when n, k — oo. This proves the consistency. So, the stochastic L-R Liu scheme is

consistent in mean square.

Theorem 6. The L-R stochastic Saul’yev/Robert and Weiss scheme is consis-

tent in mean square for approximating the solution of stochastic advection-diffusion

equation (1).

Proof. Assuming o(z,t) is a smooth function, we have
L(®)[} = ®(kAz, (n + 1)At) — ®(kAz, nAt)

(n+1)At (n+1)At
— u/ O, (kAzx,s)ds — 'y/ ... (kAz,s)ds
nAt nAt

(n+1)At
— 0/ O(kAz,s)dW (s)
nAt



and
LY (®) = d(kAx, (n+ 1)At) — P(kAx,nAt)
At

- l/m[@(k‘Ax, (n+1)At) + ®((k + 1) Az, nAt)

—P((k — 1)Az, (n+ 1)At) — ®(kAx, nAt)]

_ 7%[@(@ + 1)Az, nAl) — d(kAz, nAt)
xr

— ®(kAz, (n+ 1)AL) + ®((k — 1) Az, (n + 1)At)]
— o®(kAx, nA)AW,,.

In mean square, we obtain

(n+1)At
E|L(@®)[} — L}(®)P < 20°E / 0, (kA, s)
n

At

1

- m[@(kAm, (n+ 1)At) + ®((k + 1)Ax, nAt)

—P((k— 1Az, (n+ 1)At) — (kAx,nAt)] ds :

(n+1)At
/ B, (kAT 5)

At

+29°E

- m[(b((k + 1)Az,nAt) — ®(kAz, nAt)
2

— ®(kAz,(n+ 1)At) + ®((k — 1)Az, (n + 1)At)] ds

(n+1)At
+ 202/ |®(kAz, s) — ®(kAz, nAt)|? ds.
nAt

Since ¢(z,t) is assumed to be deterministic, for At, Az — 0 we have

BIL(®)[} — Li(®)]* — 0.

7. CONVERGENCE OF STOCHASTIC ADE SCHEMES

7.1. Convergence of stochastic Liu schemes for stochastic diffusion equa-
tions.

Theorem 7. Let v € H', H3. The stochastic L-R Liu scheme is convergent for
the ||.||oc-norm for 0 < y(At/Axz?) =: vo < 3 for approximating the solution of the
stochastic diffusion equation (2).
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Proof. The stochastic L-R Liu scheme is given by

(3vo + 2)uy ntl — 901 — 2vo)uy +volup_y + 3up,, — uk 5 by 4u"+1) + oup AW,
which can be represented by

up ™t =y + —{ upty + 4ud T = Ut ) — duf + 3ul, 4 ouf AW,

Considering the Taylor expansion v, (x,s) with respect to the space variable, the

solution UZ“ can be written as

L (n+1)At (n+1)
vZ+ =up + 'y/ Vg (T, 8)| o=z, ds + U/ (@, 8)|p=, AW (S)

At nAt
N (n+1)At _ n+1 + 4vn+1 3,Un+1 + o — 4ol + 3,Ulrcz+1
o Uk + ’y/r;At QACL'Q
Az
53l ((Bvgaa (K + a1)Ax, 8) — Vyue (K + a2)Ax, s)
— Qg ((k + B1) Az, s + Al)) + 8vgza ((k + B2) Az, s + At)
At (n+1)At
AL QUIt(kAiL' s+nAt))ds+o /A v(x, §)|p=g, AW (s),
nAt

where a1, a2, 01, 82 € (0,1). Assuming r} = v} — uj, we have

n+D)At . _,m+1 n+1 n+1 n Ao n
ntl _ on (n+1) Vo HAv T = 3u T g 4vk+3vk+1
Tk e+

n.

