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Further properties of transitive closures of special replacement relations in free monoids
are studied.

1. I n t r o d u c t i o n

This article is an immediate continuation of [1], [2] and [3]. References like I.3.3
(II.3.3, III.3.3, resp.) lead to the corresponding section and result of [1] ([2], [3],
resp.) and all definitions and preliminaries are taken from the same source.

2. C o m p l e m e n t a r y s e q u e n c e s

Troughout this note, let Z ⊆ A+ be a strongly separating set of words and let
ψ : Z → A∗ be a mapping with ψ(z) � z for every z ∈ Z. Notice that then the
corresponding replacement relation ρ (= ρZ,ψ) is irreflexive.

Two sequences p0, p1, . . . , pm and q0, q1, . . . , qm, m ≥ 1, of words will be called
((Z, ψ)− or ρ-) complementary if, for every 0 ≤ i < m, either (pi, pi+1) ∈ ρ and
qi = qi+1 or pi = pi+1 and (qi, qi+1) ∈ ρ. Notice that due to the irreflexivity of ρ, just
one of the two cases holds.

Lemma 2.1 Let p0, p1, . . . , pm and q0, q1, . . . , qm be complementary sequences.
Then:
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(i) Both the sequences are λ-sequences.
(ii) (p0, pm) ∈ ξ and (q0, qm) ∈ ξ.

(iii) If (p0, pm) � τ ((q0, qm) � τ, resp.), then p0 = p1 = · · · = pm (q0 = q1 =

= · · · = qm, resp.), q0, q1, . . . , qm (p0, p1, . . . , pm, resp.) is a ρ-sequence and
(q0, qm) ∈ τ ((p0, pm) ∈ τ, resp.).

(iv) Either (p0, pm) ∈ τ or (q0, qm) ∈ τ.
Proof. Easy. �

Let w0,w1, . . . ,wm be a ρ-sequence and let z ∈ Z. Furthermore, let αi = (pi, z, qi) ∈
∈ Tr(wi) (so that wi = pizqi) for all i = 0, 1, . . . ,m. We will say that the ρ-sequence
is (z, α0, . . . , αm)-fluent if the sequences p0, p1, . . . , pm and q0, q1, . . . , qm are comple-
mentary.

Lemma 2.2 Let (w0,w1) ∈ ρ and α = (p0, z, q0) ∈ Tr(w0). Then w0 = p0zq0 and
at least one of the following two cases holds:

(1) w0
α→ w1, (w0,w1) ∈ ρz and w1 = p0ψ(z)q0;

(2) w1 = p1zq1 and the sequences p0, p1 and q0, q1 are complementary (and
hence the sequence w0,w1 is (z, α, β)-fluent, β = (p1, z, q1)).

Proof. Assume that (1) is not true. Then there is γ = (r, z1, s) ∈ Tr(w0) such that
γ � α and w1 = rψ(z1)s. We have p0zq0 = w0 = rz1s, where p0 � r and q0 � s.
Consequently, |p0| � |r| and |q0| � |s|.

First, assume that |p0| < |r|. Then r = p0r1, r1 � ε, zq0 = r1z1s, |q0| > |s|, q0 = s1s,
s1 � ε and zs1 = r1z1. From this, r1 = zt and s1 = tz1 and we get w0 = p0zq0 =

= p0r1z1s = p0ztz1s, q0 = tz1s, r = p0zt, w1 = rψ(z1)s = p0ztψ(z1)s = p1zq1, where
p0 = p1, q1 = tψ(z1)s and (q0, q1) ∈ ρ.

Next assume that |r| < |p0|. Then p0 = rr1, r1 � ε, r1zq0 = z1s, |r1| ≥ |z1|, r1 = z1t,
s = tzq0, p0 = rz1t. Now, w0 = rz1tzq0, w1 = rψ(z1)s = rψ(z1)tzq0 = p1zq1, where
q0 = q1, p1 = rψ(z1)t and (p0, p1) ∈ ρ.

