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Further properties of transitive closures of special replacement relations in free monoids
are studied.

1. Introduction

This article is an immediate continuation of [1], [2] and [3]. References like 1.3.3
(I1.3.3, II1.3.3, resp.) lead to the corresponding section and result of [1] ([2], [3],
resp.) and all definitions and preliminaries are taken from the same source.

2.Complementary sequences

Troughout this note, let Z C A™ be a strongly separating set of words and let
Y : Z — A* be a mapping with ¥(z) # z for every z € Z. Notice that then the
corresponding replacement relation p (= pzy ) is irreflexive.

Two sequences pg, pi,---,Pm and qo,q1,--->qm, m > 1, of words will be called
((Z,)— or p-) complementary if, for every 0 < i < m, either (p;, pi+1) € p and
qi = qir1 or p; = piy1 and (g;, gi+1) € p. Notice that due to the irreflexivity of p, just
one of the two cases holds.

Lemma 2.1 Let py, p1,...,pm and qo,q1,- - -, qm be complementary sequences.
Then:
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(1) Both the sequences are A-sequences.
(11) (pO’ pm) € é: and (CIO’ qm) € f
(iii) If (po, pm) & 7 ((q0,4gm) ¢ T, resp.), then po = p1 = -+- = pn (0 = q1 =
= =Gy, 1esp.), qosqis--->qm (Po> P1»- - -» Pm> 1€Sp.) is a p-sequence and
(90, gm) € T ((po, pm) € T, rESP.).
(iv) Either (py, pm) € T or (40, qm) € T-

Proof. Easy. m|

Let wg, wy, ..., w,, be a p-sequence and let 7 € Z. Furthermore, let «; = (p;,2,q;) €
€ Tr(w;) (so that w; = p;zq;) foralli = 0,1,...,m. We will say that the p-sequence
is (z, o, - . . , @p)-fluent if the sequences po, p1, ..., pm and qo, q1, - - - » ¢,y are comple-
mentary.

Lemma 2.2 Let (wo,w1) € p and @ = (po, 2, qo) € Tr(wo). Then wy = pozqo and
at least one of the following two cases holds:
a
(1) wo = wi, (wo, w1) € p; and wi = poy(2)qo;
(2) wy = pizq, and the sequences pg, p1 and qo,q, are complementary (and
hence the sequence wy, wi is (z, a, 8)-fluent, B = (p1,2,q1))-

Proof. Assume that (1) is not true. Then there is y = (r, z1, 5) € Tr(wg) such that
v # «a and w; = ry(z;)s. We have pozgo = wo = rzis, where pg # r and g # s.
Consequently, |po| # |r] and |go| # |5

First, assume that |py| < |r|. Then r = pory, r1 # €, 290 = 11215, lqol > 15|, go = 515,
s1 # € and zs; = ryz;. From this, r; = zt and s; = tz; and we get wyp = pozqo =
= porizi§ = potz1s, go = 218, r = pozt, wi = rY(z1)s = pozt(z1)s = p1zq1, where
Po = p1.q1 = tY(z1)s and (g0, q1) € p.

Next assume that |r| < |po|. Then pg = rry, r1 # &, rizqo = z15, |1l = |z1l, 1 = z1t,
s = tzqo, po = rzit. Now, wy = rz1tzqo, w1 = rp(z1)s = ry(z1)tzqo = p12q1, where
qo = q1, p1 = ry(z)t and (po, p1) € p.

The lemma follows easily from 1.6.4 as well. O

Lemma 2.3 Let wy, wy,...,w, be a p-sequence and let ay = (po, 2, qo) € Tr(wp)
(so that wy = pozqo)- Then at least one of the following two cases holds:
(1) wo 5 wi, (wo, wi) € p; and wy = pod(2)qo;
(2) There are 1 < n < mand «; = (p;,2,q;) € Tr(wy) (so that w; = p;zq;),
0 < i < n, such that the sequence wy, wi, ..., wy, is (z, @y, @1, . . ., @,)-fluent
and either n = m or n < m and wy11 = p,(2)q, (so that (W,, w,41) € p, and

an
Wn = Wnyl )

Proof. Assume that (1) is not true and proceed by induction on m. If m = 1 then
2.2 applies. If m > 2, we consider the sequence wyi, wy, ..., Wy,. m]

