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Abstract. In the first part, we assign to each positive integer n a digraph I'(n, 5), whose
set of vertices consists of elements of the ring 7, = {0,1,...,n — 1} with the addition
and the multiplication operations modulo n, and for which there is a directed edge from a
to b if and only if a® = b (mod n). Associated with I'(n,5) are two disjoint subdigraphs:
I'1(n,5) and I'2(n, 5) whose union is I'(n, 5). The vertices of I'; (n, 5) are coprime to n, and
the vertices of I'a(n, 5) are not coprime to n. In this part, we study the structure of I'(n, 5)
in detail.

In the second part, we investigate the zero-divisor graph G(Zy) of the ring 7. Its vertex-
and edge-connectivity are discussed.

Keywords: iteration digraph; zero-divisor graph; tree; cycle; vertex-connectivity
MSC 2010: 11A07, 05C20

1. INTRODUCTION

In this paper we consider the properties of iteration graphs associated with the
map x — a° over the ring Z,,, extending the results given in the work [7] which
provided an interesting connection between number theory, graph theory and group
theory.

We recall that a directed graph is a finite set of vertices together with directed
edges. The iteration digraph of a map f: S — S on a finite set S is a directed
graph, whose vertices are elements of S and whose directed edges connect each x € S
with its image f(z) € S. The iteration graphs of the function f(z) = z* on the rings
S = 7, have interesting connections to number theory and have been extensively
discussed (see [8]-[12]). These digraphs reflect the properties of Z,, and f. For each
positive integer n, we denote such an iteration graph on the ring Z,, by I'(n, k).

The research has been supported by the NSFC Grant 11271208.
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A component of the iteration digraph is a subdigraph which is a maximal con-
nected subgraph of the associated nondirected graph. The indegree of a vertex a of
I'(n, k), denoted by indeg,(a), is the number of directed edges coming into a, and
the outdegree of a is the number of directed edges leaving the vertex a. For sim-
plicity, the subscript n will be omitted from now on. By the definition of f, the
outdegree of each vertex of I'(n, k) is always equal to 1. It is well known that each
component has exactly one cycle, i.e., the number of components of I'(n, k) is equal
to the number of its cycles, since each vertex of the component has outdegree 1 and
the component has only a finite number of vertices. Let us call a cycle of length 1
a fized point, a cycle of length ¢ a t-cycle, and a fixed point a an isolated fized point if
indeg(a) = outdeg(a) = 1. The cycles can be isolated or not isolated (see Figure 1).

O Q@ @

3459
Figure 1. The digraph of I'(11, 5).

A digraph is regular if the indegree of each vertex is equal to 1. Every component
of such a regular digraph is a cycle. A digraph is semiregular if there exists a positive
integer d such that each vertex has either indegree d or 0. A digraph is an m-ary
directed tree with root r if indeg(r) = m, every vertex adjacent to the root also
has indegree m (has exactly m neighbours), similarly every vertex from all these m
neighbours also has the indegree m and so on.

In this article, we study the iteration graph I'(n,5) for an arbitrary positive inte-
ger n. We can specify two subdigraphs of I'(n, 5). Denote by I'y (n, 5) the subdigraph
whose vertices are coprime to n and by I's(n,5) the subdigraph whose vertices are
not coprime with n. It is easy to see that I';(n,5) and I's(n,5) are disjoint and
I'(n,5) =T1(n,5) UT2(n,5). It is clear that the vertices of I'1(n,5) form a group of
order ¢(n) with respect to multiplication modulo n, where ¢(n) is the Euler function.
We will need the following definition and results.

Definition 1.1 ([4]). Let n be a positive integer. The Carmichael A-function
A(n) is defined as follows:

A1) =1=¢(1), A2)=1=¢(2), A4)=2=0¢),
<p(2k) for k > 3,

ApP") = (p—1)pF~1 = (p*) for any odd prime p and k > 1,
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)\(p’flpg€2 cophe)y = [)\(p’fl), )\(pé”), ..., A(p¥)], where p1,pa,...,ps are distinct
primes for k; > 1, ¢ € {1,...,s}, and [a1,...,as] stands for the least common
multiple of the numbers a4, ..., as.

From this definition, it follows that A(n) | ¢(n) for all n and that A(n) = ¢(n) if
and only if n € {1,2,4, ¢*,2¢*} where ¢ is an odd prime and k > 1.

The following theorem generalizes the well-known Euler’s theorem which says that

a?™ =1 (mod n) if and only if (a,n) = 1. It shows that A(n) is the least possible
order modulo n.

Theorem 1.1 (Carmichael’s theorem, see [4] and [6]). Let a,n € N. Then
a*™ = 1 (mod n) if and only if (a,n) = 1. Moreover, there exists an integer g
such that ord,g = A(n), where ord, g denotes the multiplicative order of g mod-
ulo n.