At 2Ax2
_uZJle + 4un+1 3u2+1 +oup g — duy + 3ug,
2Ax?
Az
+ %31 ((Bugza ((k + a1) Az, 8) — Vyrs ((k + a2) Az, s)

— QUgpr ((k + B1)Ax, s + Al)) + 8vgay ((k + B2) Az, s + At)
— Y0Uaa (KAT, s + 7AY) | ds

Az (n+1)At
~ 5 3!0")/Q /nAt Vg (2, 8)|gpmay, AW (S)

(n+1)At
to / (02, ) oy, — ) AW (s),
nAt
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where o = At/Axz%. Consequently, we get

3
(1 — ﬂ)?ﬁ“ + 2yt — %r;ﬁ% =ry

e
9 +

2 (a4 + 3uy)

Az (n+1)At
boem [ (Bl 4 0)A0,5) ~ vk + a) )
©JnAt

— Az ((k + P1)Ax, s + At)) + vy (K + B2)Az, s + At)
— YOUzzz(kAx, s +nAt))} ds

Az (n+1)At
'U’)/Q/ Ve (2, 8)|gpma), AW ()

N 2 X 3 At
(n+1)At
‘o / (02, 8)|osr — ul!) AW (s).
nAt

Applying E| - |? to this equality we obtain

3 2
E}(l — %)rﬁ“ + 2797“211 — %r?fi} < 2F

T+ %(uZA — duy + 3up, )

Az (n+1)At
Foem [ U(Btmal(E+ 1) A7) — vk + 2) A )
*JnAt

— Apaz((k + P1)Ax, s + At)) + 80yar ((k 4+ B2) Az, s + At)
— YOUzgz(kAx, s +nAt))} ds

Az (n+1)At
—gre | @l W)

2

2

Y

(n+1)At
#2008 [ 0w~ ) V()
n.

which can be written as

i+ e~ 4 3e,)

3 2
E‘ (1 - %)rﬁ“ + 2797"211 - Er?f&‘ <2F 5

2

Az (n+1)At
+ 5 3l / {((Bvzaa((k + an)Ax, 8) — Vyza((k + ao)Az, s)
- JnAt

— Apaz((k + P1)Ax, s + At)) + 8vyaa ((k 4+ B2) Az, s + At)
— YOUzgz(kAx, s +nAt))} ds

Az (n+1)At
~ 5 3!079 /nAt Vg (2, 8)|pma), AW (S)

) (n+1)At 9
+ 40 /A E|(’U(l‘,3)|x=xk _’U/?)| ds
nAt

2

(n+1)At
+ 40* /A B|(vl —up)|*ds.
nAt
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It follows that

3 2
E‘ (1 _ ﬂ) L g prntl %r,’;f;‘ < 4E‘ (1 =2v0)rp + %(rﬁ,l +3r41)

2 i

L | I (NN

- Uxxx((k + 052)Ax7 8) 41}969595((]45 + ﬂl)Aiﬂ, s+ At))
2

+ 8Ugaa (K + B2) Az, s + At) — YUz (KA, s + nAL)) } ds

+ 8( Axsi)QE

2 (1) 2
+ 4o / E|(v(z, 8)|o=z, — vp)|"ds
nAt

+ 40 AtE|r}|?

2

(n+1)At
afyg/ Vg (2, 8)|pegy, AWV ()
nAt

and consequently

3v0N n n Yo .,
2] (1= 3) i+t + 2verptt - ]

3
(|1 — 2v0| + "YQ’ + ‘ 'YQ‘ +02At) sup E|r}|?
k

Az \2 (n+1)At
* 8(2 X 3!) S‘;pE‘ /nm {((3vaaa((k + a1) Az, 5)

- 'U;c;c;c((k + OKQ)AJ), 8) - 4’0;5;5;5((](3 + ﬁl)AJ), S+ At))
2

+ 8Uyaa((k + B2)Ax, s + At) — YoUzzs (EAz, s + nAt)) } ds

(n+1)At

Az \2 ) )
(2o [ Bt et

) (n+1)At )
+ 4o sgp/A E|(v(z, $)|o=z, — vp)|" ds.
nAt

Assuming o < 3, introducing the notation @1y = vVgea((k 4+ a1)Az,s) < oo,
Vol = Vaue (K + a2)Az,s) < 00, @31 = Vgaz((k + P1)Az, s + At) < 00, Qa =
Vaza (k4 B2) Az, s + At) < 00, @5k = Vaue (KAZ, s + NAL) < 00, @er = vz(z,8) < 00
and also considering

