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Abstract. We introduce the concept of modified vertical Weil functors on the category
F My, of fibred manifolds with m-dimensional bases and their fibred maps with embeddings
as base maps. Then we describe all fiber product preserving bundle functors on FM,
in terms of modified vertical Weil functors. The construction of modified vertical Weil
functors is an (almost direct) generalization of the usual vertical Weil functor. Namely, in
the construction of the usual vertical Weil functors, we replace the usual Weil functors T4
corresponding to Weil algebras A by the so called modified Weil functors T4 corresponding
to Weil algebra bundle functors A on the category My, of m-dimensional manifolds and
their embeddings.
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1. INTRODUCTION

We assume that any manifold considered in the paper is Hausdorff, second count-
able, finite dimensional, without boundary and smooth (i.e. of class C°°). All maps
between manifolds are assumed to be smooth (of class C*).

Let M f be the category of all manifolds and their maps, M f,, the category of m-
dimensional manifolds and their embeddings, F M the category of fibred manifolds
(surjective submersions between manifolds) and their fibred maps and FM,, the
category of fibred manifolds with m-dimensional bases and their fibred maps with
embeddings as base maps.
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A bundle functor F' on FM,, in the sense of [5] is a functor F': FM,, - FM
such that the value F'Y of Y is a fibred manifold 7y : FY — Y for any FM,,-
object p: Y — M, the value Ff: FY — FY'of f: Y — Y is a fiber map covering
f for any FM,,-map f: Y — Y! and Fiy: FU — 7r;1U is a diffeomorphism
for the inclusion map iy: U — Y of an open subset U of Y. The definitions of
bundle functors on M f or Mf,, are quite similar (we replace FM,, by Mf or
by M f,,). A bundle functor F on FM,, is fiber product preserving if F'(Y x 5, Y1) =
FY x 3 FY! for any FM,,-objects Y and Y'! with the same base M.

The usual vertical functor V: FM,, - FM sends any F M,,-object p: ¥ — M
into

VY =ker, Tp=|_J (Tp)~" (0On(x))
zeM
and any FMpy-map f: Y — Yy into Vf :=Tfiyy: VY — VYi. One can easily
see that the vertical functor V: FM,, — FM is a fiber product preserving bundle
functor.

A natural transformation : F — F! between bundle functors on FM,, is a fam-
ily of maps ny : FY — F'Y for any FM,,-manifold Y such that F'* fony = ny10Ff
for any FM,,,-map f: Y — Y!. One can show that then 1y : FY — F'Y is a fibred
map covering the identity map idy for any FM,,-manifold Y ([5]).

A Weil algebra is a finite dimensional real local commutative algebra A with unity
(ie. A=R-1® Ny, where N4 is the ideal of nilpotent elements).

In [9], A. Weil introduced the concept of near A-point on a manifold M as an
algebra homomorphism of the algebra C*°(M,R) of smooth functions on M into
a Weil algebra A. Nowadays, the space TAM of all near A-points on M is called
a Weil bundle. About 1985, D.Eck (see [2]), O.O.Luciano (see [8]) and G.Kainz
and P. W. Michor (see [3]) proved independently that the product preserving bundle
functors G: Mf — FM (i.e. satisfying G(M x M) = GM x GM; for any M f-
objects M and M) are the Weil functors T4: M f — FM for Weil algebras A = GR
and that the natural transformations n: G — G between product preserving bundle
functors on M f are in bijection with the algebra homomorphisms ng: GR — G1R
between the corresponding Weil algebras.

Replacing (in the construction of V') the tangent functor 7' by the Weil functor 74
corresponding to a Weil algebra A and 0y, by the canonical section ey of T4AM, one
can define (in the same way) the vertical Weil functor V4: FM,, — FM. The
functor VA: FM,, - FM is a fiber product preserving bundle functor on FM,,,
too.

A Weil algebra bundle functor on M f,,, is a bundle functor A: M f,, — F.M such
that A, M is a Weil algebra and A,g: A, M — Ay,
for any M f,-map f: M — M, and any point € M (or shortly and more precisely

yM; is an algebra isomorphism
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A is a bundle functor from M f,, into the category of all Weil algebra bundles and
their algebra bundle maps).
We have the following Weil algebra bundle functors (see [7]).

