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Abstract. We introduce the concept of modified vertical Weil functors on the category
FMm of fibred manifolds with m-dimensional bases and their fibred maps with embeddings
as base maps. Then we describe all fiber product preserving bundle functors on FMm

in terms of modified vertical Weil functors. The construction of modified vertical Weil
functors is an (almost direct) generalization of the usual vertical Weil functor. Namely, in

the construction of the usual vertical Weil functors, we replace the usual Weil functors T
A

corresponding to Weil algebras A by the so called modified Weil functors T
A corresponding

to Weil algebra bundle functors A on the category Mm of m-dimensional manifolds and
their embeddings.
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1. Introduction

We assume that any manifold considered in the paper is Hausdorff, second count-

able, finite dimensional, without boundary and smooth (i.e. of class C∞). All maps

between manifolds are assumed to be smooth (of class C∞).

LetMf be the category of all manifolds and their maps,Mfm the category of m-

dimensional manifolds and their embeddings, FM the category of fibred manifolds

(surjective submersions between manifolds) and their fibred maps and FMm the

category of fibred manifolds with m-dimensional bases and their fibred maps with

embeddings as base maps.
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A bundle functor F on FMm in the sense of [5] is a functor F : FMm → FM

such that the value FY of Y is a fibred manifold πY : FY → Y for any FMm-

object p : Y → M , the value Ff : FY → FY 1 of f : Y → Y 1 is a fiber map covering

f for any FMm-map f : Y → Y 1, and FiU : FU → π−1
Y U is a diffeomorphism

for the inclusion map iU : U → Y of an open subset U of Y . The definitions of

bundle functors on Mf or Mfm are quite similar (we replace FMm by Mf or

byMfm). A bundle functor F on FMm is fiber product preserving if F (Y ×MY 1) ∼=

FY ×M FY 1 for any FMm-objects Y and Y 1 with the same base M .

The usual vertical functor V : FMm → FM sends any FMm-object p : Y → M

into

V Y = ker0M Tp =
⋃

x∈M

(Tp)−1(0M (x))

and any FMm-map f : Y → Y1 into V f := Tf|V Y : V Y → V Y1. One can easily

see that the vertical functor V : FMm → FM is a fiber product preserving bundle

functor.

A natural transformation η : F → F 1 between bundle functors on FMm is a fam-

ily of maps ηY : FY → F 1Y for any FMm-manifold Y such that F
1f ◦ηY = ηY 1◦Ff

for any FMm-map f : Y → Y 1. One can show that then ηY : FY → F 1Y is a fibred

map covering the identity map idY for any FMm-manifold Y ([5]).

A Weil algebra is a finite dimensional real local commutative algebra A with unity

(i.e. A = R · 1⊕NA, where NA is the ideal of nilpotent elements).

In [9], A.Weil introduced the concept of near A-point on a manifold M as an

algebra homomorphism of the algebra C∞(M,R) of smooth functions on M into

a Weil algebra A. Nowadays, the space TAM of all near A-points on M is called

a Weil bundle. About 1985, D. Eck (see [2]), O.O.Luciano (see [8]) and G.Kainz

and P.W.Michor (see [3]) proved independently that the product preserving bundle

functors G : Mf → FM (i.e. satisfying G(M × M1) = GM × GM1 for any Mf -

objectsM andM1) are the Weil functors T
A : Mf → FM for Weil algebrasA = GR

and that the natural transformations η : G → G1 between product preserving bundle

functors onMf are in bijection with the algebra homomorphisms ηR : GR → G1R

between the corresponding Weil algebras.

Replacing (in the construction of V ) the tangent functor T by the Weil functor TA

corresponding to a Weil algebra A and 0M by the canonical section eM of T
AM , one

can define (in the same way) the vertical Weil functor V A : FMm → FM. The

functor V A : FMm → FM is a fiber product preserving bundle functor on FMm,

too.