(n+1)At ) (n+1) )
/ B0z, 8) pes, —0f)[?ds = E / (0@, )|y — o) ds
nAt nAt

< sup [v(2, 8)| oz, — v(EAZ, nAL)PAL < ¢ At,
s€[nAt,(n+1)At]
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we get

3 2
sup E‘ (1 - '2yg) P 2yt — %rﬁfi‘
k

< 4(1 4 o At) sup E|r}|?
k

o \2 (n+1)At 2
(ﬁ) sup &/ / {301k — par — 43k + 8par, — yowsk} ds
X 3 nAt
Al’ 2 2 (n+1)At 2 2 7
+ 8<—2 |) (o-f)/g) sup/ E|906k| ds + 4o°p' At.
x 3! k JnAt
Therefore, we obtain
(1= 3] + 292l = [32]) sup W2 < 41+ o2 ) sup Bl
k

+8(A )2 E|<I>At|2+8( Az )2( )2 sup E|®s|2At + ®3A
2% 31) SPEIE 9 31) \oVe) PRI 820

and
sup Elrpt? < 4(1 + o®At) sup E|rp|? + PAL.
k

It follows that
B2 < 4{1 + S2ALE|r|?, + @At

< {1 + 02 i - }nH i(@m)i + DAL
i=1

n

< et (4DAL) + PAL.
=1

When the time step At tends to zero, we have

n—1)e” {(4DAL)? + 4¢” LDAL + DAL

Elrm 2, < (
te"Qt( ) At + 4e° t(I)At—i—fI*At
(

NN

2

te7 1 (4D)2 + 4e7 1 + D) A,

and consequently
Elr % — 0.
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Remark 2. If v € H', H?, the stochastic R-L Liu scheme is convergent for the
[|.||occ-norm for y(At/Ax?) =: yp > 1 for approximating the solution of the stochastic

diffusion equation (2).

7.2. Convergence of stochastic Saul’yev/Robert and Weiss schemes for
stochastic advection-diffusion equations.

Theorem 8. Let v € H', H? H® H*. The stochastic L-R Saul’yev/Robert and
Weiss scheme is convergent for the ||.||so-norm for vA/2 < o < 1+v\/2 for approx-
imating the solution of the stochastic advection-diffusion equation (1).

Proof. The L-R stochastic Saul’yev/Robert and Weiss scheme is given by

1) vAN 1)
(1 + 70+ 7)u2+1 = ( Yo+ ?)uk + (vg+ 7)%@%

1)
+ ('yg - 7)%’“ + ouy AW,,.

Considering the solution vj}, and using the Taylor expansion of v, (z, s) and vga(x, s)

with respect to the space expansion, we get

(n+1)At

1
optt =0 — 1// Vg (T, 8)|p=g, ds
nAt
(n+1)At
+ 'y/ Vg (T, §)|p=g), ds
nAt
(n+1)At
+ 0’/ v(z, 8)|a=z, AW (s)
nAt
n+1)At n+1 n _,ntl _ . n
oa /( e e e
=up —v
nAt 2ACL‘

- %(Um((k + a1)Ax,s) — v ((k + a2)Ax, s + At))} ds

+ 7/(n+1)At e e TR
nAt AxQ
Az
— ?(vxm((k + B1)Ax, 8) — Vyur (K + B2) Az, s + At))
A A
- A—;vxt(kAx, s+ 01AL) + gvxxt(kAx, s+ §2At)} ds
(n+1)At
+ O’/ (2, )| p=a, AW (s),
nAt
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where a1, awe, 1, B2, 01,02 € (0,1). Therefore, we have
n+1)At ,n+1 n _,ntl __ . n
ntl _ n (DAL oy — ot — o
v =) — v
nAt 2AJ)

A
- Tx(vm((k + a1)Az, 8) — veu((k + a2)Az, s + At)) ds
o [

nAt Ax?

