Acta Universitatis Palackianae Olomucensis. Facultas Rerum Naturalium.
Mathematica

Jiff Rachtinek; Zdenék Svoboda
Interior and Closure Operators on Commutative Bounded Residuated Lattices

Acta Universitatis Palackianae Olomucensis. Facultas Rerum Naturalium. Mathematica, Vol. 52 (2013),
No. 1, 121--134

Persistent URL: http://dml.cz/dmlcz/143396

Terms of use:

© Palacky University Olomouc, Faculty of Science, 2013

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must
contain these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://project.dml.cz


http://dml.cz/dmlcz/143396
http://project.dml.cz

Acta Univ. Palacki. Olomuc., Fac. rer. nat.,
Mathematica 52, 1 (2013) 121-134

Interior and Closure Operators
on Commutative Bounded Residuated
Lattices”

Jiff RACHUNEK®, Zdenék SVOBODA?

Department of Algebra and Geometry, Faculty of Science, Palacky University
17. listopadu 12, 771 46 Olomouc, Czech Republic
%e-mail: jiri.rachunek@upol.cz
be-mail: zdenek.svoboda01@upol.cz

(Received October 19, 2012)

Abstract

Commutative bounded integral residuated lattices form a large class
of algebras containing some classes of algebras behind many valued and
fuzzy logics. In the paper we introduce and investigate additive closure
and multiplicative interior operators on this class of algebras.
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1 Introduction

Commutative bounded integral residuated lattices form a large class of algebras
containing some classes of algebras behind many valued and fuzzy logics, such
as MV-algebras [2], BL-algebras [9], MT L-algebras [7] and commutative R(-
monoids [12], [6]. Moreover, Heyting algebras [1] which are algebras of the
intuitionistic logic can be also viewed as commutative bounded integral lattices.

Topological Boolean algebras, i.e. closure or interior algebras [15], are gen-
eralizations of topological spaces defined by means of topological closure and
interior operators. In [13] closure and interior MV-algebras as generalizations
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122 Jifi Rachtiinek, Zdenék Svoboda

of topological Boolean algebras were introduced by means of so-called addi-
tive closure and multiplicative interior operators. It is known that every MV-
algebra M contains the greatest Boolean subalgebra B(M) of all complemented
elements. By [13], the restriction of any additive closure operator on M onto
B(M) is a topological closure operator on B(M). Moreover, if M is a complete
MYV -algebra, then every topological closure operator on B(M) can be extended
to an additive closure operator on M. Since the addition and multiplication of
MYV -algebras are mutually dual operations, analogous properties are also true
for multiplicative interior operators on M and B(M).

The notions of additive closure and multiplicative interior operators (ac-
and mi- operators, for short) were generalized in [14] to commutative residu-
ated ¢-monoids (= commutative R¢-monoids), i.e. commutative bounded inte-
gral residuated lattices satisfying divisibility [11], [8]. But the dual operation
to multiplication in such residuated lattices does not exist in general. Hence,
connections between mi- and ac-operators are more complicated than those in
the case of MV -algebras.

In the paper we introduce and investigate analogous operators on arbitrary
commutative bounded integral residuated lattices. We describe connections
between mi-operators and ac-operators in this general setting. Moreover, we
generalize the notions of mi- and ac-operators to so-called weak mi-operators
and strong ac-operators and show that there is an antitone Galois connection
between them. Furthermore, we describe, for residuated lattices with Glivenko
property, connections between mi- and ac- operators on them and on the resid-
uated lattices of their regular elements.

2 Preliminaries

A commutative bounded integral residuated lattice is an algebra
M= (M;®,V,\,—,0,1)

of type (2,2,2,2,0,0) satisfying the following conditions:

(i) (M;®,1) is a commutative monoid,
(ii) (M;V,A,0,1) is a bounded lattice,
(iii) zQy<zifz <y — zforall z,y,z € M.

In what follows, by a residuated lattice we will mean a commutative bounded
integral residuated lattice.

For any residuated lattice M we define a unary operation (negation) ~ on
M such that = =2 — 0.

