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Partitioning bases of topological spaces

DANIEL T. Soukup, LAJos Soukup*

Abstract. We investigate whether an arbitrary base for a dense-in-itself topolo-
gical space can be partitioned into two bases. We prove that every base for a T3
Lindeldf topology can be partitioned into two bases while there exists a consis-
tent example of a first-countable, O0-dimensional, Hausdorff space of size 2 and
weight w; which admits a point countable base without a partition to two bases.
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1. Introduction

At the Trends in Set Theory conference in Warsaw, Barnabas Farkas' raised
the natural question whether one can partition any given base for a topological
space into two bases; we will call this property being base resolvable. Note that
every space with an isolated point is not base resolvable; hence, from now on
by space we mean a dense-in-itself topological space. The aim of this paper is
to present two streams of results: in the first part of the article, we will show
that certain natural classes of spaces are base resolvable. In the second part, we
present a method to construct non base resolvable spaces.

The paper is structured as follows: In Section 2, we will start with general
observations about bases and we prove that metric spaces and weakly separated
spaces are base resolvable. This section also serves as an introduction to the
methods that will be applied in Section 3 where we prove one of our main results
in Theorem 3.7 that every T3 (locally) Lindelof space is base resolvable.

In Section 4, we investigate base resolvability from a purely combinatorial
viewpoint which leads to further results. We show that every hereditarily Lindelof
space (without any separation axioms) is base resolvable and any base for a T)
topology which is closed under finite unions can be partitioned into two bases, see
Theorem 4.8 and 4.9 respectively.

Next in Theorem 5.5, we prove that every base B for a space X (resolvable or
not) contains a large negligible portion, i.e., there is U € [B]/®! such that B\ I/ is
still a base for X.

The preparation of this paper was partially supported by OTKA grant K 83726.
*Corresponding author.
DOI 10.14712/1213-7243.014.404

Ipersonal communication

537



938

D.T. Soukup, L. Soukup

The second part of the paper starts with Section 6; here, we isolate a partition
property, denoted by P — (I,,)3, of the partial order P = (B, D) associated to a
base B which is closely related to base resolvability. We will construct a partial
order P with this property in Theorem 6.6 and deduce the existence of a Ty non
base resolvable topology (in ZFC) in Corollary 6.15.

Next, in Section 7 we present a ccc forcing (of size wy) which introduces a
first-countable, 0-dimensional, Hausdorff space X of size 2“ and weight w; such
that X is not base resolvable. The main ideas of the construction already appear
in Section 6, however the details here are much more subtle and the proofs are
more technical.

The paper finishes with a list of open problems in Section 8. We remark that
Section 7 was prepared by the second author and the rest of the paper is the work
of the first author.

The first author would like to thank his PhD advisor, William Weiss, for the
long hours of useful discussions. Both authors are grateful for the help of all the
people they discussed the problems at hand, especially Allan Dow, Istvan Juhasz,
Arnie Miller, Assaf Rinot, Santi Spadaro, Zoltan Szentmiklossy and Zoltan Vid-
nyanszky. Finally, we thank Barnabas Farkas for the excellent question!

2. General results

In this section, we prove some basic results concerning partitions of families of
sets and partitions of bases; these proofs will introduce us to the more involved
techniques of the upcoming sections.

Definition 2.1. We say that a family of sets A is well-founded if the poset
(A, D) is well-founded, i.e., there is no strictly decreasing infinite chain Ay 2
Al;AQQ in A.

A is weakly increasing if there is a well order < of A such that A < B
implies that B\ A # 0.

Proposition 2.2. Every family of sets A contains a weakly increasing, and so
well-founded subfamily B with

JAa=Us
PRrROOF: Fix an arbitrary well-ordering < of A and let
(2.1) B={BeA: B\ A#{ for all A< B}.

If C < Bfor C, B € B, then B\ C # 0, so < witnesses that B is weakly increasing.
To verify |J A = |J B pick an arbitrary p € A and let

(2.2) B:m<in{A€A:p€ A}.

Then p € B\ A forall A< B,so Be€B. Thus JA=B. O



Partitioning bases of topological spaces

Definition 2.3. A base B for a space X is resolvable if it can be decomposed
into two bases. A space X is base resolvable if every base of X is resolvable.

Recall that by space we will mean a dense-in-itself topological space throughout
the paper.

Partitioning sets with additional structure is a highly investigated theme in
mathematics; let us cite a classical result of A.H. Stone which is relevant to our
case:

Theorem 2.4 (A.H. Stone, [2]). Every partially ordered set (P, <) without ma-
ximal elements can be partitioned into two cofinal subsets.

Proposition 2.5. Suppose that (X, 7) is a topological space and p € X.

(1) Every neighborhood base at p can be partitioned into two neighborhood bases.

(2) Every m-base can be partitioned into two m-bases.

(3) If B is a neighborhood base at p and B = By U By then either By or By is a
neighborhood base at p.

(4) If B is a base and U C B is well founded then B\ U is a base.

(5) Every base can be partitioned into a cover and a base.

PRrROOF: (1) and (2) follow from Theorem 2.4.

Indeed, write 7, = {U € 7 : z € U} for x € X and observe that B C 7, is a
neighborhood base at x if and only if B is cofinal in (7., D). By Theorem 2.4, every
neighborhood base at p can be partitioned into two cofinal subsets of (7,, D), i.e.,
into two neighborhood bases at p. So (1) holds.

To prove (2), observe that B C 7 is a m-base if and only if U is cofinal in (7, D).
By Theorem 2.4, every m-base can be partitioned into two cofinal subsets, i.e.,
into two m-bases.

(3) If By is not a neighborhood base at p then there is an element V' € 7,
which does not contain any element of B. Thus BNP(V) =B NP(V), so By is
a neighborhood base at p.

(4) Let 2 € X. Then 7, N B is a neighborhood base at z. Since 7, NU is
well-founded, 7, N U is not a neighborhood base at x. Thus, by (3), 7, N (B\U)
is a neighborhood base at x.

Since x was arbitrary, we proved that B\ U is a base.

(5) Every base B contains a well-founded cover U by Proposition 2.2 while B\U
is still a base of X by (4). O

A family B of open subset of a space (X,7) is a base if and only if every
nonempty open set is the union of some subfamily of B. This fact implies the
following:

Observation 2.6. Suppose that (X, 7) is a topological space, B; C 7 for i < 2
and By is a base.

(1) If for every U € By there isUd C By with U = |JU then By is a base as
well.
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(2) If X is T3 and for every U,V € By with U C V there is U C By with
U c U CV then By is a base as well.

Now we prove our first general result.

Proposition 2.7. Every space with a o-disjoint base is base resolvable; in par-
ticular, every metrizable space is base resolvable.

PRrROOF: Fix a space X with a base |J{E,, : n € w} where E,, is a disjoint family
of open sets for each n € w; fix an arbitrary base B as well which we aim to
partition.

By induction on n € w, construct B; ,, € B for ¢ < 2 such that
(1) B;,, is well founded for i < 2, n € w,

(2) By NBjm =01if 4,5 <2, n,m € w and (i,n) # (j,m),
(3) for every V € E,, and ¢ < 2 there is i/ C B, ,, such that JU = V.

Assume that {B;, : ¢ < 2,k < n} was constructed. By Proposition 2.5(4)
property (1) assures that B\ |J{Bix : ¢ < 2,k < n} is still a base of X. Thus,
by Proposition 2.2, for each F € E,, we can choose a well-founded family Ug C
B\ U{Bix:i<2,k<n}suchthat E = JUg. Let

Bon = J{Ue : E € E,}.

Since the elements of [E,, are pairwise disjoint, By , is well-founded as well.

To obtain By ,, repeat the construction of By, using B\ (U{Bix : i < 2,k <
n}UByg,,) instead of B\ U{B;x : 7 < 2,k < n}.

Let B; = J{B;,, : n € w} for i < 2. Then property (3) and Observation 2.6(1)
implies that B; is a base for i < 2. O

Note that every o-disjoint base is point countable. On the other hand our
example of an irresolvable base constructed in Section 7 is point countable.

A somewhat similar technique, which will be used later as well, gives the fol-
lowing result:

Proposition 2.8. Suppose that a regular space X satisfies L(X) < k = w(X) =
min{x(z,X) : x € X}. Then X is base resolvable.

Recall that L(X), the Lindeldf number of X, is the minimal cardinality x such
that every open cover of X contains a subcover of size k. The weight of X is

w(X) = min{|B| : B is a base of X}
and the character of a point x € X is
x(x, X) = min{|U| : U is a neighbourhood base of z}.

