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Abstract

In the present paper we introduce some double sequence spaces defined
by a sequence of modulus function F' = (fi,;) over n-normed spaces. We
also make an effort to study some topological properties and inclusion
relations between these spaces.
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1 Introduction and preliminaries

The concept of 2-normed spaces was initially developed by Géahler [13] in the
mid of 1960’s, while that of n-normed spaces one can see in Misiak [24]. Since
then, many others have studied this concept and obtained various results, see
Gunawan ([15], [16]) and Gunawan and Mashadi [17] and references therein.
Let n € N and X be a linear space over the field K, where K is the field of real
or complex numbers of dimension d, where d > n > 2. A real valued function

[|-,+ -+, ]| on X™ satisfying the following four conditions:

(1) |lx1, 22, - ,zy]| = 0 if and only if z1,x9, -+ ,x, are linearly dependent
in X;
(2) ||lx1, 2, ,xp| is invariant under permutation;
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(3) lazy, @2, anll = [af lz1, 2, -+, 2n|| for any a € K;
(4) ||I+l’/7l’2,'~' ,$n|| < ||I,I2,~~~ 7xn|| + ||17/,172,~~~ 7xn||

is called a n-norm on X, and the pair (X, ||-,---,||) is called a n-normed space
over the field K. For example, we may take X = R"™ being equipped with the
Euclidean n-norm ||z, 22, -+ ,Z||g = the volume of the n-dimensional paral-
lelopiped spanned by the vectors x1, s, -+ ,z, which may be given explicitly
by the formula

1,22, @nllp = [ det(z;)],

where x; = (1, Ti2, -+, Tin) € R for each i = 1,2,--- ,n. Let (X,]-,---,-|)
be a n-normed space of dimension d > n > 2 and {ay, a9, - ,a,} be linearly
independent set in X. Then the following function |-, , [l on X" ™! defined
by

lz1, 22, ,Tp_1llco = max{||x1, 2z, - ,Zp_1,0;||: i =1,2,--- ,n}

defines an (n — 1)-norm on X with respect to {a1, a2, -+ ,an}.
A sequence (z}) in a n-normed space (X, ||-,---,-||) is said to converge to
some L € X if

lim || — L,21, -+, 2zn—1|| = 0 for every 21, -+, z,_1 € X.
k—o00

A sequence (x1) in a n-normed space (X, ||, ,-||) is said to be Cauchy if

lim ||zg —xp, 21, -, 2n—1]] = 0 for every z1,--- ,z,—1 € X.
k,p—o0
If every cauchy sequence in X converges to some L € X, then X is said to be
complete with respect to the n-norm. Any complete n-normed space is said to
be n-Banach space.

The initial works on double sequences are found in Bromwich [8]. Later on,
it was studied by Hardy [19], Moricz [25], Moricz and Rhoades [26], Tripathy
([36], [37]), Basarir and Sonalcan [6] and many others. Hardy [20] introduced
the notion of regular convergence for double sequences. Quite recently, Zeltser
[39] in her Ph.D thesis has essentially studied both the theory of topological
double sequence spaces and the theory of summability of double sequences.
Mursaleen and Edely [28] have recently introduced the statistical convergence
and Cauchy convergence for double sequences and given the relation between
statistical convergent and strongly Cesaro summable double sequences. Subse-
quently, Mursaleen [27] and Mursaleen and Edely [29] have defined the almost
strong regularity of matrices for double sequences and applied these matrices
to establish a core theorem and introduced the M-core for double sequences
and determined those four dimensional matrices transforming every bounded
double sequences x = (x,) into one whose core is a subset of the M-core of
x. More recently, Altay and Bagar [1] have defined the spaces BS, BS(t), CS,,
CSpp, CS, and BV of double sequences consisting of all double series whose
sequence of partial sums are in the spaces M,, My(t), Cp, Cip, C, and L,,
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respectively and also examined some properties of these sequence spaces and
determined the a-duals of the spaces BS, BV, CSy, and the §(v)-duals of the
spaces CSp, and CS,. of double series. Now, recently Bagar and Sever [7] have
introduced the Banach space £, of double sequences corresponding to the well
known space £, of single sequences and examined some properties of the space
L,. The class of sequences which are strongly Cesaro summable with respect to
a modulus function was introduced by Maddox [22] as an extension of the defi-
nition of strongly Cesaro summable sequences. Connor [9] further extended this
notion to strong A-summability with respect to a modulus where A = (ay, 1)
is a non-negative regular matrix. Using the definition Connor established con-
nections between strong A-summability, strong A-summability with respect to
a modulus and A-statistical convergence. In 1900, Pringsheim [30] presented
a definition for convergence of double sequences. Following Pringsheim work,
Hamilton and Robison in [18] and [33], respectively presented a series of neces-
sary and sufficient conditions on the entries of A = (@ k) that ensure the
preservation of Pringsheim type convergence on the following transformation of
double sequences