Recall that algebras of logics mentioned in Introduction are characterized in
the class of residuated lattices as follows:

A residuated lattice M is

(a) an MT L-algebra if M satisfies the identity of pre-linearity

(iv) (= y)V(y —2)=1;
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(b) involutive if M satisfies the identity of double negation
(v) 77 = ux;
(¢) an R¢-monoid (or a bounded commutative GBL-algebra) if M satisfies
the identity of divisibility

(vi)

oY) Or=xAy;

(
(d) a BL-algebra if M satisfies both (iv) and (vi);
(e) an MV-algebra if M is an involutive BL-algebra;
(f) a Heyting algebra if the operations “®” and “A” coincide.

Proposition 2.1 [4, 11] Let M be a residuated lattice. Then for any x,y,z €
M we have:

(i) x<y=y <z,

(i) Oy <z Ay,

(iii) (x = y) Oz <y,

(iv) <z~

(v) e~ =z,

(vi) x = (y—2)=y— (z = 2),
(vit) x = (y = 2) = (z Oy) = 2,
(viii) t <y=—= 2z >3 x < z >y,
(iz) s<y—=—y—z<z -2,
() y—=z2<(z—=y) = (x—2),
(xi) x%yg(y%z)%(x%z)

(xit)) 2=~ =y~ —=x—>y ,

(xiii) (x —y *)** =x =y,

(ziv) (xQy) " =y—ax =x—oy =x =y =y  —a,
() (xOy)" " 227~ Oy .

Let M be a residuated lattice. We define a binary operation & on M as
follows:

r@y=(" 0y )"
Lemma 2.2 [4] Let M be a residuated lattice. For any x,y € M we have
() 2®(y®2) = (DY) © 2
(i) x®y >z~ Vy ~ >aVy,
(iii) x 0 =2,
(w) (z@y)" " =27~ @y ~=zdy,
(w) Oz =0, zdz =1.
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We call a residuated lattice M normal if it satisfies the identity

(zOY) " =27 Oy .

For example, every involutive residuated lattice, every Heyting algebra and
every BL-algebra is normal [5] (note that the name “normal” is sometimes used
for non-commutative residuated lattices where all filters are normal, see [10]).

Similarly as in [14] for residuated ¢-monoids we can prove the following
identities.

Lemma 2.3 Let M be a normal residuated lattice. Then for any x,y € M

(i) (t@y)” =2 Oy,
(ii) (xOy)" =z~ Dy~ .
Proof (i) Since M is normal, we have
oy =@ 0y ) =270y =z Oy .
(ii) By Lemma 2.2 (iv), we have

em @y =@ oy ) =@ "0y "))
=@ oy ) =koy)T =(@oy)”

3 Connections between interior and closure operators

Definition 3.1 Let M be a residuated lattice. A mapping f: M — M is called
a multiplicative interior operator (mi-operator) on M if for any z,y € M

(1) flzoy) = flz)© f(y),
(2) f(z) <=,

(3) f(f(x)) = f(a),

(4) f(1)=1

(5) z<y= f(z) < f(y)

Remark 3.2 If M is an Rf-monoid, i.e. a residuated lattice satisfying
O —=y)=zAy

for any x,y € M, then it can be shown [14] that the property 5 from the
definition follows from properties 1-4.
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Example 3.3 Let M; = {0,u,a,b,v,1}. We define the operations ® and — on
M, as follows:

10 uw a b v 1 - 10 v a b v 1
0/0 O O O 0 O 0/1 1 1 1 1 1
u|l0 0 0 0 0 wu v |lv 1 1 1 1 1
al0 0 a 0 a a a | b b 1 b 1 1
b0 0 O b b b bla a a 1 1 1
v| |0 0 a b v w v lu uw a b 1 1
110 v a b v 1 110 w a b v 1

1

v

b a
U
0

Then M; is an involutive normal residuated lattice in which pre-linearity
and divisibility are not satisfied since we have (¢ — b) V (b = a) =bVa # 1,
and v®O (v 2 u) =vOu=0%#u=0vAu However, we get z~~ = x for all
xr € M.

Let f1: My — M be the mapping such that f1(0) =0, f1(u) = u, fi(a) = a,
f1(0) =0, fi(v) =wv, f1(1) = 1. Then the mapping f; satisfies the conditions
1-4 from the definition of an mi-operator, but the mapping f; is not monotone
since u < b, whereas f1(u) £ f1(b).

