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Abstract. The scrambling index of an n X n primitive Boolean matrix A is the smallest
positive integer k such that AF (AT)]c = J, where AT denotes the transpose of A and J
denotes the n x n all ones matrix. For an m x n Boolean matrix M, its Boolean rank b(M)
is the smallest positive integer b such that M = AB for some m X b Boolean matrix A and
b x n Boolean matrix B. In 2009, M. Akelbek, S. Fital, and J. Shen gave an upper bound on
the scrambling index of an n x n primitive matrix M in terms of its Boolean rank b(M), and
they also characterized all primitive matrices that achieve the upper bound. In this paper,
we characterize primitive Boolean matrices that achieve the second largest scrambling index
in terms of their Boolean rank.
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1. INTRODUCTION

A matrix over the binary Boolean algebra {0, 1} is called a Boolean matriz. In
this work, we sometimes use just the term matrix to mean Boolean matrix. For an
m x n matrix A, we will denote its (¢, j)-entry by A;, its ith row by A, , and its jth
column by A ;. For m x n matrices A and B, we say that B is dominated by A if
B;; < A;; for each ¢ and j, and denote this by B < A. We denote the m x n all ones
matrix by Jp, ., (and by J, if m = n), the all ones n-vector by j,, the n x n identity
matrix by I,, and its ith column by e;(n). The subscripts m and n will be omitted
whenever their values are clear from the context. Let A be an m x n matrix. For
index sets &« C {1,2,...,m}, § C{1,2,...,n}, we denote the submatrix that lies in
the rows of A indexed by « and the columns indexed by g as A(«, ).

The research has been supported by NNSF of China (No. 11071227), and Shanxi Schol-
arship Council of China (No. 2012-070).
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Let D = (V,E) be a digraph on n vertices. Loops are permitted, but multiple
arcs are not. A u — v walk in D is a sequence of vertices u,ui,...,u, = v and
a sequence of arcs (u, u1), (u1,u2), ..., (up—1,v), where the vertices and the arcs are
not necessarily distinct. The length of a walk W is the number of arcs in W. The
length of a shortest cycle in D is called the girth of D. The notation u E v is used
to indicate that there is a u — v walk of length k.

For an n x n matrix A = (a;;), the digraph D(A) is the digraph with vertex set
V(D(A)) ={1,2,...,n}, and (4, ) is an arc of D(A) if and only if a;; # 0. Then,
for a positive integer r > 1, the (¢, )th entry of the matrix A" is positive if and only
if i = j in the digraph D(A).

A digraph D is called primitive if for some positive integer k, there is a walk of
length exactly k from each vertex u to each vertex v (possibly u again). Equivalently,
a square matrix A of order n is called primitive if there exists a positive integer r
such that A" > 0.

The scrambling index of a primitive digraph D, denoted by k(D), is the smallest
positive integer k such that for every pair of vertices u and v, there exists some vertex
w such that u — w and v — w in D. An analogous definition for scrambling index
can be given for primitive matrices. The scrambling index of a primitive matrix A,
denoted by k(A), is the smallest positive integer k such that any two rows of A*
have at least one positive element in a coincident position. The scrambling index
of a primitive matrix A can also be equivalently defined as the smallest positive
integer k such that A¥(AT)* = .J where AT denotes the transpose of A. If A is the
adjacency matrix of a primitive digraph D, then k(D) = k(A).

For an m x n Boolean matrix M, its Boolean rank b(M) is defined to be the
smallest positive integer b such that for some m x b Boolean matrix A and b X n
Boolean matrix B, M = AB. The Boolean rank of the zero matrix is defined to be
zero. M = AB is called a Boolean rank factorization of M.

For additional terminology and notation we follow [3].

Let Dy and D> be primitive digraphs of order n in Figure 1.1 and Figure 1.2,

respectively.
Let
ro 1 0 0 07
0 0 1 0 0
W, _{1 1] W — ’
Tlr o)t T o o o 1 o’
0 0
L1 0 0 04
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2 n—3 3 n—2

Figure 1.1 The digraph D; (Wielandt Figure 1.2 The digraph D (n > 4).
digraph, n > 3).

where n > 3, and

01 0 0 07
00 1 O 0
H o= | - . . 7
00 ... 0 1 O
10 0 ... 0 1
L1 1 O 0 04

where n > 4. Then D(W,,) = D; for n > 3, and D(H,,) = Dy for n > 4.

