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Abstract. The paper is motivated by the study of interesting models from economics and
the natural sciences where the underlying randomness contains jumps. Stochastic differen-
tial equations with Poisson jumps have become very popular in modeling the phenomena
arising in the field of financial mathematics, where the jump processes are widely used to
describe the asset and commodity price dynamics. This paper addresses the issue of ap-
proximate controllability of impulsive fractional stochastic differential systems with infinite
delay and Poisson jumps in Hilbert spaces under the assumption that the corresponding
linear system is approximately controllable. The existence of mild solutions of the fractional
dynamical system is proved by using the Banach contraction principle and Krasnoselskii’s
fixed-point theorem. More precisely, sufficient conditions for the controllability results are
established by using fractional calculations, sectorial operator theory and stochastic analysis
techniques. Finally, examples are provided to illustrate the applications of the main results.

Keywords: approximate controllability; fixed-point theorem; fractional stochastic differ-
ential system; Hilbert space, Poisson jumps
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1. INTRODUCTION

Differential equations involving fractional derivatives in time, compared with those

of integer order in time, are more realistic to describe many phenomena in nature (for
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instance, to describe the memory and hereditary properties of various materials and
processes), the study of such equations has become an object of extensive research
during recent years (see [11], [17]). Fractional differential equations have a wide range
of applications in many physical phenomena such as seepage flow in porous media,
fluid dynamics, traffic models, etc. The most important advantage of using fractional
differential equations is their time delay property. This means that the next state of
a system depends not only upon its current state but also upon all its historical states.
This is probably the most relevant feature making this fractional tool useful from an
applied standpoint and interesting from a mathematical standpoint, which led to the
sustained study of the theory of fractional differential equations. Besides, noise or
stochastic perturbation is unavoidable and omnipresent in nature as well as in man-
made systems. Therefore, it is of great significance to import the stochastic effects
into the investigation of fractional differential systems. Various evolutionary pro-
cesses from fields as diverse as physics, population dynamics, aeronautics, economics
and engineering are characterized by the fact that they undergo abrupt changes of
state at certain moments of time between intervals of continuous evolution. Because
the duration of these changes is often negligible compared to the total duration of the
process, such changes can be reasonably well approximated as being instantaneous
changes of state, or in the form of impulses (see [13]). These processes are suit-
ably modeled by impulsive fractional stochastic differential equations. Moreover, the
qualitative behavior such as the existence and controllability of fractional dynamical
systems are current important issues explored by many researchers, for example see
[7], [18], [20]. Tai et al. [26] addressed the controllability results of fractional-order im-
pulsive neutral functional infinite delay integro-differential systems in Banach spaces
by using Krasnoselskii’s fixed-point theorem. In control theory, the main tool is to
convert the controllability problem into a fixed-point problem with the assumption
that the controllability operator has an induced inverse on a quotient space. To
prove controllability, an assumption that the semigroup (or the resolvent operator)
associated with the linear part is compact is often made. However, if the compact-
ness condition holds on the bounded operator that maps the control function on the
generated Cp-semigroup, then the controllability operator is also compact and its
inverse does not exist if the state space is infinite-dimensional (see [28]). Sukavanam
et al. [25] have proved some sufficient conditions for the approximate controllability
of fractional order system in which the nonlinear term depends on both state and
control variables. Balasubramaniam et al. [1] discussed the approximate controlla-
bility of impulsive fractional integro-differential systems with nonlocal conditions in
Hilbert space by using Darbo-Sadovskii’s fixed-point theorem.

In recent years there has been an accelerating interest in the development of
stochastic models for describing the functions of intrinsic noise, due to the uncer-
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tainty of natural phenomena, and extrinsic noise, due to fluctuations in the envi-
ronment. Thus, stochastic differential equations appear as a natural description
of several observed phenomena of real world (see [6]). In infinite dimensions, the
stochastic systems can be studied using Brownian motion with finite trace nuclear
covariance operator. Cui et al. [4] proved the existence result for fractional neu-
tral stochastic integro-differential equations with infinite delay by using Sadovskii’s
fixed-point theorem. The existence and uniqueness for a class of fractional stochastic
delay differential equations has been established in [8]. Sakthivel et al. [22] addressed
the issue of existence of mild solutions for a class of fractional stochastic differential
equations with impulses in Hilbert spaces by using fractional calculations, fixed-point
technique and stochastic analysis theory. In contrast, papers dealing with the ap-
proximate controllability of fractional order stochastic systems are scarce. Recently,
the subject was addressed in Sakthivel et al. [23] without Poisson jumps.

The modelling of risky asset by stochastic processes with continuous paths, based
on Brownian motion, suffers from several defects. First, the path continuity assump-
tion does not seem reasonable in view of the possibility of sudden price variations
(jumps) resulting of market crashes. A solution is to use stochastic processes with
jumps, which will account for sudden variations of the asset prices. On the other
hand, such jump models are generally based on the Poisson random measure. Many
popular economic and financial models are described by stochastic differential equa-
tions with Poisson jumps (see [3], [29]). Taniguchi et al. [27] derived a new set of
sufficient conditions for the existence of mild solutions of stochastic evolution equa-
tions with infinite delay driven by Poisson jump processes. Liu et al. [14] studied
the existence and uniqueness of global mild solutions of jump-type stochastic frac-
tional partial differential equations with fractional noise by using Green functions.
Hausenblas et al. [10] studied the numerical approximation of parabolic stochastic
partial differential equations driven by a Poisson random measure by using spectral
methods, implicit Euler scheme and explicit Euler scheme. Very few authors stud-
ied the qualitative properties of stochastic differential equations driven by Poisson
jumps (see [5], [19] and references therein). Sakthivel et al. [21] studied the com-
plete controllability of stochastic evolution equations with jumps without assuming
the compactness of the semigroup property. Long et al. [15] proved the sufficient
condition for the approximate controllability of SPDE with infinite delays driven
by Poisson jumps by using the Krasnoselskii-Schaefer fixed-point theorem. Here,
we move from deterministic impulsive fractional differential equations to stochastic
impulsive fractional differential equations with Poisson jumps for the study of exis-
tence of solutions and controllability properties. Motivated by few studies [7], [18],
[23], [22], the existence of solutions and approximate controllability of the follow-
ing impulsive fractional stochastic differential system with infinite delay and Poisson
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jumps remains an untreated topic in the literature:
dW (¢)
dt
+ [ bmn N, tes =00, 14,
z
Ax(t;) = Li(z(t;)), i=1,2,...,m,
z(t) =€y, —o00<t<0, te&Jy:=(—00,0],