A Weil algebra bundle functor onMfm is a bundle functor A : Mfm → FM such

that AxM is a Weil algebra and Axg : AxM → Ag(x)M1 is an algebra isomorphism

for anyMfm-map f : M → M1 and any point x ∈ M (or shortly and more precisely
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A is a bundle functor fromMfm into the category of all Weil algebra bundles and

their algebra bundle maps).

We have the following Weil algebra bundle functors (see [7]).

⊲ The trivial Weil algebra bundle functor A onMfm given by AM = M × A and

Ag = g × idA, where A is a fixed Weil algebra.

⊲ The Weil algebra bundle functor A on Mfm given by AM = (
∧

TM)0 and

Ag =
∧
Tg|(

∧
TM)0 , where

∧
TM = (

∧
TM)0 ⊕ (

∧
TM)1 =

⋃
x∈M

∧
TxM is the

Grassmann algebra bundle of the tangent bundle TM and (
∧

TM)0 is the even

degree subalgebra bundle.

⊲ In the previous example we can replace the tangent functor T by an arbitrary

vector bundle functor G onMfm.

⊲ The Weil algebra bundle functor A onMfm given by AM = Jr(M,R) and Ag =

Jr(g, idR).

⊲ In the previous example we can replace the holonomic r-jet functor Jr by the

semi-holonomic r-jet functor J
r
or by the non-holonomic r-jet functor J̃r.

⊲ We can apply fibre-wise tensor product to the above examples of Weil algebra

bundle functors onMfm.

A natural transformation (homomorphism) between Weil algebra bundle functors

A and A1 onMfm is anMfm-natural transformation ν : A → A1 of bundle functors

such that (νM )x : AxM → A1
xM is an algebra homomorphism for any m-manifold

M and any point x ∈ M .

In the present paper, we modify the above concept of vertical Weil functor V A :

FMm → FM as follows.

First, given a Weil algebra bundle functor A on Mfm, we define the so called

modified Weil functor TA : FMm → FM such that

TAY =
⋃

y∈Y

T
Ap(y)M
y Y

for any FMm-object p : Y → M (the details can be found in Section 2). By re-

striction, we define the modified Weil functor TA
|Mfm

on Mfm. Next, given an

Mfm-canonical section σ of TA
|Mfm

: Mfm → FM (i.e. a system of sections σM :

M → TAM for any m-manifold such that TAg ◦ σM = σM1 ◦ g for any Mfm-map

g : M → M1) we define the so called modified vertical Weil functor V
A,σ : FMm →

FM by

V A,σY = kerσM
TAp =

⋃

x∈M

(TAp)−1(σM (x))

for any FMm-object p : Y → M (the details can be found in Section 3). Then

V A,σ : FMm → FM is a fiber product preserving bundle functor.
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So, we have the categoryMVWFm of modified vertical Weil functors on FMm

and their natural transformations, and the obvious (forgetting, inclusion) functor

I : MVWFm → FPPBFm,

where FPPBFm denotes the category of fiber product preserving bundle functors

on FMm and their natural transformations.

In [7], given a fiber product preserving bundle functor F on FMm we constructed

canonically a Weil algebra bundle functor AF onMfm by

AFM := F (M × R),

where M × R is the trivial bundle with fiber R and base M . (For the reader’s

convenience we will review this construction in Section 4.) In Section 4, we also

define a canonical section σF of TAF

|Mfm
: Mfm → FM. So, we get the modified

vertical Weil functor V AF ,σF

on FMm.

In this way, we obtain the functor

V : FPPBFm → MVWFm, V(F ) := V AF ,σF

.

The main result of the present note is the following.

Theorem 1.1. There is the equivalence

MVWFm
∼= FPPBFm

of categories. More precisely, I ◦ V ∼= idFPPBFm
and V ◦ I ∼= idMVWFm

.

There is another purely theoretical description of all fiber product preserving bun-

dle functors on FMm by means of triples (A,H, t), see [4] or [6]. We will not use

this description.

2. The modified Weil functors

We modify the concept of Weil functors as follows.