T
Theorem 1.2 ([10], [12]). Let n = [] p5*, where p1 < p2 < ... < p, are primes
i=1

7

and «; > 1, and let a be a vertex of positive indegree in I'1(n, k). Then
(1.1) indeg(a) = e [J(A(p), k),

i=1
where ¢ =2 if 2| k and 8 | n, and € = 1 otherwise.

T
Theorem 1.3 ([10]). Let n = [] p;*, where p1 < p2 < ... < p, are primes and
i=1
T
a; 2 1, and let a be a vertex of positive indegree in I's(n, k). Suppose a = Q [] pfi,
i=1
where (Q,n) =1, 8; >0 for 1 <i < r, and §; > 1 for at least one value of i. Then

for 1 < ¢ < r, either 8; > «; or both §; < «; and B; = kt; for some nonnegative
integer t;. Moreover,

T
(1.2) indeg(a) = [ [ AiB:,
=1
where

(1.3) (k—1)t;

a;—[a; [k .
Ai_ Dp; [/ ]a if Bi)aia
D; , if 0<

i < Qy,
the symbol [a] means the smallest natural number greater than or equal to a, and
B, = Ei()\(p?iimin(aﬁﬁi))v k),

where e; =2 if p; =2, 2 | k and a; — B; > 3, otherwise, ¢; = 1.
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2. STRUCTURE OF THE DIGRAPH I'(n,5) OF CONGRUENCE z° =y (mod n)
The following results are generalizations of work [7] by Skowronek-Kaziéw.

Proposition 2.1. Let k,l € {1,...,n — 1}. Then

(1) the number k is mapped into 0 (or into n/2 for an even n) if and only if n — k
is mapped into 0 (or into n/2 for an even n);

(2) the number k is mapped into | if and only if n — k is mapped into n —I;

(3) the number k is an isolated fixed point if and only if n — k is an isolated fixed
point;

(4) the number k is a part of a t-cycle if and only if n — k is an element of some
t-cycle. Moreover, the isolation of one of these t-cycles implies the isolation of
the other.

Lemma 2.2. The numbers 0,1 and n — 1 are fixed points of I'(n,5). Moreover,
0 is an isolated fixed point of T'(n,5) if and only if n is square-free.

Proof. It is clear that
0°=0 (modn), 1°=1 (modn), (n—1)°=n-1 (modn).

Now, if n is not square-free then p? | n for some prime p and

n\° n n n
(—) =n-n-— —-— =0 (mod n).
p p p P

Hence, n/p is mapped into 0 and 0 is not an isolated fixed point. Conversely, if n is
square-free, then there does not exist k, 2 < k < n — 2, such that n | k%, thus 0 is
isolated. 0

Lemma 2.3. (1) The number of quintic roots (if they exist) of any quintic residue
in T'1(n,5) is equal to the number of quintic roots of 1 modulo n, i.e., each vertex
of digraph 'y (n,5) has the same positive indegree d or 0.

(2) Let wo(n) be the number of distinct primes dividing n which are congruent to
1 modulo 5. Then the number of quintic roots of 1 modulo n is 5*(") where

(2.1) w(n) = {wo(”) +1, 5% |n,

wo(n), 52t n.

Proof. We can prove it directly by the formula for the indegree (see Theo-
rem 1.2), but, here, we prove it by the methods of number theory. The proof of (1)
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is obvious. Assume n = p{*...p%", where p; < p2 < ...p, are primes and a; > 1.
Since

25 =1 (mod p{),
(2.2) 2° =1 (mod n) <
25 =1 (mod por),

we only need to consider the number of solutions of #% = 1 (mod p®). The trivial
solution of this congruence is 1. Suppose 1 # a is a nontrivial solution of z° = 1
(mod n); we note that

a® =1 (mod p*) = a® =1 (mod p),
thus (a,p) = 1 and ordya = 5. We note that 73, is a cyclic group of order p — 1, thus
5| (p — 1). Hence there exists a nontrivial solution of z° = 1 (mod p) if and only if
p=1 (mod 5).
If p=1 (mod 5), then there exist five solutions of 2° = 1 (mod p), and also for
2% =1 (mod p®), where a > 1. If p = 5, then there exists exactly one solution x = 1
of 2> = 1 (mod 5), but the number of solutions of 2° = 1 (mod 5%) is 5, provided

a > 1. As for other primes p, there exists exactly one solution z = 1 of z° = 1
(mod p%), provided « > 1. The result now follows, since the function

of(n)=Ho<m<n—1: f(m)=0 (mod n)}|
is multiplicative (see [5]). O

Corollary 2.4. The digraph T'1(n,5) is always semiregular, and every vertex of
I'1(n,5) has indegree either 5*("™) or 0. Moreover, the digraph T'y(n,5) is regular
(each vertex of T'1(n,5) has indegree 1, i.e., each component of T'1(n,5) is a cycle) if
and only if 51 ¢(n).