00,00
(AZ)mn = Z Am,n k1 Tk,
k,1=0,0

Throughout this paper the four dimensional matrices and double sequences are
of real-valued entries unless otherwise specified. Let s” denote the set of all
double sequences of complex numbers. By convergence of a double sequence
we shall mean the convergence in the Pringsheim sense, i.e., a double sequence
x = (zx,) has Pringsheim limit L denoted by P —limz = L if for a given € > 0
there exists n € N such that |z ; — L| < € whenever k,! > n see [30]. We shall
also describe such an x more briefly as P-convergent.

The notion of difference sequence spaces was introduced by Kizmaz [21], who
studied the difference sequence spaces lo(A), ¢(A) and ¢o(A). The notion was
further generalized by Et and Colak [12] by introducing the spaces I (A"),
¢(A™) and ¢o(A™). Let w be the space of all complex or real sequences = = (xy)
and let r, s be non-negative integers, then for Z = [, ¢, ¢y we have sequence
spaces

Z(AY) ={x = (zx) € w: (ALxy) € Z},

where ATz = (Alxzy) = (AT 1oy, — AT 1oy ) and A%z = zy for all k € N,
which is equivalent to the following binomial representation

Agl‘k = Z(—l)v (2) Th+sv-

v=0

Taking s = 1, we get the spaces which were introduced and studied by Et and
Colak [12]. Taking r = s = 1, we get the spaces which were introduced and
studied by Kizmaz [21].

A modulus function is a function f: [0,00) — [0, 00) such that

(1) f(z) =0if and only if z =0,
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(2) flz+y) < flx)+ f(y), forallz >0,y >0,
(3) f is increasing and

(4) f is continuous from right at 0.

It follows that f must be continuous everywhere on [0, 00). The modulus func-
tion may be bounded or unbounded. For example, if we take f(z) = 17> then
f(z) is bounded. If f(z) = 2P, 0 < p < 1, then the modulus f(z) is unbounded.
Modulus function has been discussed in ([3], [4], [5], [10], [23], [31], [33], [34])

and references therein.

Let X be a linear metric space. A function p: X — R is called paranorm, if

(1) p(x) >0, for all x € X,
(2) p(—=x) =p(x), for all x € X,
(3) p(x+y) < plx)+p(y), for all x,y € X,

(4) if (\,) is a sequence of scalars with A\, — A, as n — oo and (z,) is a
sequence of vectors with p(z, —z) — 0, as n — 00, then p(A, 2z, —Ax) — 0,
as n — oo.

A paranorm p for which p(z) = 0 implies x = 0 is called total paranorm and
the pair (X, p) is called a total paranormed space. It is well known that the
metric of any linear metric space is given by some total paranorm (see [Theorem
10.4.2, 38]).