Example 3.4 Let M; be the residuated lattice from Example 3.3. Let us
consider the mapping fo: My — M such that f2(0) = fa(u) = fa(a) = fo(b) =
0, f2(v) = v, fo(1) = 1. Then f; is an mi-operator on M.

Lemma 3.5 Let f be an mi-operator on a residuated lattice M. Then for any
z,y e M

fle—=y) < fl@) = fy).

Proof Let z,y € M. Then (z — y) ®x < y and we have f(x — y) ©® f(z)
fl(w—=y)ox) < fy). Thus f(z —y) < flz) = f(y)-

Let f: M — M be a mapping on a residuated lattice M. We define
mapping f~: M — M such that

o Ol

for any z € M.
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Proposition 3.6 If f: M — M is a monotone mapping on a residuated lattice
M, then the mapping f~ is monotone, too.

Proof Let x,y € M be such that x < y. Then by Proposition 2.1 y~ < z7,
so f(y~) < f(z7). Therefore (f(z7))~ < (f(y~))~ or equivalently f~(z) <
().

Proposition 3.7 Let M be a residuated lattice. If f is an mi-operator on M
and r,y € M, then

(i) x < f~(2),

(i) f~(f~(x)) = f~(2),

(i) f~(0) =0,

(iv) v <y = f"(x) < [~ (y)

Proof (i) If z € M, then f’(x):(f( D)

(ii) ForanyxEMwehavef_(f ) =f((fla=)")={f(fz) )~
and f(z7) < (f(z7))”~ by Proposition 2. 1 Since f is monotone f(f(z™))
fa™) < f((f(z7))77), thus (f(z7))” = (f((f(z7))"7))", and f~(z)
£~ (f~ (). By (i) we also have f~(z) < f~(f~(x)). Thus f~(f~(x)) = £~ ().

(iii) f7(0) = (f(07))” = (f(1))” =17 =0.

(iv) It follows from Proposition 3.6.

O

VAN

O

Proposition 3.8 Let M be a normal residuated lattice and f be an mi-operator
on M. Then the mapping f~ satisfies the identity

[xoy) = () (y)

Proof Let z,y € M. Then f~(z) ® [~ (y) = (/7 ()" © (/7 (y))")” =
(fe) " oy ) ) = (@)oo fly) " = (7)o fly)”
(f@moy7)” =(f(oy)7))” = f([=zay). =

Definition 3.9 Let M be a residuated lattice. A mapping g: M — M is called
an additive closure operator (ac-operator) on M if for any x,y € M

Proposition 3.10 If M is a normal residuated lattice and f is an mi-operator
on M, then the mapping f~ is an ac-operator on M.

Proof It follows from Propositions 3.7 and 3.8. O
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Lemma 3.11 If M is a residuated lattice and g is an ac-operator on M, then
g satisfies the identity
g9(xz=7) = (g(x))"".

Proof By Lemma 2.2 (iii), we have g(z77) = g(z ® 0) = g(z) & g(0) =

9(x) ®0 = (g(x))"". O

Proposition 3.12 Let M be a normal residuated lattice and g be an ac-operator
on M. Then we have for any x,y € M

(i) g (z0y) =g () ©g9 (y),
(it) g~ (z) <z~

(iti) g~ (9~ (2)) = g~ (2),

() g~ (1) =1,

(v) x <y= g (z) < g (y).

Proof (i) Let z,y € M. Then we have

g (roy) =(g(zoy)7)),

and by Lemma 2.3 we get

(g((zoy)) =@ )egly ) =@ ) oy ) =g ()©g (y).

(ii) Since = < g(z~), we have (g(z7))
(iii) By Lemma 3.11,

(iv) g7 (1) = (g(17))" = (9(0))" =0~ = 1.
(v) For any z,y € M such that < y we have y~ <z, thus g(y~) < g(z7)
and g~ (z) = (9(z7))” < (9(y7))” =9~ (v). O

Remark 3.13 If g is an ac-operator on a normal residuated lattice M, then
g~ need not be an mi-operator, i.e. condition 2 from the definition of an mi-
operator need not be satisfied on M as we can see in the following example.