Remark 2.4 Consider the situation from 2.3 (2) and assume that n < m. Put

Vo = pozqo = wo, Vi = po¥(2qo, v2 = pi(Dqi, -5 Vo = Pa-1¥(2)gp-1 and
Vel = Pu¥(2)gn = Wye1. Clearly, wo = vo, Vi, ..., Vs Vuel = Wyep 1S @ p-sequence,
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Qq 43} ap
Vo = Wo = Vi, Wi = Vo, ..., Wy = Vgl = Wyyp and wo = Vo, Vi, ..., Vg, Vpgl =

= Wntl> Wnt2s - - - » Wiy 18 @ p-sequence. In particular, (poy(z)qo, Wim) = (vi, W) € T.

3. Auxiliary results (a)

Lemma 3.1 Let 21,20 € Z and r € A*. Then z71ry(22) = Y(z1)rzz iff at least (and
then just) one of the following two cases holds:
(1) There are s,t € A* such that sr = rt (see 1.3.5) and 7z = ¥(z1)s, 20 = 1(22);
(2) There are s,t € A* such that sr = rt and y(zy) = 215, Y(z2) = 125.

Proof. Easy. O

Corollary 3.2 The following two conditions are equivalent:
(1) z1r¥(z2) # W(z1)rzp forall 71,22 € Z and r € A*.
(ii) sr # rt for every r € A* whenever s,t € A* and z1, 2, € Z are such that either
z1 = ¥(z1)s and 2o = tY(zp) or Y(z1) = z18 and Y(zp) = tzp (the latter case
does not take place when s is strictly length decreasing).

Lemma 3.3 Let (wy,w;) € p and @ = (po, 2, qo) € Tr(wy) (see 2.2). If the equiva-
lent conditions of 3.2 are satisfied, then just one of the cases 2.2 (1), (2) holds.

Proof. Tf both 2.2 (1), (2) are true, then po(z)qo = w1 = p1zq: and either pg = p;
and (go,q1) € p or (po, p1) € p and gy = ¢;. Assume the first case, the other one
being similar. Then y¥(z)qo = zq1, go = rz15, g1 = r¥(z1)s and Y(2)rz; = zrP(zy). The
rest is clear from 3.2. O

Remark 3.4 Assume that the equivalent conditions of 3.2 are satisfied and let

(wog,w1) € p. Then it follows from 3.3 that wy i w; for a uniquely determined
instance @ € Tr(wy).

Remark 3.5 Assume that the equivalent conditions of 3.2 are satisfied and con-
sider the situation from 2.3. Then just one of the cases 2.3 (1), (2) holds. Furthermore,
if 2.3 (2) is true, then the number n and the instances aq, a1, ..., a, are determined
uniquely.

4. Auxiliary results (b)

In this section, let 71,22 € Z, 21 # 22, 1,12, S1, $2 € A*, 11 = riz181 and 1 = 1222.87.

Lemma 4.1 #; # 1, in each of the following six cases:
(1) rn=ry
(2) s1 =2,
(3) ry, sy are reduced;
(4) r, sy are reduced;
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(5) r1, ry are reduced;
(6) s1, s2 are reduced.

Proof. Easy to see (use 1.6.4). O

Lemma 4.2 Assume that the mapping  is length decreasing. Then (t,,t,) ¢ T in
each of the following three cases:
(D) |ril+Is1] £ a2l + 182], |z1] < |z2| and at least one of these inequalities is sharp
(equivalently, |t| < |t2]);
(2) ry, 81 are reduced, |r|+|s1| < || +|s2l, [W(21)| < |z2| and at least one of these
inequalities is sharp;
(3) ry, s1 are reduced and |y(z1)| < |z1.

Proof. Easy (if r|, s; are reduced and (¢, 1) € 7, then (r{¥(z1)s1, 2) € &). O

Corollary 4.3 Assume that the mapping  is strictly length decreasing and the
words ry, 1, 1, Sy are reduced. Then (t,1;) ¢ & and (tp,11) ¢ &.