PROOF: It is well known that any base contains a base of size w(X); therefore it
suffices to show that any base B of size w(X) can be partitioned into two bases.
Let us fix an enumeration {(U,, Va) : @ < &} of all pairs of elements U,V € B
such that U C V.



Partitioning bases of topological spaces
By induction on « < k construct pairwise disjoint families

{Bo,o,B1,a: @ <k} C [B]SL(X)

such that
(2.3) U, C UIB%i,u C V, for every i < 2.

Since the cardinality of the family B., = J{Big : 8 < «,7 < 2} is at most
L(X)-]a and L(X) - |a| < min{x(z, X) : x € X}, the family B, cannot contain
a neighborhood base at any point x € X.

Thus, by Proposition 2.5, B \ B.,, is still a base for X for every a@ < k. It
follows that the induction can be carried out as we can select disjoint B, o and
Be,1 from [B\ B.,|<YX) so that

U_ag UBa,i g Va

for i < 2.
Thus the disjoint families B; = [J{B;o : @ < s} form a base for X by property
(2.3) above and Observation 2.6(2); thus X is base resolvable. O

We end this section by a simple observation. Recall that a space X is weakly
separated if there is a neighborhood assignment {U, : © € X} (meaning that U,
is a neighbourhood of x) so that = # y € X implies that x ¢ U, or y ¢ U,. Note
that left or right separated spaces are weakly separated as well as the Sorgenfrey
line.

Observation 2.9. Every weakly separated space is base resolvable.

PROOF: Recall that every neighborhood base at some point x can be partitioned
into two neighbourhood bases by Proposition 2.5(1). Thus, if B is a base of X
and there is a disjoint family {B, : x € X} of subsets of B such that B, is a
neighbourhood base at = for any x € X then by partitioning B, for each x € X
into two neighbourhood bases of = we get a partition of B into two bases of X.

Now, let us fix a base B we wish to partition and a neighbourhood assignment
{U, : x € X} witnessing that X is weakly separated. Define

B,={UeB:2ecUcCU,}

for x € X; clearly, B, is neighbourhood base at x. Furthermore, if x # y and say
x ¢ Uy then U € B, implies U ¢ B,; that is, B, NB, = 0 if # # y € X which
finishes the proof. ([

We thank the referee for pointing out this last observation to us.
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3. Lindel6f spaces are base resolvable

Our aim in this section is to prove that T3 Lindelof spaces are base resolvable.
We start with a definition and some observations while the most important part
of the work is done in the proof of Lemma 3.3.

Definition 3.1. Let A, B be families of open sets in a space X. We say that A
weakly fills B if for every U,V € B such that U C V there is W C A such that

vcJwew

(A, B) is called a weakly good pair if A, B are disjoint, A weakly fills B and B
weakly fills A.

We remark that in the next section we introduce stronger notions called filling
and good pairs. The first part of the following observation basically restates
Observation 2.6(2) with our new terminology:

Observation 3.2. Suppose that X is a regular space.

(1) If (A, B) is a weakly good pair in X then A contains a neighborhood base at
x if and only if B contains a neighborhood base at x, for any x € X.

(2) If {An @ o < Kk} and {B, : o < K} are increasing chains and (Aq, By) is a
weakly good pair in X then (|, Aa,;Unac, Ba) is a weakly good pair as
well.

We say that the weakly good pair (A, B') extends the weakly good pair (A, B)
if AC A" and B C B'. A family of pairs {(Ag, Be) : £ < O} is pairwise disjoint
if Ae N B =0 for each £, ¢ < O.

Next, we prove that weakly good pairs can be nicely extended in Lindelof
spaces.

Lemma 3.3. Suppose that X is a T3 Lindelof space with a base B. Given a
weakly good pair (A, B) from elements of B and a single pair of open sets {U,V'}
such that U C V there is a weakly good pair (A’,B') formed by elements of B
extending (A, B) such that both A" and B’ weakly fills {U,V'}.

PRrOOF: We will show this essentially by induction on the size of A and B, however
we need to prove something significantly stronger (and more technical) than the
statement of the lemma itself.

Let A, stand for the following statement: For each pairwise disjoint family of
weakly good pairs {(A;, B;),(C;,D;) : i < n,j < k}, each a subfamily from B
such that |A4;],|B;| < k and an arbitrary family of open sets £ of size at most &
there is a weakly good pair (A, B) from B of size at most k such that

(1) Uicn Ai € Aand U, ., Bi C B,
(2) A and B weakly fill £,
(3) {(A,B),(C;j,Dy) : j <k} is still pairwise disjoint.

We prove that A, holds for every infinite x by induction on k.
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Claim 3.4. A, holds.

ProoF: Fix {(A;,B;),(C;,D;) : i < mn,j < k} and & as above. By induction on
m € w we build increasing chains {A™ : m € w} and {B™ : m € w} from subsets
of B such that

(1) ‘AO = Uz’<n ‘Ai? BO = Ui<n Bi’

(2) A™TE\ A™ and B™T1\ B™ are countable well-founded families,

(3) the family of pairs {(A™,B™),(C;,D;) : j < k} is pairwise disjoint

for each m € w. Furthermore, we want to make sure that A = (J,, ., A™ and
B = U,,c, B™ form a weakly good pair and they both weakly fill £. Therefore,
we partition w into infinite sets w = |J{ D, : m € w} and at the m'® step

(4) we fix a surjective map
fm i D \(m+1) = {({U, V)€ (A"UB™UE)? U CV};

(5) if m € Dy\ (£+1) and f,(m) = (U, V) then both A™*! and B™*! weakly fill
ATY
In particular, it suffices to construct disjoint A™*+! and B™*! from A™ and
B™ such that they satisfy (2), (3) and (5) above, especially they both weakly fill
a given (U, V). We construct A™ "1 the proof for B™*! is analogous.

Subclaim 3.4.1. B\ (B™ U, D;) is a base of X.

PROOF OF THE SUBCLAIM: Let x € X be arbitrary.
If B™ U, D; does not contain a neighborhood base at z, then B \ (8™ U

U;<x DPj) should contain a neighborhood base at = by Proposition 2.5(3).

Assume know that B™ U <1 D; contains a neighborhood base at z. Since

B Ul JD;=B"\B)u|]JBiul]D;
Jj<k i<n j<k
applying Proposition 2.5(3) again, one of the sets
(3.1) B™\ B Bo,...,B,_1,Do,..., D1

contains a neighborhood base at x. Since B™ \ BY is well-founded, it cannot
contain a neighborhood base. If B; (or Dj, respectively) contains a neighborhood
base at x, then A; (or C;, respectively) also contains a neighborhood base at = by
Observation 3.2(1). In both cases, B\ (B™ UJ,, D;) contains a neighborhood
base, which proves the Subclaim. O

Since X is Lindelof, using the Subclaim above and Proposition 2.2 we can find
a countable well-founded cover @ C B\ (B™UUJ,;_,, D;) of U with |JQ C V. Now
define A™1 = A™ U Q. Since Q and (B™ U U;<x D;) are disjoint, (3) holds. (2)
and (5) are clear from the construction. O

Claim 3.5. Suppose that /Ay holds for every w < A\ < k. Then A, holds.
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ProoF: Fix {(Ai,B:),(C;,D;) : i < n,j < k} and &, let cf(k) = p and fix a
cofinal sequence of ordinals (k¢)e<, in k. Take a chain of elementary submodels
(M¢)¢<, of H(0) (where 0 is large enough) such that everything relevant is in Mo,
ke C Mg and |M¢| = |ke| for £ < p. The following is an easy consequence of Me
being elementary and X being Lindel6f:

Subclaim 3.5.1. (A; N Mg, B; N M¢) is a weakly good pair and |A; N M|, |B; N
Me| < |ke| for all i < n.