Example 3.14 Let My = {0,a,b,¢,1}. Let the operations ® and — be defined
on M, as follows:

©

O OO o oo
Qe o O
0 o O
o o o
OO OO O
Q "0 = e
SO = | o
S e = e
e )

Q@ & 2 O
o 0 2 O

0 o O
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1
®|0 a b ¢ 1
0|0 1 1 1 1 b c
all 1 1 1 1
b1 1 1 1 1
c|1l1 1 1 1 1 a
1/1 1 1 1 1

0

Then My = (My;®,V,A,—,0,1) is a residuated lattice which is both a
BL-algebra and a Heyting algebra with the derived operation ®:

Let g: My — Mj be the mapping such that g(0) = 0, g(a) = g(b) =b,9(c) =
1,g(1) = 1. Then we can easily verify that g is an ac-operator on M. However,
the inequality ¢~ (z) < x does not hold for all x € M,, since, for instance,

g9~ (a) = (9(a™))” = (9(0))” =0~ =1 £ a.

Recall that a residuated lattice M is called involutive if it satisfies x=~ =z
for any z € M.

Remark 3.15 It is obvious that any involutive residuated lattice is normal.
Hence by Proposition 3.10, if f is an mi-operator on such a residuated lattice
M, then f~ is an ac-operator on M. Furthermore, if g is an ac-operator on an
involutive residuated lattice M, then by Proposition 3.12, g~ is an mi-operator
on M. Moreover, f — f~ and g — g~ are one-to-one correspondences between
mi-operators and ac-operators on an involutive residuated lattice.

Remark 3.16 The situation for normal residuated lattices which are not in-
volutive is more complicated. Namely, although f~ is still an ac-operator for
any mi-operator f on a residuated lattice M, for ac-operator g on M, g~ need
not be an mi-operator. Furthermore, if f is an mi-operator on M, then by the
proof of Proposition 3.7 (i), f~ satisfies in fact a condition that is stronger than
axiom 2 in the definition of an ac-operator on M. Therefore, we will introduce
now the notions of wmi- and sac- operators on normal residuated lattices.

Definition 3.17 Let M be a residuated lattice and f: M — M. Then f is
called a weak mi-operator (a wmi-operator) on M if it satisfies conditions 1 and
3-5 of the definition of an mi-operator and for any = € M

2a  f(z) <z~

Definition 3.18 Let M be a normal residuated lattice and g: M — M. Then
g is called a strong ac-operator (an sac-operator) on M if it satisfies conditions
1 and 3-5 of the definition of an ac-operator and for any x € M

2b 7 < g(x).

Remark 3.19 We have that if f is an mi-operator, then f~ is an sac-operator
and if g is an ac-operator, then g~ is a wmi-operator.
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Now we will describe connections among mi-, ac-, wmi- and sac-operators
on normal residuated lattices.

Proposition 3.20 Let M be a normal residuated lattice.

(i) If f is a wmi-operator on M, then f~ is an sac-operator on M.

1) If g is an sac-operator on M, then g~ is a wmi-operator on M.
g D s g p

Proof (i) It suffices to prove condition 2b. If x € M, then by 2a, f(z7) <

2~~~ =z, hence (f(z7))" =f () >a~
(ii) Analogously we will only verify condition 2a. If © € M, then = =
(z7)7" < g(z7), thus 27~ > (g(27))” = g~ (2). O

If M is a normal residuated lattice, denote by wmi(M) the set of wmi-
operators on M and by sac(M) the set of sac-operators on M. Suppose that
wmi(M) and sac(M) are pointwise ordered.

Let a: wmi(M) — sac(M) be the mapping such that a(f) = f~, for any
f € wmi(M), and B: sac(M) — wmi(M) be the mapping such that 3(g) =g,
for any g € sac(M).

Theorem 3.21 If M is a normal residuated lattice, then « and [ form an
antitone Galois connection, i.e. f < B(g) if and only if ¢ < a(f), for any
fewmi(M) and g € sac(M).

Proof Let f € wmi(M), g € sac(M) and f < f(g9) = g~. Then f(x) <
g~ (x) = (g(z7))~, thus f(z)~ > (g(z~))"~, for any x € M. Therefore

(f@7)” = (g(="7))"" = (9(x))" " = g(=),

thus a(f)(x) > g(z), for any x € M. That means g < «(f).
Conversely, let g < a(f). Then f~(z) > g(x), i.e. (f(z7))” > g(z), and so
(f(z7))™~ < (g(x))~, for any = € M. Hence

(f(@z™7))7" <(9(@7))” =g (2), and (f(z77))"" = (f())"" = f(2).