(1.1) Dfx(t) = Ax(t) + Bu(t) + f(t,z0) + g(t, 1)

where 0 < a < 1; Dy denotes the Caputo fractional derivative of order o. Here,
x(+) takes values in the Hilbert space H with inner product (-,-) and norm |||,
A: D(A) C H — H is the infinitesimal generator of an a-resolvent family S, (t)¢>0-
The control function u(-) takes values in L‘;(J7 U), the space of admissible control
functions, U is a Hilbert space, B is a bounded linear operator from U into H. Let
K be another separable Hilbert space with inner product (-,-) ¢ and the norm ||-|| k.
Suppose {W (t)}+>0 is a given K-valued Brownian motion or Wiener process with
a finite trace nuclear covariance operator Q > 0. We use the same notation |||
for the norm of L(K, H), where L(K, H) denotes the space of all bounded linear
operators from K into H, simply L(H) if K = H. The histories z;: (—o0,0] — C,
defined by z; = {z(t + 0); 0 € (—o0,0]} belong to the phase space C,, which is
defined in Section 2. Let § = (§(t)), t € Dy, be a stationary §¢Poisson point process
with a characteristic measure . Let N (dt, dn) be the Poisson counting measure

associated with §. Thus, we have N(t,Z) = Y. Iz(g(s)) with a measurable
s€Dg,s<t

set Z € B(K — {0}), which denotes the Borel o-field of K — {0}. Let N(dt,dn) =
N(dt,dn) — dtA(dn) be the compensated Poisson measure that is independent of
Brownian motion. Let p2([0,b] x Z; H) be the space of all predictable mappings
X: [0,b] x Z — H for which

b
/0 /Z EIR (. n)|% deA(dy) < oo.

Then, we can define the H-valued stochastic integral fob I, X(, n)ﬁ(dt,dn), which
is a centred square-integrable martingale. The functions f: J xC, — H, g: J X
Cy = Lo(K,H) and h: J x C, x Z — H are Borel measurable functions, where
Lo(K, H) denotes the space of all Q-Hilbert-Schmidt operators from K into H. For
i=1,2,...,m, I;: H— H are appropriate functions. Here 0 =ty <t; < ... <t <
tma1 = b, Az(ty) = x(tF) — x(t7), x(t}) = lim x(t; + h) and z(t;) = lim 2(t; — h)
h—0 h—0

are respectively the right and left limits of x(¢) at ¢ = ¢;. The initial data ¢(t) is an
So-adapted H-valued random variable independent of the Wiener process W.
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The paper is organized as follows. In Section 2, we introduce the basic notations
and assumptions which are necessary to formulate the main results. In Section 3, we
derive the existence of mild solutions using fixed-point techniques. In Section 4, the
approximate controllability result is investigated. Examples are provided in Section 5
to illustrate the desired theoretical results.

2. PRELIMINARIES

For more details on the concepts presented in this section, the reader may refer to
[16], [18], [22] and references therein. Throughout the paper, (H, ||-||) and (K, ||| x)
denote real separable Hilbert spaces. Let (£2,F, P) be a complete probability space
equipped with a normal filtration {§:,t € J} satisfying the usual conditions (that is,
right continuity and §o containing all P-null sets of §). An H-valued random variable
is an F-measurable function z(t): @ — H and the collection of random variables
S ={z(t,w): Q — Hlies} is called a stochastic process. Generally, we just write
x(t) instead of z(t,w) and z(t): J — H in the space of S. Let {(;}5°, be a complete
orthonormal basis of K. Suppose that {W(t);¢ > 0} is a K-valued Wlener process

with finite trace nuclear covariance operator Q > 0, denote Tr(Q) = Z)\i < 00,
i=1

which satisfies Q¢; = A\;(;. So, actually, W(t) = Z\/_/Bz( )Gi, where {5;(¢)}2,,

are mutually 1ndependent one-dimensional standard Wlener processes. We assume

that § = o{W(s): 0 < s < t} is the o-algebra generated by W and §, = §. Let

X € L(K, H) and define

X3 = Tr(x@x") Z\!fx@ﬂ

If x|l < oo, then x is called a @Q-Hilbert-Schmidt operator. Let Lq(K, H)
denote the space of all Q-Hilbert-Schmidt operators xy: K — H. The completion
Lo(K, H) of L(K, H) with respect to the topology induced by the norm ||-||q, where
I XH%2 = (x, x) is a Hilbert space with the above norm topology. The collection of
all strongly measurable, square integrable H-valued random variables, denoted by
L2 (0,5, P; H) = Ly(Q); H), is a Banach space equipped with the norm ||z(-)||z, =
(E|2(-;w)||3)'/?, where the expectation E is defined by E(h1) = [, h1(w)dP. Let
J = (—o0,b] and let C(J,LQ(Q,H)) be the Banach space of all contmuous maps

from J into Ly(Q; H) satisfying the condition sup E||z(t)||> < co. Now, we present
teJ
the abstract phase space C,. Assume that v: (—o00,0] — (0,00) is a continuous