Let A = (@, n,k,1) denote a four dimensional summability method that maps
the complex double sequences z into the double sequence Ax where the mnth
term of Ax is as follows:

00,00
(Ax)m,n = E Am,n,k1Tk,l-
kd=1,1

Let F' = (fr,) be a sequence of modulus function and A = (am.nk,1) be a
non-negative four dimensional matrix of real entries with

00,00

sup E Amyn,k,l < O0.
T 1=0,0

Let p = (pg,1) be a bounded sequence of positive real numbers and u = (uy ;) be
any sequence of strictly positive real numbers. In the present paper we define
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the following sequence spaces:

wg<A;’A7F7u7pa H7 7||)
0,00
? Ar Pk,
:{xes'/;P—lim S {am’n’k,lfk,«Hﬂ,Zh... o ) }:0,
m’nk,zzo,o p
p>0}
w“(A;vAvFau?pv Hv 7”)
0,00
AT — L Pk,1
{JJESH P —lim Zukl|:amnklfkl<Hsm#7zl7“' y Zn—1 > :| :07
m,n P
k,1=0,0
for some L, p > 0}
and
o (AL A Fouspy [ )
A Tk Pk,
= {:c cs”: sup Z Ukl|:am n,k,l fkl( ‘ y %15 y Zn—1 > < 00,

™ k,1=0,0
p>0}.

wél(A:7A7uap7 ||7 e 7”)

If F(z) = z, we have

00,00 Arxkl Pk,
:{xesl/: P—hm Z uk’l |:am,n,k,l<’;721,"' y Zn—1 > :| :0’
m,n 14
k,1=0,0
p>0}
w//(AZa Avuapv ||7 e 7||)
00,00
. : Arxkl — L Pk,
= {:Z? cs”: P—1lim Z Uk, [am,n,k,l <HS”721, e Zne1 =0,
" k,0=0,0 P
for some L, p > O}
and
go(AgvAvuvpa ||7 Ty ||)

00,00 r
_ 1, 2: Al
=4qT €S sup Uk, | Qmyn kL T,Zl, cet L Zn—1

MM 1=0,0

Pk,
) ] < 00, p>0}.
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If we take p = (pg,) = 1, for all k € N, we have

wg(A:,A,F,u, ”7 ) ”)
o0,00
. : Alxy
= {:c €s’: P—lim Z Up,1 [am,n,k,l fk,z<H S Xl 2 =0,
m,n P
k,1=0,0
p>0}
W' (AL A Fou [l )
0,00
. ’ A’”mkl — L
= {x s’ P—lim Z Ukl [am,mw Tri (HS’,Zh S Zn—1 =0,
m,n P
k,1=0,0
for some L, p > O}
and
ng(AZ,A,F,U, ”7 e 7”)
0,00
- Arxkl
= {f €s": sup Z Uk 1 |:am,n,k,l fk,l(H 21, Znel < oo, p>0p.
MM g 1=0,0 P

If we take u = (ug;) = 1, for all k € N, we have

wE)/(AL A’ va’ H7 T ||)
0,00 -
) A" Pkl
- {x € s": P—lim Z |:Clm,n,k,lfk,l (H STEL e et ) =0,p> 0},
m,n P
k,1=0,0 -
w/,(Aga A7 F7p7 H7 Tty ||)
0,00
J A" L Dk, 1
= {IES//: P*lim Z [am,n,k,lfk,l(stL,Zl,“' 7Z’IL—1 ‘) :| :O7
m’nk,l:o,o P
for some L, p > 0}
and
wgo(AgvAvvav ||a Ty ||)

00,00 r

". A Tk,

=qx €8 sup E Aokl [l || ——=> 21, Zn—1
Tk 1=0,0 P

Pk,
) } <oo,p>0}.
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If we take A = (C,1,1), we have

’U}g(A:,F,U,p, ||7 a”)
—1,n—1
1 Mo AT Dk,
= {mesl’: P —lim — Z Uk,l[fk,l(Hﬂ,Zh'” s Zn1 ) } =0,
m,n Mmn P
k,1=0,0
p>0}
w//(AZ,F,’LL7p, ||7 a”)
—1,n—1
1 mz A"x - L Pkl
= {xe s’ P—lim — Z Ug,1 [fk,l(Hvala"' » Zn—1 ) } =0,
I 1 20,0 P

for some L, p > 0}

and

wgo(A;aFvuvpv ”1 7”)

m—1,n—1
B " 1 - A;l‘k’l
=Jqr €S8 :sup— E Ukl fk,l —p yR1y "y An—1

m,n k,1=0,0
p > O}.