Proof. If 51t ¢(n), then (5,p(n)) = 1, thus there exist two integers s,¢ such
that 5s + ¢(n)t = 1. We therefore have

a=a'=a®teMt = 5309t = (4°)° (mod n),

which means that there exists a solution of 2% = a (mod n). Then by Lemma 2.3(2)
or Theorem 1.2, the number of solutions of 2° = a (mod n) is exactly one, i.e., for
each vertex a € I'1(n,5), indeg(a) = 1, hence I';(n) is regular.

If 5 | ¢(n), then 52 | n or there exists a prime p = 1 (mod 5) such that p | n, thus
by Lemma 2.3 it follows that indeg(a) = 0, or 5*(")(> 1), i.e., I';(n, 5) is semiregular,
but not regular. O
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Lemma 2.5. Every component of the digraph I'(n,5) is a cycle if and only if
5t ¢(n) and n is square-free.

Proof. If every component of the digraph I'(n,5) is a cycle, then I'(n,5) is
regular. It is obvious that I'1 (n, 5) is regular and indeg(0) = 1. Then by Lemma 2.2
and Corollary 2.4, 5t ¢(n) and n is square-free.

Conversely, assume n is square-free and 5 1 ¢(n). By Corollary 2.4, T'y(n,5) is
regular. We only need to verify that the digraph of I'2(n, 5) is regular.

Let a # 0 be an arbitrary vertex of I'2(n,5). Then d = (a,n) > 1 and n =d-n/d.
Next, suppose p | n, thus p | d or p | n/d.

If p | d for some prime p > 2, then the solution b of the congruence b> = a (mod n)
satisfies b = 0 (mod p) for all primes p | d. Hence, b°> = a = 0 (mod p) for each prime
p dividing d. The solution b is unique by Lemma 2.2.

If p1d, then p | (n/d), and p { a. Since 51 p(n), 51 ¢(p) = p — 1, it follows that
there exists x such that 52 =1 (mod p — 1). Set b = a® (mod p), then b° = a® =a
(mod p) by Fermat’s little theorem. If there exists another ¢ such that ¢® = a
(mod p), then (be™1)® = 1 (mod p), i.e., order ,(bc™!) = 1 or 5. Since Z,\ {0} is
a cyclic group of order p — 1 and 5 f p — 1, it follows that bc™! = 1 (mod p), i.e.,
b = ¢ (mod p) and the solution b is unique.

Hence, by the Chinese remainder theorem, the solution of ° = a (mod n) is
unique, i.e., indeg(a) = 1 for each vertex a € I'2(n, 5), thus I's(n,5) is regular. O

We give a formula for the number of fixed points of the digraph I'(n, 5).

Theorem 2.6. Let n = 2"p{"p3? ... p%* be the prime power factorization of n,

where py < ps < ... < ps are distinct, odd primes, a; > 1,m > 0 and s > 0. Denote
by w(n) the number of distinct odd prime divisors p; of n satisfying p; = 1 (mod 4).
Then the number L(n) of fixed points of T'(n,5) is equal to

gs—w(n) , gw(n) if m =0,
2.3s5wn) . 5e(n)  jf m =1,
(2.3 Lny= 8370550 i m =2,
5. ge—wn) . 5e(n) if =3,
9. 35w .50 if > 4.

Proof. Itis clear that a is a fixed point of I'(n, 5) if and only if a is the zero of
the polynomial f(x) = 2° — 2 (mod n). We denote

or(n) ={0<m <n—1: f(m) =0 (mod n)}|,

616



ie., o¢(n) is the number of solutions of f(x) = 0 (mod n). It is easy to see that
0r(2) = 2, 07(2%) = 3, and 04(2%) = 5. If m > 4, then p;(2™) = 9. In fact,
for n = 2™ m > 3, 2° = x (mod 2™) is equivalent to 2° —x = z(2* — 1) = 0
(mod 2™), the trivial solution being = = 0. Next we consider the nontrivial solution
0 < ¥ < 2™ — 1. The parities of x and 2* — 1 are opposite. Then either 2™ | x
or 2™ | (z* —1). But 0 < < 2™ — 1, 2™ { z, and the solution x must satisfy
2m | (z* — 1), which means that x* = 1 (mod 2™). Suppose y = 22 while y? =
(mod 2™) has four solutions {1,2m~1—1,2m~14+1, 2™ —1}. We only need to consider
the solutions of

2 =1 (mod 2™); 22 =2""1—1 (mod 2™);

22 =2""1 41 (mod 2™); z*=2" —1 (mod 2™),

respectively.

When m > 3, neither 22 = 27! — 1 (mod 2™) nor 2% = 2™ — 1 (mod 2™) has
a solution. As for the other two congruences, 2 = 1 (mod 2™) (m > 3) has four
solutions and 22 = 2™~'+1 (mod 2™) (m > 4) has four solutions by number theory.
Hence, ¢7(2™) = 9, where m > 4. Then

2 if m=1,

- 3 if m=2,

(2.9 oM =3
9 if m>4.