That means 8(g)(xz) = g~ (x) > (f(z~=7))"~ > f(x), for any z € M, and thus
f < B(g). O

The following theorem is now an immediate consequence.

Theorem 3.22 Let M be a normal residuated lattice.
(i) If f is an mi-operator on M and h = (f~)~ is the corresponding wmi-
operator on M, then the induced sac-operators f~ and h™ are the same.

(i) If g is an ac-operator on M and k = (g~)~ is the corresponding sac-
operator on M, then the induced wmi-operators g~ and k= are the same.
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4 Operators on residuated lattices with Glivenko
property

Definition 4.1 Let M be a residuated lattice. A nonempty subset F' of M is
called a filter of M if the following conditions hold

(1) z,ye F=z0yeclF,
(2) zeF,yeM,z<y=yecF.

A subset D of M is called a deductive system of M if

(3) 1€ D,
(4) z,x wyeD=yeD.

It is known that a nonempty subset of M is a filter of M if and only if it is
a deductive system of M.

By [11], filters of commutative residuated lattices are in a one-to-one corre-
spondence with their congruences. If F' is a filter of a commutative residuated
lattice M, then for the corresponding congruence ©r we have:

(2,y) €O <= (2 yYA(y—2)eF <= (a—>y) O(y—2x)EF
<= x>y, y —>xEeF,

for each z,y € M. In such a case, F' = {x € M: (x,1) € Op}. For any filter F’
of M we put M/F := M/Op.
If M is a residuated lattice, denote D(M) = {x € M: 2=~ = 1} the set of
dense elements in M.
We say that a residuated lattice M has Glivenko property [3] if for any
z,yeEM
(z—=y) =x—y .

Proposition 4.2 [3] A residuated lattice M has Glivenko property if and only
if M satisfies the identity

An element z of a residuated lattice M is called regular if t—~ = x. Denote
by Reg(M) the set of all regular elements in M. If z,y € Reg(M), put 2V, y :=
(@Vvy) ey =@Ay) T, 20,y=(20y) " andz@.y=(xdy) .

Theorem 4.3 [3] For any residuated lattice M the following conditions are
equivalent:

(i) M has Glivenko property;

(7i) (Reg(M); Vs, As, @x, —,0,1) is an involutive residuated lattice and the
mapping ~~: M — Reg(M) such that ~~: x — 2™~ is a surjective ho-
momorphism of residuated lattices.
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Remark 4.4 If M is a normal residuated lattice and z,y € Reg(M), then
zOy=(x@y)" " =z~ @y ~ =z @y. For an arbitrary residuated lattice
we have x @,y =2 D y.

Proposition 4.5 A residuated lattice M has Glivenko property if and only if
(r—=y) " =a" = =y~ foranyxz,y € M.

Proof It follows from Proposition 2.1 (xii). O

Remark 4.6 Every R/-monoid has Glivenko property because by [12] it satis-

fies the identity (zx — y)" " =27~ -y .

Proposition 4.7 If M is a residuated lattice, then D(M) is a filter of M.

Proof Let z,y € D(M), i.e. =~ = 1 = y~~. Then by Proposition 2.1,
(x@y)" ">z~ @y~ =1, hence (r@y)"~ =1,and so x ©@y € D(M).
If v € D(M),z € M and x < z, then obviously z € D(M). O

The following assertions concerning connections between D(M) and Reg(M)
are consequences of Theorem 4.3.

Theorem 4.8 If M is a residuated lattice with Glivenko property, then for any
x,y € M we have (x,y) € ©pny if and only if x=~ = y~~. Moreover, the
quotient residuated lattice M /D(M) is involutive.

Proof Let z,y € M. Then

(z,y) € Opn) = x—=y,y—x € DM)

= (z—oy)  =l=(y—z) =z oy =l=y  —z
— z <y Ly <z =z =y
Therefore, (x/D(M))~~ =2~ /D(M) = z/D(M). O

Theorem 4.9 If M is a residuated lattice with Glivenko property, then the
residuated lattices Reg(M) and M/D(M) are isomorphic.