5. Auxiliary results (c)

In this section, let z; € Z, r;, s; € A" and t; = r;z;s;, 1 = 1,2, be such that (11, 1,) ¢ &
and (t,1)) ¢ ¢ (see the preceding section). Put (P(t,t;) =) P = {w € A" |(w,1;) €
€ &, (w, 1) € &) and denote by (Q(t,1,) =) Q the set of w € P such that w = w’
whenever w’ € P and (w,w’) € &.

Lemma 5.1
(1) Ifwe P, then (w,t)) €T, (w,hh) ETandt; #w # 1.
(ii) Ifw € P, thenw € Q if and only if (w,w’) & p for every w’ € P.

Proof. Easy. O

Remark 5.2 Assume that P # (. By II1.6.4 (i), there exists at least one word
t € A* with (¢1,1) € £ and (1, 1) € £. Then (#1,¢) € T and (£, t) € 7. Furthermore, if r;,
s; are reduced, then (r1(z1)s1,1) € € and (r(z2) 52, 1) € &.

Lemma 5.3 Assume that the relation p is regular (e.g., if ¥ is strictly length de-
creasing — see 111.7.7). Then for every w € P there exists at least one w' € Q with
(w,w') €&

Proof. PutR ={ve P|(w,v) € £} and M = {dist(v, ;) +dist(v,£;) | v € R}. Then M
is a non-empty set of positive integers and if w’ € R is such that dist(w’, ;)+dist(w’, 1)
is the smallest number in M, then w’ € Q. Notice that if i is strictly length decreasing
and w’ € R is such that |w’| is the smallest number in |R|, then w" € Q. O
@ (D) (i)

Now, take w € Q and let wy', wy”, ..., wy,, m; > 1, i = 1,2, be p-sequences such

that wg) =w and w,(,’} =t.
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Lemma 5.4 If(W(jil),WE{iZ)) € & for {iy, i} = {1,2} and some 0 < j <m;, 0 <k <
< my,, then w(“) w.
Proof. We have (w(‘) t;,) € & and (w(”) t;,) € € Since i; # Iy, it follows that

(") € P. Butw € Q and (w, (‘)) € £ Consequently, w (‘) =w. |

(1) (2)

Lemma 5.5 w;’ #w".

Proof. If w(ll) =y= w(lz), thenv € P, (w,v) € pand v = w, since w € Q. Thus
(w,w) € p, a contradiction with the irreflexivity of p. O

Lemma 5.6 Assume that either 7 is irreflexive (see I11.3.3) or that the sum my +my
is minimal (for the word w). Then:
(i) (w(.") w\?) ¢ & for all {iy, in) = {1,2}, 0 < j < my, 0 < k < my,.

(i) All the words w = ng) = wf)z), ;‘?, Ji=1,2,...,m; i = 1,2, are pair-wise
different.
Proof. Easy (use 5.4). O

Lemma 5.7 tr(w) > 2 (i. e., w is not meagre).

Proof. Clearly, w is not reduced. On the other hand if tr(w) = 1, then w = pzq,
where z € Z and p, g are reduced. Consequently, w,’ = py(z)qg, w (1) = w(lz), a

contradiction with 5.5. O
Lemma 5.8 alph(w) C alph(#;) U alph(z,).

Proof. Let, on the contrary, w = pzq, where z € Z and z ¢ alph(#;) U alph(tz)
Using 2.3 and 2.4, we get p-sequences v(’) (') Vi = 1,2, such that Vo WD =y,
(1’) = py(z)q and v(’) = ;. Then V(1) =, where ) €& vePandy = wa
contradiction with the irreflexivity of p. |

Lemma 5.9 Assume that 71 # 7o and 71 ¢ alph(ry)Ualph(s,) (i. e., z1 ¢ alph(t,)). If
w = pozZ1qo, then the sequence w = wgl),wl . wf,%]) =1 is (z1, ap, . . aml)ﬂuent
where ay = (po,21,90), @1 = (P1,21,91), Uy = (Pmy>2059my)s Pmy = 11 Gmy =
(then (po, 1) € & and (qo, 1) € &)

Proof. Proceeding by contradiction, assume that our result is not true. According
to 2.3 and 2.4, there is a p-sequence w = v ), pov(z1)qo = v(z) v(22) vf,i) = . Thus
v(ll) =y= v(lz), v, eé, (v,ip)eé&,ve Pandv =w, (w,w) € p, a contradiction with
the irreflexivity of p. |

Lemma 5.10 Assume that 7y # zp and z;, ¢ alph(r;) U alph(r,) U alph(s;). Then
w # yoziyi1z1y2 for all yo, y1,y2 € A™.