> The trivial Weil algebra bundle functor A on M f,,, given by AM = M x A and
Ag = g x id 4, where A is a fixed Weil algebra.
> The Weil algebra bundle functor A on Mf,, given by AM = (ATM)° and

Ag = NTgaTmyp, where NTM = (NTM)* & (ANTM)' = |J AT:M is the
reM
Grassmann algebra bundle of the tangent bundle TM and (A\TM)° is the even

degree subalgebra bundle.

> In the previous example we can replace the tangent functor 7" by an arbitrary
vector bundle functor G on M f,,.

> The Weil algebra bundle functor A on M f,,, given by AM = J"(M,R) and Ag =
J"(g,idR).

> In the previous example we can replace the holonomic r-jet functor J” by the
semi-holonomic 7-jet functor T or by the non-holonomic r-jet functor J.

> We can apply fibre-wise tensor product to the above examples of Weil algebra
bundle functors on M f,,.

A natural transformation (homomorphism) between Weil algebra bundle functors
Aand A' on M f,, is an M f,,-natural transformation v: A — A' of bundle functors
such that (vpr).: AzM — ALM is an algebra homomorphism for any m-manifold
M and any point x € M.

In the present paper, we modify the above concept of vertical Weil functor V4 :
FMy, — FM as follows.

First, given a Weil algebra bundle functor A on Mf,,, we define the so called
modified Weil functor T4: FM,, — FM such that

TAY _ U T;p(y)MY
yeY

for any FM,,-object p: Y — M (the details can be found in Section 2). By re-
striction, we define the modified Weil functor T“;‘M f,, on M fm. Next, given an
M f,-canonical section o of T\j{\/lfm: M, — FM (i.e. a system of sections oy :
M — T4M for any m-manifold such that T4g o o) = oy, 0 g for any M f,,-map
g: M — M) we define the so called modified vertical Weil functor VAT FM,, —
FM by
VAY =ker,, T = | ) (T%p)  (om(x))
xeM

for any FM,,-object p: Y — M (the details can be found in Section 3). Then
VAT FM,, — FM is a fiber product preserving bundle functor.
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So, we have the category MVW.F,, of modified vertical Weil functors on FM,,
and their natural transformations, and the obvious (forgetting, inclusion) functor

Z: MVYWF,, = FPPBF,,

where FPPBJF,, denotes the category of fiber product preserving bundle functors
on FM,, and their natural transformations.

In [7], given a fiber product preserving bundle functor F' on F M, we constructed
canonically a Weil algebra bundle functor A* on M f,, by

AFM .= F(M x R),

where M x R is the trivial bundle with fiber R and base M. (For the reader’s
convenience we will review this construction in Section 4.) In Section 4, we also
define a canonical section o of T"ﬁj o Mfrm — FM. So, we get the modified

vertical Weil functor VA " on FMp,.
In this way, we obtain the functor

Vi FPPBFy — MVYWF,,, V(F):=VA"o",

The main result of the present note is the following.

Theorem 1.1. There is the equivalence
MVWF,, & FPPBF,

of categories. More precisely, Z oV = idrppsr,, and VoZ =idpywr,,.

m

There is another purely theoretical description of all fiber product preserving bun-
dle functors on FM,, by means of triples (A4, H,t), see [4] or [6]. We will not use
this description.

2. THE MODIFIED WEIL FUNCTORS

We modify the concept of Weil functors as follows.

Example 2.1. Let A: Mf,, - FM be a Weil algebra bundle functor. We have
a functor T4: FM,, — FM sending any FM,,-object p: ¥ — M into fibred

manifold
TAY — U T;P(y)MY
yey
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(where T;‘“”MY is the fiber over y € Y of the usual Weil bundle T4»»MY of Y
corresponding to the Weil algebra A,y M) with the obvious projection onto Y, and
any FM,,-map f: Y — Y7 covering f: M — M, into fibred map TAf: TAY —
TAY; covering f given by the composition

Ap(yy M

Apyy M Ap(s (v M
T, Y — Tf(y) Y — Tf(y) Y:

for any y € Y, where T;‘p(y)MY — T?(Z()”)MYl is the restriction of the pro-
longation T4»wM f: TAwMYy — TA oMY, of f: Y — Y; with respect to
the (usual) Weil functor corresponding to the Weil algebra Ay M, and where
Tf(y) Y1 — Tf(z ()f (”))MlYl is the restriction of the extension (natural transfor-
mation) TA»MY; — TAr¢enMY] of the Weil algebra homomorphism App [
ApyM — Ap(s(y))Mi. (Every fibred chart (U, ) on Y — M induces a fibred chart
(TAU, T4¢) on TAY — M provided we use the obvious “translation” identification
TAR™ x R") = (AgR™)™*".) Clearly, T4: FM,, — FM is a bundle functor.