Az

- ?(vxm((k + B1)Ax, 8) — Vaur (K + B2) Az, s + At))
At At

+ VA_a:v”(kAx’ s+ 01At) — 'yA—xvxm(kAx, s+ 01At)

A A
— Z/Ttvmx(k;Aa:, s+ 02 At) + 'yTtvmm(kAx, s+ (52At)} ds

At (n+1)At
— 'yUM /nAt Vg (2, 8)|pmgy, AWV ()

At (n+1)At
—yo— Vez (T, 8)| o=z, AW (s)
2 nAt

(n+1)At
+ 0’/ (X, 8)|z=z, AW (S).
nAt

Assuming rp = vy — u}, we get

n+1 n V/\ n+1
Tk

=TE — T(Tk ntl

n n+1 n n n n+1
+ 1 — Tty —re) Fye(ry L =T i — )

(n+1)At Ax
—l—u/ T(vm((k—l—al)Ax,s) — Ve ((k 4+ a2) Az, s + At)) ds
nAt

(n+1)At Az
+ / { — 157 oo ((k 4 B1)AT, ) = Vs (K + o)A, 5 + A1)
nAt .
At At
+ A—xvmz(k'Ax, s+ 01At) — V7vmmz(/€Am, s+ §2At)} ds

(n+1)At At
+ 1// — Uy (kKAx, s + 01 At) ds
nAt Az

(n+1)At At
+ / 'y?vmm(k;Aa:, s+ d2At)ds
nAt
At (n+1)At

—yo—
Az nAt
At (n+1)At

— 707 Vg (X, 8)|zeay, AW (S)
nAt

Ve (2, 8)|wma, AW (s)

(n+1)At
to / (02, ) o, — ) AW (s)
nAt
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where o = At/Az? and A\ = At/Ax. Consequently,

1) n VA n VA n vAN o,
(1 T +79)Tk+1 - (7 +’79)ka11 = (1 T ’79)7% + (’YQ— 7)7'1“1

(n+1)At Az
v [ (S (b + an)Azs) — vaa (k+ az)a,s + A1) s
nAt

(n+1)At
+ / { - Vﬁ(vch((k + BI)AJ); S) - 'Ugcgcgc((k + ﬁg)AJ), s + At))

At At
+ vam(lﬂAx, s+ 0 AL) — VTUxm(kAx, s+ (52At)} ds

(n+1)At At (n+1)At At
+ V/ — Vg (kKAz, s + 51 At) ds + / ’y?vmm(kAx, s+ 02At) ds

At Az nAt
Ap DAL Ap (DAL
ot 08 e, AW () =105 [ a9 W)
T JnAt nAt
(n+1)At
—l—a/ (v(x, 8)|zmx, —uy)dW(s),
nAt

and applying E| - | to this equality, we obtain

2 /\ /\ 2
[ <arl(1+ 2 -0t + (1o )

VA n VA n
E‘(l—i—?—i—'y.g)rk“ - (——i—'yg)r,i% 5

2

(n+1)At Az
+8E z// {—(vm((k + a1)Az,s) — Vg (kK + o)Az, s + At))} ds

At 4

(n+1)At
+ / { - 7%(01’1’1’((/‘5 + B1)AT, 8) — Vpza((k + B2) Az, s + At))
nAt :