Example 2.1. Let A : Mfm → FM be a Weil algebra bundle functor. We have

a functor TA : FMm → FM sending any FMm-object p : Y → M into fibred

manifold

TAY =
⋃

y∈Y

T
Ap(y)M
y Y
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(where T
Ap(y)M
y Y is the fiber over y ∈ Y of the usual Weil bundle TAp(y)MY of Y

corresponding to the Weil algebra Ap(y)M) with the obvious projection onto Y , and

any FMm-map f : Y → Y1 covering f : M → M1 into fibred map TAf : TAY →

TAY1 covering f given by the composition

T
Ap(y)M
y Y → T

Ap(y)M

f(y) Y1 → T
Ap(f(y))M1

f(y) Y1

for any y ∈ Y , where T
Ap(y)M
y Y → T

Ap(y)M

f(y) Y1 is the restriction of the pro-

longation TAp(y)Mf : TAp(y)MY → TAp(y)MY1 of f : Y → Y1 with respect to

the (usual) Weil functor corresponding to the Weil algebra Ap(y)M , and where

T
Ap(y)M

f(y) Y1 → T
Ap(f(y))M1

f(y) Y1 is the restriction of the extension (natural transfor-

mation) TAp(y)MY1 → TAp(f(y))M1Y1 of the Weil algebra homomorphism Ap(y)f :

Ap(y)M → Ap(f(y))M1. (Every fibred chart (U,ϕ) on Y → M induces a fibred chart

(TAU, TAϕ) on TAY → M provided we use the obvious “translation” identification

TA(Rm × R
n) = (A0R

m)m+n.) Clearly, TA : FMm → FM is a bundle functor.

By restriction, we have the bundle functor TA : Mfm → FM sending any m-

manifold M into TAM , where we treat M as the FMm-object idM : M → M , and

anyMfm map g : M → M1 into T
Ag : TAM → TAM1, where we treat g : M → M1

as the FMm-map g : M → M1 covering g.

The functor TA : FMm → FM or TA : Mfm → FM from Example 2.1 is called

the modified Weil functor on FMm or onMfm, respectively, corresponding to Weil

algebra bundle functor A.

Clearly, if A is the trivial Weil algebra bundle functor (i.e. AM = M × A and

Ag = g× idA for a Weil algebra A), then T
A is (equivalent to) the usual Weil functor

TA on FMm orMfm.

If ν : A → A1 is a natural homomorphism of Weil algebra bundle functors on

Mfm we have the corresponding natural transformation ν : TA → TA1

given by

νY =
⋃

y∈Y

(((νM )p(y))Y )y : TAY → TA1

Y

for any FMm-object p : Y → M , where (νM )p(y) : TAp(y)M → TA1
p(y)M is the natural

transformation (of usual Weil functors) corresponding to algebra homomorphism

(νM )p(y) : Ap(y)M → A1
p(y)M .
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3. The modified vertical Weil functors

We are in position to modify the concept of vertical Weil functors.

Example 3.1. Let A : Mfm → FM be a Weil algebra bundle functor. Suppose

we have a canonical section σ of TA : Mfm → FM, i.e., anMfm-invariant family

of sections σM : M → TAM for any Mfm-object M . (The invariance means that

TAg ◦ σM = σM1 ◦ g for any Mfm-map g : M → M1.) We define a functor V
A,σ :

FMm → FM as follows. For any FMm-object p : Y → M we put

V A,σY := kerσM
TAp =

⋃

x∈M

(TAp)−1(σM (x))

(we treat p : Y → M as the FMm-map covering idM ). Then V A,σY is a fibred

manifold with the obvious projection onto Y . Clearly, for any FMm-map f : Y → Y1

covering f : M → M1, we have

TAf(V A,σY ) ⊂ V A,σY1.

We put

V A,σf := TAf|V A,σY : V A,σY → V A,σY1.

Then V A,σf is a fibred map covering f . Clearly, V A,σ : FMm → FM is a fiber

product preserving bundle functor.

In the case of the trivial Weil algebra bundle functor A : Mfm → FM (i.e.,

AM = M × A, Ag = g × idA for a Weil algebra A), T
A is the usual Weil functor,

and for σM = eM we reobtain the usual vertical Weil functor V
A corresponding to

the Weil algebra A.

