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The gap theorems for some extremal submanifolds in
a unit sphere

Xi Guo and Lan Wu

Abstract. LetM be an n-dimensional submanifold in the unit sphere Sn+p,
we call M a k-extremal submanifold if it is a critical point of the functional∫
M
ρ2k dv. In this paper, we can study gap phenomenon for these sub-

manifolds.

1 Introduction and theorems
Let x : Mn ↪→ Sn+p(1) be an n-dimensional compact submanifold in a unit sphere,
and let

• e1, . . . , en be a local orthonormal frame of tangent vector field on M ,

• en+1, . . . , en+p be a local orthonormal frame of normal vector field on M ,

• ω1, . . . , ωn, ωn+1, . . . , ωn+p be its dual coframe field.

Then the second fundamental form and the mean curvature vector of M are

A =
∑
i,j,α

hαijωi ⊗ ωj ⊗ eα, H =
∑
α

Hαeα =
1

n

∑
i,α

hαiieα. (1)

We can define trace-free linear maps φα : TqM → TqM by

〈φαX,Y 〉 = 〈AαX,Y 〉 − 〈X,Y 〉〈H, eα〉,

where q ∈M , Aα is the shape operator of eα,

Aα(ei) = −
∑
j

〈∇eieα, ej〉ej =
∑
j

hαijej ,

and we define a bilinear map φ : TqM × TqM → TqM
⊥ by
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φ(X,Y ) =

n+p∑
α=n+1

〈φαX,Y 〉eα. (2)

It’s easy to check that |φ|2 = |A|2 − nH2, where H2 = |H|2 =
∑
α(Hα)2, and we

denote ρ = |φ|. For any fixed number k with k ≥ 1, we can define the following
functional

Fk(x) =

∫
M

ρ2k dv. (3)

When k = n
2 , it is the Willmore functional. We say x : M → Sn+p is a k-extremal

submanifold if it is a critical point of the functional Fk(x).
It seems very interesting to study the gap phenomenon for submanifolds, and

there are some results about compact minimal submanifolds in Sn+p(1), such as in
[7]. For Willmore submanifolds, H. Li proved:

Theorem 1. [6] Let M be an n-dimensional compact Willmore submanifold in Sn+p,
then ∫

M

[
n−

(
2− 1

p

)
ρ2
]
ρn dv ≤ 0. (4)

In particular, if ρ2 ≤ n
2−1/p , then either ρ = 0 and M is a totally umbilical sub-

manifold, or ρ2 = n
2−1/p . In the latter case, either p = 1 and M is a Willmore torus

Wm,n−m = Sm
(√

n−m
n

)
× Sn−m

(√
m
n

)
; or n = 2, p = 2 and M is the Veronese

surface.

And for k-extremal submanifolds, Z. Guo and H. Li, the second author proved:

Theorem 2. [1], [9] Let M be an n-dimensional compact k-extremal submanifold
in Sn+p, 1 ≤ k < n

2 , then∫
M

[
n−

(
2− 1

p

)
ρ2
]
ρ2k dv ≤ 0. (5)

In particular, if ρ2 ≤ n
2−1/p , then either ρ = 0 and M is a totally umbilical subman-

ifold, or ρ2 = n
2−1/p . In the latter case, either p = 1, n = 2m and M is a Clifford

torus Cm,m = Sm
(√

1
2

)
× Sm

(√
1
2

)
; or n = 2, p = 2 and M is the Veronese

surface.

In 2011, H. Xu and D. Yang proved the following pinching theorem for sub-
manifold which is a critical point of the functional F1(x).

Theorem 3. [8] LetM be an n-dimensional compact 1-extremal submanifold in Sn+p,
then there exists an explicit positive constant An depending only on n such that if(∫

M

ρn dv
) 2

n

< An, (6)
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An =



min

{
n(n− 2)2

4n(n− 1)2 + (n− 2)2
,

(n− 2)2(n2 − n)

4(n2 − n)(n− 1)2 + (n− 2)2

}
C(n)−2 (p = 1);

2

3
min

{
n(n− 2)2

4n(n− 1)2 + (n− 2)2
,

(n− 2)2(n2 − n)

4(n2 − n)(n− 1)2 + (n− 2)2

}
C(n)−2 (p ≥ 2),

then M is a totally umbilical submanifold, where C(n) is a positive constant de-
pending on n which satisfies:(∫

M

f
n

n−1 dv
)n−1

n ≤ C(n)

∫
M

(
|∇f |+ (1 +H2)f

)
dv (7)

holds for any f ∈ C1(M).