In [1], M. Akelbek, and S. Kirkland obtained an upper bound on the scrambling in-
dex of an n xn primitive matrix M in terms of its order n, and they also characterized
all primitive matrices that achieve the upper bound.

Lemma 1.1 ([1]). Let A be a primitive matrix of order n > 2. Then

(n—1)2+1]

< [0

Equality holds if and only if there is a permutation matrix P such that PAP" is
equal to Wy or Jo when n = 2 and W,, when n > 3.

In [2], M. Akelbek, S.Fital, and J.Shen gave an upper bound on the scrambling
index of an n X n primitive matrix M in terms of its Boolean rank b(M), and they
characterized all primitive matrices that achieve the upper bound, too.

Lemma 1.2 ([2]). Let M be an n x n (n > 2) primitive matrix with Boolean
rank b(M) = b. Then
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Lemma 1.3 ([2]). Suppose M is an n x n Boolean matrix with 3 < b= b(M) <
n— 1. Then M is primitive and k(M) = [((b — 1) +1)/2] + 1 if and only if M has
a Boolean rank factorization M = AB, where A and B have the following properties:

(i) BA= W,
(if) some row of A is erfb/zj (b), some row of A is e (b), and
(iii) no column of B is ey_1(b) + ep(b).

In this paper, we characterize primitive Boolean matrices M with 5 < b = b(M) <
n — 1 that achieve the second largest scrambling index in terms of its Boolean rank
b = b(M). The main result is the following theorem.

Theorem 1.4. Suppose M is an n X n primitive Boolean matrix with 5 < b =
b(M) <n—1. Then k(M) = h = [3((b—1)? +1)] if and only if M has a Boolean
rank factorization M = AB, where A and B satisfy one of the following conditions:

(i) BA =W, some row of A is e?b/QJ (b) and some row of A is e}l (b), some column
of B is ep—1(b) + ep(b).
(i) BA = W, some row of A is ef (b) and some row of A is ea/QJH(b), either
e?b/QJ (b) or e} (b) is not a row of A, no column of B is ey_1(b) + ey(b).
(iii) BA = Hy, some row of A is e (b) and some row of A is 611;?/2]+1(b)’ no column
of B is ep—1(b) + ep(b).

2. PROOF OF THE MAIN RESULT

Let X C V(D). Denote by R:(X) the set of all vertices which can be reached
by a walk of length ¢ in digraph D starting from some vertex in X, and abbreviate
R.({z}) as Ry(z).

Lemma 2.1 ([5]). Let A be a primitive matrix of order n > 5. Then

(n—1)2—|—1w_1

R(A) = { 2

if and only if there is a permutation matrix P such that PAP" is equal to H,.

Lemma 2.2 ([4]). Let M be an n x n primitive Boolean matrix, and M = AB
be a Boolean rank factorization of M. Then neither A nor B has a zero line.
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Lemma 2.3 ([2]). Suppose that A and B are n x m and m x n Boolean matrices
respectively, and that neither A nor B has a zero line. Then
(a) AB is primitive if and only if BA is primitive.
(b) If AB and BA are primitive, then |k(AB) — k(BA)| <1

For brevity, in the remainder of this paper, we let & = [$((b—1)% + 1)].

Lemma 2.4. Let b > 4 be odd. Then
10
(1) WP ({1, 3(b— 1), 3(b+1),b}, {b—1,b}) = lm] :

00
(2) The zero entries of (W,)"=2(W,I')"=2 occur only in the (b, $(b—1)), (3(b—1),b),

(1,2(b+1)), and (3(b+1),1) positions.
(8) By ({1,506 + D} b= 1,01 = [ 39], HY 721 30+ D} (1,00 = [ 99
(4) The zero entries of (H,)""2(H;")"=% occur only in the (1,1(b + 1)) and
(2(b+1),1) positions.