Now set n = p®, where p > 3 is an odd prime and a > 1. We note that z° —z =0
(mod p®) = 2% — 2 =0 (mod p), i.e., p | x(2? — 1)(2% + 1). Suppose z is a solution
of % — 2 = 0 (mod p®). We can investigate it in the following three cases. If p | =,
then (p,22—1) = (p,2®>+1) =1, thus x = 0 (mod p®). If p | (2% —1), then (p,z) =1
and (p,z? + 1) = 1, which means that in this case, #° = z (mod p*) = 22 — 1 =0
(mod p®), the latter congruence having two solutions. If p | (2% + 1), then (p,z) = 1
and (p,2% — 1) = 1, which means that in this case, ° = 2 (mod p®) = 2% = —1
(mod p®). It is well known that the latter congruence has solutions if and only if
p =1 (mod 4), and if it has solutions, it has exactly two solutions. Then

N 3 if p=3 (mod 4),
(2.5) or(p™) = .
5 if p=1 (mod 4).
The function gf(n) is a multiplicative function, which completes the proof. O
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Theorem 2.7. Let n > 2. Then there exists a cycle of length t in the digraph
I'(n,5) if and only if t = ordy5 for some even, positive divisor d of A\(n).

Proof. Suppose that a is a vertex of a t-cycle in T'(n). Then ¢ is the least
positive integer satisfying ' =a (mod n), i.e., t is the least positive integer such
that

o —a= a(a5t_1 —1) =0 (mod n).

Set n; = (a,n), and ng = n/n;. It follows that t is the least positive integer such
that a = 0 (mod n1), a® ~! = 1 (mod ny) and (n1,n2) = 1, since (a,a® ! — 1) = 1.
Then, by the Chinese remainder theorem, there exists an integer b such that b = 1
(mod n1), b = a (mod ns).

Hence, t is the least positive integer such that p-l=1 (mod ny), p-l=g"1=
1 (mod ny), which means that b~ = 1 (mod n). Set ¢ = ord,b. Then 5! = 1
(mod ¢). If ¢ is odd then since 5' = 1 (mod 2), we get that t is the least positive
integer such that 5 =1 (mod 2c).

Let

2¢ if ¢ is odd,
(2.6) d=

¢ if cis even.

Then t = ord;5, and by Carmichael’s theorem, d | A(n). Conversely, suppose that
d is an even positive divisor of A(n) and let ¢ = ord,5. By Carmichael’s theorem,
there exists a residue ¢ modulo n such that ord,g = A(n). Let h = g*")/4. Then
ord,h = d. Since d | (5' — 1) but d { (5¥ — 1) for 1 < k < t, we see that t is the
least positive integer such that 2° ~1 =1 (mod n), and h-h% =1 = h® = h (mod n).
Thus, h is a vertex of a t-cycle of I'(n, 5). O

Theorem 2.8. The number of components of T'(n,5) is 2 if and only if n = 2.

Theorem 2.9. The number of components of T'(n,5) is 3 if and only if n = 4 or
n is a prime of the form n = 2 - 5* 4+ 1, for some integer k > 0.

Proof. IfT'(n,5) has exactly 3 components, then there exist 3 fixed points at
most, and by Theorem 2.6, either n = 4 or n is the power of some odd prime number
p for which p = 3 (mod 4). Of course, there is no ¢-cycle for ¢ > 1, otherwise, there
are more than 3 components of I'(n,5). Hence, by Theorem 2.7, d { 5' — 1 for every
t > 1 and every even divisor d > 2 (if such d exists) of the Carmichael A-function
A(n). Therefore, 5 | d and A(n) = 2 - 5! for some natural number . Finally, n must
be 4 or a prime number of the form n =2-5*+1, k > 0.

Conversely, if n = 4, then we have exactly 3 components. If n is a prime of
the form n = 2 - 5% 4 1, then we have exactly 3 fixed points by Theorem 2.6, and
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A(n) = 2- 5%, If we have more than 3 components, then there exists a cycle of length
t > 1 and t = ordg5 for some even positive divisor d of A(n). Then ¢ is the least
positive number such that 5! = 1 (mod d) and d | (5* —1). Since also d | A(n) = 2-5%,
we get d = 2. Then t = ordy5 = ordsb = 1, which is a contradiction. Hence, the only
cycles of I'(n, 5) are the fixed points at 0, 1 and at n — 1. O

Example 2.1. For n = 3,4 or 11 (see Figures 2, 3 and Figure 1), the digraph
I'(n,5) has three components.

W WG

Figure 2. The digraph of I'(3, 5).

QO

Figure 3. The digraph of I'(4, 5).

Theorem 2.10. The number of components of T'(n,5) is 5 if n = 8 or n = 5%,
k>1.

Proof. Of course, I'(8,5) has exactly 5 components. If n = 5%, k > 1, clearly,
there is no t-cycle for t > 1 by Theorem 2.7. Hence, by Theorem 2.6, I'(5*,5) has
exactly 5 fixed points. Therefore I'(5%, 5) has 5 components. O

Example 2.2. For n = 8, or 25, the digraph I'(n,5) has 5 components (see

OL020R0R 0

Figure 4. The digraph of I'(8, 5).