¢, ) induced by

function satisfying | = f_ooo v(t)dt < co. The Banach space (Cy, ||
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the function v is defined as follows:

Cy = {go: (—00,0] — H, such that for any a > 0, E(|¢(0)]?)/? is

a bounded and measurable function on [—a, 0] with ¢(0) =0

ad [ " (s sup B(ol0))/*ds < o0}

—o0 $<0<0

co = [0 o(s) sup E(|lp(6)2)/2ds, ¢ € C,
$<0<0

and C, is endowed with the norm ||

(see [12], [19]). Let us consider the space

Cp = {z: (—o00,b] — H, such that z|;, € C(J;, H) and there exist z(¢; ) and
z(t; ) with z(t;) = z(t7), zo =@ € Cyp, i =1,2,...m},

where x|, is the restriction of x to J; = (t;,ti+1], ¢ =0,1,2,...,m. Set ||||c, to be
a seminorm defined by

|zllc, = llelle, + sup (Elz(s)]*)'/?, z€C,.
s€[0,b]

Lemma 2.1. Assume that x € C,. Then for t € J, x; € C,. Moreover,

LB < llelle, +1 SI[lopb](Elx(S)IQ)”Q-
s€|0,

Definition 2.2 ([9]). A closed linear operator A is said to be sectorial if there
are constants w € R, 0 € [n/2, ], M > 0, such that the following two conditions are
satisfied:

D) 0(A) C Zpu) = {} € C: A # w, Jarg(A — w)| < 6},

i) RS, A)| < M/IA - wl, X € 0.

Definition 2.3 ([22]). Let A be a closed linear operator with the domain D(A)
defined in a Banach space H. Let o(A) be the resolvent set of A. We say that A is
the generator of an a-resolvent family if there exist w > 0 and a strongly continuous
function S,: Ry — L(H), where £(H) is a Banach space of all bounded linear
operators from H into H and the corresponding norm is denoted by |||, such that
{A*: ReA > w} C o(A) and

(5\(’1 —A) e = / e:\tSa(t)xdt, Re\ > w, z € H,
0

where S, (t) is called the a-resolvent family generated by A.
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Definition 2.4 ([7]). Let A be a closed linear operator with the domain D(A)
defined in a Banach space H and o > 0. We say that A is the generator of a solution
operator if there exist w > 0 and a strongly continuous function T,: Ry — L(H)
such that {\*: Re\ > w} C o(A) and

AT - A) Tl = / eS‘tTa(t)x dt, ReA>w, z € H,
0

where T, (t) is called the solution operator generated by A.

For more details on the a-resolvent family and solution operator, the reader may
refer to [7], [9], [24] and references therein.

Definition 2.5 ([2]). The Caputo derivative of order o with the lower limit 0
for a function f can be written as

co _ 1 ! fn(s) _ tn—oagn
D f(t)f‘(n—oz)/o (t_s)a+1—ndS*I ), t>0,0<n—-1<a<n.

The Caputo derivative of a constant is equal to zero. The Laplace transform of the
Caputo derivative of order o > 0 is given by

LADP S5} = 3 F() = 3 A1), n—1<a<n.
k=0

Lemma 2.6 ([7], [22]). Let A be a sectorial operator. Then the unique solution
of the linear fractional control problem

S
Q0
8
S
~
Il

Az (t) + Bu(t), t>tg, t0 20, 0<a<]l,
2(t) = (1), t<to,
is given by
t
x(t) = To(t —to)z(to) + / Sa(t — s)Bu(s) ds,
to
where Ty (t) = (2m) Y5 eMA1 /(A — A)dX, Sa(t) = (2m) 5 eM/(A* — A)dA,
)

where B, denotes the Bromwich path, Sa(t) is the a-resolvent family, and T (t) is
the solution operator generated by A.

Let us now introduce the following operators. Define the operator I'}: H — H
associated with the linear system of (1.1) (that is, in equation (1.1), f =g =h =0)

as

b
Iy = / So(b—s)BB*S%(b—s)ds, R(\TY) =\ +TH)~*
0
where B* denotes the adjoint of B, ||B|| = Mp and S,(t)* is the adjoint of S4(t).
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Definition 2.7 (see [22], [26]). An F-adapted stochastic process z: (—o0,b] - H
is called a mild solution of the system (1.1) if o = ¢ € C,, and the following conditions
hold:

(i) x(t) is Cy-valued and the restriction of x(-) to the interval (¢;,ti41], @ =
1,2,...,m is continuous,
(ii) for each t € J, x(t) satisfies the following integral equation:

), t € (—o0,0],

p(t

/Sa(t—s)Bu(s)ds—i—/ So(t—8)f(s,zs)ds

0 0

+/0 Sa(t —8)g(s,xs) dW (s)
+/O/Zsa(t—s)h(s,xs,n)ﬁ(ds,dn), te0,t],

To(t —t)(x(t;) + Li(z(t]))) + /t Sa(t — s)Bu(s)ds
+ | Sa(t —8)f(s,xs)ds + ) Sa(t —8)g(s,xs) dW (s)

i
¢

+// Sa(t — 8)h(s,zs,m)N(ds,dn), t€ (ti,tit1],
t;J Z

i=1,2,...,m,

(iil) Axli=¢, = Li(z(t;)), ¢ =1,2,...,m, the restriction of z(-) to the integral [0, )\
{t1,ta,...,tm} is continuous.
In general, let us denote u(t) = B*S%(b —t)R(A\, T})p(x(+)), where

tl tl

Ty, — Sa(ts —s)f(s,xs)ds — Sa(ts — 8)g(s, zs) AW (s)
0 0

t1 -
- / Salts — $)h(s, 20N (ds,dn), £ < [0,41],
0JZ

b
iy = Talb = 8)(@(t]) + L@(t ) = [ Salb=5)7(s,,) ds

b
-/ Sa(b—35)g(s,xs)dW (s)

(2.2) p(=())

t;
b ~

- / / Su(b— )h(s, s, )N (ds, dn),
t;JZ

te (tz';ti—i-l]; 1 =1,2,...,m.