Proof. Letl=h—-2=[3((b—-1)2+1)]—-2=4(b—-1)?) -1

For the primitive digraph D of order b, it is not difficult to verify that
> Ry(b) ={b—2,b—3,...,2(b—1)},

> R(i)={i—1,i—2,...,i—3(b—1)—1} for 3(b+3) <i<b—1,

G+1) = {26 -1), 26 -3)..... Lo},

Rl(%(b_l))_{ ( )a%( 5)7"'a17bab_1}7
Ri(i)={i—1,i—2,...,1,b,b—1,...,3(b—1)+i} for 2<i < 1(b—1), and
R()={b—-1,b—2,...,5(b+ 1)}

1) Note that b —1 € R(1), b & Ri(1). So Wl({1},{b—1,b}) = [1 0]. Similarly,
we have Wl ({3(b— 1)}, {b—1,b}) = [1 1], W ({3(b+ 1)},{b—1,b}) = [0 1], and
WE({b}, {b—1,b}) = [0 0]. Therefore, result (1) holds.

(2) Note that we have R(i) N Ri(j) # 0 except Ry(b) N Ri(3(b — 1)) = 0 and
Ri(1) N Ri(3(b+1)) = 0. Soin W} every pair of rows intersect with each other
except rows b and 1(b—1), 1 and 1(b+1). Thus the only zero entries of (W) (W,1)’
are in the (b, 3(b— 1)), (5(b—1),b), (1,4(b+ 1)), and (3(b+ 1), 1) positions.

For the primitive digraph D of order b, it is not difficult to verify that

> R(1)={b—1,b—2,....b— (b —1)},

> Ry(i)={i—1,i— 2,...,'—%(1)—1)—1} for £(b+3) <i<b,

>
>
>
>
(

> Ri(3(b+1) ={3 (b—l) 2(b—3),...,1,b}, and

> Ry(i) ={i—1,i— bb—1,...,5(b—1)+i} for 2<i < 5(b—1).

(3) Note that b—1 € Rl( ) ¢ Ri(1). So HL({1},{b—1,b}) = [1 0]. Similarly, we
have H;({z(b+ 1)}, {b—1,b}) = [0 1], H;({1},{1,b}) = [0 0], and H;({5(b+ 1)},
{1,b}) = [1 1]. Therefore, result (3) holds.
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(4) Note that we have R;(i) N R;(j) # 0 except R;(1)NRy(3(b+1)) = 0. So in H}
every pair of rows intersect with each other except rows 1 and %(b + 1). Thus the
only zero entries of (H,)!(H,[)! are in the (1,1(b+1)) and (3(b+1),1) positions. O

Lemma 2.5. Let b > 4 be even. Then

01
(1) W2 ({1, 50,50+ 1,0}, {b— 1,b}) = [‘38]-
11
(2) the zero entries of (W,)"=2(W,F')"=2 occur only in the (b, 3b), (3b,b), (1, $b+1),
and (3b+ 1,1) positions.
(8) By 21,50+ 1) (o — 10) = [ 00 ], HEZ2(1 3o+ 11, {10 = [ 35 ] -
(4) the zero entries of (Hy)"~2(H,")"=2 occur only in the (1,4b+1) and (3b+1,1)
positions.

Proof. Letl=h—-2=[3((b-1)2+1)]-2=24(b-2)b—1.

For the primitive digraph D of order b, it is not difficult to verify that

> Ry(b) ={b—1,b,1,2,...,3b— 2},

> Ry(i)={i—1,4,....,b6—1,b,1,2,...,i—2b—1} for 3b+2<i<b—1,

> Ri(3b+1)={3b,1b+1,...,b—1},

> Ry(i) ={i —1,4,...,i+ $b— 2} for 2 <i < b, and

> Ri(1) ={b,1,2,...,5b—1}.

(1) Note that b — 1 & Ry(1), b € Ry(1). So W}({1},{b—1,b}) = [0 1]. Similarly,
we have Wé({%b},{b —1,b}) =100], Wé({%b—i— 1}, {b—1,b}) = [1 0], and W} ({b},
{b—1,b}) =[1 1]. Therefore, result (1) holds.

(2) Note that in W} every pair of rows intersect with each other except rows b and
1b, 1 and 1b+ 1. Thus the only zero entries of (W;)!(W,)! are in the (b, $b), (3b,b),
(1,3b+1), and (3b+1,1) positions.