By restriction, we have the bundle functor 74: Mf,, — FM sending any m-
manifold M into TAM, where we treat M as the FM,,-object ida;: M — M, and
any M f,, map g: M — M into T4g: TAM — T4M,, where we treat g: M — M,
as the FM,,-map g: M — M, covering g.

The functor T4: FM,, - FMor T4: Mf,, = FM from Example 2.1 is called
the modified Weil functor on F M, or on M f,,, respectively, corresponding to Weil
algebra bundle functor A.

Clearly, if A is the trivial Weil algebra bundle functor (i.e. AM = M x A and
Ag = gxida for a Weil algebra A), then T is (equivalent to) the usual Weil functor
T4 on FM,, or Mf,.

If v: A — A' is a natural homomorphism of Weil algebra bundle functors on
M f,, we have the corresponding natural transformation v: T4 — T4 given by

vy = U (((VM)p(y))Y)y TAY — TA Y
yey

for any F M,-object p: Y — M, where (var)p(y) : TA @M — 74w M is the natural
transformation (of usual Weil functors) corresponding to algebra homomorphism

(VM)p(y) : Ap(y)M — A;llj(y)M
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3. THE MODIFIED VERTICAL WEIL FUNCTORS

We are in position to modify the concept of vertical Weil functors.

Example 3.1. Let A: Mf,, = FM be a Weil algebra bundle functor. Suppose
we have a canonical section o of T4: Mf,, — FM, i.e., an M f,,-invariant family
of sections opr: M — TAM for any M f,,-object M. (The invariance means that
TAg ooy = o, o g for any Mf,,-map g: M — M;.) We define a functor V47 :
FMy, — FM as follows. For any FM,,-object p: Y — M we put

VAY i=kero, Tp = | J (T"p) " (om(z))
xeM
(we treat p: Y — M as the FM,,-map covering idys). Then VA°Y is a fibred
manifold with the obvious projection onto Y. Clearly, for any FM,,-map f: ¥ - Y1
covering f: M — My, we have

TAf(VAY) Cc VAL

We put
VAT =T fvaey: VATY = VA7Y

Then VA7 f is a fibred map covering f. Clearly, VA47: FM,, — FM is a fiber
product preserving bundle functor.

In the case of the trivial Weil algebra bundle functor A: Mf,, — FM (ie.,
AM = M x A, Ag = g x id4 for a Weil algebra A), T4 is the usual Weil functor,
and for o)y = epr we reobtain the usual vertical Weil functor V4 corresponding to
the Weil algebra A.

The fiber product preserving bundle functor V47 : FM,, — FM from Exam-
ple 3.1 is called the modified vertical Weil functor on F.M,, corresponding to the
pair (A, o) consisting of a Weil algebra bundle functor A on M f,,, and a canonical
section o of T4: Mf,, = FM.

Let A! be an another Weil algebra bundle functor on Mf,, and o' an Mf,,-
canonical section of T4'. Thus we have VA 7" ; FM,, — FM. Suppose we have
a natural homomorphism v: A — A! of Weil algebra bundle functors on M f,, such
that the corresponding M f,,-natural transformation v: T4 — T4" sends o into at,
ie.,

Upyr ©Oopn = O’Jl\/[
for any m-manifold M. The natural transformation vy : T4Y — TA'Y correspond-
ing to v sends VA Y into VAl"’lY, ie.,

vy (VATY) c VA y
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for any FM,,-object p: Y — M. So, we have F M,,-natural transformation 7, :
VAo _y yale’ given by

)y = (W )jyasy: VATY 5 VA,

Let FPPBF,, denote the category of all fiber product preserving bundle functors
on FM,, and their natural transformations. By Example 3.1, we have the cate-
gory MVYWUF,, of all modified vertical Weil functors on FM,, and their natural
transformations. The obvious (forgetting, inclusion) functor will be denoted by

Z: MVWF,, = FPPBF,.

4. MODIFIED VERTICAL WEIL FUNCTORS FROM FIBER PRODUCT
PRESERVING BUNDLE FUNCTORS

We are going to describe all fiber product preserving bundle functors on F M, in
terms of modified vertical Weil functors. We start from the following example.