Let x(t; o, u) denote the state value of system (1.1) at time ¢ corresponding to the
control u € Lg(J, U). In particular, the state of system (1.1) at ¢t = b, z(b;p,u)
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is called the terminal state with control u. The set R(b;p,u) = {x(b;p,u): u €
L5(J,U)} is called the reachable set of system (1.1).

Definition 2.8. System (1.1) is approximately controllable on J if R(b; o, u) =
L2(Q,F, H), where R(b; ¢, u) is the closure of the reachable set.

To prove our main results, we need the following basic assumptions.
(Hy) If o € (0,1) and A € A%(0y, wy), then for any z € H, t > 0, from Theorems 3.3
and 3.4 in [24], we have ||T,(¢)|| < Mr and ||S,(t)]| < t*~! Ms.
(Hz) The nonlinear functions f, g satisfy the Lipschitz condition and there exist
positive constants My, M, such that

2
Cyo

E|lf(t,z) = f(t )l

7 < Myllz —y|
E|g(t,z) — gt y)|5 <

M|l — y||(23, for all z,y € C,, t € J.
(H3) For each i =1,2,...,m, there exists M; > 0 such that
Elli(x) — L)% < Millz—yll3y for all 2,y € H.

(H4) The nonlinear function h satisfies the Lipschitz condition and there exist pos-
itive constants My, Ly such that

/Z Bllh(t, x.n) — h(t,y, )% A(dn) dt < Mylz — g3,

/ Ellh(t,z,m) — h(t,y,m) | 47 dn) dt < Lyllz — & . for all 2,y € C,.
7

Lemma 2.9 ([20]). Let H be a Banach space. Let E be a bounded, closed, and
convex subset of H and let W1, Vo be maps from E into H such that iz + Vox € E,
for every pair x,y € E. If ¥, is contraction and Vo is compact and continuous, then
the equation Vix + Vox = x has a solution on E.

3. EXISTENCE OF MILD SOLUTIONS

Taking into account the above notations, definitions and lemmas, we shall derive
the existence of solutions for the nonlinear fractional stochastic system (1.1) by
using the contraction mapping principle and Krasnoselskii’s fixed-point theorem.
The existence of solutions to system (1.1) is a natural premise to carry out the
approximate controllability results.
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Theorem 3.1. If assumptions (Hy)—(Ha) are satisfied with A € A*(6p, wp), then
system (1.1) has a unique mild solution, provided that

MZEMG (tiyr — t;)* 3
3.1 6(1 pops il b )
(3.1) 121%% + A 4o — 3
2 o ( (tix1 — t:)*® (tiv1 —t)* !
x (MT(1+M1-)+MSZ( M+ M,
tig1 — t;)>
s k) e D™ g, + \/Lh])) <1
13
itha # -, .
with o # 5 1

Proof. Define the operator ©: C, — Cp, by

t € (—0,0],

e(t), ]

/Sa(t—s)Bu(s)ds—l—/ Sa(t—8)f(s,zs)ds

0 0

+/O Sa(t —s)g(s,xs) dW (s)
+/O/Z5a(t—s)h(s,xs,n)ﬁ(ds,dn), te[0,t),

To(t —ti)(x(t;) + Li(z(t]))) + /t Sa(t — s)Bu(s)ds

+ ‘/ Salt = 3)f (5,25 ds + [ Salt = 5)g(s,) AW (5

t; i
t

4 [ [ ult = ls. ) Nids. ),
t;JZ

te (ti,tiJrl], 1=1,2,...,m.

For ¢ € C,, define

Qﬁ(t), te (_0070]7
0, teJ,

z(t), ted,

{o, t € (—o0,0],
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for each z € C(J,R) with z(0) = 0. If x(-) satisfies (2.1), then z(t) = y(t) + z(t) for
t € J, which implies z; = y; + z; for t € J and the function z(-) satisfies

/t Sa(t—s)Bu(s)ds+/t St — 5)f (5 + 25) ds

/S (t—s)g(s,ys + 25) AW (s)

//S (t = $)h(s,ye + 2o )N (ds,dn), € [0,41],
O L= 00 + 2600 + Flyle)+ 2600+ [ Sale =) Bute) s
/S (t = 5)f (s, s + 2) ds+/ Salt = $)g(5, s + 20) AW (5)

//S t—S S y9+297 ) (d57d77)a

te(titiv], i=1,2,....m

Set CY = {z € Cp, such that zp = 0} and for any z € C{, we have
Izl = llzolle, + sup(E||=(£)]*)!/* = sup(E]|=(1)[*)"/?,
teJ teJ

thus (CP, [[[lco) is a Banach space. Define the operator ®: CY — C) by

/t Sult — s)Bu(s)ds—f—/t Salt = 8)f(s,ys + 25) ds

/ Sa(t = 5)g(s,ys + 25) AW (s)

//s (£ = $)h(s,ys + 20 )N (ds,dn), ¢ € [0,84],
(@) = Tt = 0)(=067) + L)) + / Salt — 5)Bu(s) ds

/S (t—s)f(s,ys + 2s) ds+/S (t—s)g(s,ys + zs) AW (s)

//S t—S Sye+z€; ) (dsadn)7

te (titip), i=1,2,...,m
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In order to prove the existence results, it is enough to show that ® has a unique fixed
point. Let 21,22 € Cp. Then for all ¢ € [0,¢;], we have

E[(®21)(t) — (®22)(1)I?