In this paper, we prove the following theorems for the k-extremal submanifold
when 1 ≤ k < n

2 :

Theorem 4. Let M be an n-dimensional compact k-extremal submanifold in Sn+p

(n ≥ 3), 1 ≤ k < n
2 , then there exists an explicit positive constant An,k depending

only on n and k such that if (∫
M

ρn dv
) 2

n

< An,k, (8)

where

An,k =



C(n)−2 min

{
n(n− 2)2(2k − 1)

4n(n− 1)2k2 + (2k − 1)(n− 2)2
,

(2k − 1)(n− 2)2(n
2

2k − n)

4(n
2

2k − n)(n− 1)2k2 + (2k − 1)(n− 2)2

}
(p = 1);

2

3
C(n)−2 min

{
n(n− 2)2(2k − 1)

4n(n− 1)2k2 + (2k − 1)(n− 2)2
,

(2k − 1)(n− 2)2(n
2

2k − n)

4(n
2

2k − n)(n− 1)2k2 + (2k − 1)(n− 2)2

}
(p ≥ 2),

then M is a totally umbilical submanifold, where C(n) is the same constant as
above.

Theorem 5. Let M be an n-dimensional (n ≥ 3) compact k-extremal submanifold
with flat normal bundle in Sn+p, 1 ≤ k < n

2 . If ρ2 ≤ n, then either ρ = 0 and
M is a totally umbilical submanifold, or p = 1, n = 2m and M is a Clifford torus

Cm,m = Sm
(√

1
2

)
× Sm

(√
1
2

)
.

Remark 1. If k = n
2 , then An,k = 0, so our Theorem 4 is trivial when k = n

2 . If
k = 1, An,1 = An, our Theorem 4 reduces to Xu-Yang’s Theorem 3.
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2 Preliminaries and lemmas
We shall make use of the following convention on the range of indices:

1 ≤ A,B,C ≤ n+ p, 1 ≤ i, j, k ≤ n, n+ 1 ≤ α, β, γ ≤ n+ p.

We choose a local orthonormal frame field {e1, . . . , en, en+1, . . . en+p} along M ,
with {ei}i=1,2,...,n tangent to M and {eα}α=n+1,n+2,...,n+p normal to M . Let {ωA}
be the corresponding dual coframe, and {ωAB} be the connection 1-form on Sn+p.
Restricted on M , the curvature tensor, the normal curvature tensor can be given by

dωij −
∑
k

ωik ∧ ωkj = −1

2

∑
k,l

Rijklωk ∧ ωl, (9)

dωαβ −
∑
γ

ωαγ ∧ ωγα = −1

2

∑
k,l

R⊥αβklωk ∧ ωl. (10)

and the mean curvature H =
∑
αH

αeα, where Hα = 1
n

∑
i h

α
ii.

The covariant derivative of the second fundamental form is given by∑
k

hαij,kωk = dhαij +
∑
k

hαkiωkj +
∑
k

hαkjωki +
∑
β

hβijωβα, (11)∑
l

hαij,klωl = dhαij,k +
∑
l

hαlj,kωli +
∑
l

hαij,lωlk +
∑
l

hαil,kωlj +
∑
β

hβij,kωβα. (12)

In [9], the second author calculated the Euler-Lagrangian equation of Fk(x):

Lemma 1. [9] If x : M → Rn+p(c) be an n-dimensional submanifold in an
(n + p)-dimensional space form Rn+p(c). Then for k ≥ 1, M is an extremal sub-
manifold of Fk(x) if and only if for n+ 1 ≤ α ≤ n+ p,

0 = −∆(ρ2k−2)Hα + 2(n− 1)
∑
i

(ρ2k−2),iH
α
,i

+
∑
i,j

(ρ2k−2),ijh
α
ij + (n− 1)ρ2k−2∆⊥Hα

+ ρ2k−2
[ ∑
i,j,k,β

hαijh
β
jkh

β
ki −

∑
i,j,β

Hβhαijh
β
ij −

n

2k
ρ2Hα

]
.

(13)

Using the above lemma, we can get that:

Lemma 2. If M is an extremal submanifold of Fk(x), then∫
M

ρ2k−2
(

∆H2 − 2
∑
i,j,α

hαijH
α
,ij

)
dv

= 2

∫
M

ρ2k−2|∇⊥H|2 dv + 2

∫
M

ρ2k−2F dv, (14)

where ∇⊥ is the normal connection on M , and

F :=
∑

i,j,k,α,β

Hαhαijh
β
jkh

β
ji −

∑
j,k,α,β

HαHβhαjkh
β
jk −

n

2k
ρ2H2 .
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Proof. Multiplying the equation (13) by Hα and integrating over M we obtain

0 = −
∫
M

∆(ρ2k−2)H2 dv + 2(n− 1)

∫
M

∑
i,α

(ρ2k−2),iH
α
,iH

α dv

+

∫
M

∑
i,j,α

(ρ2k−2),ijh
α
ijH

α dv + (n− 1)

∫
M

∑
i,α

ρ2k−2Hα
,iiH

α dv

+

∫
M

ρ2k−2F dv,

(15)

and integrating by parts, we can get∫
M

∑
i,α

(ρ2k−2),iH
α
,iH

α dv = −
∫
M

∑
i

ρ2k−2,ii H2 dv −
∫
M

∑
i,α

ρ2k−2,i Hα
,iH

α dv,

so

2

∫
M

∑
i,α

(ρ2k−2),iH
α
,iH

α dv = −
∫
M

∆ρ2k−2H2 dv = −
∫
M

ρ2k−2∆H2 dv. (16)