For the primitive digraph D of order b, it is not difficult to verify that

> Ry(1) ={b,1,2,...,5b— 1},

> Ry(i) ={i—1,4,...,i+3b—2} for 2 <i <

> Ry(kb4+1) = {b,2b+1,... b1},

> Ry(i)={i—1,4,....,b—1,b,1,2,...,i —2b—1} for 1b+2<i<b—1, and

> Ry(b) ={b—1,b,1,2,..., 30— 1}.

(3) Note that b—1 ¢ R;(1), b € Ri(1). So H}({1},{b—1,b}) = [0 1]. Similarly, we
have HJ({2b+1}, {b—1,b}) = [10], H({1}, {1,b6}) = [1 1], and H}({1b+1},{1,b}) =
[0 0]. Therefore, result (3) holds.

(4) Note that in H, ,ﬁ every pair of rows intersect with each other except rows 1 and
%b—i— 1. Thus the only zero entries of (H,)!(H,')! are in the (1, %b—l— 1), and (%b—l— 1,1)
positions. O

b,

1
2
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Lemma 2.6 ([2]). Forb > 3, th_l({tébj,b}, {b—1,b}) is either [(1) ﬂ or [(1) (1)]
Lemma 2.7 ([2]). Ifb > 3, then the zero entries of (W,)"~1(W,')"*~1 occur only
in the (b, | b)) and (| 3b),b) positions.

Suppose that M is an n x n Boolean matrix with 1 <b=b(M) <n. lfb=n >3,
then by Lemma 1.1, k(M) = [1((n — 1)? + 1)] if and only if there is an n X n
permutation matrix P such that PMPT = W,,. If b = 1, since the only n xn primitive
Boolean matrix with Boolean rank 1 is .J,,, then k(M) = [$((b—1)?+1)] = 1 if and
only if A = J,,. Thus we may assume that 2 < b < n — 1. In this paper, we consider

5<b<n—1.

Lemma 2.8. Let M be an n X n primitive Boolean matrix with 5 < b= b(M) <
n — 1. Suppose M has a Boolean rank factorization M = AB, where A and B have
the following properties:
(1) BA=W,,
(2) some row of A is efb/% (b) and some row of A is ej (b), and
(3) some column of B is ep—1(b) + ep(b).
Then M is primitive and k(M) = h.

Proof. By Lemma 2.2 and Lemma 2.3 (a), neither A nor B has a zero line and
the matrix M is primitive since W), is primitive. By Lemma 1.3, k(M) < h.

Since BA = W}, and A has no zero row, each column of B is dominated by a column
of Wy. Thus each column of B is in the set S; = {e1(b), ea(d),. .., ep(b),u}, where
u = ep_1(b) + ep(b). Therefore, BBT < I, + uu™. Also, since some column of B is
ep—1(b) + ep(b), BBT > I, + uuT. Hence BBT = I, + uu™. Thus

Mh—l(MT)h—l _ (AB)h—l((AB)T)h—l
= A(BA)2BBT((BA)T) 24T
= AWp)"2BBT (W) 2 AT
= AW,)"2(I + wuT) (W) 24T
= A[W)" 2 (W) 2+ (W) (W) 2u) ] AT
=AZA".

If b is odd, by Lemma 2.4, the zero entries of Wb}kz(WbT)h_2 occur only in the
(b, 2(b—1)), (3(b—1),b), (1,3(b+1)), and (3(b+1),1) positions. Note that

0

([ ) ) -

S O ==

1
1
0
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So

1
_ b—1 b+1 1
h—2 o—-1b6+1 _
W, u)({l’ 2 2 ’b}) 1
0
Hence, the entries of Z = (W)~ 2(W,")"=2 + (W} 2u) (W ?u)7 in the (b, 1(b-1))
and (1(b—1),b) positions are zero. Since some row of A is 621;71)/2 (b) and some row

of A is e} (b), without loss of generality, suppose row p of A is 6(1;71) /2 (b) and row ¢
of Ais el (b). Then (M"Y (MT)h=1),, = (AZAT),, = 0. Hence k(M) > h — 1 and
we get k(M) = h.