E / Salt — 8)(F (5,5 + 71.0) — (5, + 72.0)) ds

2

2
C4E / Salt = $)(g(5,ys + 21.0) — 95, ys + 22.0)) AW (s)

2
+4F //S (t = s)(h(s,ys + 21,5,m) — h(s,ys + 22,5,m)) N (ds,dn)

+4E / So(t —s)BB*Sk(t1 — s)R(A\, T
0

X {/ 1 Sa(tl - S)(f(says + Zl,s) - f(says + 32,8)) ds

/ S tl —s)(g(s Ys + 21, s) _g(says+22,s)) dW(S)

//S (t1 — 8)(h(s,ys + 21.6,7) — h(svys+22,sv77))j\7(d57d77)}d8

< 4M2 / (t—s)° L ds / (t = )2 [Myl|z10 — 22.0]3,] ds
t

t
L AMETHQ) / (t— 82O DM, 21,0 — 2.]2,] ds + 403 / (t— )" ' ds
0
/ / Y E (s, s + 21.00m) — (5, s + 20,0, m)]*A(cly) ds

1/2
+ / (t—s)*" (/ E|h(s,ys + 21,6,m) — h(s,ys + zQ,s,n)l“A(dn)) ds
0

M%M4 t4o¢ 3

12——=
+ A da—3

t1 t1
oz [T s ras [N o g - 2 0
0 0
ty
+ METHQ) / (ty — )% V(M |10 — 2.]2,] ds
0
t1
—|—MS/ (t; —s)* 'ds
/ / (tr — )2 E|[h(s, gs + 21.00m) — h(5,ys + 22.0,m)|2A(d) s
R 1/2
T / (t — 5)° ( [ Bl v+ 210 - h(s,ys+z2,s,n>||4A<dn>) ds]
0
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M3EME 773 )

<4M§l(1+3 N

2a—1

2 t
( My +2 M -l- [Mh-i-\/ ])H21—22”Co

For t € (t1,1t2], we have

Bl@2)(6) - (@22)(0)* < 6(1 + 521 2 1) 2

A 4o — 3
tg _ tl)Q(y (t2 _ tl)Q(y—l
M2(1+ M MQZ(( M M
X ( T( + 1) + S a2 f + 2 — 1 g9
(tz —t1
4+ = Mh+\/ ))||Z1—22Hco

Similarly, when t € (ti,tH_l], 1=2,...,m, we get

E||(®21)(t) — (P22)(1)]|* < 6(1 + 5M§M§ (tiv1 — ti)4a—3>

A 4o — 3
ti _ti 2
X (M%(l + M;) + Mél(%Mf
b — f)2a—1 tiq — ;)2 /_
+ ( i+1 7/) Mg + ( itl 1) Mh =+ ||Zl - ZQHCO
20 — 1 a?

Therefore, we conclude from (3.1) that ® is a contraction mapping on C. Then the
mapping ® has a unique fixed point z(-) € C?, which is the mild solution of (1.1). [

Now, we prove another existence result of mild solutions for system (1.1), addi-
tionally we assume the following hypotheses:

(H5) The nonlinear functions f, g are continuous and there exist continuous functions
p1, p2: J — (0,00) such that

E|ft o)l < m@lzl?,,  Bllg(t,2)lg < p2(®))z]E,, forallz€Cy, t e,

where p¥ = sup pi(t) and p5 = sup pa(t).

s€[0,t] s€[0,t]
(He) The function I;,: H — H,i=1,2,...,m, is continuous and there exists A > 0
_ A 2 _ 0 2
such that A 1<ig1nzi);ecq(E||Iz(x)|| ), where C, = {y € Cp, ”y”cg < gq, g > 0}.

(H7) The nonlinear function h is continuous and there exist continuous functions
w3, pa: J — (0,00) such that

/ZEHh(t, z,n)2A(dn) dt < ps(t)l|=|2, ,
/ E|\h(t,z, 77)||45\(d77) dt < u4(t)||a:||‘év, for every z € C,,
z

where pf = sup ps(t) and pf = sup pq(t).
s€[0,t] s€[0,t]
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(Hg) ([16], [23]) The linear system of (1.1) is approximately controllable on .J, that
is, equivalent to AR(\, T4) = A(A+T%)~! — 0, as A — 0 in the strong operator

topology.

The set C, is clearly a bounded closed convex set in Cp for each ¢ and for each y € C,.

2
Co

2) <aa+ el

From Lemma 2.1, we have

< 2wl + llli2,) <42 sup Ely(o)l

—1—4(12 sup Elz(t)|?
te(0,t]

Theorem 3.2. Assume that hypotheses (H;)—(H7) hold. Then the fractional

stochastic control system (1.1) has at least one mild solution on J, provided that

4a3

MZME t] M2ME t}o7?
g > 5 MBS g 2 4514 5B B Y (g 4 )
M2ZME tior?
2002 (1 poBTS Titl )
+ s\h A 4a—3
2c 2a—1

2ot
(B L B 1 i) i, + 20

and
MEME 607 22
(3.2) max. <4(1+5 — 54”i3)(M%(1+Mi)+M§l zJrgle)
M2M4 t4a 3 t2a 1 f,
AT i (B B )
1