Example 4.1. Let F': FM,, — FM be a fiber product preserving bundle func-
tor. In [7], we defined bundle functor A: Mf,, — FM by

AFM == F(M x R)

(the projection A M — M is the composition of the bundle functor projection
F(M x R) — M x R with the canonical projection M x R — M onto the first factor)
for any m-manifold M, where M x R is the trivial bundle over M with fiber R (it is
an F M,,-object), and

Afg.= F(g xidg): AFM — AT M,y

for any M f,,-map g: M — My, where g X idg: M x R — M; x R is treated as an
FM,,-map. Then using the standard fibre-wise product preserving argument (i.e.
using the mentioned result on description of product preserving bundle functors in
terms of Weil algebras) we observed that AF: M f,, — FM is a Weil algebra bundle
functor.

More precisely, given a point & € M, we have the bundle functor A®M*: Mf —
FM by ABM2N .= F, (M x N) for any manifold N and AFM-2h := F,(idps x h):
AFMzN o AFEM2ND for any map h: N — N'. Since F: FM,, — FM is
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fiber product preserving, A"M:2: Mf — FM is product preserving. So, AL'M =
AFM2R i a Weil algebra, the Weil algebra of AMM:@,
We see that there is a section of,: M — TA" M such that

or(x)(h) := Fy(idar, h)(0F) € AP M,

h € C2°(M)= the algebra of germs at * € M of smooth maps h: M — R, where 6
is the unique point of F,, M (we treated the system of maps (idy,h): M — M x R
as an FM,,,-map covering id); (defined near x)). Here and later for the simplicity of
notations we denote by the same symbol a map and the germ of a map if the source
of the germ is clear.

More precisely, recalling the definitions of the algebra operations of AL M we see
that opr(z) € Hom(C®(M), AL M), ie. op(z) € TffMM = TA" M. Because of
the canonical character of the construction of 0%, o = {¢¥,} is a canonical section
of TA"

The modified vertical Weil functor VA " ;. F M,, — FM is called the modified
vertical Weil functor corresponding to the fiber product preserving bundle functor
F: FM,, — FM.

Suppose n: F — F' is an FM,,-natural transformation of fiber product pre-
serving bundle functors on FM,,. We define an M f,,-natural transformation v :
AF — AF" of bundle functors by

) ar = marxriara s ATM = ATM.

By the standard fiber-wise product preserving argument, v is a natural transfor-
mation of Weil algebra bundle functors. Let (" : TA" = TA" be the (induced)

M f,,-natural transformation corresponding to v : AF — AF ". We have

1
Mo oF = F

as v (of; (2))(h) = marxe (Fy(idar, B)(OF)) = FX((dar, h)(05)) = o7 (2)(h) for
any m-manifold M, any point + € M and any h € C°(M). Thus we have the
F M,,-natural transformation 7: vATe" AT " defined by

rl

~ AF oF AFl
N ="N,m: Ve T SV o R

where 7),,(, is the natural transformation corresponding to natural homomorphism
v AF 5 AF" of Weil algebra bundle functors with v o o' = o

Consequently, we have defined the functor
V: FPPBF, = MVWF,,.
More precisely, we put V(F) = VAT and V(n) = 1.
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5. THE MAIN RESULT
The main result is the following theorem (corresponding to Theorem 1.1).
Theorem 5.1. There is the equivalence
MVWEF,, = FPPBF,,
of categories. More precisely, we have isomorphisms

O: ZoV — idrppar

m

and T:VoI— idMVW]—'

m*

We start with the following proposition.

Proposition 5.2.

(i) Given a fiber product preserving bundle functor F' on F M, we have F' = yATe”
modulo a (canonical in F) F My,-natural isomorphism ©F : VA™c" 5 F.
(ii) Given a modified vertical Weil functor V4 on FM.,,, we have V47 =
VAVA’U"’VAJ modulo a canonical (in VA7) F M,,-natural isomorphism TV,
Proof. (i) Let p: Y — M be an FM,,-object. Let v € F,Y, p(y) = x. Define
v: C°(Y) — AEM = F,(M,R) by

o(h) == F(p, h)(v),

where the system (p,h): ¥ — M X R is treated as an FM,,-map covering idy;.