At At
+ vam(ija:, s+ 6 At) — VT’wac(kJAJ), s+ 52At)} ds

(n+1)At At
+ 1// — Vg (KAz, s + 01At) ds
nAt Az

2

(n+1)At At
+ / Y —Vpzaz (KA, s + 02 At) ds
nAt 2

2

At (n+1)At
" 16(70)2}3‘ [ v e W

nAt
At (n+1)At
4 16(70)?E| 2 / O (@) e, AW (5)
2 nAt

(n+1)At (n+1)At
+402/ Elof — ul|? ds—|—402/ Elv(x, 8)| =z, — v
nAt nAt

Considering 1 = v ((k+a1)Ax, s) < 00, P2 = vz ((k+ a2) Az, s+ At) < 00, g =
Uxxx((k + ﬂl)Am, 3) < 00, 1/14 = vzzz((k + 62)ACL’, s+ At) < 00, ?/15 = vzzz(kAxa s+
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01AL) < 00, g = Vpuo(kEAz, s + J2AL) < 00, V7 = vg(kAx,s + 51AL) < o0,
V8 = Upzax(KAZ, s 4+ 02At) < 00, V] = vy(x,8) < 00, V) = vez(z, ) < 00, Y1 < 00,
we have

v A
B (145 o)t (5 e rerit]
VA

v 2
<1+ 2 <o)+ (o= 2

(n+1)At A A
+8E / {l/Tx%k — vipap — 3—?(1/131@ — ar)
nAt )
A 2
+ 1/1519 - l/ ka + I/ 1/)7k +v— Z/Jsk}
(n+1)At At At
1 16(v0)? / E|y1,,1* + Ely
SO [(RY) Bhul? + ( ) Elef? ) as

) (n+1)At 5 ) (n+1)A )
+ 4o /A E|rp|*ds+ 4o /A E|v(m,s)|x:xk — g%,
nAt nAt

and consequently, we get

Y A
B (1+ 5 o)t = (5 et
VA A
< 4E‘(1 + - 79)7"2 + (79— %)TZH

n+1)At 2 (n+1)At
+8E‘/ \Illds —|—16('yc7)2/ E|U,[? ds
nA nAt

‘ 2

(n+1)At (n+1)At
+402/ E|ri|? ds—|—402/ Elv(z,5)|pms, —vr|*ds.
nAt nAt

So it follows that
VA VA
B(1+ 5 +ae)ri = (%5 +re)rici]
VA 2 n2
< 4((‘1 + 7 - ’yg‘ + "yg— ?D +o0o At) sup E|ry | + TAL.
k
Assuming 1+ vA/2 —yp > 0 and yo — vA/2 > 0, we obtain
V_)‘ _ VA n+1)2 o 2 n|2
1+ 5 T |5 T e supE|r | < 4(1 + o At)sup E|rp|* + PAL,
k
and considering v, v > 0, we arrive at

sup Elr 2 < 4(1 + o®At)sup E|ry|? + VAt
k
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So it follows that
E|lr" 2, — 0.

O

Remark 3. Let v € H', H?> H3 H*. The stochastic R-L Saul’yev/Robert and
Weiss scheme is convergent for the || - |[oo-norm for vA/2 < vo < 1 — vA/2 for
approximating the solution of the stochastic advection-diffusion equation (1).

Remark 4. Let v € H', H?, H?, H*. The stochastic R-L Saul’yev/Robert and
Weiss scheme is convergent for the || - ||co-norm for vA/2 < vo < 1 — vA/2 for
approximating the solution of the stochastic advection-diffusion equation (1).

Remark 5. Let v € H', H3. The stochastic Saul’'yev schemes are convergent
for the || - |so-norm for 0 < yp < 1 for approximating the solution of the stochastic
diffusion equation (2).

8. NUMERICAL RESULTS

Computational efficiency is another important factor in evaluating the superiority
of numerical methods [5]. In this section, the performance of the presented numerical
techniques described in the previous sections for solving the proposed SPDEs is
considered and applied to some test problems. For computational purposes, it is
useful to consider discreted Brownian motion where W (t) is specified at discrete ¢
values.