If b is even, by Lemma 2.5, the zero entries of th_Q(Wl;r)h’2 occur only in the
(b, 3b), (3b,0), (1,3b+ 1), and (3b+ 1, 1) positions. Note that

)

N o
N | o

th—Q({L

+1,b},{b—1,b})=

= =0 O
= O O =

So

TR

_|_

—_

S
—
N—

Il
— = O

Therefore, the entries of Z = (W;,)"2(W,1)"=2 + (W 2u)(W}2u)T in the (3b,b)
and (b, 1b) positions are zero. Since some row of A is 62}2 (b) and some row of A
is e (b), without loss of generality, suppose row p of A is e'br/Q (b) and row g of A is
ef (b). Then (M 1(MT)"=1),, = (AZAT),, = 0. Hence k(M) > h — 1 and we get

k(M) = h. O

Lemma 2.9. Let M be an n X n primitive Boolean matrix with 5 < b= b(M) <
n — 1. Suppose M has a Boolean rank factorization M = AB, where A and B have
the following properties:
(1) BA=W,,
(2) some row of A is e] (b), some row of A is 611;?/2]+1(b)’ either ea/% (b) or eff (b) is
not a row of A, and
(3) no column of B is ep—1(b) + ep(b).
Then M is primitive and k(M) = h.

Proof. By Lemma 2.2 and Lemma 2.3 (a), neither A nor B has a zero line and
the matrix M is primitive since W), is primitive. By Lemma 1.3, k(M) < h.
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Since BA = W, and A has no zero row, each column of B is dominated by
a column of W},. Note that no column of B is u. Hence each column of B is in the
set {e1(b),e2(b),...,ep(b)}. Therefore, BBT < I,. Also, since the matrix B has no
zero row, BBT > I,,. Hence BBT = I,,. Thus

Mh—l(MT)h—l _ (AB)h—l((AB)T)h—l
= A(BA)2BBT((BA)T)"24T
= AW, (W) 2 AT
_ A(Wb)h72(WI;I‘)h72AT
= AZAT,

where, by Lemmas 2.4 and 2.5, Z = (W;,)""2(W;F)"=2 is the b x b matrix which
has zero entries only in the (b, b)), ([3b],0), (1,[3b] + 1), and (|3b] + 1,1) po-

sitions. Since some row of A is e (b) and some row of A is e?b/QJH(b), without

loss of generality, suppose row p of A is e (b) and row ¢ of A is ea/QH_l(b). Then
(Mh=t(MTYh=1),, = (AZAT),, = 0. Hence k(M) > h — 1 and we get k(M) = h.

O

Lemma 2.10. Let M be an n x n primitive Boolean matrix with 5 < b = b(M) <
n — 1. Suppose M has a Boolean rank factorization M = AB, where A and B have
the following properties:
(1) BA=H,,
(2) some row of A is e (b) and some row of A is e?b/QJH(b), and
(3) no column of B is ep—1(b) + ep(b).
Then M is primitive and k(M) = h.

Proof. By Lemma 2.2 and Lemma 2.3 (a), neither A nor B has a zero line and
the matrix M is primitive since W} is primitive. By Lemma 1.3, k(M) < h.

Since BA = Hp and A has no zero row, each column of B is dominated by a column
of Hy,. Note that no column of B is e;_1(b) + e;(b). Hence each column of B is in the
set {e1(b),ea(b), ..., ep(b),v}, where v = e1(b) + ep(b). Therefore, BBT < I, + vv™.
Thus

Mh—l(MT) ) —1((AB)T)h—1
( )h QBBT((BA) )h—QAT

=(4
A
A(H)" 21y + vo ™) (HF) 2 AT
Al(H
AZ

N

[(Hp)" =2 (Hy )" + (Hy =) (Hy ~*0) "] AT
AT
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If b is odd, by Lemma 2.4, (Hp)""2(H})"=2 is the b x b matrix which has zero
entries only in the (1,1(b+ 1)) and (3(b+ 1),1) positions. Note that
0
i

Hg*Q({l’HTl}v{LbU = [(1) ﬂ : <H£*2v>({1,b+71})

So the entries of Z = (Hy)" 2(H)"2 + (H}?v)(H}"*v)" in the (1,1(b+1)) and
(3(b+1),1) positions are zero. Since some row of 4 is e (b) and some row of A is

6(1; ) /2(b), without loss of generality, suppose row p of A is e (b) and row q of A is
€(py1)/2(b)- Then (Mh=Y(MT)h=1),, = (AZAT),, = 0. Hence k(M) > h — 1 and
we get k(M) = h.