Remark 4.10 It is obvious that the mappings ¢: Reg(M) — M/D(M) and
v: M/D(M) — Reg(M) such that ¢: v — «/D(M) and ¢: y/D(M) — y~—
are mutually inverse isomorphisms between Reg(M) and M/D(M).

Theorem 4.11 Let M be a normal residuated lattice with Glivenko property, f
an mi-operator (resp. an ac-operator) on M and f*: M/D(M) — M/D(M) the
mapping such that f*(x/D(M)) = f(a=~)/D(M). Then f* is an mi-operator
(resp. an ac-operator) on M/D(M).

Proof Let f be an mi-operator on M and x,y € M be elements such that
x/D(M) =y/D(M). Then

[ (@/D(M)) = f(z=7)/D(M) = f(y~~)/D(M) = f*(y)/D(M).



132 Jifi Rachtiinek, Zdenék Svoboda

Therefore f* is defined correctly. We will verify that it is an mi-operator.

(1) fHx/DM))© f*(y/DM)) = fx=7)/D(M)© f(y~~)/D(M)
=(fem" 0y 7))/DWM) = f((xoy)"")/D(M) = f*((x ©y)/D(M))
= [((z/D(M)) © (y/D(M))).

2) f(@/D(M)) = f(z=7)/D(M) <x="/D(M) = z/D(M).

@3) fH(f (@/DM))) = [*(f(«7)/DM)) = f((f(z=7))"7)/D(M)
< (f277))"/DM) = f(z=7)/D(M) = f*(x/D(M)).

Conversely,

(f(z=7))"/D(M) > f(z=7)/D(M)
= f((f(z"7))"7)/D(M) = f(f(z~7))/D(M) = f(z=")/D(M)
= [*(f*(2/D(M))) = f*(x/D(M)).
Hence, f*(f*(z/D(M))) = f*(x/D(M)).
4) f*(1/D(M)) = f(177)/D(M) = f(1)/D(M) = 1/D(M).

() z/DM) <y/D(M) =z~ /D(M) <y~ /D(M)
= [(z77)/D(M) < f(y~7)/D(M) = [*(z/D(M)) < [*(y/D(M)).

Similarly for ac-operators on M. O

Theorem 4.12 If M is a normal residuated lattice with Glivenko property and
f is an mi-operator (resp. an ac-operator) on M, then the mapping f* such that
f#(z) = f(z)~~ for any x € Reg(M) is an mi-operator (resp. an ac-operator)
on the residuated lattice Reg(M).

Proof If z € Reg(M), then also f(z)~~ € Reg(M). The assertion is hence
a direct consequence of the preceeding theorem because the mapping v from
Remark 4.10 is an isomorphism of residuated lattices. O

Theorem 4.13 Let M be a normal residuated lattice with Glivenko property.
If g: Reg(M) — Reg(M) is an mi-operator on the involutive residuated lattice
Reg(M), then the mapping g*: M — M such that g*(z) := g(x~ ") for any
x € M, is a wme-operator on M.

Proof Let g be an mi-operator on Reg(M) and g (z) = g(z~~) for any
re M.

—~
—
~
kS
+
8
©
<
Il
8 o

(zoy) ") =glz"" 0y ")=gl@™ " 0.y ") =g ") O
gly= ") =g(z77)Ogly™) =gt (x) © g (y).
(2) g7 (@) =gla™) <277,
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(3) g7 (g7 (@) = 9((g7(2))"7) = g((9(z77))"7) = gg(a™7)) = g(a™7) =
gt (@)
(4) g7 (1) =9g(177) =g(1) = 1.
(6) x<y=g"(x)=9g(@"")<gly")=9"(y).
Hence g is an mi-operator on M. O

Theorem 4.14 Let M be a residuated lattice with Glivenko property. If
h: Reg(M) — Reg(M) is an ac-operator on Reg(M), then the mapping

for any x € M, is an sac-operator on M.

Proof

1. hzoy) =h(zoy) )=
=h(z™ )@ h(y ) =

l:L (x)=h(z=") >z .
—5. Similarly as in the proof of Theorem 4.13. O
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