The lemma follows easily from I.6.4 as well. �

Lemma 2.3 Let w0,w1, . . . ,wm be a ρ-sequence and let α0 = (p0, z, q0) ∈ Tr(w0)
(so that w0 = p0zq0). Then at least one of the following two cases holds:

(1) w0
α0→ w1, (w0,w1) ∈ ρz and w1 = p0ψ(z)q0;

(2) There are 1 ≤ n ≤ m and αi = (pi, z, qi) ∈ Tr(wi) (so that wi = pizqi),
0 ≤ i ≤ n, such that the sequence w0,w1, . . . ,wn is (z, α0, α1, . . . , αn)-fluent
and either n = m or n < m and wn+1 = pnψ(z)qn (so that (wn,wn+1) ∈ ρz and
wn

αn→ wn+1).

Proof. Assume that (1) is not true and proceed by induction on m. If m = 1 then
2.2 applies. If m ≥ 2, we consider the sequence w1,w2, . . . ,wm. �

Remark 2.4 Consider the situation from 2.3 (2) and assume that n < m. Put
v0 = p0zq0 = w0, v1 = p0ψ(z)q0, v2 = p1ψ(z)q1, . . . , vn = pn−1ψ(z)qn−1 and
vn+1 = pnψ(z)qn = wn+1. Clearly, w0 = v0, v1, . . . , vn, vn+1 = wn+1 is a ρ-sequence,
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v0 = w0
α0→ v1, w1

α1→ v2, . . . , wn
αn→ vn+1 = wn+1 and w0 = v0, v1, . . . , vn, vn+1 =

= wn+1,wn+2, . . . ,wm is a ρ-sequence. In particular, (p0ψ(z)q0,wm) = (v1,wm) ∈ τ.

3. A u x i l i a r y r e s u l t s ( a )

Lemma 3.1 Let z1, z2 ∈ Z and r ∈ A∗. Then z1rψ(z2) = ψ(z1)rz2 iff at least (and
then just) one of the following two cases holds:

(1) There are s, t ∈ A+ such that sr = rt (see I.3.5) and z1 = ψ(z1)s, z2 = tψ(z2);
(2) There are s, t ∈ A+ such that sr = rt and ψ(z1) = z1s, ψ(z2) = tz2.

Proof. Easy. �

Corollary 3.2 The following two conditions are equivalent:
(i) z1rψ(z2) � ψ(z1)rz2 for all z1, z2 ∈ Z and r ∈ A∗.

(ii) sr � rt for every r ∈ A∗ whenever s, t ∈ A+ and z1, z2 ∈ Z are such that either
z1 = ψ(z1)s and z2 = tψ(z2) or ψ(z1) = z1s and ψ(z2) = tz2 (the latter case
does not take place when ψ is strictly length decreasing).

Lemma 3.3 Let (w0,w1) ∈ ρ and α = (p0, z, q0) ∈ Tr(w0) (see 2.2). If the equiva-
lent conditions of 3.2 are satisfied, then just one of the cases 2.2 (1), (2) holds.

Proof. If both 2.2 (1), (2) are true, then p0ψ(z)q0 = w1 = p1zq1 and either p0 = p1
and (q0, q1) ∈ ρ or (p0, p1) ∈ ρ and q0 = q1. Assume the first case, the other one
being similar. Then ψ(z)q0 = zq1, q0 = rz1s, q1 = rψ(z1)s and ψ(z)rz1 = zrψ(z1). The
rest is clear from 3.2. �

Remark 3.4 Assume that the equivalent conditions of 3.2 are satisfied and let
(w0,w1) ∈ ρ. Then it follows from 3.3 that w0

α0→ w1 for a uniquely determined
instance α ∈ Tr(w0).

Remark 3.5 Assume that the equivalent conditions of 3.2 are satisfied and con-
sider the situation from 2.3. Then just one of the cases 2.3 (1), (2) holds. Furthermore,
if 2.3 (2) is true, then the number n and the instances α0, α1, . . . , αn are determined
uniquely.