Proof. Let ¥;: C; = C4 and ¥o: C; — C,4 be defined as

/ ' Sult — $)Bu(s)ds + / St — )5,y 2a)ds, 1 [0,t4],
0 0
t

(U12)(t) =  Talt —t:)(2(t;) + Li(2(87))) + 5 Sa(t — s)Bu(s) ds
t So(t — 8)f(s,ys + 2zs5) ds, te (ti,tiv1], i=1,2,...,m,

t;
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(W2 (t / Sult — $)g(5,ys + 2) AW (s)

+ / / Salt — $)h(5, s + 20 )N (ds, di), £ € J.
0JZ

In order to prove the existence of solutions to (1.1), it is enough to show that ¥; + Uy
has a fixed point on C,, which is then a solution of system (1.1). We prove that
Uiz 4 Pyz € 4 for z € Cy. For ¢ € [0,¢1], we have

El[(@12)(t) + (P22) (1)

t
< 4E / Su(t — $)BB*Sk(ty — s)R(LT)
0

t1

t1
X {xtl - Sa(tl - S)f(&ys + Zs) ds — Soz(tl - 5)9(5793 + Zs) dW(S)
0 0

- /tl/ Sa(ty — s)h(s,ys + 237n)ﬁ(d57dn)} ds

2

2 2
+4FE ot —5)f(s,ys + 25)ds|| +4E a(t —8)g(s,ys + 25) AW (s)
2
+4F /S (t — $)h(s,ys + zs,n)N(ds, dn)
M2 M4 t4o¢ 3 ) M2 M4 t4oz—3
<4 16 M2 (1 4B 51—)
Tx da gl ML AR
e - :
*
X(?Ml"'m H3+ )H@ ¢, tla) <q
For t € (t;,tiy1],i=1,2,...,m, we have

B[(@12)() + (P22)()|I* < BE[Ta(t — t:)(=(t;7) + Li(=(t))]

t
+5E‘ / Su(t — $)BB*SE (tis1 — s)R(LTL)
0

x {  Ta(tigr — t)(2(67) + Li(=())) — / " Stier — )£ (5,ys + 70) ds
0

tit1
- / Saltiss — 8)g(5,ys + 2s) AW (s)
0
2

tit1 ~
- / Sa(tiJrl - S)h(sa Ys + 25777)N(d57d77)} ds

2
+5F

2
+5FE

/O Salt — 5)g(s,ys + 25) AW (s)

2

/S (= 5)f (5,95 + 2) ds

+5F t_s S ys+297 ) (d57d77)
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M2M4 da—3
A 34;+i3)MT(q+A)

M3EME tfﬁl 3
A da

< 58S ||xtL+1||2+5(1+5

ME Mg tfﬁl ’ )
A da—3

20 2a—1

t t
i+1 1+1 ’L+1 /
~ ( a2 ot 200 — 1”2 [ + )

+ 20M§(1 +5—B8

e+ <q

Next, we prove that ¥; is a contraction mapping. For any z1, 22 € C; and ¢ € [0, 4],

we have

Bl[(121)(t) = (¥122)(8)]|?

E / Sa(t - 3)(f(87ys + Zl,s) - f(sa Ys + 22,5)) ds
0

t
+2FE / S (t — 8)BB*Sk(t; — s)R(A\,TH)
0

x { | Sults = 9o+ 210 = F52+ 22,0 s
0

+ / 1 Sa(tl - 8)(9(873/5 + Zl,s) - g(svys + 32,5)) dW(S)
0

2

tl ~
+ / Soz(tl - 5)(h(8a Ys + 21,85 77) - h(S, Ys + 22,85 n))N(dSa dn)} ds
0JZ

M2M4 4a—3 2c M2M4 t4a73
<<(1+3 sl )Mslt Mp+6—B25 1 pp2

A da-—3 A 4a-3°
v B :
X (2a_1Mg+¥[Mh+ Lh]>>||zl_22||c,9'
For any 21,22 € Cq and t € (t;,ti41], 4 = 1,2,...,m, we have

Bl[(121)() = (P122)(0)]* < Al Ta(t = t) [P Bll2a(t7) = 22(t7)]1?
ATt = t) P Bl (1 (7)) = Li(z2(t7))II?

t
/ Sa(t - 3)(f(87ys + Zl,s) - f(svys + 22,5)) ds
0

2
+4F

t
+4E / St — 8)BB*SX(tiv1 — s)R(A\,TY)
0

X {Ta(ml —ti)(21(t;) — 22(t; ) + Taltivs — ta)(Li(21(t;)) — Li(22(¢;)))
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tit1
+ / Saltiss — 8)(F(5: s + 21.8) — F(5, s + 22.0)) ds
0

tit1
+ / Sa(tiJrl - 8)(9(873/5 + Zl,s) - g(svys + 32,5)) dW(S)
0

i1 _ 2
+ / Sa (tiJrl - 8)(h(sa Ys + 21,5, 77) - h(S, Ys + 22,5, U))N(dS, dﬂ)} ds
0

M2 M4 t40¢1 3 t2(y1
( (1 +5-L=8 4:;_3) (M%(l + M) +M§I%Mf)

MQM ;104 3 t?oz 1 Z
+5 )\ S +1 3 Sl( +i1M —|— +1 Mh+\/ >)|Zl ZQH%}?

By inequality (3.2), it follows that ¥, is a contraction mapping for ¢ € J. Now,
we prove that Wy is continuous and compact. First we show that W, is continuous.
Let {2"}72, be a sequence in C, with lim2" — z € C,. Since the functions g
and h are continuous, for all € > 0, there exists IV such that for n > N, we have

Ellg(s,ys + 2) — g(s,ys + 25)I> < € and E||h(s,ys + 2, m) — h(s,ys + 25, m)[|> < e.
Now, for all ¢t € J, we obtain

E|[(22")(t) — (T22)(1)]

/ Salt —5)(9(s,ys + 22) — g(s,ys + z5)) AW (s)

2

+2F <e.

ot = 8)(h(s,ys + 20,m) — h(s,ys + 2z5,7))N(ds, dn)

Now, we prove that W(C,) is equicontinuous. The functions {(V32);z € C,} are
equicontinuous at ¢ = 0. For any z € C; and 0 < t; < ¢ < b, we have

E|[(022)(t2) — (T22)(t1)||?