If we take A = (C,1,1) and F(x) = x, we have

wé’(AZ,u,p, ”7 e 7”)

m—1n—1
" 1 Ay,
=z €s . P—lim— E Ukl ||——5 %1, " s ”Zn—1
m,n Mn P
k,1=0,0

p>0}
w//<AgaU7P7 ||7 e 7||)

—1,n—1
1 "M
_ nN.p_ T §
_{xEs : P lenvllmn um(

k,1=0,0

Pk,
> } < 00,

Pkl
) -0

)Ry, An—1

Phk,1
s

’ A’S’xk’l - L
P

for some L, p > O}

and

w’o’o(Ag,u,p, H’ T 7”)

m—1,n—1
_ Iz 1 Agwk’l
=qJTES .sup% E Ui\ [|— %1, " s %n—1
m,n

Pk,l
> < 00, p>0}.



124 Sunil K. Sharma, Ayhan Esi

If we take F(z) = f(z), p = (pry) = 1, u = (ugy) = 1, r,s = 0 and
I, -+, -]l = 1, then the above spaces reduces to wy (4, f), w” (A, f) and w (A4, f)
which were studied by Savag and Patterson [33].

The following inequality will be used throughout the paper. Let p = (pg,;)
be a sequence of positive real numbers with 0 < p;; < suppy; = H and
K = max(1,2-1) then

g, + b |Po < K{]ag P50 + [bg o [P51} (1.1)

for all k,1 and ay,bx; € C. Also |a|P*! < max(1,|a|™) for all a € C.

The main purpose of this paper is to study some new type of double sequence
spaces defined by a sequence of modulus function and a four dimensional matrix
A = (am,n k) of real entries with

00,00
sup E Amyn,k,l < O0.

T 1=0,0
We also studied some topological properties and interested inclusion relations
between the above defined sequence spaces.
2 Main results

Theorem 2.1 Let F' = (fi ;) be a sequence of modulus function, A = (am n k1)
be a non negative matriz such that sup,, , Z;o[i%oam,n,k,l < 00, p = (pri)

be a bounded sequence of positive real numbers and u = (ux,;) be any se-
quence of strictly positive real numbers, the spaces wi (AL A, Fyu,p, ||, ,-|),
w’ (AT A Fou,p, || y0|]) and wl (AL A, Fou,p, ||+ - -+, +||) are linear over the

field of complex numbers C.

Proof Let z = (zx4),y = (Yr,1) € wi(AL A, Fou,p, |-+ ,||) and o, 8 € C.
Then there exist positive real numbers p; and ps such that

00,00
A?;xk,l
E Ukl | Crmyn kel [l J 21yt s Zn—l
%.1=0,0 P1

and

00,00

ANRT
Ukl | Crmn kol [l T V2L s Zn—1
2

k,1=0,0
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Define p3 = max(2|a|p1,2|5|p2). Since (fx;) is increasing, continuous and so by
using inequality (1.1), we have
)Pk,z:|

00,00
A (axy + Byk,)
Z Ukl | Gk, il y 2Lyt s Zn—1

k,1=0,0 ps
o0,00
7 alAfry ) + BALYK, Pt
< Ukl [am,n,k,lfk,l( > T 21, 2l
k,1=0,0 p3
o0,00
’ AV Prt
<K Uk, |:am,n,k,l fk,l(H;vzlf" y Zn—1
%,1=0,0 P1
0,00
’ Ay
B S ey N () R .
%.1=0,0 P2
Thus ax+ Py € wy (A", A, F,u,p). This proves that w{ (AL, A, Fu,p, |-, ,-|)
is a linear space. Similarly, we can prove that w” (A%, A, F,u,p, |, - ,-]|) and
wl (AL A Fou,p, ||+ ,-||) are linear spaces. O