4. A u x i l i a r y r e s u l t s ( b )

In this section, let z1, z2 ∈ Z, z1 � z2, r1, r2, s1, s2 ∈ A∗, t1 = r1z1s1 and t2 = r2z2s2.

Lemma 4.1 t1 � t2 in each of the following six cases:
(1) r1 = r2;
(2) s1 = s2;
(3) r1, s1 are reduced;
(4) r2, s2 are reduced;
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(5) r1, r2 are reduced;
(6) s1, s2 are reduced.

Proof. Easy to see (use I.6.4). �

Lemma 4.2 Assume that the mapping ψ is length decreasing. Then (t1, t2) � τ in
each of the following three cases:

(1) |r1|+ |s1| ≤ |r2|+ |s2|, |z1| ≤ |z2| and at least one of these inequalities is sharp
(equivalently, |t1| < |t2|);

(2) r1, s1 are reduced, |r1|+ |s1| ≤ |r2|+ |s2|, |ψ(z1)| ≤ |z2| and at least one of these
inequalities is sharp;

(3) r1, s1 are reduced and |ψ(z1)| < |z1|.

Proof. Easy (if r1, s1 are reduced and (t1, t2) ∈ τ, then (r1ψ(z1)s1, t2) ∈ ξ). �

Corollary 4.3 Assume that the mapping ψ is strictly length decreasing and the
words r1, r2, s1, s2 are reduced. Then (t1, t2) � ξ and (t2, t1) � ξ.

5. A u x i l i a r y r e s u l t s ( c )

In this section, let zi ∈ Z, ri, si ∈ A∗ and ti = rizisi, i = 1, 2, be such that (t1, t2) � ξ
and (t2, t1) � ξ (see the preceding section). Put (P(t1, t2) =) P = {w ∈ A∗ | (w, t1) ∈
∈ ξ, (w, t2) ∈ ξ} and denote by (Q(t1, t2) =) Q the set of w ∈ P such that w = w′

whenever w′ ∈ P and (w,w′) ∈ ξ.

Lemma 5.1
(i) If w ∈ P, then (w, t1) ∈ τ, (w, t2) ∈ τ and t1 � w � t2.

(ii) If w ∈ P, then w ∈ Q if and only if (w,w′) � ρ for every w′ ∈ P.

Proof. Easy. �

Remark 5.2 Assume that P � ∅. By III.6.4 (i), there exists at least one word
t ∈ A∗ with (t1, t) ∈ ξ and (t2, t) ∈ ξ. Then (t1, t) ∈ τ and (t2, t) ∈ τ. Furthermore, if ri,
si are reduced, then (r1ψ(z1)s1, t) ∈ ξ and (r2ψ(z2)s2, t) ∈ ξ.

Lemma 5.3 Assume that the relation ρ is regular (e.g., if ψ is strictly length de-
creasing – see III.7.7). Then for every w ∈ P there exists at least one w′ ∈ Q with
(w,w′) ∈ ξ.

Proof. Put R = {v ∈ P | (w, v) ∈ ξ} and M = {dist(v, t1)+dist(v, t2) | v ∈ R}. Then M
is a non-empty set of positive integers and if w′ ∈ R is such that dist(w′, t1)+dist(w′, t2)
is the smallest number in M, then w′ ∈ Q. Notice that if ψ is strictly length decreasing
and w′ ∈ R is such that |w′| is the smallest number in |R|, then w′ ∈ Q. �

Now, take w ∈ Q and let w(i)
0 ,w

(i)
1 , . . . ,w

(i)
mi , mi ≥ 1, i = 1, 2, be ρ-sequences such

that w(i)
0 = w and w(i)

mi = ti.
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Lemma 5.4 If (w(i1)
j ,w

(i2)
k ) ∈ ξ for {i1, i2} = {1, 2} and some 0 ≤ j ≤ mi1 , 0 ≤ k ≤

≤ mi2 , then w(i1)
j = w.