Figures 4 and 5).
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13 23 14 19

S

5 10 15 20 6 11 16 21 2 12 17 22
Figure 5. The digraph of I'(25,5).

Question 2.1. If I'(n,5) has 5 components for n = p*, k > 1, where p = 3
(mod 4) is an odd prime, then there exist exactly 3 fixed points. Of course, there
must exist exactly two cycles of length bigger than 1. In this case, what is the

necessity for n in order that I'(n,5) have 5 components?

Example 2.3. For n = 7 or 9, the digraph I'(n,5) has 5 components. However,
when n = 19, the digraph I'(n,5) has 7 components (see Figures 6, 7 and 8).

DOOO

Figure 6. The digraph of I'(7,5).

ROV

Figure 7. The digraph of I'(9, 5).

{OX O]
DO

Figure 8. The digraph of I'(19, 5).
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Next we consider three kinds of digraphs I'(2¥,5), ['(3%,5), and I'(5%, 5).

Theorem 2.11. Let k > 5 be a natural number. The digraph T'1(2*,5) contains
(except for 8 fixed points) only cycles of lengths which are powers of 2 and I'y(2%,5)
is a tree with the root 0. Moreover, indeg(0) = 2F~[¥/51 where [a] is the smallest
natural number greater than or equal to a.

Proof. If n = 2% then each of the digraphs I';(n,5) and I'y(n,5) contains
exactly ¢(n) = 2¢~1 vertices. Of course 51 p(n) and hence, I'1(2¥,5) contains only
cycles by Corollary 2.4. It is easy to check that there exist exactly 8 fixed points in
I'1(2%,5), namely 1, 28—t — 1 2k=1 41 2F 1 2k=24 1 2k 2k=2_1 2k=2_ 1 and
2k — 2k=2 1 1. We know that there exists a cycle of length ¢ if and only if t = ordg5
for some divisor d of A(n) = 2*~2 Then 5! = 1 (mod d). Noting that d | A(n) | ¢(n)
and 5 { ¢(n), it follows that (5,d) = 1 and 5*® = 1 (mod d) by Theorem 1.1.
Therefore, ¢ | A(d). Hence, t is a power of 2. It is easy to see that we have 2+~ 1#/5]
elements in T'y(2%, 5), namely 2[%/51 2.2k/51 3.9[k/51  ok=[k/5].9[k/5] — ( which
are mapped into 0. Of course, all vertices w of I'5(2¥,5) are multiples of 2 and the
greater the power of 2 which is a divisor of w, the shorter the directed path from w
to 0. U

The digraph I';(24,5) contains 8 isolated fixed points, and I'5(2%,5) is a directed
tree with the root 0 (see Figure 9). The digraph I'1(2°,5) contains 8 isolated fixed
points and 4 cycles of length 2, and T'5(2°,5) is a directed tree with the root 0.

PVOOLLW

°14

"12

6 g 10
Figure 9. The digraph of I'(16, 5).

The digraph I'1 (32, 7) contains 2 fixed points and 2 cycles of length 2, and T'5(32, 5)
is a directed tree with the root 0 (see Figure 7).

The digraph I'1(33,5) contains 2 fixed points, 2 cycles of length 2, and 2 cycles of
length 6, and I'y(32,5) is a directed tree with the root 0 (see Figure 10).
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30 ° 24
6 ° " 21
9 4 b g
12 15
17 19 14 20 13 7
OO T
” ) ’ 23 2 4 25

Figure 10. The digraph of I'(27, 5).
Then we can conjecture as follows:

Theorem 2.12. Let k > 2 be a natural number. The digraph T'1(3%,5) consists
of 2 fixed points, 2 cycles of length 2, 6, 18, 54, ..., 2-3%~2, respectively. Moreover,
['5(3%,5) is a tree with the root 0 and indeg(0) = 3*~[*/°1. Suppose a = 3% €
I'2(3%,5), where (b,3) = 1, and 1 < q < k. Then the height of the vertex a from the
root 0 is h = [logs k/q].

In the process of trying to prove Theorem 2.12, we find the interesting fact that 5
is a primitive root mod 3* for all positive integers k.

Lemma 2.13. If 3**1 | (537" 4 1) for some positive integer k > 2, then 3% |
k—2
(537 +1).

Proof. Suppose 5377 = ¢ (mod 3%), then there exists an integer such that
5377 = 3k 4 a. It follows that 53 = 53" "3 4+ 1 = 3+ a3 +1=ad+1
(mod 3%*1), which means that a®+1 = (a+1)(a®>—a+1) =0 (mod 3**!). We note
that

) 1 if a=0, 1 (mod 3),
(2.7) a—a+1=
0 if a=2 (mod 3),
and
1 if a=0,1 (mod 9),
) 3 if a=2,5,8 (mod 9),
(2.8) a”—a+1=
4 if a=4,6 (mod9),

7 if a=3,7 (mod 9),

hence 9 f (a? — a + 1). Of course, 3* | (a + 1), hence 5 41=3+a+1=0
(mod 3%). O
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Proposition 2.14. 5 is a primitive root mod 3* for all positive integers k.