PROOF OF THE SUBCLAIM: If U,V € A; N Mg, U C V then A;,B;, A € M;
implies that

McF3Be [B]Y TUclBcvV

because X is Lindeldf. So there is B € Mg N [B;]* such that U c (B C U.
Since B is countable, B € M, implies B C M¢. So we have B C B; N M, with
U C |UB c V. This shows that B; N M fills A; N Mg and the other direction of
the proof is completely analogous. O

By induction on & < u construct weakly good pairs {(A¢, B¢) : € < pu} so that

AS C AS, BS € B¢ for € < ¢ < pand

(i) Ui<n(Ai NMe) C A¢ C B and Ui<n(Bi NMe) C B¢ C B,

(ii) AS and B¢ has size < |rg|,

(iii) AS and B¢ weakly fills £ N M,

(iv) AANB; =0,A5ND; =0 and BENA; =0,85NC; = 0.
This can be done using A, | at stage £. First note that A<¢ = [J{A¢ : ¢ < ¢}
and B<¢ = | J{BS : { < &} are of size at most |k¢| and (A<, B<¢) is a weakly
good pair. Also, the family

{(.A<E,B<§), (.Al N Mg,Bi n Mg); (.Ai,Bi), (Cj,Dj) 1 <n, g < k’}

is pairwise disjoint. Hence A|,,| implies that there is a weakly good pair (AS, BY)
from B of size at most |k¢| which fills £ N M¢ and is pairwise disjoint from
{(Az,Bz), (Cj,Dj) <n,g < k} while

AU (AN M) C A

<n
and

B=SU | J(Bi N M) C B
<n
Note that A, was used to find the common extension of n + 1 weakly good
pairs such that this extension is disjoint from n + k given weakly good pairs. Now
define A = [J{A® : € < ¢} and B = J{B¢ : € < (}. Then (A, B) is the desired
extension. (I
This finishes the proof the lemma. (I
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Recall that a space is locally Lindeldf if every point has a neighbourhood with
Lindeld6f closure.

Proposition 3.6. Suppose that X is a T3 locally Lindelof space. Then X embeds
into a Ts Lindelof space X* with | X*\ X| = 1.

PRrROOF: Construct X* on the set X U {z*} where neighborhoods of the point x*
are of the form {#*} U X \ U with U C X being open and such that there is an
open V C X with U ¢ V and V is Lindelsf. It is clear that X* is Hausdorff and
Lindelof.

Note that if U,V are open in X, U C V and V is Lindelsf, then V is normal
as well, so there is an open W C V so that U ¢ W Cc W C V. So X* is regular
at the point z*, so X* is regular. O

Corollary 3.7. Every T3 locally Lindelof space is base resolvable. In particular,
every Ts locally countable or locally compact space is base resolvable.

ProOF: Fix a base B for a T35 Lindelof space X and consider the set P of all
weakly good pairs (A, B) from B partially ordered by extension. Note that we
can apply Zorn’s lemma to P by Observation 3.2 part (2); pick a maximal weakly
good pair (A, B) € P. Lemma 3.3 implies that a maximal weakly good pair must
weakly fill every pair of open sets {U, V'} with U C V, hence both A and B are
bases of X.

Given a T3 locally Lindeldf space X with a base B consider it’s one-point
Lindeléfization X* = X U {z*} with the base

B* =BU{U C X*:U is an open neighbourhood of 2™ in X*}.
X* is T3 Lindel6f hence base resolvable; thus B* can be partitioned into two bases,
Bj and B}, which clearly gives a partition of B namely, Bj N B and B} N B. O

4. Combinatorics of resolvability

In this section, we will prove a combinatorial lemma which will be our next
tool in showing that further classes of space are base resolvable.

Definition 4.1. Let A, B C P(X). We say that A fills B if
U=|J{VeAd:VcU}

for every U € B. A, B is called a good pair if A, B are disjoint, A fills B and B
fills A. A is self-filling if A fills A.

Note that if A C P(X) fills {NB : B € [A]<“} and A covers X then A is a base
for a topology on X.

Definition 4.2. A self-filling family A is resolvable if there is a partition Ay, A1
of A such that A; fills A for 7 < 2.
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The importance of the following lemma is that it shows that resolvability is a
local property:

Theorem 4.3. Suppose that B C P(X) is self-filling. Then the following are
equivalent:

(1) for every U € B there is a good pair (BY,BY) from B such that

U=|JBf =JBY,
(2) B is resolvable.

PROOF: (2) implies (1) is trivial.

To see that (1) implies (2), let P be the set of all good pairs (B, B;) formed
by elements of B. Then P is partially ordered by (B, B1) < (Bf,B) if and only
if B, C B for i < 2. It is clear that every chain in (P, <) has an upper bound
hence, by Zorn’s lemma, we can pick a <-maximal element (By,B;) € P.

We claim that B; fills B for ¢ < 2. Pick any U € B and consider the good pair
BY,BY with U = UBY = UBY. Define

B, =B; U (BY \ B,_;)

for i < 2.
The second statement of the following lemma yields immediately that (B, B)
forms a good pair which fills {U}.

Lemma 4.4. (1) If a family of sets A fills a family of sets B and A’ fills B
then AU (A" \ B) fills B'.
(2) If (A,B) and (A, B’) are good pairs then (AU (A" \ B),BU (B'\ A)) is
also a good pair which fills | JB’.

PROOF OF THE LEMMA: (1) Pick U € B'. Since A’ fills B, there is AT C A'\{U}
with U = |JAT. For each B € At N B choose Ap C A with B = J Ag. Finally
let

A" = (A"\B)U| J{4p: B AT nB}.
Then A* C AU (A" \ B) \ {U} and

Ua =y ((A*\B)UU{AB . B eA*ﬂB})
=J(AT\B)U{B:Be A" nB}) = AT =T.
(2) The families AU (A’ \ B) and BU (B’ \ A) are clearly disjoint, AU (A" \ B)
fills BU (B'\ A) U {{JA} and BU (B'\ A) fills AU (A" \ B) U {UJB} by (1) which

was to be proved. (Il

Also, (Bo,B1) < (Bj,B)) and thus by the maximality of (By,B;) we have that
B, = B,. This finishes the proof. O
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The first corollary is a direct application and shows that resolvability is pre-
served by unions.

Corollary 4.5. Suppose that B,, is a resolvable self-filling family for each a < k.
Then | J{B,, : a < K} is a resolvable self-filling family as well.

Corollary 4.6. Suppose that a self-filling family B has the property that
() for every U € B there isU € [B\ {U}|=* such that U = |JU.
Then B is resolvable.

PrOOF: We need the following Claim.

Claim 4.7. If A C B is well-founded then for every W € B there is a countable
well-founded family B(W, A) C B\ A with |JB(W,A) =W.

PROOF: We can assume that W € A. By () there is a countable self-filling family
C C B with W € C. Let

V={VeC\A:VCW}

Since A is well-founded, for each € W the family {Z € ANC : z € Z} has
a C-minimal element Z. Since C is self-filling, there is V € C with x ¢ V C Z.
Then V € V.

Thus JV = W. Now, by Proposition 2.2, there is a well-founded family
BW,A) CcV with UV =B(W,A). O

By Theorem 4.3, it suffices to prove that for every U € B there is a good pair
(Bo,B1) from B such that U = |JBy = UB;.

Fix a U € B. Partition w into infinite sets w = (J{Dy, : m € w}. By induction
on m € w we build increasing chains {BJ* : m € w} and {B}" : m € w} from
subsets of B such that
(1) By =B} =0,

(2) BF* and BY" are disjoint, well founded and countable families,
(3) fix a surjective map

fm :Dm \ (m+1) - {U}U Bj* U B",
(4) if m € Dy and fe(m) =V then

(4.1) Byt =By U B(V, BY)
and
(4.2) B =B UB(V, By ).

Let B, = U{B" : m € w} for i < 2. The (By,B1) is a good pair and U =
UBo = UBi. Indeed, if V € B, U{U} then V € B U{U} for some m € w and
50 fin(¢) = V for some £ € Dy, \ (m+1). Thus there is a family B C BT ¢ By,

with U = V. O
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Corollary 4.8. Locally countable or hereditarily Lindel6f spaces are base resolv-
able without assuming any separation axioms.

Our next corollary establishes that every reasonable space admits a resolvable
base.

Corollary 4.9. Suppose that B is a base closed under finite unions in a T}
topological space. Then B is resolvable.

Proor: We apply Theorem 4.3 again. Fix U € B and we construct a good pair
covering U. Fix an arbitrary strictly decreasing sequence {U,, : n € w} C B such
that Uy C U and fix y, € Up,—1 \ Uy, for n € w\ {0}. Let

IB%ZU:{VEIB%OP(U):EIka\{O}:ngHQV but ng,1+igV}

for i < 2. It should be clear that B NBY = (.

Next we prove that U = UIB%? for i < 2. Fix i < 2 and note that {Usxy; :
ke w\{0}} cBY. Now fix € U and we prove that = € |JBY; without loss of
generality we can suppose that « ¢ Usy;. Find any k € w so that yap4; # 2 and
take W € B so that x € W C U \ {y2k+i}; here we used that B is a base of a T}
topology. Note that V = Uspy; UW € B as B is closed under finite unions and
that z € V € BY.