8.1. Example 1. We examine the performance of the proposed stochastic
Saul’yev and Liu schemes for stochastic diffusion equation of the form

ou 0%u .
23 @Y
(23) = ol ()
subject to the initial condition
B (x —0.2)
u(x,O)fexp( 5 ), z €10,1],
and the boundary conditions
1 0.04
0,1) = —— - ),
0.0 = T o ( St + 1))
(1) = e (=08 )
/T e N T S U
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The problem has an exact expected solution given by

1 z—0.2
u(z,t) = \/mexp <_'y(4t+1))'

The space domain of the interval D = [0, 1] is discretized into M uniform grid-
points. We carried out 10, 000 realizations for all tests, then we displayed the stochas-
tic mean solutions along with some selected simulations. In this example, we used
different values for the diffusion constant v and the stochastic coefficient o and the
qualification of Saul’yev and Liu stochastic difference methods are investigated for
various cases. In order to qualify the results for the stochastic diffusion equation (23),
we plot in Figure 1 the stochastic solutions using both the Saul’yev and Liu schemes
along with the deterministic numerical solution (¢ = 0) on a mesh of 100 gridpoints,
~ =0.005, 0 =5 and At = 0.005.

T=1
0-6 T T T T
- —+— Saul’yev
0.5F — +—  Deterministic| ]
ff:::\\\‘.{:\ Liu
0.4} \ i
4 %
V. i
g 03f y 3 .
"J'S' .4 \u
z j \
n 0.2 Va % T
o .'\.
S Y
s %
0.1y “ _
“a
.
0 - \MMMWM)/LK‘L’)\)\‘LE",f)"iy)'\(‘(‘;/y‘,f)"(i)’ﬂ;\ti‘(}’;fK\L\(:
—0.1 I I I I
0 0.2 0.4 0.6 0.8 1
Distance

Figure 1. Mean and analytical solution of stochastic diffusion problem using Saul’yev and
Liu methods with 100 mesh points.

In Table 1, some numerical results for solving the stochastic diffusion equation (23)
using the unconditional stable alternating direction methods are presented. In all
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cases, time and space step sizes are considered to be At = 0.01 and Az = 0.01, also
the value of diffusion and stochastic constants are v = 0.005 and ¢ = 2.5. As is
shown in Table 1, the mean solutions of the considered SPDE are approximated by
the L-R and R-L Saul’yev schemes and the averaged solution of these two methods for
two opposite direction in each time step is presented. Similar computational results
are given for stochastic Liu methods. Because of the significant property of stability
of these stochastic explicit alternating direction methods, we have no limitation for
considering the time and step sizes and the refinement of the computational domain
does not impose any restriction on the stability conditions. So numerically explicit
and unconditional stability of these stochastic alternating direction methods makes
them applicable for approximating the solution of stochastic diffusion equations. The
numerical solution of the stochastic diffusion equation (23) using the stochastic L-R
Liu scheme is shown in Figure 2 on a 50 x 50 grid during the time interval [0, 1] for
v =0.005 and ¢ = 10.

Stochastic Scheme | E(1(0.3,1)) | E(u(0.4,1)) | E(u(0.5,1)) | E(u(0.6,1))

L-R Saul’yev 0.31597 0.10496 0.01799 0.00170

R-L Saul’yev 0.33184 0.10505 0.01284 0.00054
Average of R-L

and R-L Saul'yev 0.32424 0.10372 0.01527 0.00106

L-R Liu 0.32562 0.10672 0.01534 0.000895

R-L Liu 0.32460 0.10670 0.01534 0.00089

Average of R-L

and R-L Liu 0.32460 0.10570 0.01493 0.00087

Table 1. Test of stochastic diffusion equation by the stochastic alternating direction meth-
ods.

For studying the performance of the proposed stochastic alternating direction
methods, we use the exact expected solution to evaluate the expected error function
at time ¢,, as

ef = (ui') = u(w tn),

where u(z;,t,) and (ul) are respectively the exact and expected numerical solutions
at the lattice points (z;, t,). So, the following spatial discrete error norms are defined:

L2 = (sz |@i|2)1/2-

Similarly, to investigate the time accuracy of the methods, we define the following

lellzy =2z ledl, el
%

temporal discrete error-norms:

1/2
lelly = ALY lle ez, llelloz = (At llel3:) "
n n
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where || - ||z = || - [[zr(p) and | - > = || - [[Lr(j0,)) denote the discrete LP-norm in

the space domain D and the time interval [0, T'), respectively.