Proof. Itiseasy toseethat 5isa primitive root mod 3, and also a primitive root
mod 9. Next suppose 5 is a primitive root mod 3, i.e., ordss5 = (3%) = 2-3*~1. We
only need to show that 5 is a primitive root mod 3**! by induction. Set A = ordse+15.
Then X is the smallest positive integer such that 5* = 1 (mod 3**!). We also know
A | ¢(35T1) by the group theory. It follows that 2 -3*~1 | X\ | 2- 3k, since 5* =1
(mod 3*), 5 is a primitive root mod 3%, and ¢(3kT1) = 2-3*. Hence, A =2 3! or
238 If A = 2351 then 523" ' =1 (mod 3**1), ie, 53 ' = 1) +1) =0
(mod 3*+1). We know that 53° ' —1 = —2 (mod 3), which means that 3 (53" ' —1),
so 3541 | (53" 4+ 1). Therefore, by Lemma 2.14, 3% | 53" * + 1, 1e., 523 " —1=0
(mod 3*), which is a contradiction. O

We draw the following general conclusion:

Proposition 2.15. Let p # 5 be an odd prime. If 5 is a primitive root mod p,
where p is an odd prime, then 5 is a primitive root mod p* for all positive integers k.

Proof. We first show that if p**1 | (5(=1/27""" 1 1) for some positive inte-
ger k > 2, then p* | (5(”_1)/2"”672 + 1). Suppose 5-1/20"7% = ¢ (mod p*), then
5(=1/29"77 = pkl 4 g Tt follows that 5~D/2P" " 4 1= (pFl+a)P+1=aP +1=0
(mod p**1). By Fermat’s little theorem, a? = a (mod p). Then (a + 1)(a?~! —
a? 24+ ... +a>-a+1)=a’+1=a+1 (modp). If a+1 # 0 (mod p), then
a?P~t —aP=2+ .. +a?’—a+1=1 (mod p), since a+ 1 is invertible in the multiplica-
tive group 7. We have

1 if a# —1 (mod p),
(2.9) APt —aP 24 4adi—a+1= # ( )
0 if a=-1 (mod p).
In the case a = —1 (mod p), i.e., a = pt — 1 for some integer ¢, one has
P41 t—1)P+1
(2.10) ap_l—ap_Q—l—...—l—aQ—a—i—l:(Z:l :(p pt) + = p (mod p?),

thus p? { (a?~! — aP~2 + ... + a2 — a + 1). Clearly a + 1 must be divisible by
p*. Then 5(P—D/2P"* 4 1 = pkl 4+ ¢+ 1 = 0 (mod p*). Finally, we show that if
5 is a primitive root mod p, then 5 also is a primitive root mod p*. We prove
this by induction. Suppose 5 is a primitive root mod p*, i.e., ord,k5 = o(pF) =
(p—1)-pF1 Set A = ordys+15. Then A is the smallest positive integer such that
5* =1 (mod p**1). It follows that (p—1)-p*~1 | A | (p—1)-p*, since 5* = 1 (mod p*),
5 is a primitive root mod p*, and p(p**1) = (p — 1) - p*. Hence, A = (p — 1) - p*~1
or (p—1)-p*. If A= (p—1)-p*!, then 5(—DP* 7 =1 (mod p**1), and moreover,
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(5=D/2p*" _ 1)(5-1/27""" 4 1) = 0 (mod p**1). But 5@-1/27" _ 1 = 2
(mod p), since 5 is a primitive root mod p. Thus p 1 (5(,)71)/2.,)’“—1 —1), which implies
that pF*+! | (5(>=1/27""" 1 1), By the previous discussion, p* | (5(=D/2p" 7" 1 1),
k—2

Thus, 5@—1»"
proof. ([

—1 = 0 (mod p*), which is a contradiction. This completes the

Proof of Theorem 2.12. Suppose d is an even divisor of A(3¥) = 2-3*~! then
d=2or 2-3™ where 1 <m < k— 1. We only need to compute the value of ordy5
by Theorem 2.7. Let ¢t = ords.3m 5, i,e., t is the least positive integer such that

{St =1 (mod 2),

(2.11) 5 =1 (mod 3™).

Since 5/ = 1 (mod 2) holds for each positive integer ¢, it follows that t = ¢(3™) =
2 - 3™~ by Proposition 2.14. Thus, by Proposition 2.1 and Theorem 2.7, the di-
graph I'; (3%,5) contains 2 fixed points, 2 cycles of length 2, 6, 18, 54, ..., 2 - 3k=2,
respectively. Finally, suppose a = 3% € I'y(3%,5), where (b,3) = 1. Then the
height of a from the root 0 is the least integer i such that " =0 (mod 3F). Since
@ = 375"p" = 0 (mod 3%) and (b,3) = 1, we have 303" = 0 (mod 3%). Then
h = [logs k/q]. O

Theorem 2.16. Let k > 2 be a natural number. The digraph T'1(5%,5) consists
of four isomorphic quinary trees with roots 1, 5* — 1, and two other fixed points.
Moreover, T'5(5%,5) is a tree with the root 0 and indeg(0) = 5*~1#/51. Suppose
a = 59b € T'y(5%,5), where (b,5) = 1, and 1 < q < k. Then the height of the vertex
a from the root 0 is h = [logs k/q].