Finally we show that (BY,BY) is a good pair; we will show that By fills BY,
the other direction is completely analogous. Fix V € BY and fix a point z € V.
Find an [ € w so that Uy;—1 C V and z # y9;. As B is a base, there is W € B so
that z € W C V \ {ya}. Let V! = Uy UW. As B is closed under finite unions
we have V/ € B. Moreover V' € BY as witnessed by Uy C V’ but Uy € V.
Finally, z € V' C V as we wanted. O

Corollary 4.10. The set of all open sets in a T topological space is resolvable.

Let MA(Cohen) denote Martin’s axiom restricted to the partial orderings of
the form F'n(k,2,w) for some xk where, F'n(k,2,w) is the poset of functions from
some finite subset of k to 2 ordered by reverse inclusion.

Corollary 4.11. Under MA(Cohen) every space X of local size < 2% is base
resolvable without assuming any separation axioms.

PROOF: Fix a base B of X; we may assume that |U| < 2¥ for all U € B. We
apply Theorem 4.3 to prove that B is resolvable as a self-filling family which
in turn will imply that B is a resolvable base. Fix U € B and we construct a
good pair covering U. Let x = |U| and select By € [B]* which fills itself and
UBy = U. Now consider the ccc partial order P = Fn(By,2,w), i.e., the set of
all finite partial functions from By to 2. Now consider

Dyvi={f€P: thereis W€ f~'(i):z e W CV}

for i < 2 and z € V € By; note that each D, v; is dense in P. Hence there is a
filter G C P which intersects Dy v, for i <2 and x € V € By. Let B, = {V €
By : (UG)(V) =i} for i < 2 and note that (Bg,B1) is the desired good pair. [
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5. Thinning self-filling families

Let B be a self-filling family. Note that B is redundant in the sense that B\ U
still fills B for a finite or more generally, a well founded family U.

Definition 5.1. We say that U C B is negligible if B\ U still fills B.

Our aim in this section is to show that every self-filling family B contains a
negligible subfamily of size |B|. Note that a base B for a space X is resolvable if
and only if it contains a negligible subfamily &/ C B such that U/ is a base of X as
well. We will make use of the following definitions:

Definition 5.2. If B fills itself then let
L(U,B) = min{|V| : V C B\ {U},U = JV}

for U € B.

Observation 5.3. Suppose that B fills itself and U C B.

(1) If B\ U fills U then U is negligible.

(2) If U is well founded then B\ U fills U and so U is negligible; in particular, if
U is weakly increasing, then U is negligible.

Our first proposition establishes the main result for self-filling families B with
cfB| = |B].
Proposition 5.4. Suppose that B fills itself and x = |B| is regular. Then B
contains a negligible family of size k.

PrROOF: We can suppose that L(U,B) < k for every U € B; otherwise we can
find a weakly increasing subfamily of size x which is negligible by (1) and (2) of
Observation 5.3.

It suffices to define a sequence Ug, Ve € [B|<" for { < k such that
(1) Us NV = 0,
(2) Ue CUc and Ve C V¢ for € < ¢ < K,
(3) Ve fills Ue, and
(4) Uesr \Ue # 0.
Clearly, U = |J{Ue : £ < r} will be a negligible set of size k in B by (3) of
Observation 5.3. Suppose we have Ug, Ve € [B]<" for £ < ¢ as above for some
¢ < k; then B\ U{Ue, Ve : £ < ¢} # 0 by k being regular. Hence we can select
Ue € B\ U{U¢, Ve : £ < ¢} and define

Ue = J{Uhe : € < YU LU}
Find W C B\ {U¢} of size < k such YW = Ug; define
Ve=JVe: €< Gumw).

Since [J{Ve : £ < ¢} fills [J{Ue : £ < ¢} by the inductive hypothesis (3) above,
Lemma 4.4(1) implies that V. fills U. O
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Theorem 5.5. Suppose that B fills itself. Then B contains a negligible family of
size |B|.

PROOF: We can suppose that u = cf (k) < k = |B| and that every weakly increas-
ing sequence in B is of size less than k by Observation 5.3(2). Fix a cofinal strictly
increasing sequence of regular cardinals (k¢)e<, in & such that p < ko and define

Eg :{UEBL(U,E) < Iig}

for every £ < u. So we have

(5.1) B =B

E<p

If there is a & < u such that every weakly increasing sequence in B is of size less
than k¢ then B = Be. Let us define a set mapping F : B — [IB%]<'”””5+ such that
U =UF(@U) where F(U) C B\ {U}. As Iig_ < Kk we can apply Hajnal’s Set
Mapping theorem (see Theorem 19.2 in [1]) and so there is an F-free set U of
size K in B, i.e., F(U)NU = 0 for all U € U. Observe that U is negligible as
U{F(U): U e U} C B\ U fills U.

Now we suppose that B # B¢ for & < p, that is, there is a weakly increasing
sequence in B of size k¢ for all £ < p. It suffices to define sequences U, Ve € [B]<"
for & < p such that

(i) Ue CUc and Ve C V¢ for € < ¢ < K,
(ii) Ue, Ve are disjoint and ke < |Ue,
(iil) Ve fills Ue.
Indeed, the union | J{U; : £ < p} is negligible in B of size x by Observation 5.3(1)
because [ J{ Ve : & < p} fills U{Ue : £ < p}.
Suppose we defined Ue, Ve € [B]<" for £ < ¢ and let

A= (U uve e < 3ore) ™

Note that A < & thus we can pick a weakly increasing family W € [B]*. Without
loss of generality, we can suppose that W is disjoint from (J{U: U Ve : € < (}.
Note that

W= J{BsnW:6 < p}

by (5.1), and that p < cf(A) = A, hence there is § < p such that W = W N Bs
has size A. Define

Ue = J{Ue : £ < Juw'.

Now, for every U € W' select F(U) € [B\ {U}]="¢ such that U = |J F(U).
Define

Ve=JVe: ¢ < QU JIFPW) : U e W\ U
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Note that ke < |[U¢] = A and [V¢| < A - ks < k. It is only left to prove that
Ve fills Ue; in fact, it suffices to show that V. fills W. Suppose that < is the
well ordering witnessing that W’ is weakly increasing and suppose that there is a
U € W’ which is not filled by V¢; we can suppose that U is <-minimal. Fix an
x € U witnessing that V. does not fill U. Pick V' € F(U) such that x € V C U,
then V¢ Ve, soVeW or Ve | J{tUsg : £ < ¢} IfV €W then V < U, thus
V is filled by V¢ by the minimality of U. This contradicts the choice of x, hence
V¢ W. Thus V € U{Ue : £ < ¢} which is filled by [J{V¢ : £ < ¢} C V¢ by the
inductional hypothesis. This again contradicts the choice of x, which finishes the
proof. O

6. Irresolvable self-filling families

The aim of this section is to construct an irresolvable self-filling family and
deduce the existence of a non base resolvable Ty topological space.
Given a partial order (P, <) and p,q € P let

[p,g] ={reP:p<r<gq}
The key to our construction is the following special partition relation:

Definition 6.1. We say that a poset P without maximal elements satisfies
P— (L.)3

if for every partition P = Do U D; there is i < 2 and strictly increasing {p, : n €
w} C D; such that [pg,pn] C D; for every n € w. The negation is denoted by
P (I,)3.

The above definition is motivated by the following;:

Observation 6.2. For any irresolvable self-filling family B C P(X) the partial
order P = (B, D) satisfies P — (I,,)1.

PRrROOF: Consider a partition of P = (B, D) into sets Dy, D1. As B is irresolvable,
there is ¢ < 2, € X and U € D, such that V € D, for every V € B with
x € V C U. Pick a strictly decreasing sequence {V,, : n € w} C B such that
x €V, CU for every n € w; clearly, [Vp, V,,] C D; for every n € w. O

Our next aim is to find a partial order P first with P — (I,,)3; note that trees
or Fn(k,?2) cannot satisfy P — (I,,)1. Moreover:

Proposition 6.3. P —» (I,)} for every countable poset P without maximal ele-
ments.