The fiber product preserving bundle functor V A,σ : FMm → FM from Exam-

ple 3.1 is called the modified vertical Weil functor on FMm corresponding to the

pair (A, σ) consisting of a Weil algebra bundle functor A onMfm and a canonical

section σ of TA : Mfm → FM.

Let A1 be an another Weil algebra bundle functor on Mfm and σ1 an Mfm-

canonical section of TA1

. Thus we have V A1,σ1

: FMm → FM. Suppose we have

a natural homomorphism ν : A → A1 of Weil algebra bundle functors onMfm such

that the correspondingMfm-natural transformation ν : TA → TA1

sends σ into σ1,

i.e.,

νM ◦ σM = σ1
M

for any m-manifold M . The natural transformation νY : TAY → TA1

Y correspond-

ing to ν sends V A,σY into V A1,σ1

Y , i.e.,

νY (V
A,σY ) ⊂ V A1,σ1

Y
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for any FMm-object p : Y → M . So, we have FMm-natural transformation ην :

V A,σ → V A1,σ1

given by

(ην)Y = (νY )|V A,σY : V A,σY → V A1,σ1

Y.

Let FPPBFm denote the category of all fiber product preserving bundle functors

on FMm and their natural transformations. By Example 3.1, we have the cate-

gory MVWFm of all modified vertical Weil functors on FMm and their natural

transformations. The obvious (forgetting, inclusion) functor will be denoted by

I : MVWFm → FPPBFm.

4. Modified vertical Weil functors from fiber product

preserving bundle functors

We are going to describe all fiber product preserving bundle functors on FMm in

terms of modified vertical Weil functors. We start from the following example.

Example 4.1. Let F : FMm → FM be a fiber product preserving bundle func-

tor. In [7], we defined bundle functor AF : Mfm → FM by

AFM := F (M × R)

(the projection AFM → M is the composition of the bundle functor projection

F (M ×R) → M ×R with the canonical projectionM ×R → M onto the first factor)

for any m-manifold M , where M ×R is the trivial bundle over M with fiber R (it is

an FMm-object), and

AF g := F (g × idR) : AFM → AFM1

for anyMfm-map g : M → M1, where g × idR : M × R → M1 × R is treated as an

FMm-map. Then using the standard fibre-wise product preserving argument (i.e.

using the mentioned result on description of product preserving bundle functors in

terms of Weil algebras) we observed that AF : Mfm → FM is a Weil algebra bundle

functor.

More precisely, given a point x ∈ M , we have the bundle functor AF,M,x : Mf →

FM by AF,M,xN := Fx(M ×N) for any manifold N and AF,M,xh := Fx(idM × h) :

AF,M,xN → AF,M,xN1 for any map h : N → N1. Since F : FMm → FM is
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fiber product preserving, AF,M,x : Mf → FM is product preserving. So, AF
x M =

AF,M,x
R is a Weil algebra, the Weil algebra of AF,M,x.

We see that there is a section σF
M : M → TAF

M such that

σM (x)(h) := Fx(idM , h)(θFx ) ∈ AF
xM,

h ∈ C∞
x (M)= the algebra of germs at x ∈ M of smooth maps h : M → R, where θFx

is the unique point of FxM (we treated the system of maps (idM , h) : M → M × R

as an FMm-map covering idM (defined near x)). Here and later for the simplicity of

notations we denote by the same symbol a map and the germ of a map if the source

of the germ is clear.

More precisely, recalling the definitions of the algebra operations of AF
xM we see

that σM (x) ∈ Hom(C∞
x (M), AF

x M), i.e. σM (x) ∈ T
AF

x M
x M = TAF

x M . Because of

the canonical character of the construction of σF
M , σ

F = {σF
M} is a canonical section

of TAF

.

The modified vertical Weil functor V AF ,σF

: FMm → FM is called the modified

vertical Weil functor corresponding to the fiber product preserving bundle functor

F : FMm → FM.