If b is even, by Lemma 2.5, Z = (H,)" 2(H,")"~2 is the b x b matrix which has
zero entries only in the (1,3b+ 1) and (3b + 1,1) positions. Note that

mo((ugeham) =3 ] wa(ge)-[3]

So the entries of Z = (Hy)""2(HL)"=2 + (H]?v)(H} ?v)T in the (1b+1,1) and
(1,3b + 1) positions are zero. Since some row of A is e (b) and some row of 4 is
6;1}2 +1(b), without loss of generality, suppose row p of A is el (b) and row q of A is
€y11(0). Then (M~ H(MT)*1),, = (AZA"),, = 0. Hence k(M) > h — 1 and we

get k(M) = h. O

Lemma 2.11. Let M be an n x n primitive Boolean matrix with 5 < b =b(M) <
n—1. If k(M) =h = [4((b—1)*>+1)], then M has a Boolean rank factorization
M = AB, such that A and B satisfy one of the following conditions:

(i) BA = Wy, some row of A is ea/% (b) and some row of A is e (b), some column
of B is ep—1(b) + ep(b).
(i) BA = W, some row of A is e] (b) and some row of A is e?b/QJH(b), either
ea/% (b) or ef (b) is not a row of A, no column of B is ey—1(b) + ey(b).
(iii) BA = Hy, some row of A is ef (b) and some row of A is 611;?/2]+1(b)’ no column
of B is ep—1(b) + ep(b).

Proof. Let M be primitive with k(M) = h, and M = AB be a Boolean rank
factorization of M. By Lemma 2.3, BA is primitive and h — 1 < k(éﬁ) < h+ 1.
Since BA is a b x b matrix, by Lemma 1.1, k(BA) < h. So there are two cases:
k(BA) = h or k(BA) = h — 1.

Case 1. k(BA) = h.

By Lemma 1.1, there is a permutation matrix P such that PBAPT = Wy. Let
B=PBand A= APT. Then BA =W, and AB = APTPB = AB = M.
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b b
Note that M is primitive, we have Y. A; = j, = > BF. Since k(M) = h, the
i=1 =1
matrix A"~ must have two rows that do not intersect. Without loss of generality,
suppose rows p and q of M"~1 do not intersect, that is, the inner product of Mgfl
and M;Lfl is zero. So entries in the (p,q) and (q,p) positions of M"~1(MT)"~1 are

zero. Since the matrix B has no zero row, we have BBT > I,. Thus

Mh—l(MT)h—l _ (AB)h—l((AB)T)h—l

W )h 2BBT(WT)h72AT
Wb)h 2[ (WT)h 2AT
)h Q(W;F)h 2AT

where Z = (Wy,)""2(W,F)"~2 is the b x b matrix which has zero entries only in the
(130],b), (b,[2b]) (1,[2b] + 1), and (|1b] + 1,1) positions. So

AZAY = (A1, As,... Ay ZAT
b b—1
> A.i|Jn,Lb/2j—2 > A

i=1

b
ZA > A AT

= nn—b/2|-2
= =2 =1
#Lb/21J+1 i#10/2]
/2]— T b—1
_< Z A )(A +Jn( Z ) <ZA.i>(A.Lb/2J)T
i 1672) 41 =2 =t
b b1 T
+ (ZAz) (A.Lb/2j+1)T+jn< > ) < Z A )
i=2 i=[b/2]+2
1¢Lb/2J

Since AZAT is dominated by M"~1(MT)"=1 and M"~1 (MT)"~! has zero entries
in the (p,q) and (g,p) positions, the entries (AZA"),, and (AZAT),, are also zero.
Thus

1b/2]-1 b
Z Apz> Ap + Z Agi + <ZAm> a(lb/2)) T <Z Api>Aq(Lb/2J+1)

i 1672) 41 =2

b—1 b
+ Z Aqi + < Z A;m') Aqb =0,

i=b/2)+2 i#ﬁ}%
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and

b [b/2]—1 b
Z ) p1 T Z Api + (Z Aqt) p(Lb/2]) (Z Aqi) Ap((b/2]+1)

i=1 =2
i#[b/2)+1

b—1 b
+ ) Api+< > Aqi>Apb—o.