Proof. By Theorem 2.6 and 2.10, the digraph I'(5*, 5) has exactly 5 components
with fixed points at 0, 1, 5¥ — 1, and two other fixed points. The even divisors
of A\(5%¥) = 4 .51 are 2,4, 2-5™ or 4-5™, where 1 < m < k — 1. Then by
Theorem 2.7, there only exists a cycle of length 1 in the digraph I'(n, 5). Moreover,
I';(5%,5) is a semiregular digraph and every vertex has degree either 0 or 5, since
5| ¢(5%) = 4 - 5*~1. By simple observations, the digraph I';(5*,5) consists of four
isomorphic, quinary trees with 5~1 vertices in every tree.

It is easy to see that we have 5~ [%/51 elements in T'y(5%, 5), namely 5[%/51 2.5[%/51

3.5Mk/51 . 5k=Tk/51.5Tk/5] which are mapped into 0. Of course, all vertices w of
I'2(5%,5) are multiples of 5 and the greater the power of 5 which is a divisor of w,
the shorter the directed path from w to 0. O

Example 2.4. The digraph I'1(5%,5) consists of four isomorphic quinary trees
with roots 1, 7, 18 and 24, and I'y(5%,5) is a directed tree with the root 0 and
indeg(0) = 5 (see Figure 6).
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The digraph I'1(5%,5) consists of four isomorphic quinary trees with roots in 1,
57, 68 and 124, and T'y(53,5) is a directed tree with the root 0 and indeg(0) = 25.

3. ON THE ZERO-DIVISOR GRAPH OF THE RING 7,

In this section, we give formulas calculating the vertex-connectivity, edge-
connectivity, and minimal degree of the zero-divisor graph of the ring Z,, and
point out some mistakes of formulas for the clique number and the maximum degree
of G(Z,) in [7].

We recall that zero-divisor graphs of commutative rings were introduced by I. Beck
[3] in 1988. Such graphs establish a connection between the graph theory and the
commutative ring theory and help us to study the algebraic properties of rings using
graph theoretical tools.

The zero-divisor graph of the ring Z,, denoted by G(Z,), is the graph whose
vertices are the nonzero zero-divisors of 7Z,,, in which two vertices x and y are adjacent
if and only if z # y and z -y = 0 (mod n).

The chromatic number (edge chromatic number) of the graph is the minimal num-
ber of colors which can be assigned to the vertices (edges) in such a way that every
two adjacent vertices (edges) have different colors. A subgraph K,, with m vertices
is called a clique of size m if any two distinct vertices in it are adjacent. The clique
number is the least upper bound of the size of the cliques. In 1988, I. Beck showed
that the chromatic number of G(Z,,) is equal to its clique number. In 2004, S. Akbari
and A.Mohammadian proved that the edge chromatic number of G(Z,,) is equal to
its maximum degree (see [1]).

A graph G is said to be k-vertez-connected (or k-connected) if it has more than k
vertices and the result of deleting any (perhaps empty) set of fewer than k vertices
is a connected graph. The vertez-connectivity, or just connectivity, of a graph is the
largest k for which the graph is k-vertex-connected. A graph is said to be k-edge-
connected if it remains connected whenever fewer than k edges are removed. The
edge-connectivity, or just connectivity, of a graph is the largest k for which the graph
is k-vertex-connected. We denote the vertex-connectivity, edge-connectivity, and
minimal degree of graph G, respectively by «(G), A(G), and 6(G). It is well-known
that k(G) < A(G) < §(G) from elementary graph theory.

In [2], the following result was proved concerning the vertex-connectivity, edge-
connectivity, and minimal degree of the zero-divisor graph G(R) for a finite com-
mutative ring R. Let a € R, and S C R. Denote the annihilator of ¢ and S
in R, respectively by ann(a) and ann(S), i.e., ann(a) = {r € R: ra = 0}, and
ann(S) = {re€ R: Vs € S, rs = 0}.
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Theorem 3.1 ([2]). Let R be a finite commutative ring, and G(R) the zero-divisor
graph of R. Then:
(1) For any R, \(G(R)) = 0(G(R)).
(2) If R is nonlocal, k(G(R)) = §(G(R)).
(3) If R is local with maximal ideal m, let r be the index of nilpotency of m, and
a = |m| — 1. Then:
(i) If m®> =0, then a — 1 = k(G(R)) = §(G(R)).
(ii) If m? # 0, then o < k(G(R)) < §(G(R)). If there exists x € m such that
ann(a:) = ann(m), then a = kK(G(R)) = 6(G(R)).
(iii) If m? 7$ 0 and there is no x € m such that ann(z) = ann(m), then o < K(G(R))
ifr >

— =

If n = p, then 7, is a field with none zero-divisors. In this case, G(Z,) is a null
graph, so we only consider the other two cases:

Theorem 3.2. Let G(Z,) be the zero-divisor graph of the ring Z,,. Then:

(1) For any natural number n, \(G(Z,,)) = §(G(Z5,)).