PRrROOF: Fix a countable poset P without maximal elements. We construct a
partition P = Py U P; witnessing P - (I,,)} as follows: First, fix an enumeration
{I, : n € w} of all intervals I = [p/, p] in P which contain an infinite chain and let
P = {p, : n € w} denote a 1-1 enumeration. Construct disjoint Py, P1,, C P by
induction on n € w such that
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(i) Py is a finite union of antichains for ¢ < 2,
(11) Pn € PO,n U Pl,n;
(iii) I, NPy, # 0 for i < 2,
(iv) whenever C' = {cj, : k € w} C P is a strictly increasing chain, p,, € C and
[ci, ¢;] is well-founded (i.e., [¢;,¢;] ¢ I) for all ¢ < j < w then

U [co,ck) NPy # 0
kew
for each 7 < 2.

Provided we can carry out this induction, we have that
Claim 6.4. P » (I,,)3.

ProorF: Let P, = |J{P;n : n € w} for i < 2 and note that this is a partition of
P by (ii). Consider an arbitrary strictly increasing chain C = {¢;, : k € w} C P.
If there is k € w such that [cg, ¢x] contains an infinite chain in P then there is an
n € w such that I,, = [co, cx]; property (iii) from above ensures that P;N[co, cx] # 0
for i < 2. Otherwise, the intervals [¢;,c;] are all well-founded intervals; in this
case, property (iv) ensures that (J, . [co, cx] N P; # 0 for i < 2. O

Now suppose we constructed FP;,_; satisfying the above conditions for i < 2.
Note that finitely many elements can be added to both Fy ,,—1 and P; ,,—; without
violating (i), thus (ii) and (iii) are easy to satisfy (note that I, \ (Pon—1U P n—1)
is infinite since I,, contains an infinite chain).

It suffices to show the following to finish our proof:

Claim 6.5. Fix p € P and A C P which is covered by finitely many antichains.
Then there is an antichain B C P\ A such that whenever C' = {¢c, : k € w} CP
is a strictly increasing chain, p € C and the intervals [c;, ¢;] are all well-founded
then

U [co, ck) N B # 0.

kEw

PROOF: Let
R={q€ P:p<qand [p,q] does not contain infinite chains}.

Then (R, <) is well founded, so we can define, by well-founded recursion, a rank
function rk from R into the ordinals such that

rk(p) =0,

(6.1) rk(t) =sup{rk(s) +1:s€[p,t)} if teR, p<t.

Let @ = R\ A and define ¢~ to be the element minimizing rk on [p,q] \ A for
q € Q. Let

B={q :q€Q}
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First note that B is an antichain by (6.1). Now fix a strictly increasing chain
C = {ck : k € w} C P such that the intervals [¢;, ¢;] are all well-founded and
p € C. Since A is covered by finitely many antichains there is ¢ € C'\ A such that
p < g; also, ¢ € Q by [p, q] being well founded. Thus ¢~ € Uy, [co,ck] N B. O

Indeed, to finish the inductive construction, apply the claim twice to find an-
tichain By € P\ A and B; C P\ (AUBy) such that | J, c,[co, cx] N B;i # ) whenever
C ={cy : k € w} C Pis a strictly increasing chain, p € C' and the intervals [¢;, ¢;]
are all well-founded.

Then Py, = Py,n—1 U By and P, = P ,—1 U B; are appropriate extensions
satisfying (iv). O

We will call a countable strictly increasing sequence of elements of a poset P a
branch; we say that a branch z = (2, )ne, goes above an element p € P if p < z,,
for some n € w.

Theorem 6.6. There is a partial order P of size w; without maximal elements
such that P — (I,,)3. Furthermore,

(1) every p € P has finitely many predecessors,
(2) if p £ q in P then there is a branch x in P which goes above g but not p.

PROOF: Let us fix a function ¢ : [w1]? — w such that ¢(-,¢) : ¢ = w is 1-1 for
every ¢ € wy. It is easy to see that such functions satisfy the following:

Fact 6.7. If ¢(-,() : ( — w is 1-1 for every ¢ € w; for some ¢ : [w1]?> — w then
for every uncountable, disjoint family A C [w1]<% and N € w there are a < b ! in
A such that ¢(£,¢) > N for every € € a, ¢ € b.

Also, fix an enumeration {(ya,wq) : w < @ < wy} of all pairs of elements of
w1 X w such that y,,w, € a X w.

We define P = (w; X w, <) as follows: By induction on a € Ly (where L, stands
for the limit ordinals in wy) we construct a poset P, = ((a + w) X w, <,) with
properties:

(i) P, has no maximal elements and every p € P, has finitely many predeces-

sors,

(i) <ql B=<p forall § < a,

(iil) (§,n) < (¢,m) implies that £ < ¢ and max(n, c(§,()) < m,

(iv) there is a t, € P, such that ¢t <, t, if and only if t <, y, or t <, w, for

any t € Py,

(v) if p ﬁ q in P, then there is a branch x in P, which goes above ¢ but not p.
We only sketch the inductive step. Suppose that y, = (§,n) and w, = (¢, m).
Let I' = {v < wy : there is s < y, or s < w, with s = (v,1) for some | € w} and
note that |I'| < w by (i). Let

k =max{n,m,c(v,a): v e} + 1.

lo<bifé <(forallé€a, ¢ €D
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Now define ¢, = («, k) and <, so that ¢t <, t, implies that t <, y, or t <, wg,.
Extend <, further so that P, has no maximal elements and satisfies (v); this can
be done by “placing” copies of 2<% above elements of P, \ U{Ps : 8 < a}.

Let us define P = J{Py : & < w1} and <= [J{<qa: & < w1}; observe that
(P, <) is well defined and trivially satisfies (1) and (2). In what follows, 7,
and 7, denote the projections from w; X w to the first and second coordinates
respectively.

Claim 6.8. P — (I,,)3.

PROOF: Suppose that P = Dy U D;; we can assume that Dy and D; are both
cofinal in P. Now suppose that there is no increasing chain with each interval in
one of the D; and reach a contradiction as follows. We will say that an interval [s, t]
in P is ¢-mazimal for some i < 2 if [s,¢] C D; but [s,t'] € D; for every t < t’ € P.
Observe that for every s € D; there is t € D; such that [s,¢] is i-maximal;
otherwise, we can construct an increasing chain starting from s with each interval
in D;. Now construct increasing 4-element sequences R, = {Za, Ja) Za, Wa} C P
for a < wy such that T, < Po < Zo < Wy and

(a) [Za,¥a] C Py is a 0-maximal interval,

(b) [Za,®Wa] € Py is a 1-maximal interval,

(c) ) Ra <7, Rpif a < .

By passing to a subsequence of {R,, : & < w1} we can suppose that the image of
(Zas Yous Zas We) under 7, is independent of o < wy and we let N = maxn/|R,.
Find a < §, using Fact 6.7, such that

c| [n, Ra,m, Rg] > N.

Observe that &, £ wg by niwg = N < ¢(nl} Zo,m]) wg) and (iii). Now find
v < wy such that (yy,wy) = (Ja,We) and consider t, € P,. We claim that ¢, is a
minimal extension of , and wg in the following sense:

(1) [Zarty] = [Za, Ga] U{t},
(2) [Z8:ty] = [25, W] U {15}
Indeed, if &, < ¢’ < ty then t' < g, or t' < wp; o £ wp implies that t' £ wg
hence t' € [Z4, ). Similarly, if Z5 < ¢ < ty then t/ < g, or t' < wg; however,
t' £ Go by Tt > wliga so t’ € [Zg,wg].

Note that ¢ € Py contradicts the 0-maximality of [Zq, Jo] and (1) while t € Py
contradicts the 1-maximality of [Z5,wg] and (2). O

The above claim finishes the proof. O

Using the previous theorem, we construct an irresolvable self-filling family;
we can actually realize this family as a system of open sets in a first countable
compact space. We remark that this space is base resolvable, as every compact
space, by Corollary 3.7.

Theorem 6.9. There is a first countable Corson compact space (X, 7) andU C 7
such that U fills {\V : V € [U]<“} and U is irresolvable.
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PRrROOF: Consider the poset P in Theorem 6.6. We say that x € [P]“ is a mazimal
chain if and only if {z(n)}new is a branch in P, 2(0) is a minimal element of P
and [z(n),z(n + 1)] = {z(n),z(n 4+ 1)}. Note that there are no increasing chains
of order type w + 1 in P. Furthermore, since the intervals are finite we have

Observation 6.10. (1) Any branch y € [P]¥ can be extended to a maximal
chain § € [P|*.
(2) There is an ng € w such that U, ,[4(n0), 7(n)] € U, [¥(0),y(n)].

Note that (2) implies that if y € [P]* has homogeneous intervals with respect
to some coloring of P then the end-segment of the maximal extension y has the
same property.