Recalling the definitions of the operations in the Weil algebra AL M we see that
F

v € Hom(Cy° (M), AL M) = wa My = T;‘FY. Moreover, TA" p(?) = oF (z) as

T4 p(@)(hy) = T4 Mp(@)(h1) = 5(hy 0 p) = F(p, h1 0 p)(v)
= F(idar, h1)(Fp(v)) = Flidar, h1)(0F) = o (x)(h1)

for any hy € C°(M). So, we have defined an FM,,-natural transformation ©%:
F — yAhe” by

of(w) =7
for any FMp,-object p: ¥ — M and any v € F,)Y, p(y) = .

Since F and VA™*" are fiber product preserving, to prove that ©F is a natural

equivalence it suffices to show that ((-){R?"LXR)(O,O) D Floo(R™xR) — V(’g;’)"F (R™x R)

is a diffeomorphism. But the inverse diffeomorphism is the restriction of
Hom(C{ ) (R™ x R), AgR™) — AFR™
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given by w — w(p2), where po: R™ xR — R is the projection onto the second factor.
(ii) We define an M f,,,-natural isomorphism 7: A — AV as follows.
Let M be an m-manifold and p: M x R — M be the usual projection. For any
x € M and t € R, the map

Ty ps TR (M x R) = TAMM x (A, M), — T M

is the usual projection. Then we have the obvious identification
(AaM); 2 (TN p) ™ (oar(2)) = {our (2)} x (A M),.
We put (7ar)z: AeM — AXA’UM to be the composition

AM = (@Mp)  ow(w) = VAT(M x R) = AV M,
ye{z} xR

where the equalities are by Examples 3.1 and 4.1 (respectively), and the identifica-
tion 2 is described above.

One can easily see that 7: A — AV is a natural isomorphism of Weil algebra
bundle functors and that

yA
TM ©0M = O

for any M f,,-manifold M. So, we have the corresponding F M,,-natural isomor-
phism
Ao vAo vAe
TV = VAT YA e

(see the last part of Section 3 for 7 playing the role of v).
The proof of the proposition is complete. O

Proof of Theorem 5.1. Theorem 5.1 is a simple consequence of Proposition 5.2.
O

6. A FINAL REMARK

The vertical functor V' on FM,, can be also defined (in an another way) by

VY= |J Y., Vf=J Tf: VY -V1
reM zeM

for any FMp-object p: ¥ — M and any FM,,-map f: Y — Y; covering f:
M — M;. If we replace the tangent functor T by the Weil functor T4 corresponding
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to a Weil algebra A, we construct the vertical Weil functor V4 on FM,, correspond-
ing to a Weil algebra A.

In [7], we generalized the last construction as follows. Let A: Mf,, - FM be
a Weil algebra bundle functor. We put

vAY = | 74V,
zeM

for any FM,,-object p: ¥ — M. If f: Y — Y! is an FM,,-map covering f:
M — M"' we define VAf: VAY — VAY] such that for any 2 € M the restriction
1
VAf: VAY = T4My, — Vf‘?x)Yl = 7A@ M Yfl(x) of VAf to respective fibres is
the composition - -
As A, Ay M
TAMY, — TAMY ) = T Y,

of the map TA=M f,. TA:My, _, TAwMYfl(x) (the extension of fr: Yy — Yfl(x) by

means of T4+M) with (Axi)yilm: TAwMYil(x) — TAiliyil(x) (the extension of
the homomorphism A, f: A, M — Af(x)Ml of Weil algebras). The functor V4 as
above is called the generalized vertical Weil functor corresponding to a Weil algebra
bundle functor A.

In [7], we described all fiber product preserving bundle functors F' on FM,, of
vertical type in terms of the generalized vertical Weil functors V4 corresponding to
Weil algebra bundle functors A.

We inform that a bundle functor F' on F.M,, is of vertical type if for any FM,,-
map f: Y — Y covering f: M — M and any « € M, the restriction F, f: F,Y —
Fp)Y' of Ff: FY — FY' to respective fibres depends on f,: Y, — Yfl(x) only.

In the present paper we described all (not necessarily of vertical type) fiber product
preserving bundle functors on FM,,.

One can show that fiber product preserving bundle functors on FM,, of vertical
type commute. Indeed, for any Weil algebra bundle functors A and B on M f,,, we
have

VAo yB — /B®A

modulo the obvious and standard identifications

(VAo VE),Y = VAVEY) = T4MVPY) = TAM(T B My, )

Then the exchange isomorphism A® B = B® A induces the identification VAo VE =
VB o VA In this way we have solved the problem from Remark 2 in [7].

In [1], the authors showed that fiber product preserving bundle functors on FM,,
cannot commute.
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