Suppose η : F → F 1 is an FMm-natural transformation of fiber product pre-

serving bundle functors on FMm. We define anMfm-natural transformation ν
〈η〉 :

AF → AF 1

of bundle functors by

(ν〈η〉)M := ηM×R|AFM : AFM → AF 1

M.

By the standard fiber-wise product preserving argument, ν〈η〉 is a natural transfor-

mation of Weil algebra bundle functors. Let ν〈η〉 : TAF

→ TAF1

be the (induced)

Mfm-natural transformation corresponding to ν
〈η〉 : AF → AF 1

. We have

ν〈η〉 ◦ σF = σF 1

as ν
〈η〉
M (σF

M (x))(h) = ηM×R(Fx(idM , h)(θFx )) = F 1
x ((idM , h)(θF

1

x )) = σF 1

(x)(h) for

any m-manifold M , any point x ∈ M and any h ∈ C∞
x (M). Thus we have the

FMm-natural transformation η̃ : V AF ,σF

→ V AF1
,σF1

defined by

η̃ := ην〈η〉 : V AF ,σF

→ V AF1
,σF1

,

where ην〈η〉 is the natural transformation corresponding to natural homomorphism

ν〈η〉 : AF → AF 1

of Weil algebra bundle functors with ν〈η〉 ◦ σF = σF 1

.

Consequently, we have defined the functor

V : FPPBFm → MVWFm.

More precisely, we put V(F ) = V AF ,σF

and V(η) := η̃.
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5. The main result

The main result is the following theorem (corresponding to Theorem 1.1).

Theorem 5.1. There is the equivalence

MVWFm
∼= FPPBFm

of categories. More precisely, we have isomorphisms

Θ: I ◦ V → idFPPBFm
and T : V ◦ I → idMVWFm

.

We start with the following proposition.

Proposition 5.2.

(i) Given a fiber product preserving bundle functorF onFMm we haveF = V AF,σF

modulo a (canonical in F ) FMm-natural isomorphismΘF : V AF ,σF

→ F .

(ii) Given a modified vertical Weil functor V A,σ on FMm, we have V A,σ =

V AV A,σ
,σV A,σ

modulo a canonical (in V A,σ) FMm-natural isomorphism T V A,σ

.

P r o o f. (i) Let p : Y → M be an FMm-object. Let v ∈ FyY , p(y) = x. Define

ṽ : C∞
y (Y ) → AF

xM = Fx(M,R) by

ṽ(h) := F (p, h)(v),

where the system (p, h) : Y → M × R is treated as an FMm-map covering idM .

Recalling the definitions of the operations in the Weil algebra AF
x M we see that

ṽ ∈ Hom(C∞
y (M), AF

xM) = T
AF

x M
y Y = TAF

y Y . Moreover, TAF

p(ṽ) = σF (x) as

TAF

p(ṽ)(h1) = TAF
x Mp(ṽ)(h1) = ṽ(h1 ◦ p) = F (p, h1 ◦ p)(v)

= F (idM , h1)(Fp(v)) = F (idM , h1)(θ
F
x ) = σF (x)(h1)

for any h1 ∈ C∞
x (M). So, we have defined an FMm-natural transformation ΘF :

F → V AF,σF

by

ΘF
Y (v) := ṽ

for any FMm-object p : Y → M and any v ∈ FyY , p(y) = x.

Since F and V AF,σF

are fiber product preserving, to prove that ΘF is a natural

equivalence it suffices to show that (ΘF
Rm×R

)(0,0) : F(0,0)(R
m×R) → V

AF,σF

(0,0) (Rm×R)

is a diffeomorphism. But the inverse diffeomorphism is the restriction of

Hom(C∞
(0,0)(R

m × R), AF
0 R

m) → AF
0 R

m
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given by w 7→ w(p2), where p2 : R
m×R → R is the projection onto the second factor.

(ii) We define anMfm-natural isomorphism τ : A → AV A,σ

as follows.