Now consider X = {z € [P]* : z is a maximal chain} as a subspace of 2%; here
2F is equipped with the usual product topology.

Claim 6.11. X is a compact subspace of ¥(2F) = ¥(2«1).

ProoF: X(2F) = £(2¢1) follows from |P| = w; and clearly every chain is countable
so X C %(2F).

We prove that X is a closed subset of 2F. Suppose that y € 2F \ X; clearly,
if y is not a chain then y can be separated from X. Suppose that y is a chain,
then either y(0) is not minimal in P or there is n € w such that [y(n), y(n+1)] #
{y(n),y(n+1)}. In the first case let € € F'n(P,2) be defined to be 1 on y(0) and
e(p) =0 for p < y(0), p € P (note that each element in P has only finitely many
predecessors); then y € [¢] and [¢] N X = (. In the second case let € € F'n(P,2)
such that 1 = e(y(n)) = e(y(n+1)) and € [ [y(n), y(n+ D]\ {y(n),y(n+1)} = 0;
then y € [¢] and [¢] N X = 0. O

Claim 6.12. {z} = {[xzn)] N X :n € w} for every x € X. Hence every point
in X has countable pseudocharacter; in particular, X is first countable.

PROOF: Suppose that y € N{[Xy(m)] N X : n € w}, that is, {x(n) : n € w} C
{y(n) : n € w}. We prove that z(n) = y(n) by induction on n € w. First,
we have y(0) = x(0) as they are comparable minimal elements in P. Suppose
that z(i) = y(i) for i < n; if x(n) # y(n) then x(n) = y(k) for some n < k,
thus y(n) € [z(n —1),2(n)] = [y(n — 1),y(k)] which contradicts the maximality
of x. ]

Now define
Vp={rxeX:In€w:z(n)>p} for peP,
and note that V}, is open since Vj, = (J{[x{s3] N X : p < ¢}. We define
U={V,:peP}.
Claim 6.13. U fills {\V:V € U|=*} and U is irresolvable.

Proor: Note that p < ¢ in P if and only if V; C V}; the nontrivial direction
is implied by property (2) of P in Theorem 6.6. To see that U fills the finite
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intersections from U let V € [U]<“ be arbitrary. If A={peP:V, € V} € [P]<¥
then

ﬂVZU{Vq:p<q for all p e A}.

We show that U is irresolvable. Suppose that we partitioned U, equivalently P
into two parts Py, P;. Applying P — (I,)3 we have that there is a chain y € P*
and ¢ < 2 such that [y(0),y(n)] C P; for every n € w. By Observation 6.10 there
is maximal chain § € X such that [g(no),g(n)] C P; for some ng € w and every
n > ng. We claim that there isno V € {Vp :p€Py_;}suchthat g€V C Vg(no)-
Indeed, if § € V}, € Vy(p,) for some p € P then (ng) < p and there is n € w \ no
such that p < g(n); that is, p € [g(no), y(n)] C P;. O

The last claim finishes the proof of the theorem. O

Let us finish this section with the following:

Lemma 6.14. If U fills {(\V : V € [U]<*} and U is irresolvable then there is a
non base resolvable, T topological space.

PROOF: Suppose that 4 C P(X) is as above. Define a relation ~ on X by
z~yifandonlyif {U el :2 €U} ={Uec€lU:ye U} clearly, ~ is an
equivalence relation on X. Let [z] = {#/ € X : z ~ 2/} for x € X and let
[U]l =A{lz] : x € U} for any U C X. It is clear that [U] = U{[V]: V € V} if
U=UVand [U =({[V]:VeV}itU=NV. Thus B={[U]: U € U} is a
base for a Tj topology on [X]; sometimes this is referred to as the Kolmogorov
quotient of the original (not necessarily Tpy) topology generated by U.

It remains to show that B is an irresolvable base. Take a partition B = By UB;.
Note that
(1) [z] € [U] if and only if z € U,
(2) [Ul=[V]ifand only if U =V,
(3) [Ulc[V]ifandonly if U CV
for any U,V € U; thus the partition Bg UB; gives a partition U; = {U e U : [U] €
B;} of Y. Now there is an i < 2 so that U; does not fill U i.e., there is x € X
and V € U so that z € U implies U \ V # 0 for all U € U;. This gives that
[] € U] implies [U] \ [V] # 0 for all [U] € B;; in particular, B; is not a base for
the topology generated by B. O

In particular, we have the following

Corollary 6.15. There is a non base resolvable, T, topological space.

7. A 0O-dimensional, Hausdorff space with an irresolvable base
In this section, we partially strengthen Corollary 6.15 by showing

Theorem 7.1. It is consistent that there is a first countable, 0-dimensional, Tb
space which has a point countable, irresolvable base. Furthermore, the space has
size ¢ and weight w;.
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PROOF: For (a,n), (8, m) € wy xw write (@, n)<(B,m) € wy xw if (o, n) = (B, m)
or (a < B and n < m).

Definition 7.2. If <1, <5C <, then let <; U <5 be the partial order generated
by =1 U Xa.

Definition 7.3. If A = (w1 X w, <) is a poset with <C <, and for each o € L,
we have a set T, C a X w such that

(C) (Tu, =) is an everywhere w-branching tree,

then we say that the pair (A, (T, : a € L1)) is a candidate.

Denote by T, (n) the n'" level of the tree (T, <).

Definition 7.4. Fix a candidate A = (A, (T, : @ € L1)). We will define a
topological space X (A) as follows.
For o € Ly let B(T,) be the collection of the cofinal branches of T, and let

B(A) = J{B(T.) : a € L1 }.

The underlying set of the space X (A) is B(A).
Forz € wy xwlet U(z) ={y €Ew1 xw:z =<y} and

V(z)={beBA):Iyecb(z=y)}

Clearly V(z) = {b € B(A) : b C* U(x)} where C* denotes containment modulo
finite.
We declare that the family

V=A{V(x):x €w Xw}
is the base of X (A).

Lemma 7.5. V is a base and so X (A) is a topological space. Moreover, V is
point countable.

PROOF: Assume that b € V(z) N V(y). Then there is z € b such that < z and
y =<z Then be V(z) C V(z)NV(y).

To see that V is point countable, note that b ¢ V(z) if b € B(T,) and z €
(w1 \ @) X w. O

For z,y € w1 X w with x <y let
[y ={t cw xw:z <t <y}

Definition 7.6. We say that a candidate A = (A, (T, : o € Ly)) is good if

(G1) V(u) D V(v) if and only if u < v.

(G2) Yo € L1 V¢ < o (T \ (€ % w)) # 0.

(G3) (a) Yo € Ly (Vx,y € T,) U(x) NU(y) # 0 if and only if z and y are
=-comparable.
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(b) for each {«, 8} € [L1]? there is f(«, ) € w such that

Vo € To(f(a, B)) Vy € Ts(f (e, 8)) U(z) NU(y) = 0.

(G4) For each z € w; xw and o € Ly there is g(x,a) € w such that for each
y € Ta(9(z, o))

U(y) cU(z) or U(y) NU(z) = 0.
(G5) If for all & € L; and ¢ < a we choose a four element <-increasing sequence
(2,98, 28 wg) CTa\ (X w)

then there are {«, 8} € [L1]?, ( < a, £ < 8, and t € T, N Tj such that
(1) y? <t and [IL‘?,t] = [x?,y?] U {t}a
(ii) wy < tand [z, 1] = [z, w{] U {t}.
Basically (G3) will force the space to be Hausdorff, (G4) ensures that each
V(x) is clopen and (G5) will be used in proving irresolvability. Indeed, we have

Lemma 7.7. If A is a good candidate, then X (A) is a dense-in-itself, first count-
able, 0-dimensional Ty space such that the base {V(z) : © € wy X w} is point
countable and irresolvable.

PROOF: We prove this lemma in several steps.
Claim 7.8. X(A) is dense-in-itself.

Indeed, assume that b € B(T,) and V (z) is an open neighbourhood of . Then
there is y € b with z < y and so b € V(y) C V(x). Thus V(z) D V(y) D {V €
B(T,) : y € b'}, and so V(z) has 2* many elements. So b is not isolated.

Claim 7.9. X(A) is Ts.

Indeed, let b € B(Ty,) and ¢ € B(T3) so that b # c.

If o = j then pick n € w such that z, the n'® element of b, and y, the n*
element of ¢, are different. Then b € V(z), ¢ € V(y) and V(z) NV (y) = 0 by
(G3)(a).