Theorem 2.2 Let F' = (fr;) be a sequence of modulus function and A =
(@mn.k,1) be a non negative matriz such that SUpP,, Zzol’i% 0 Cm,n,k,l < 00, then

(Z) w//(A:’A7F7u7p’ Hv Ty H) - w,o/o<A:7A’F7uvp7 ”’ Ty ||)7
(7’7’) w(/)/(AgvAvFauvpv Hv e 7”) - wgo(A;aAvFvuvpa ”7 T 7”)
Proof (i) Let x = (x,;) € w” (AL, A, F,u,p, |-, ,-||). Then
00,00 Agxk,l Pk,l
Z Ukt | @mn ket frg | || 21, Zn—1
k,1=0,0 P
kg Alzp,—L+L Ple,t
= Ukl | Cmon ke fr | || ——————> 21, ", Zn—1
k,1=0,0 P
o0,00
) ATZ‘kl _ L Pk,
< Uk 1 |:am,n,k,lfk,l< ’57’721, C L Zp—1
k,1=0,0 P

L Pk,1 00,00
+Uk,l|:fk,l(||;7zl7"‘a2n1|> } > mnki

k,1=0,0
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Let there exists an integer M; such that H %, 21, ,zn_l’ < M;. Thus, we have
0,00
> Agwk,l Pk,1
E Ukl | Gk fl | || =5 21, "+, Zn—1
k,1=0,0 p
00,00
Agxk’l —L Pt
= Ukt | @mon ket Jl i | || —————— 21, ", Zn—1
k,1=0,0 P

+ My ug fra(1) Z Amyn k-

k,1=0,0
Since sup,y, ,, > 0.0 Gmon ki < 00 and x = (x) € w” (AL, A, Fyu,p, ||+ ,-]])-
Thus, we have x = (zx,) € wi (AL, A, F,u,p, ||, ,-||) and this completes the
proof.
(1) It is easy to prove in view of (i) so we omit the details. O

Theorem 2.3 Let F' = (fi,;) be a sequence of modulus function, A = (am n k1)
be a non-negative matriz such that sup,, ,, Z?Zﬁ),o okl < 00, p = (pg,1) be
a bounded sequence of positive real numbers and u = (ug,;) be any sequence

of strictly positive real numbers, the spaces w( (AL, A, Fyu,p, |- -,-||) and
w’ (AT, A, Fyu,p, ||, -+ ,+||) are paranorm with the paranorm defined by
o0,00
) Armkl Pk,1
9(55) = sup Z Uk, [am,n,k,lfk,l(H—s =21yt Bn—1 ) .
T 1=0,0 P

Proof We shall prove the result for w{ (A7, A, F,u,p,||----,-]|). Let z =
(xg1) € wy (AL A F,u,p,|----,-]|). It is clear from Theorem 2.2, for each
z = (zk1) € wi(AL A Fou,p, |- ,-]), g(z) exists. Also it is clear that

9(0) =0, g(—z) = g(x) and g(x +y) < g(x) + g(y).
We now show that the scalar multiplication is continuous. First observe the

following:
) pk.l:|

where [|A]] denotes the integer part of |[A|. It is also clear that z and A — 0
implies g(Az) — 0. For fixed J, if z — 0 then g(Az) — 0. We need to show that
for fixed z, A — 0 implies g(Az) — 0. Let x € w” (AL, A, F,u,p, |-, -+ ,-||) this

implies that
Pk,
)-o

00,00

/\ATxkg
g(Az) =sup > uky [am,n,k,lfk,z<H#,le” ) Zn—1

Tk 1=0,0

< (1+[[ADg(z),

00,00

P —lim E Uk, |:a/m,n,k,lfk,l
m,n

)Rl An—1
)

k,1=0,0
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Let € > 0 and choose N such that