Let M be an m-manifold and p : M × R → M be the usual projection. For any

x ∈ M and t ∈ R, the map

TAxM
(x,t) p : TAxM

(x,t) (M × R) = TAxM
x M × (AxM)t → TAxM

x M

is the usual projection. Then we have the obvious identification

(AxM)t ∼= (TAxM
(x,t) p)−1(σM (x)) = {σM (x)} × (AxM)t.

We put (τM )x : AxM → AV A,σ

x M to be the composition

AxM ∼=
⋃

y∈{x}×R

(TAxM
y p)−1(σM (x)) = V A,σ

x (M × R) = AV A,σ

x M,

where the equalities are by Examples 3.1 and 4.1 (respectively), and the identifica-

tion ∼= is described above.

One can easily see that τ : A → AV A,σ

is a natural isomorphism of Weil algebra

bundle functors and that

τM ◦ σM = σV A,σ

M

for any Mfm-manifold M . So, we have the corresponding FMm-natural isomor-

phism

T V A,σ

:= ητ : V A,σ → V AV A,σ
,σV A,σ

(see the last part of Section 3 for τ playing the role of ν).

The proof of the proposition is complete. �

P r o o f of Theorem 5.1. Theorem 5.1 is a simple consequence of Proposition 5.2.

�

6. A final remark

The vertical functor V on FMm can be also defined (in an another way) by

V Y =
⋃

x∈M

TYx, V f =
⋃

x∈M

Tfx : V Y → V Y1

for any FMm-object p : Y → M and any FMm-map f : Y → Y1 covering f :

M → M1. If we replace the tangent functor T by the Weil functor T
A corresponding
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to a Weil algebra A, we construct the vertical Weil functor V A on FMm correspond-

ing to a Weil algebra A.

In [7], we generalized the last construction as follows. Let A : Mfm → FM be

a Weil algebra bundle functor. We put

V AY =
⋃

x∈M

TAxMYx

for any FMm-object p : Y → M . If f : Y → Y 1 is an FMm-map covering f :

M → M1 we define V Af : V AY → V AY1 such that for any x ∈ M the restriction

V A
x f : V A

x Y = TAxMYx → V A
f(x)Y

1 = T
Af(x)M

1

Y 1
f(x) of V

Af to respective fibres is

the composition

TAxMYx → TAxMY 1
f(x) → T

Af(x)M
1

Y 1
f(x)

of the map TAxMfx : TAxMYx → TAxMY 1
f(x) (the extension of fx : Yx → Y 1

f(x) by

means of TAxM ) with (Axf)Y 1
f(x)

: TAxMY 1
f(x) → T

Af(x)M
1

Y 1
f(x) (the extension of

the homomorphism Axf : AxM → Af(x)M
1 of Weil algebras). The functor V A as

above is called the generalized vertical Weil functor corresponding to a Weil algebra

bundle functor A.

In [7], we described all fiber product preserving bundle functors F on FMm of

vertical type in terms of the generalized vertical Weil functors V A corresponding to

Weil algebra bundle functors A.

We inform that a bundle functor F on FMm is of vertical type if for any FMm-

map f : Y → Y 1 covering f : M → M1 and any x ∈ M , the restriction Fxf : FxY →

Ff(x)Y
1 of Ff : FY → FY 1 to respective fibres depends on fx : Yx → Y 1

f(x) only.

In the present paper we described all (not necessarily of vertical type) fiber product

preserving bundle functors on FMm.

One can show that fiber product preserving bundle functors on FMm of vertical

type commute. Indeed, for any Weil algebra bundle functors A and B onMfm, we

have

V A ◦ V B = V B⊗A

modulo the obvious and standard identifications

(V A ◦ V B)xY = V A
x (V BY ) = TAxM (V B

x Y ) = TAxM (TBxMYx)

= TBxM⊗AxMYx = T (B⊗A)xMYx = V B⊗A
x Y.

Then the exchange isomorphism A⊗B ∼= B⊗A induces the identification V A◦V B =

V B ◦ V A. In this way we have solved the problem from Remark 2 in [7].

In [1], the authors showed that fiber product preserving bundle functors on FMm

cannot commute.
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