2

< 4E\ / [Salts — 8) — Sty — $)]g(s, 4 + 20) AW (s)

2

to

+4F Sa(tg — S)g(s;ys +Zs) dW(S)
31

2

+4E /0 1/Z[Sa(t2 —8) = Sa(ts — 8)]h(s,ys + 25, m)N(ds, dn)

2

HAE| [ Salta = bl + 20N (ds, )
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t1
@wmw/u&@—@—&m—wmmm@+mm5
0

(tQ _ tl)Qafl
20— 1

+16/0 IStz — ) — Sults — )20 + VD) (e

+16 Tr(Q) M3 w5 ((lell2, + %)

%“ +1%q)ds

(t2 —t1)

2a
+16M3 e U ViD(lelg, + ).

The above inequality tends to 0 by the continuity of the function t — ||S,(t)]| as
t; — to. Therefore, the right-hand side of the above inequality tends to 0 as t; — to.
This implies that {(¥22); z € C4} is a family of equicontinuous functions. Finally, we
prove the compactness of U5. To prove this, we first prove that the set {(¥22); z € Cy}
is relatively compact in H. Subsequently, we show that {(¥22); 2z € C4} is uniformly
bounded. We have that

2a—1

b . A -
E|[(W22)(t)]1” < 8(Tr(Q)ME 5——p5 + Mi—5 (13 + /1) ) (I#lI2, + %q) < oc.
200 — 1 o

Therefore, the set {(V22); 2z € C4} is uniformly bounded. Hence, in view of Arzela-
Ascoli theorem, ¥, is compact. Thus, the Krasnoselskii fixed-point theorem allows
us to conclude that the system (1.1) has at least one mild solution on J. O

4. APPROXIMATE CONTROLLABILITY

Theorem 4.1. Assume that the hypotheses (H;)—(Hg) hold, the functions f,g,
and h are uniformly bounded in H, L(K, H), and H, respectively. Then the fractional
stochastic control system (1.1) is approximately controllable on J.

Proof. Let z*(-) be a fixed point of ¥y + Wy. By using the stochastic Fubini
theorem, any fixed point of ¥; + U5 is a mild solution of (1.1), if the control u™(t)
satisfies

(4.1) a*(b) = a2, — AR(A, T)p(2* (),



where
t1 ty
Ty, — St — 8)f(s, a:i‘) ds — So(t1 — 8)g(s, x?) dW (s)
0 0

t1 .
- / Salts — s)h(s, 2 ) N(ds,dy), e [0,t],
Z

b
Sy = | P T RGN - [ a0 )7 ds

b
—/ Sa(b—s)g(s,xi‘)dW(s)

//S — 5)h(s, 2, )N (ds, dn),

te (titip], i=1,2,...,m

Moreover, by assumption, f,g, and h are uniformly bounded on J. Then there
is a subsequence, still denoted by {f(s,z2)}, {g(s,z2)} and {h(s,z2,n)}, which
converges weakly to, say, f(s),g(s) and h(s,n) in H, L(K,H), and H, respectively.

Denote
tl tl
z, — [ Sa(ti—s)f(s)ds— [ Sa(ti —s)g(s)dW (s)
0 0

t1 -
_ / Sults — $)h(s,))N(ds,dn), ¢ € [0,4],
0 7

g)
|

b
s = Talb = )00 + L)) = [ Salb=s)1(s)ds

b b _
- [ sao= s aw ) = [ [ 50— s)hts.m¥ (ds.a),

le (tivti+1]7 i:172a"'am

It follows that for t € [0,¢1] and ¢ € (¢;, ti+1], we have
b
(42) Eup(:c*)—wn?:EH [ 56 - 915520 - ris)as
b
+ / Sa(b— 5)[g(s,2) — g(s)] AWV (s)
b
— S S J)}\ — S N S
+/O/Zsa<b )lh(s, 22, m) — A(s, m)] N (ds, dn)
+ Ta(b — ) (2 (1) = 2(t7)) + L@ (1) — 2(t7))

By using the inﬁnite—dimensional version of the Arzela-Ascoli theorem, one can show
that the operator [(-) — Jo Sa .—5)l(s)ds: Lo(J; H) — C(J; H) is compact. Hence,
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for all t € J, we obtain that E||p(z*) — @||> — 0 as A — 0*. Moreover, from (4.1)
we get

Blja?(b) — x> < EIAR, TO)(@)]|* + EIARA, TO)|* Ellp(a*) — .