0.8

Figure 2. Mean solution of stochastic diffusion equation using L-R Liu method for v = 0.01
and o = 10.

In Table 2, we summarize the spatial and temporal errors for the diffusion equation
(23) for the diffusion coefficient v = 0.01, random coefficient o = 4.5 and different
values of M and N using the stochastic L-R Liu difference method. Further, we
calculate the confidence interval with boundaries a and b to the level of 95 percent
for the estimated E(0.8).

M N | leller | Mlellzz | lelly | lellz | EQ©8) a b

50 | 50 |3.983E—03]7.962E—03|2.310E—02|3.913E—02|4.512E—01 | 4.449E—01|4.576E—01
100| 200 |3.979E—03|7.398E—03 | 1.467E—02|2.224E—02 | 4.528E—01 | 4.488E—01| 4.569E—01
200| 800 |3.484E—03 | 7.326E—03|9.922E—03|1.333E—02 | 4.523E—01| 4.496E—01 | 4.550E—01
400 3200(3.251E—03 | 7.145E—03| 6.896E—03 | 8.445E—03 | 4.508E—01 | 4.448E—01 | 4.568E—01

Table 2. Spatial and temporal error norms and confidence intervals for stochastic diffusion
L-R Liu method at time ¢t = 1 with v = 0.01 and o = 4.5.

8.2. Example 2. In this example we investigate the efficiency of the stochastic
Saul’yev/Robert and Weiss schemes for approximating the solution of the stochastic
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advection-diffusion equation of the form

ou Ou 0%u .
(24) E(x,t) + l/%(l‘, t) = 7@(33, t) + ou(z, t)W(t),

with the initial condition

B (x —0.5)?
u(z,0) = exp (—f), x € [0,1],
and boundary conditions
1 (—0.5 — vt)?
0,t) = ——— —_— ),
w00 = exp ( V@At +1) )
1 (0.5 — vt)?
1Lt) = ——— —_——).
W) = exp ( V@At +1) )

It is easy to verify that in the absence of the noise term, the exact solution is

u(z,t) =

1 (x — 0.5 —vt)?
VRS (- y(4t+1) )

Numerical observations of the stability condition for the stochastic Saul’yev/Robert
and Weiss schemes uphold the investigations of the previous sections. Applying
the L-R stochastic Saul’yev/Robert and Weiss scheme to the stochastic initial value
problem (24), the time and spatial step sizes do not impose any restrictions on the
stability and convergence of the method.

Table 3 shows the spatial and temporal errors for the advection-diffusion equa-
tion (24) for v = 0.005, v = 0.5 and ¢ = 2.5 with several values of M and N using
the L-R stochastic Saul’'yev/Robert and Weiss difference method. The coefficient of
the SPDE (24) and also the space and time step sizes are selected according to the
convergence condition of the difference method. In addition, the confidence intervals
with boundaries a and b to the level of 95 percent for the estimated E(0.8) are given.

M| N | el | llellze | llelles | lellz | E(08) a b

25 | 50 |2.109E-023.538E-02|1.403E-01|1.870E-01 | 5.135E-01 | 5.089E-01|5.181E-01
50 | 200 |5.932E-03 | 1.135E-02|3.287E-03| 1.348E-02 | 5.222E-01 | 5.136E-01| 5.308E-01
100| 800 |1.822E-03|3.751E-03 | 3.026E-03| 1.041E-02|5.312E-01 | 5.258E-01 | 5.367E-01
200 | 3200 8.480E-04 | 1.665E-03 | 2.961E-03| 9.482E-03 | 5.380E-01 | 5.342E-01|5.418E-01