If o # 8 then write n = f(a, ) (see (G3)(b)), let = be the n'* element of b,
and let y be the n*" element of c. Then b € V(z), c € V(y) and V() NV (y) =0
by (G3)(b).

Claim 7.10. Each set in {V(z) : © € w; X w} is clopen, thus X (A) is 0-
dimensional.

Indeed, assume that z € wy xw, b € B(T,) and b ¢ V(x). Let {y} =bn
To(g(c,z)). Then y ¢ U(x) because b ¢ V(z), so U(x)NU(y) = 0 by (G4). Thus
V(z)NV(y) =0 as well.

Claim 7.11. The base {V(x) : © € w1 X w} is irresolvable.
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Assume on the contrary that there is a partition (Ko, K1) of w1 x w such that
both Vo ={V(z) : x € Ko} and V; = {V(z) : x € K;} are bases.

Assume that o € Ly, z,y € T, with z =< y and ¢ € 2. We say that interval
[x,y] is i-mazimal in T, if

(i) [z,y] C K;, but [z,2] ¢ K; for any z with y < z € Ty,.

Subclaim 7.11.1. If o € Ly and x € T, N K;, then there is x < y € T, such
that the interval [x,y] is i-maximal in T,,.

PRrROOF OF THE CLAIM: Assume on the contrary that there is no such y. Then
we can construct a strictly increasing sequence (z,yo,y1,...) in T, such that
[, yn] C K; for all n < w.

Thenb={y€Tp:Inc€wy 2 yn} € B(Tn).

Since b € V(z), and we assumed that {V(z) : z € Ky_;} is a base, there is
z € Ky_; with b € V(2) C V(z). Then 2 < z by (Gl). Moreover, there is
y € b with z < y because b € V(z). Thus z € [z,y] N K1_;, so [z,y] ¢ K;.
Contradiction, the subclaim is proved. (I

Using the subclaim, for all « € Ly and for all { < a we will construct a four
element <-increasing sequence

<x?,y?,z?,w?> CTw\ (¢ Xw)

as follows.
First, using (G2) pick s¢ € Ty, \ (¢ x w).
If KoNU(s¢) NTo =0, then let zg =y
Otherwise pick

o [0
¢ =S¢

¢ € KoNU(s¢) NT,
and then, using the Subclaim above, pick
ye € U(zg) N Ty
such that
[z¢, y¢] is O-maximal in Ty,.

If K1 NU(yg) N To = 0, then let 28 = wg = yg.
Otherwise pick

z¢ € KiNU(yg) N Ta,
and then, using the Subclaim above, pick
w € U(28) N Ty
such that
[2¢', w¢] is 1-maximal in T,.
By (G5), there are {«, 8} € [L1]?, ( < a, € < 3, and t € T, N T such that
(i) y& <t and [x?,t] = [ac?,yz“] U {t},

959



560 D.T. Soukup, L. Soukup

(i) wf < tand [z, = [z, wf] U {t}.
Assume first that t € Ko. Then t € Ko N Ty, and [z¢,t] = [2¢,y¢] U {t}, so
[ch,t] C Ky, ie., [Jc?,y?] was not 0-maximal in 7,. Contradiction. If t € K,
then a similar argument works using the interval [zg , w? | and Kj.

So in both cases we obtained a contradiction, so the base {V(z) : € w1 X w}
is irresolvable, which proves the lemma. (Il

Next we show that some c.c.c. forcing introduces a good candidate which fin-
ishes the proof the theorem.
Define the poset P = (P, <) as follows. The underlying set consists of 6-tuples

<A7j7I7{Ta'a€I}5fﬂg>7

where
(P1) A€ Jwy X w|<¥, (4,=X) is a poset, XC <, I € [w1]|<¥,
(P2) T, C (ANa) xw and (Ty, =) is a tree for a € I,
(P3) f and g are functions, dom(f) C [I], dom(g) C A x I, ran(f)Uran(g) C w.
(P4) To simplify our notation write U(x) = {y € A: x 2 a} for x € A,
(a) f « € I and z,y € Ty, then U(z) NU(y) # 0 if and only if z and y are
=-comparable.

(b) T {a, 5} € [dom(f)]? and n = f(a, B), then
UlTo(n)]NU[Ts(n)] =0 and U[Ty(n)] N Ta(< n) = 0.

(P5) If (x,a) € dom(g) then for all y € T,(g(z,)) we have U(y) C U(z) or
U(y) nU(z) = 0.
For p € P write p = (AP, <P IP {TP . o € IP}, fP gP), and for © € AP let

UP(z) ={y € AP : x <P y}.

For p,q € P let p < ¢ if and only if
O1) AP 5 A9, and =9==P[ A4,,
2 1P > [Tand T =TEN Al for o € 19,
3) if x € AP\ A9, then UP(z) N A =0,
4) fP D f?and g* D g7,

) if Ul(z) NU%(y) = 0 then UP(x) N UP(y) = 0.
Clearly < is a partial order on P.
For p € P write supp(p) = I? U {a : (a,n) € AP for some n € w}.
If G is a P-generic filter, then let

A= J{ar:pegy,

==J{z"peg),

=Jtr:pegy,
Ta:U{TCf:OzEpEQ}foraGLl,

(01
(02)
(©
(O
(05



Partitioning bases of topological spaces 561

F=Utrpeag,
g=Jg":peg}

We show that P satisfies c.c.c. and A = ({(w1 X w, %), {Ty : @ € L1}) is a good
candidate.

Definition 7.12. We say that the conditions p and ¢ are twins if conditions
(T1)—(T7) below are satisfied:

(T1) |supp(p)| = |supp(q)|, moreover max(supp(p) Nsupp(q)) < min(supp(p) &
supp(q))-

Denote by p the unique order preserving bijection between supp(p) and supp(q),

and define the function p : supp(p) x w — supp(q) x w by the formula p({a, n)) =

{p(a), n).

T6) fP(x,y) =m iff f9(p(
T7) g% (x,a) = m iff g7(p(

),p(y)) =m.
), p()) = m.

Lemma 7.13. If p and q are twins then

T
T

pEBqg=(APUAI, =P U= [PUII{TPUT? o € IPU I, fPU £9, g U g9)

is a common extension of p and q, where T? = () for « € 19\ I and T4 = () for
ae€ P\ 9.

PRrROOF: Straightforward. (Il

Lemma 7.14. There is a function ¢ from P into some countable set such that if
©(p) = ¢(q) and supp(p) Nsupp(q) < supp(p) A supp(q), then p and q are twins.

PROOF: Let ¢(p) be the type of the first order structure

(supp(p) X w, AP, =P [P {TP . € IP}, fP gP). O

Lemmas 7.13 and 7.14 yield that P satisfies c.c.c

Lemma 7.15. A =w; Xw, I = Ly and T,(0) \ (¢ x w) Is infinite for all v € Ly
and ¢ < 7, and so (G2) holds.

PROOF: Forpe P,y € Ly and y € (y X w) \ AP define p W {y}, as follows:
p{yty = (A" U{y}, =2, P U {7} AT U{y}, T s a € P\ {7}}, 7, 97) -

Then ¢ =pW{y}y € Pand pW{y}, <p. fy¢ (xwthengltyeT, \({xXw)
so we are done. O
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Lemma 7.16. (a) Assume that p € P, a € T? and b € (y x w) \ AP with a <b.
Let

pWa {0}y = (AP U {b}, =P U{{a, 0)} {TF U {0}, TH - a € 1P\ {7}}, /7, 9").

Then pW, {b}, € P and p W, {b}, < p.
(b) The structure A is a candidate.

ProOF: First we check ¢ =p W, {b}, € P.

(P1)-(P3) are straightforward.

(P4)(a) Since U9(b) = {b}, we can assume that z,y # b. If UP(z) N UP(y) # 0
then z and y are <P-comparable. So we can assume that b € U%(z) NU%(y). But
then a € UP(z) N UP(y), so we are done.

(P4)(b) Assume that z € Td(n), y € Tj(n) with n = fP(a, 8) = f%a, ) and
z € Ul(z) NUY(y). If z # b then z € UP(x) N UP(y) which is not possible. So
z="b.

If x,y # b, then a € UP(2)NUP(y) which is not possible. So we can assume that
z=band a=+. Sobe Ti(n)andsoa € TP(n—1). Thus T?(n—1)NUP(y) # 0
which is not possible because (P4)(b) holds for p.