Proof. We have (w(i1)
j , ti1 ) ∈ ξ and (w(i2)

k , ti2 ) ∈ ξ. Since i1 � i2, it follows that

w(i1)
j ∈ P. But w ∈ Q and (w,w(i1)

j ) ∈ ξ. Consequently, w(i1)
j = w. �

Lemma 5.5 w(1)
1 � w(2)

1 .

Proof. If w(1)
1 = v = w(2)

1 , then v ∈ P, (w, v) ∈ ρ and v = w, since w ∈ Q. Thus
(w,w) ∈ ρ, a contradiction with the irreflexivity of ρ. �

Lemma 5.6 Assume that either τ is irreflexive (see III.3.3) or that the sum m1+m2
is minimal (for the word w). Then:

(i) (w(i1)
j ,w

(i2)
k ) � ξ for all {i1, i2} = {1, 2}, 0 ≤ j ≤ mi1 , 0 ≤ k ≤ mi2 .

(ii) All the words w = w(1)
0 = w(2)

0 , w(i)
ji

, ji = 1, 2, . . . ,mi, i = 1, 2, are pair-wise
different.

Proof. Easy (use 5.4). �

Lemma 5.7 tr(w) ≥ 2 (i. e., w is not meagre).

Proof. Clearly, w is not reduced. On the other hand, if tr(w) = 1, then w = pzq,
where z ∈ Z and p, q are reduced. Consequently, w(i)

1 = pψ(z)q, w(1)
1 = w(2)

1 , a
contradiction with 5.5. �

Lemma 5.8 alph(w) ⊆ alph(t1) ∪ alph(t2).

Proof. Let, on the contrary, w = pzq, where z ∈ Z and z � alph(t1) ∪ alph(t2).
Using 2.3 and 2.4, we get ρ-sequences v(i)

0 , v
(i)
1 , . . . , v

(i)
mi , i = 1, 2, such that v(i)

0 = w,
v(i)

1 = pψ(z)q and v(i)
mi = ti. Then v(i)

1 = v, where (v, ti) ∈ ξ, v ∈ P and v = w a
contradiction with the irreflexivity of ρ. �

Lemma 5.9 Assume that z1 � z2 and z1 � alph(r2)∪alph(s2) (i. e., z1 � alph(t2)). If
w = p0z1q0, then the sequence w = w(1)

0 ,w
(1)
1 , . . . ,w

(1)
m1 = t1 is (z1, α0, . . . , αm1 )-fluent,

where α0 = (p0, z1, q0), α1 = (p1, z1, q1), αm1 = (pm1 , z1, qm1 ), pm1 = r1, qm1 = s1
(then (p0, r1) ∈ ξ and (q0, s1) ∈ ξ).

Proof. Proceeding by contradiction, assume that our result is not true. According
to 2.3 and 2.4, there is a ρ-sequence w = v(2)

0 , p0ψ(z1)q0 = v(2)
1 , v

(2)
2 . . . , v

(2)
m2 = t2. Thus

v(1)
1 = v = v(2)

1 , (v, t1) ∈ ξ, (v, t2) ∈ ξ, v ∈ P and v = w, (w,w) ∈ ρ, a contradiction with
the irreflexivity of ρ. �

Lemma 5.10 Assume that z1 � z2 and z1 � alph(r1) ∪ alph(r2) ∪ alph(s2). Then
w � y0z1y1z1y2 for all y0, y1, y2 ∈ A∗.

Proof. Let, on the contrary, w = y0z1y1z1y2. Then (y0z1y1, r1) ∈ ξ and (y2, s1) ∈
∈ ξ by 5.9 and 2.1 (ii). Since z1 � alph(r1), we have (y0ψ(z1)y1, r1) ∈ ξ by 2.4,
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and therefore (y0ψ(z1)y1z1y2, t1) ∈ ξ. On the other hand, z1 � alph(t2), and so
(y0ψ(z1)y1z1y2, t2) ∈ ξ as well. Thus y0ψ(z1)y1z1y2 ∈ P, a contradiction with w ∈ Q
and ψ(z1) � z1. �

Proposition 5.11 Assume that z1 � z2 and ri, si are reduced, i = 1, 2. Then there
exist reduced words x0, x1, x2 ∈ A∗ such that just one of the following two cases takes
place:

(1) w = x0z1x1z2x2, x0 = r1, (x1z2x2, s1) ∈ τ, (x0z1x1, r2) ∈ τ and x2 = s2
(then w = r1z1x1z2s2, (x1ψ(z2)s2, s1) ∈ ξ, (r1ψ(z1)x1, r2) ∈ ξ and r1, s2 are
reduced);

(2) w = x0z2x1z1x2, x0 = r2, (x1z1x2, s2) ∈ τ, (x0z2x1, r1) ∈ τ and x2 = s1
(then w = r2z2x1z1s1, (x1ψ(z1)s1, s2) ∈ ξ, (r2ψ(z2)x1, r1) ∈ ξ and r2, s1 are
reduced).

Proof. Combining 5.7, 5.8 and 5.10 (and the dual), we see that tr(w) = 2 and
alph(w) = {z1, z2}. According to I.6.4, either w = x0z1x1z2x2 or w = x0z2x1z1x2,
where x0, x1 and x2 are reduced. Assume the former equality, the latter being dual.
Now, it follows from 5.9 that (x0, r1) ∈ ξ. Since x0 is reduced, we get x0 = r1.
Furthermore, (x1z2x2, s1) ∈ ξ and, since z2 � alph(s1), we have (x1z2x2, s1) ∈ τ. The
rest is similar. �

Remark 5.12 Consider the situation from 5.11 (and its proof) and assume that (1)
is true (the other case being dual). Put u1 = x1ψ(z2)s2 and u2 = r1ψ(z1)x1. We have
(u1, s1) ∈ ξ and (u2, r2) ∈ ξ.

(i) If u1 is reduced, then u1 = s1, t1 = r1z1x1ψ(z2)s2, (w, t1) ∈ ρ and (t1, u3) ∈ ρ,
where u3 = r1ψ(z1)x1ψ(z2)s2.

(ii) If u2 is reduced, then u2 = r2, t2 = r1ψ(z1)x1z2s2, (w, t2) ∈ ρ and (t2, u3) ∈ ρ,
where u3 = r1ψ(z1)x1ψ(z2)s2.

(iii) If the equivalent conditions of II.7.3 are satisfied, then all the words u1, u2,
s1, r2 are meagre. Now, if s1 is not reduced, then s1 = y0z3y1, z3 ∈ Z,
z1 � z3 � z2, y0, y1 are reduced and t1 = r1z1y0z3y1. If r2 is not reduced, then
r2 = y2z4y3, z4 ∈ Z, z1 � z4 � z2, y2, y3 are reduced and t2 = y2z4y3z2s2.

Remark 5.13 Assume that P � ∅ and choose w′ ∈ P such that m′1+m′2 is minimal,
where m′1 and m′2 is the length of a ρ-sequence from w′ to t1 and t2, resp. It is easy to
see that 5.5, 5.7, 5.8 and 5.9 remain true.

6. T h e u l t i m a t e c o n s e q u e n c e

Theorem 6.1 Assume that the mapping ψ is strictly length decreasing. Let z1, z2 ∈
∈ Z and r1, r2, s1, s2 ∈ A∗ be such that z1 � z2, the words r1, r2, s1, s2 are reduced
and P(t1, t2) � ∅, where t1 = r1z1s1 and t2 = r2z2s2. Then Q(t1, t2) � ∅ and, if
w ∈ Q(t1, t2), then just one of the following two cases takes place:

(1) w = r1z1xz2s2, (r1z1x, r2) ∈ τ, (xz2s2, s1) ∈ τ and x is reduced;
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(2) w = r2z2yz1s1, (r2z2y, r1) ∈ τ, (yz1s1, s2) ∈ τ and y is reduced.

Proof. By 5.3, Q(t1, t2) � ∅. The rest follows from 5.11. �
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