00,00
A:,xk,l - L
E Ukl | Gmon ke [l | || ——————> 21, Zn—1
k.1=0,0 P

for m,n > N. Also, for each m,n with 1 < m,n < N, since

Pkl
> } < 00,

00,00
A:J?k’l — L
E Ukt |Cmon ket frog| || — 321, ", Zn—1

k,1=0,0 P

there exists an integer M,, ,, such that

Aggck,l —L
E Uk 1 | G e, el fﬂh“' ) Zn—1

kJ>Mp n

-

I

Let

M= ciSan {Mn}

We have for each m,n with 1 <m,n < N

Agxk,l —L
E Ul | Omyn ke, el fa«zl»"' ) Zn—1

ki>M

Nz
el
<F‘
-~

A
| o

Also from (2.1), for m,n > N we have

T
Asxk,l — L
Ul | @mn e, el fvzlv"' ) Zn—1

k,i>M

N———
]
E
'
A
| o

Thus M is an integer independent of m,n such that

Agaﬁk}l —L
E Ukt | Qo o el f»zlv'“ ) Zn—1

kl>M

-

(2.2)

] o
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Further for |A| < 1 and for all m,n,

00,00

)\Agmk}l
77217 e 7Z’I’L71

)

Uk 1 [am,n,k,lfk,l(
0

k=0,
00,00
)\A;.”L'k,l — AL+ AL Pkl
Ukl | @myn ke, el y 21,0ty 21
k.1=0,0 P
00,00 .
)\A:xkyl — AL Phit
< E Ukt |Cmon ki froil| || —————— 21, ", Zn—1
%,1=0,0 P
00,00 .
L Pkl
+ E ’uk,z Akt freg | || =521, 5 Zn—1
k= P
)\AZIkJ — \L Phl
< Ukt |Gkt foi| |21, ", Zn—1
k>M P
)\Agik,l — AL Pt
77 217 e 7Zn_1

+ Uk 1 [am,n,k,lfk,l<
k<M

A

yR1y "ty An—1

H /\ATka — AL

™

+ Uk 1 [am,n,k,lfk,z (
k>M <M
/\AZ&?/M — AL Pt
+ Ukl | @myn kel fl | || =21, s Zn—1
k<M [>M

)y

For each m,n and by the continuity of f as A — 0 we have the following

00,00
AL
+ Z Ukl | Cmynke 1 SRl 77217"'7%71

k,1=0,0

Pk,
)\AZIkJ — AL
Z Ukt | Cmon ket foi| || =21, ", Zn—1
kA<M P
00,00
ML Pkl
+ Z Ukt | Cmon ket fra | || —> 21, Zn—1 —0
k,1=0,0 P

in the Pringsheim sense. Now choose § < 1 such that |A| < § implies

/\Agka — AL Phit
Z Ukl | Gmyn,ke,l il T,Zh“' ) Zn—1

kI<M

0,00
: AL

+ E Ukl | @mon ket fri | || —> 210 Zn—1
1=0,0 P

k,l1=0,

(2.3)

1o

-
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In the same manner we have

/\Agka — AL
E Ukl | Amon kel | || =21, s Zn—1

k>M, <M P
and
AMTzp — AL Phit €
Z Up,1 [am,n,k,sz,z(H‘k’l,Zh“' y Zn—1 ) } <3 (2.5)
k<M,>M P

It follows from equation (2.2), (2.3),(2.4) and (2.5) that

0,00
’ ATz — AL Ph.t
Z Up,| [am,n}k’lfw (HLJL ce L Zn1 > < ¢ for all m,n.
k,1=0,0 P
Thus g(Ax) — 0 as A — 0. Therefore wjj (A%, A, F,u,p,|-,---,-||) is a para-
normed space. Similarly, we can prove that w” (AL, A, F,u,p, |- ,||) is a
paranormed space. O

Theorem 2.4 Let F' = (fi;) be a sequence of modulus function, A = (am n k1)
be a nmon-negative matriz such that sup,, , chjz’:()),o Aol < 00, D = (D)

be a bounded sequence of positive real numbers and u = (ux;) be any se-
quence of strictly positive real numbers, then w( (AL, A, F,u,p, |- ---,-||) and
w’ (AT, A, Fyu,p, || -+ ,+||) are complete topological linear spaces.