Table 3. Spatial and temporal error norms and confidence intervals for stochastic advection
diffusion L-R Saul’yev/Robert and Weiss method at time ¢ = 0.6 with v = 0.005,
v =0.5 and o = 2.5.
Figure 3 shows the approximations of the stochastic advection-diffusion equation
using the L-R stochastic Saul’yev/Robert and Weiss scheme on a 100 by 100 grid
with v = 0.005, ¥ = 0.5 and 0 = 6 during the time interval [0, 1].
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Figure 3. Mean solution of stochastic diffusion equation using L-R Saul’yev/Robert and
Weiss method for v = 0.005, v = 0.5 and o = 6.

In Table 4, we show the dependence of the error on the number of the realizations
for approximated solution of the SPDE (24) at the point (0.6,1) with Az = 0.01 and
At = 0.005.

number of realization| FE(0.6) a b llellz: llellz:
10 2.665E-01|1.715E-01|3.614E-01 |4.155E-02|6.437E-02
102 4.323E-01|3.602E-01|5.044E-01 | 7.954E-03 | 1.236E-02
103 4.369E-01|4.138E-01|4.599E-01 | 4.401E-03 | 6.422E-03
104 4.420E-01|4.346E-01|4.494E-01 | 3.447E-03 | 5.314E-03
105 4.429E-01|4.383E-01|4.476E-01|2.092E-03 | 2.896E-03
108 4.432E-01|4.425E-01|4.439E-01|1.998E-03 | 2.698E-03

Table 4. Confidence intervals for mean solution of SPDE (24) using L-R Saul’yev/Robert
and Weiss method at time 7" =1 with v = 0.01, » = 0.1 and o = 3.5.

Also, in Figure 4 the approximated solution of the stochastic advection-diffusion
(24) using the L-R stochastic Saul’yev/Robert and Weiss scheme is represented for
v=0.01, v = 1.5 and o = 8 during the time interval [0, 1]. As is shown in Figure 5,
applying the R-L stochastic Saul’yev/Robert and Weiss method to the stochastic
advection-diffusion equation (24) with yo =4, Av = 2 and o = 1, the computational
results justify the theory of the stability conditions.
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Figure 4. Mean solution of stochastic diffusion equation using L-R Saul’yev/Robert and
Weiss method for v = 0.01, » = 1.5 and 0 = 8.

9. CONCLUSION

In this paper, numerical solutions of stochastic advection-diffusion and diffusion
equations with real-valued Brownian motion are approximated using stochastic al-
ternating direction methods. When applied to stochastic diffusion equations, the two
Saul’yev and Liu SADE schemes retain their stability conditions with the calculation
proceeding from left to right in the computational domain or in the opposite direc-
tion. The stability, consistency and convergence of stochastic Saul’yev/Robert and
Weiss schemes are also investigated for solving stochastic advection-diffusion equa-
tions. Although the R-L Saul’yev/Robert and Weiss scheme is conditionally stable,
the R-L Saul’yev/Robert and Weiss scheme is unconditionally stable for approximat-
ing the solution of the stochastic advection-diffusion equation. Since the proposed
stochastic alternating direction methods are explicit in nature and because of the sta-
bility qualification of these stochastic difference schemes, they are computationally
applicable in the comparison with the other unconditionally stable methods most of
which are implicit and impose a large amount of computation to the algorithm, in
particular for the stochastic case.
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Figure 5. Representation of the unstability of the R-L Saul’yev/Robert and Weiss method
for yo=4, \v =2 and 0 = 1.

In fact, when unconditional alternating direction methods are developed for the
stochastic case with real-valued Brownian motions, the stochastic reformulated al-
ternating direction methods are also unconditionally stable for approximating the
stochastic partial differential equations. In numerical results, the performance of
the stochastic alternating direction methods for stochastic advection-diffusion and
diffusion equations is studied by computing discretized Brownian paths.

Another open question is how to extend such methods to SPDEs with space-time
white noise process and demonstrate the stability and other main properties of the
stochastic difference schemes.
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