i=|b/2]+2 il

Then Ay =0 and Ap; =0fori=2,..., L%b] -1, L%bj +2,...,b— 1. Substituting
these back, we have

(Ap1t + Ap(1o/2)) + App) Aqr + (Apr + Ap((v/2)) + Ap(lb/21+1)) Ag(lb/2))
+ (Ap(1o/2)) + Ap(b/2)4+1) + Apb) Ag((b/2)+1) + (Apt + Ap(1n/2)+1) + App) Ags = 0.

If Aq(Lb/QJ) 75 0, then Ap1 = Ap(Lb/QJ) = A;D(Lb/QJ-H) = 0. Since A has no zero
rows, Apy # 0 and then Ay, = Ay
is e] (b) and some row of A is efb/% (b). In this case, by Lemma 1.3, we know that
if no column of B is ep—_1(b) + ep(b), then k(M) = h + 1. So some column of B is
ep—1(b) + ep(b). This concludes (i).

If Ay # 0, then Ay, = App/2)) = App = 0. Since A has no zero rows,
AP(Lb/QJJrl) 7é 0 and then Aq(Lb/Qj) = Aq(Lb/2J+1) = Aqb = 0. Therefore, some

row of A is e (b) and some row of A is 611;?/2]+1( ). If both esz( ) and e}l (b) are

1b/2)+1) = Agp = 0. Therefore, some row of A

rows of A, then we go to (i). If either eLb/2J (b) or ef (b) is not a row of A, we claim
that B cannot have a column u = e,_1(b) + e,(b). To the contrary, suppose that
some column of B is u. Since B has no zero row, BBT > I, + uu™. Thus

thl(MT)hfl _ (AB)hfl((AB)T)hfl
A(BA)"2BBT((BA)T)'24T

— A(Wb)h—QBBT(WZ:F)h—QAT
AW 2(1y + wa™)(W,F)h =247
A[(We)" 2 (W) 2 + (W~ 2u) (W ~2u) ] AT,

If b is odd, by Lemma 2.4, the zero entries of th72(WbT)h_2 occur only in the
(b,3(b—1)), (3(b—1),b), (1, 3(b+ 1)), and ((b+1),1) positions. Note that

([ ) ) -

S O ==
O = = O
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So

S =

w0 v [
2

Therefore, the zero entries of (W3)"=2(W,5)"=2 + (W) 2u
the (b, (b — 1)) and (3(b— 1),b) positions. If neither ] (
of A, then A[(W;)"2(W,5)'=2 + (WP 2u)(W)2u)T] = Juxp and A[(Wp)""2 x
(W2 + (WP 2u) (W) 2u)T)AT = J,. If el (b) is a row of A, without loss of
generality, suppose row p of A is ef (b), then the zero entry of A[(W;)"~2(W,)"=2 +
(W= 2u) (W ~2u)"] occurs only in the (p, (b — 1)) position. Since 6(1;71)/2(@ is
not a row of A, then A[(W;)"2(W,5)'=2 + (W} 2u) (W) 2u)T]AT = J,. Simi-
larly, if eafl)p(b) is a row of A, and e (b) is not a row of A, we can show that
A[(W)h=2(W,5)r=2 4 (W] 2u) (W) 2u)T]AT = J,,. Therefore,

(W}“2 )T occur only in

S =

) nor e}, (- 1)/2(13) is a row

ML T S AW ROV 4 (W2 (W) T AT =

which contradicts k(M) = h.
If b is even, by Lemma 2.5, the zero entries of th72(W,;r)h’2 occur only in the
(0, %b), (%b, b), (1, %b +1), and (%b + 1,1) positions. Note that

N | o
N | o

+1,b},{b—1,b})=

th—Q({L

)

= =0 O
= O O =

So
(i

Therefore, the zero entries of (Wy)"~2(W,5)"=2 + (W} 2u) (W} ?u)" occur only in
the (3b,b) and (b, 1b) positions. Note that either 6;1}2 (b) or ef (b) is not a row of A.
We can show that A[(Wy)"=2(W,5)"=2 + (W) 2u) (W) 2u)T]AT = J,,. Therefore,

_|_

—

S
—
~—

I
=

ML MY S ALY R V)2 4 (W) (W20 TIAT =

which contradicts k(M) = h. This proves (ii).