Proof Let (77 ;) be a cauchy sequence in wy (AL, A, Fyu,p, ||, ,-[|). Then,

we write g(z% — z') — 0 as s, ¢t — oo for all m,n, we have

00,00 T S Tt
Asxk,l - Asmk,l
E Ukl | Gmon ket [l | || ———————=,21," ", Zn—1
k,1=0,0 P

)pw] —0.  (2.6)

Thus for each fixed k and [ as s,t — oo, since A = (G n k) IS DON-nEgative,
we are granted that
ﬂ —0

Agmi,z - AZIZ,I
Ut | el ||—————21," ", Zn—1
p
and by continuity of /' = (fi), (27 ;) is a Cauchy sequence in C for each fixed
k and [. Since C is complete as t — oo, we have z}, ; — 1 for each (k,[). Now
from equation (2.6), we have for € > 0, there exists a natural number N such

that
),;k,,] <e (27)

for all m,n. Since for any fixed natural number M we have from equation (2.7)

T .8 Tt
Asxk,l - Aswk,l
Ry, An—1

p

E Uk 1 |:am,n,k,lfk,l<

k,1=0,0 5,t>N

00,00

Afy, — Afy, bt
>tk {am,n,k,lfk,l<||¥’21w' ’2n1||) } <e

k<M s,t>N p
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for all m,n, by letting ¢ — oo in the above expression we obtain

for all m,n. Thus g(z®* —x) — 0 as s — co. This proves that w{ (A", A, F,u,p)
is a complete linear topological space.

00,00

E Ukl |:am,n,k,lfk,l (

k<M s>N

T 8 r
Aska — Asxk,l
y 21y s Rn—1

P

Since M is arbitrary, by letting M — oo we obtain

00,00 T .8 T
Asxk,l — Alzi,
E Ukl | Omon ket frg| || ——————— 21, ", Zn—1
k.1=0,0 P

Now, we shall show that w” (AL, A, F,u,p,| - ,-||) is a complete linear
topological space. For this, since (2*) is also a sequence in w” (A%, A, F,u,p,
I, ,-I), by definition of w” (A%, A, F,u,p, |-, - ,-|), for each s there exists
L® with

yR1y Tty An—1

00,00
E Uk 1 |:am,n,k,lfk,l (

k,1=0,0

’A;xz,l - AL
p

]

as m,n — 0o, whence, from the fact that

00,00
sup E Amyn,k,l < 00

M g 1=0,0
Trs rrt

from the definition of modulus function, we have fk’l(H%H) — 0 as
s,t — oo and so L® converges to L. Thus

0,00

) ATz, — L Pk,
Z Uk,1 |:am,n,k,lfk,l <HS’,Z1, s Zn—1 —0

k,1=0,0 P
as m,n — oo, thus © € w”’(AL, A, F,u,p,|,---,]|) and this completes the
proof. O

Theorem 2.5 Let F' = (fi,;) be a sequence of modulus function and A =
(@m.n,k1) be a non negative matriz such that SUp,, Z;?zg),o mnk,l < 00, then

(7’) w//(AgaAvuapv ||7 7”) - ’lU”(Ag,A,F,’LL7p, ||7 a'”);
(”) Wg(AZ,A,U,p, ||a 7”) C wg(AgvA7Fau7p7 H7 7'”);
(”Z) wgo(A:7Aau7p7 H7 o a”) - ’LUgO(Ag,A,F7U,p, ||a o a”)

Proof (i) and (ii) are easy to prove so we will prove (iii) only. Let x =
(xkal) € w/o/o(Agv A,’U,,p, ||a e 7”) such that
Pk,
) ] < Q.