Proof. Let, on the contrary, w = yoz1y1z1y2. Then (yoziy1,71) € &€ and (y2, 51) €
€ £ by 5.9 and 2.1 (ii). Since z; ¢ alph(r), we have (yoy(z1)y1,71) € & by 2.4,
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and therefore (yo(z1)y1z1y2,t1) € &. On the other hand, z; ¢ alph(s;), and so
oy (z1)y1z1y2, 1) € & as well. Thus yoyr(z1)y1z1y2 € P, a contradiction with w € Q
and ¥(z1) # 21- O

Proposition 5.11 Assume that 7y # 7o and r;, s; are reduced, i = 1,2. Then there
exist reduced words xo, x1, X, € A* such that just one of the following two cases takes
place:

(D) w = xoz1x122X2, Xo = 11, (X122%2, 81) € T, (Xo21X1,72) € T and x; = 57
(then w = r1z1x12252, (X1¥(22)$2, 51) € & (ry(z1)x1,12) € € and ry, 55 are
reduced);

(2) w = xoz2x121%2, X0 = 12, (X121X2, 82) € T, (X022X1,71) € T and x; = s
(then w = rzax12151, (x1Y(21)s1, 52) € & (nY(z2)x1,11) € € and 1y, 51 are
reduced).

Proof. Combining 5.7, 5.8 and 5.10 (and the dual), we see that tr(w) = 2 and
alph(w) = {z1,22}. According to 1.6.4, either w = Xxpz1X122X2 Or W = Xp22X121X2,
where x(, x; and x; are reduced. Assume the former equality, the latter being dual.
Now, it follows from 5.9 that (xo,7;) € & Since xp is reduced, we get xo = rj.
Furthermore, (x;122x2, 51) € € and, since z, ¢ alph(s;), we have (x;22x2, 51) € 7. The
rest is similar. O

Remark 5.12 Consider the situation from 5.11 (and its proof) and assume that (1)
is true (the other case being dual). Put u; = x1¥(22)s2 and up = riy(z;)x;. We have
(u1, 51) € £ and (up, 1) € €.

(1) If uy is reduced, then u; = sy, t; = riz1x1¥(z2)s2, (W, t1) € p and (1, u3) € p,
where uz = ri(z1)x1¥(22)s2-
(1) If up is reduced, then uy = ry, tp = rY(z1)x12252, (W, 1) € p and (f,, u3) € p,
where uz = riy(z1)x1¥(z2) 2.
(iii) If the equivalent conditions of I1.7.3 are satisfied, then all the words u;, uy,
s1, rp are meagre. Now, if s is not reduced, then s; = yoz3y1, 73 € Z,
71 # 23 # 22, Yo, 1 are reduced and #; = r1z1y9z3y1. If r» is not reduced, then
T =Y224Y3, 24 € Z, 21 # 24 # 22, Y2, ¥3 are reduced and 1, = y2z2432287.

Remark 5.13 Assume that P # () and choose w’ € P such that m/ +m/ is minimal,
where m| and m) is the length of a p-sequence from w’ to #; and 7, resp. It is easy to

see that 5.5, 5.7, 5.8 and 5.9 remain true.

6. The ultimate consequence

Theorem 6.1 Assume that the mapping  is strictly length decreasing. Let 71,7, €
€ Zand ry,r, 81,52 € A" be such that 71 # 2o, the words ry, 1y, 51, $2 are reduced
and P(t1,tp) # 0, where t| = riz151 and t = rnz8y. Then Q(t1, 1) # 0 and, if
w € Q(t1, 1), then just one of the following two cases takes place:

(1) w=riz1x2282, (r1z1x,12) € T, (x2052, 1) € T and x is reduced;
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2) w=rzoyz181, (Y, 1) €1, (y2151, 52) € T and y is reduced.

Proof. By 5.3, Q(t, 1) # 0. The rest follows from 5.11. O
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