Case 2. k(BA) =h —1.

By Lemma 2.1, there is a permutation matrix P such that PBAPT = Hy. Let
B=PBand A= APT. Then BA = H;, and AB = APTPB = AB = M.
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b b
Since M is primitive, we have > A; = j, = > BF. Since k(M) = h, the matrix
i=1 =1
M"~! must have two rows that do not intersect. Without loss of generality, suppose
rows p and q of M"~1 do not intersect. Then entries in the (p, ¢) and (g, p) positions

of M"=1(MT)"=1 are zero. Since matrix B has no zero row, we have BBT > I,.

Thus
B (4B
(BA)"*BB™((BA)")"2AT
(Hy)"~2BBT(HT) 24T
> A(H,)"21,(HF)2AT

= A(H)"2(H] )2 AT

=AZA",
where Z = (H,)""2(H[)"~2 is the b x b matrix which has zero entries only in the
(1,13b] +1) and (|1b] +1,1) positions. So

thl(MT)

= (4
A
A

b
AZAT = Z AilIn,b/2)— 1ZA nn—lb/2)—1| AT
i;ét?)72lj+1
[b/2] T
Z A )(A.l)T+jn<Z A.i)
i£1b72) 41 =2
b T
+ (Zi‘h) (A.Lb/2J+1)T+jn( Z A.i> :
i=2 i=[b/2]+2

Since AZ AT is dominated by M~} (M™T)"=1 and M"~1(M™T)"~1 has zero entries in
the (p,q) and (g, p) positions, the entries in the (p, q) and (q,p) positions of AZAT
are also zero. Thus

b [b/2] b
S E e (S S o

i) +1 =lb/2)+2

and

o

[b/2] b
( Z Aqi) p1 T Z Api + (ZAW) p(lb/2)+1) T Z Api = 0.

i#b72) 41 i=lo/2)+2

~.

Then Ay =0 and A, =0 for i =2,3,...,b and i # L%bj + 1. Substituting these
back, we have

Ap1Agt + Ap(lo/2)+1) Ag(1b/2)+1) = 0.
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Thus rows A, and A, are disjoint. Since A has no zero rows, each of these rows
has precisely one nonzero entry. Therefore, some row of A is e (b) and some row of

Als e?b/QjJrl(b)'
We claim B cannot have a column u = e;_1(b) + ep(b). To the contrary, suppose
that some column of B is u. Since B has no zero row, BBT > I, + uuT. Thus
MPY(MTYR1 = (AB)h1((AB)T)h—1
A(BA)"2?BBT((BA)")"2AT
= A(H,)" ?BBT(H, )" 2A"
A(
Al

Hy)" 2 (I, + wu™) (Hy "2 AT
(Hy)" 2 (H,)" 2 + (Hy ) (Hy ) "] AT.

If b is odd, by Lemma 2.4, the zero entries of H,:L_Q(Hér)h*2 occur only in
the (1,2(b + 1)) and (3(b + 1),1) positions. Note that H}' *({1,4(b + 1)},
{b—1,b}) = [(1) ﬂ . Then H}' ?u > e1(b)+e(p11)/2(b). Therefore, (H,)"~2(HL)' 2+
(H}?u)(H}"?u)T = J,. Since A has no zero lines, we have M~ 1(MT)"~! =
AJ,AT = J,,, which contradicts k(M) = h.

If b is even, by Lemma 2.5, the zero entries of H}' (H,)"~2 occur only in the
(1,4b+1) and (1b+ 1,1) positions. Note that H} ?({1,1b+1},{b—1,b}) = [(1) (1)]
Then H}' *u > e1(b)+ep/241(b). Therefore, (Hyp)"2(HD)" 2 4(HP2u) (HP )T =
Jp. Since A has no zero lines, we have M"~1(M™)"=1 = AJ,AT = J,, which
contradicts k(M) = h. This concludes (iii). O

Combining Lemmas 2.8-2.11, we get the main result.
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