00,00

Agxk,l
sup E Ukl | Om,n,k,l y 21yt s RAn—1
T 1=0,0 P
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Let € > 0 and choose ¢ with 0 < § < 1 such that fj;(t) < € for 0 <t < 4. Thus,
we have

00,00

s Agxk,l Pk,
E Up g |G ke froa | || ——= 21, , Zn—1
%,1=0,0 P
00,00
Agxk,l Pk,
= E Up g |G ke [ | || ——= 21, , Zn—1
k,1=0,0 P

ATz
(HT’,ZL'" »Zn—1 )§5
00,00

A’"xkl
+ E (I |:am,n,k,lfk,l(H—sp =, 21,0 5 2l

k,1=0,0
ATz
(H — R, 20— )>5

Since F' = (f,1) is a sequence of modulus function, we have

o0 ,00
s Agxk}l Pk,
E Ul | Omnke L el p V21t s Zn—1

k,1=0,0
N
k.l
(I[F555en mna) <0

<e Z Am,n,k,l- (28)

k,1=0,0
For (H%,zlf~ ,zn_1||) > 4 and the fact that
A;xk,l
—— %1, ; Zn—1
p
AT AT
’%72"17"' 7Zn71’ ’%72"17"' s Rn—1
< < |1+
1) 1)

where [t] denotes the integer part of ¢ and by the properties of modulus function,
we have
)Pk,l

A:xm
fk,l y 21yt 5 Zn—1
P

r
Asxk,l

Dkl (H P ,Zl,"',Zn—l’
) < | 1+ fru

o
Agmk.z Pkl
T7Z17"' y Zn—1
(1) :

<2f% 5
Thus
00,00 Arl‘kl Pkl
Z Ug,1 [am,n,k,lfk,z<H#,le” ) Zn—1 ) ]
Ar k,1=0,0 p
(252t 21 2 []) >
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)pw]. (2.9)
)

00,00
< 2f1<: 1 ALz
S € am,n,k,l Uk,l | Om,n,k,l 521, 5 %n—1
k,l=0,0 P

2fe(1) X AT
S fk‘,l( ) Z ukl[amnkl<H Sxk’lvzl7“' s An—1
6 )byl p
k=
) an

From equation (2.8) and (2.9) we have

00,00

s
Asxk,l
E Ul | Omn ke L el V21t 2l
0 P

k,i=0,

")

k,1=0,0
Since sup,, ,, Z;?zg),o kg < 00 and x = (zg,) € WL (AT, Aju,p, |-, -|)-
Hence, we have © = (x,;) € wl (AL, A, Fyu,p, |- ,-]|) and this completes
the proof. O

Theorem 2.6 Let F' = (fi;) be a sequence of modulus function and A =
(@m,n.k,1) be a non negative matriz such that Sup,, ,, ZZOZ’Z% 0 @myn,k,l < 00 and

B =limy_,o Jr. I(t) > 0, then

w”(A:’ Avuapv ||7 Tty ||) = w//(Aga Av F,u,p, ||7 Tty ||)
Proof In order to prove that

U)H(A;, Avuapv ||7 T ”) = U}H(A;, Av Fvuvpa ”7 I ”)
It is sufficient to show that

’U}N(A:, A7 F,U,p, ||7 Ty ||) C w"(AZ,A,u,p, ||7 Ty ||)

Now, let 3 > 0. By definition of 8 we have fy;(t) > B(t) for all ¢ > 0. Since
B >0, we have t < %fk,l(t) for all t > 0.

Let = (xy,;) € W' (AL, A F,u,p,||-,---,-||). Thus, we have

00,00 Agwk,l _ L Pkl

Z Ukl | Om,n,k,l %1,y Rn—1

k,1=0,0 p

1 kg ATz Pl

= > kg |mmkafra | [ — 2 2

=3 p

k,1=0,0

which implies that x = (x;) € w” (AL, A u,p, |-, ,||). This completes the
proof. O

Theorem 2.7 If A = (amn.k,1) has only positive entries and B = (b n.k,1) be

a non-negative matriz such that {Z’""i’“} 18 bounded then

m,n,k,l
ZO(AZ,AF,U»% H7 T 7”) C wgo(Ag,B,F,mp, H’ e 7”)
Proof It is easy to prove so we omit the details. O
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