Assume that x € Td(n),y € T§(< n) and y € U(z). If y # b then y € UP(z)N

T% (< n) which is not possible. So y = b and 8 = . Thus a € T§(< n) N UE(x)
which is not possible because (P4)(b) holds for p.
(P5) Since U(b) = {b}, we can assume that y € AP. Since b € U%(z) if and
only if a € U%(z) for z € AP, if UP(y) C UP(z) then U(y) C U%x), and if
UP(y) NUP(z) = 0 then U(y) NU%(z) = 0.

Thus we proved g € P. Since g < p is straightforward, we are done.

(b) is clear from (a) by standard density arguments. O
Now our aim is to prove that A is a good candidate.
Lemma 7.17. A has property (G1).

PROOF: Assume that p € P, u,v € AP, v ¢ UP(u). Pick v € Ly \ I? with
supp(p) C 7, and pick b € v X w with v <b.

Consider the condition ¢ = p W, {b}, < p.

Since b € T4, we have V (b)NB(T) # 0, so V(b) # 0. Since U4 (u)NU(b) = ) we
have U(u)NU(b) =0, and so V(u)NV(b) =0, and so § # V(b) C V(v)\V(u). O

Lemma 7.18. dom(f) = [L;]? and dom(g) = (w; X w) x Li. Hence (G3) and
(G4) hold.

PROOF: Assume that {v,d} € [I?]? \ dom(fP). Pick m such that TP(m) = 0
for all « € I?. Extend fP to f¢ as follows: dom(f?) = dom(f?)U {{v,d}} and
fi(~,8) =m. Let

q= <AP, jp7lpa {T(f IS Ip}a fq7gp> .
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Then g € P and g < p.
Similar argument works for g. O

Finally we verify that (G5) also holds. Assume that
VP EYae L, V¢ < a <:rz“,y<a, 2, w?> C Tu \ (€ X w) is Z-increasing.
For all @ € Ly and ¢ < a pick a condition pZ = <A2‘, my .}y which decides the
sequence (¢, y¢, 28, we) and {z¢, y&, ¢, wg} C T¢.
Let us say that a A-system A C [w]<¥ is nice if ANB < AA B for all

A#Be A
Using the Fodor lemma, for each ¢ € wy find m¢ < w and I € [L1]“* such that

(i) @(pg) = m¢ for all a € I, where ¢ is from Lemma 7.14.
(ii) {supp(p¢) : a € I¢} forms a nice A-system with kernel S¢, moreover a €
supp(pg) \ Se.
(iii) (z?,y?,z?,w?) = (x¢, y¢, z¢, we) for a € I
Then {2,y 28 wi} = {z¢, ye, 2¢, we b C S¢ x w.
Find m € w and I € [w1]“* such that

(iv) m¢ =m for all ¢ € I, and so
V(eI Vae I o(pF) =m.

(v) {S¢: ¢ € I} forms a nice A-system with kernel S.
Pick {¢,¢} € [I]*. Then pick a € I¢ such that S¢ U S < supp(pg) \ S¢. So

S < (SeUS)\ S <supp(pg) \ Se.
Now pick § € I¢ such that supp(pg) < supp(pg) \ Se. So
S < (SeUSc)\ S < supp(p) \ Sc < supp(py) \ Se.

Thus supp(pg) N supp(pf) =S, a € supp(p¢) \ S¢ and B € supp(pf) \ Se.
Since p(p¢) = <p(p§), the conditions ¢(p¢) and go(pf) are twins, and

q=pep;

is a common extension. Pick ¢ € (a x w) \ (AF U A?) with y. <t and we < ¢.
Define r as follows:

r= (A% =, Ulye D) U (we, 1) I,

{TEU{t), TE UL T7 iy € 1\ {o, B}, /. 9" ).
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To check r € P we will use the following observation:

(7.1) r | (supp(pg) U {t}) = p¢ Wye {t}a
and
(7.2) r | (supp(p) U {t}) = pf W,z t}s.

Now let us check (P1)—(P5).
(P1) is trivial for 7.
(P2) Let v € I?. If v # «, 3, then T = TP, so we are done.
Moreover, T, = T2 U {t}, t € a X w, and (T}, <) is a tree by (7.1) and (7.2).
The same argument works for 7.
(P3) is trivial.
(P4)(a) Assume that v € I", 2,y € T with U"(x)NU" (y) # 0. Since U"(t) = {t}
we can assume x,y € AY.

Assume that v € I¢. Then T C A¢, and so x,y € A. Thust € U"(z)NU" (y)
implies y& € U"(z) NU"(y). So U%(x) NU%(y) # 0, which yields that z and y are
<9 comparable because q € P.

Similar argument works when v € I? .

(P4)(b) Assume that {a/, 8’} € dom(f") = dom(f9) = dom(p?) U dom(p?). We
can assume that {o/, '} € dom(pﬂ)

Write n = f"({/, 8'}).

(1) Assume on the contrary that there are a € T, (n) and b € T (n) with
U™ (a) N U™ (b) # 0.

First assume that {a,b} € [A%]?. Since q € P, we have U4(a) N U4(b) = 0. So
t € U"(a) NU"(b) should hold.



Partitioning bases of topological spaces

If c € AZ, then t € U(c) implies y¢ € U(c) by 7.1. Similarly, if ¢ € A?, then
t € U(c) implies we € U(c) by 7.2.

Since U%(a) NU%(b) = 0, we can assume that a € AZ \Ag and b € A’g \ Ag.

But then o/ € supp(p?) \ S and g’ € supp(pf) \ S, so f7(a/, ) is undefined.
Contradiction.

So we can assume that, e.g., t = a¢ and b € A?. Aisume first that b € AP<.
Then o/ = a and y¢ € A by (7.1). Thus yc € TY (< n) N UPS(b), and so
T(f?(< n) N U[Tg,(g (n)] # 0, so (P4)(b) fails for pg.

Ifbe A?, then we can use similar arguments using (7.2) instead of (7.1).

(ii) Assume on the contrary that there are a € T, (n) and b € T}, (< n)NU"(a).

Clearly a # t. If b # t, then a € T, (n) and b € T§,(< n) N U%(a) which
contradicts q € P.

Assume that b = t. Ifb € AP then (7.1) implies f = o and y¢ € U9(a)NTY(<
n). Thus ye € T4, (< n) N U4(a), which contradicts ¢ € P.

Ifbe Apg, then we can use similar arguments using (7.2) instead of (7.1).
(P5) Let (x,7) € dom(g") and y € T7(g(x,)). Since U"(t) = {t}, we can assume
that x,y #t. Sox,y € A% If U%(y) C U%(x), then <2y and so U" (y) C U"(x).
Assume on the contrary that U%(z) NU%(y) =0, but ¢t € U"(z) N U"(y). We can
assume that (z,~) € gP<. Thus z € AZ and v € I¢. However T C A%, soy € AZ.
Since z,y € A¢ and v € I¢, t € U"(z) NU" (y) implies y¢ € UPS (z) N UP< (y) by
(7.1), which contradicts U?(x) N U4(y) = 0.

So we proved r € P.

Next we show that r < p?,p?. (01)—(04) are trivial. To check (O5), assume
on the contrary that U< (a) N UP< (b) = 0, but U" N U (b) # 0.

Then ¢t € U"(a) N U"(b), and so y¢ € UP< (a) N UP< (b) by (7.1), which is
a contradiction.

Finally, it is also straightforward that
(7.3) r Ik (G5)(i)—(ii) holds for «, 3, ¢, €, and t.

So we proved the theorem. O

8. Open problems

In this section, we present a list of open problems which could be of further
interest and are closely connected to our results.

Problem 8.1. Is every linearly ordered space base resolvable?
Problem 8.2. Is every T5 (hereditarily) separable space base resolvable?

Problem 8.3. Is every paracompact space base resolvable?
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Note that under PFA, every T3 hereditarily separable space is Lindelof hence
base resolvable by Corollary 3.7. Also, we conjecture that our forcing construction
can be modified to produce a separable non base resolvable space.

Problem 8.4. Is every power of R base resolvable? Is it true that base resolv-
ability is preserved by products?

We know that every m-base is the union of two disjoint m-bases by Proposi-
tion 2.5(2). However:

Problem 8.5. Does every base contain a disjoint base and w-base?

Bases closed under finite unions are resolvable by Corollary 4.9 which raises to
following question:

Problem 8.6. Is it true that every base which is closed under finite intersections
is base resolvable?

It would be interesting to look into the following:
Problem 8.7. Is every self-filling family F of closed (Borel) sets of w* resolvable?

Concerning negligible subsets we ask the following:
Problem 8.8. Is there a base B for some space X such that every U € [B]/®!
contains a neighborhood base at some point?
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