It follows from hypothesis (Hg) and estimation of (4.2) that E||z*(b) — z3]|*> — 0 as
A — 0T. This proves the approximate controllability of the system (1.1). O

5. EXAMPLE

In this section, we consider some applications for our theoretical results. Let
H = Ly([0,n]) and define the operator A: H — H by Ay = y” with domain
D(A) = {y € H: ¥y € H, y(0) = y(r) = 0}. Then A generates an analytic
semigroup {T'(t), t > 0} in H, given by T(t)y = > e "t (y,en)en, y € H, where

n=1
en(x) = (2/m)Y?sinnx, n = 1,2,..., is the orthogonal set of eigenvectors of A. From

these expressions, it follows that (T'(¢))¢>o in H is uniformly bounded and compact
semigroup, so R(S\,A) = (5\ — A)~! is a compact operator for all A€ o(A), that
is, A € A%(0y, wo). It follows from [24] that the a-resolvent operator S, (t) and the
solution operator T, (t) satisfy the hypothesis (H;). Define an infinite-dimensional
space U by

o0 o0
U= {u: U= Zunen with Zui < oo}.
n=2 n=2

0 1/2
The norm in U is defined by ||ul|y = (Z u2)

n
n=2

Let B be the bounded linear operator from U to H defined by

(o) o0
Bu = 2uqeq + Z Upey, for u = Z Upeyn € U.

n=2 n=2

Let {¢(t),t € J} be the Poisson point process (independent of the Brownian motion)
taking values in the space K = [0, 00) with a o-finite intensity measure A(dz). Let
us denote by N(ds,dn) be the Poisson counting measure, which is induced by §(-),
and the compensating martingale measure by N(ds,dn) = N(ds,dn) — A(dn) ds.
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Example 5.1. Consider the impulsive fractional stochastic partial differential
equation with infinite delay and Poisson jumps in the following form:

t

sezvtta) +vta) + [t - Daaly(s,a)) ds

i (/_; e y(s,2) ds> %&ﬂ

+ /Z n</_too az(s —t)y(s, ) dS)N(dta dn),

O<ae<n teJ:=[0,b], t £t
y(t,O) = y(t,n) =0,

y(t,x) = p(t,z), te(—o00,0], z€]l0,n],
Ayt (@) = | dilti — s)y(s,2)ds, =€ 0,7,

— 00

(5.1) Diy(t,z) =

where ((t) denotes a standard one-dimensional Wiener process in H = Lo([0, 1)
defined on a stochastic space (Q,§, P), Dy is the Caputo fractional derivative of
order 0 < a < 1,0 < t; < ts < ... <ty < b are prefixed numbers, and ¢ € C,.
Define the bounded linear operator B: U — H by Bu(t)(z) = v(t,z),0 < « <
u € U. Now, we present a special phase space C,. Let v(s) = e%*, s < 0. Then
I = fi)oo v(s)ds = 1/2. Let ||pllc, = f_ooov(s) sup (E|p(0)[>)'/?ds (see [12]). For

sVx

(t,p) € J x Cy, where p(0)(z) = ¢(0,x), (0,2) € (—00,0] x [0, 7], and define the
functions f: J xC, - H, g: J xCy, = Lg(H) and h: J x C, — H for the infinite
delay as follows:

fwmm:/'mwawmwwmma

0
mmmm:[ e (p(0) () do,

oo

M@ = [
0
K@@= [ d (x)) do.

OOO
/ as(6) ((0) () A6,
(~0)((0)

Moreover, we assume that

a) the function a; (¢, x,0) > 0 is continuous in J x [0, 7] x (—o0,0] and

0
/ ai(t,z,0)dl0 = pi(t, ) < oo,
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b) the function as(-) is continuous, 0 < az(z(0,z)) < P (ff) e*12(s, )| L, ds)
for (0,z) € (—o0,0] x [0, 7], where ®(-): [0,00) — (0,00
decreasing.

) is continuous and non-

Thus under the hypotheses as above, we have

Elft o). = /0{/_00o al(ﬁ,aﬁ,9)@2(4,0(9)(3:))d9}2dx] v

<[[{) wwwon([ ete@0i. ) a) o v

<[[{[ atwaome([ e awlamo.as) de}de] -

<[ ([ mieena) @] st

<(/ pltmdx)m@( )

<P (lgle.) Wherep@—</0“p§(t,x>dx)”2.

Blstt ol = [ [{ ] Ooe%(e)(m)de}gdx]lm

AL L]

< %{/w SOzl

<[ o)

<M e o] )

<§/ ‘s [le(s)]z,

<%|

Therefore, the nonlinear functions f, g satisfy the hypothesis (Hs). Similarly, the
functions I, h also satisfy the hypotheses (Hg), (Hr), assuming that [, n25\(d77) < 00,
I n*A(dn) < oco. Following the same argument as in [16], [23], we can prove that (Hg)
is valid and that the corresponding linear system (5.1) is approximately controllable
on J. Then, we can rewrite the system (5.1) in the abstract form of (1.1). All
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conditions stated in Theorems 3.2 and 4.1 are satisfied, therefore the system (5.1) is
approximately controllable on J.

Example 5.2. Consider the fractional stochastic partial differential equation
with infinite delay and Poisson jumps in the following form:

2 0
(5.2)  D2y(t,z) = %y(t,x) + Bu(t,z) + </ a(s)siny(t + s,z) ds) diit)

0
—|—/ n</ degsy(t—i—s,x)ds)N(dt,dn),
Z —o0o

0<z<mn ted:=][0,0],
y(t,()) :y(t,n) =0,
y(t,l‘) = (,O(t,l‘), te (—O0,0], HAES [Oaﬂ]v

where Dy is the Caputo fractional derivative of order 0 < a < 1. Define the operators
g: JxCy— Lo(H) and h: J x C, — H for the infinite delay as follows:

where @ > 0,£ > 0 and f_ooo la(8)||* dd < co. Moreover,

0
Ellg(t, 1) — g(t, e)|I” < / Ja(8)|? ABE 1 — o2

Cyo
—o0

0

and  Elglt, 01| < / Ja@)|P 6 for any 1,2 € C.

—0o0

Therefore, the nonlinear functions g, h satisfy the hypotheses (Hz), (Hy). Then, the
system (5.2) can be written in the abstract form (1.1), by setting f = 0 and without
the impulsive term. All the conditions stated in Theorems 3.1 and 4.1 have been
satisfied for the system (5.2) and so, the system (5.2) is approximately controllable.
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