(2) If n = plfl ...p% where s > 1, p; < pa < ...ps are distinct primes and k; > 1,
then Z,, is nonlocal, k(G(Z,)) = §(G(Z,)) = p1 — 1, and the vertex p; has the
minimum degree p; — 1.

(3) If n = p*, where p is a prime and k is a positive integer bigger than 1, then
Z,, is local. Moreover, if k = 2, then x(G(Z,)) = §(G(Z,)) = p — 2, and the
vertex p has the minimum degree p — 2; if k > 2, then x(G(Z,)) = §(G(Z,)) =
p — 1, and the vertex p has the minimum degree p — 1. In a word, the vertex-
connectivity, edge-connectivity, and minimal degree of the zero-divisor graph of
ring 7, always coincide.

Proof. It is a well-known fact from the group theory that each additive sub-
group of the cyclic group Z,, with the addition operation modulo n is an ideal of
the ring 7,, i.e., Z, is a principal ideal ring. Suppose n = plfl ...pFs where s > 1,
and p; is a prime. Let m; = plfl .. .pfﬁl ...p%. Then each principal ideal (m;) is
the maximal ideal of Z,,, and Z,, is nonlocal. In this case, k(G(Z,)) = §(G(Zy)) by
Theorem 3.1.

If n = p?, then 7, is local and m = (p) is the unique maximal ideal. Thus
m? = 0 and ann(m) = {z; 0 < < p¥, and p | z}. Then from the number theory,
a = |m|—1=[p?/p] =1 = p— 1, where [a] denotes the greatest integer number
smaller than or equal to a. Hence, x(G(Z,,)) = §(G(Z,)) =p — 2.

If n = p* and k > 2, then Z,, is local and m = (p) is the unique maximal ideal, but
m? # 0 and ann(m) = ann(p) = {z; 0 < z < p*, and p*~! | 2}. Then a = |m| — 1 =
[p*/p¥~1] — 1 = p — 1. Hence, by Theorem 3.1, x(G(Z,)) = 6(G(Z,)) =p—1. O
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We correct Propositions 1 and 2 in [7] as follows.

Proposition 3.3. (1) If n = p]fl ...pks where s > 1, p1 < pa < ...p, are distinct
primes and k; > 1, then the vertex n/p; has the maximal degree in G(Z,,). Moreover,
ifky = 1, then the maximum degree is equal ton/p1 —1; if k1 > 1, then the maximum
degree is equal to n/p1 — 2;

(2) if n = p*, where p is a prime and k is a positive integer bigger than 1, then
the vertex n/p has the maximal degree in G(Z, ), and the maximum degree is equal
ton/p—2.

Proof. It is easy to see that if k; = 1, the vertex n/p; has exactly (n/p; — 1)
neighbors in G(Z,), namely the elements: p1, 2p1, 3p1, ..., (n/p1 — 1)p1. It is clear
that these elements are not including the vertex n/p;. The number p; is the smallest
prime in the factorization of n. Hence, n/p; — 2 is the maximum degree of G(Z,,).
Similarly, if k1 > 1, the vertex n/p; has exactly n/p; —2 neighbors in G(Z,,), namely
the elements: p1, 2p1, 3p1, ..., (n/p1 — 1)p1, deleting the vertex n/p; itself. O

Proposition 3.4. (1) If n is square-free, then the clique number of the graph
G(Z,) is s.

(2) If «; are even numbers for all 1 < i < s, then the clique number is
p(fl/ng‘z/Q ...p2/? 1. Otherwise the clique number is P pl2 . pPe. where B; =

«;/2 for even o; and B; = (o; — 1)/2 for odd «;. (See [7].)

Proof. Letn=pips...ps, where p; are distinct primes, 1 < i < s. Then there
exists a clique of the size s with the vertices n/p;, i = 1,2,...,s. O

Example 3.1. (1) Consider the zero-divisor graph G(Z3zp). Of course n = 30 =
2 -3 - 5. Hence, the vertex 15 has the maximum degree 3 -5 — 1 = 14. The clique
number is 3.

(2) Let n = 60 = 22.3-5. Hence, the vertex 30 has the maximum degree $ —2 = 28,
and its neighbors are the vertices 2, 4, 6, 8, 10, 12, 14, 16, 18, 20, 22, 24, 26, 28, 32,
34, 36, 38, 40, 42, 44, 46, 48, 50, 52, 54, 56, 58. The clique number is 2.
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