Thus we have the following calculations:∫
M

∑
i,j,α

(ρ2k−2),ijh
α
ijH

α dv = −
∫
M

∑
i,j,α

(ρ2k−2),ih
α
ij,jH

α dv −
∫
M

∑
i,j,α

(ρ2k−2),ih
α
ijH

α
,j dv

= −n
∫
M

∑
i,α

(ρ2k−2),iH
α
,iH

α dv +

∫
M

∑
i,j,α

ρ2k−2hαij,iH
α
,j dv

+

∫
M

∑
i,j,α

ρ2k−2hαijH
α
,ji dv

=
n

2

∫
M

ρ2k−2∆H2 dv + n

∫
M

ρ2k−2|∇⊥H|2 dv

+

∫
M

∑
i,j,α

ρ2k−2hαijH
α
,ij dv, (17)

∫
M

∑
i,α

ρ2k−2Hα
,iiH

α dv =
1

2

∫
M

ρ2k−2∆H2 dv −
∫
M

ρ2k−2|∇⊥H|2 dv. (18)

Then (15) becomes

0 = −1

2

∫
M

ρ2k−2∆H2 dv +

∫
M

ρ2k−2|∇⊥H|2 dv

+

∫
M

∑
i,j,α

ρ2k−2hαijH
α
,ij dv +

∫
M

ρ2k−2F dv,
(19)

so (14) holds. �
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We also need the following inequalities:

Lemma 3. [8] Let M be an n-dimensional (n ≥ 3) compact submanifold in the
unit sphere Sn+p . Then for any f ∈ C1(M), f ≥ 0, t > 0, f satisfies the following
inequality∫

M

|∇f |2 dv ≥ c1(n, t)

(∫
M

f
2n

n−2 dv

)n−2
n

− c2(n, t)

∫
M

(1 +H2)f2 dv, (20)

where c1(n, t) = (n−2)2
4C(n)2(1+t)(n−1)2 , c2(n, t) = (n−2)2

4t(n−1)2 .

Lemma 4. [4] Let B1, B2, . . . , Bm be symmetric (n × n)-matrices, Set Sαβ =
tr(BαBβ), Sα = Sαα, S =

∑
α Sα, then∑

α,β

|BαBβ −BβBα|2 +
∑
α,β

S2
αβ ≤

3

2

(∑
α

Sα

)2
, (21)

where |B|2 = trBtB.

3 Proof of the theorems
We also need a Simons’ type formula, which can be found in [6]:

Lemma 5. If x : M → Sn+m be an n-dimensional submanifold, then

1

2
∆ρ2 = |∇A|2 − n2|∇⊥H|2 +

∑
i,j,k,α

(hαijh
α
kk,i),j

+ n
∑

α,β,i,j,k

Hβφβijφ
α
jkφ

α
ki + nρ2 + n2H2ρ2

−
∑
α,β

σ2
αβ −

∑
α,β,i,j

(R⊥αβij)
2 − 1

2
∆(nH2),

(22)

where φ is the trace-free tensor which defined above, σαβ =
∑
i,j φ

α
ijφ

β
ij .

From

0 =

∫
M

∆ρ2k dv = 2

∫
M

∆ρ2ρ2k−2 dv + 2

∫
M

〈∇ρ2,∇ρ2k−2〉dv, (23)

and (22), we get that

1

2

∫
M

∆ρ2ρ2k−2 dv =

∫
M

|∇A|2ρ2k−2 dv + n

∫
M

(
∑
α,i,j

hαijH
α
,ij −

1

2
∆H2)ρ2k−2 dv

+

∫
M

Eρ2k−2 dv, (24)

where

E := n
∑

α,β,i,j,k

Hβφβijφ
α
jkφ

α
ki + nρ2 + n2H2ρ2 −

∑
α,β

σ2
αβ −

∑
α,β,i,j

(R⊥αβij)
2 .
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Using (14) and (23),

0 =

∫
M

(|∇A|2 − n|∇⊥H|2)ρ2k−2 dv

+

∫
M

(E − nF )ρ2k−2 dv + (2k − 2)

∫
M

|∇ρ|2ρ2k−2 dv,

(25)

from Lemma 2.1 in [8] we know that

|∇A|2 − n|∇⊥H|2 =
∑
α,i,j,k

(φαij,k)2 ≥ |∇ρ|2. (26)

By a direct computation, we have that

E − nF = nρ2 +
n2

2k
ρ2H2 − n

∑
α,β,i,j

HαHβφαijφ
β
ij −

∑
α,β

σ2
αβ −

∑
α,β,i,j

(R⊥αβij)
2, (27)

for∑
α,β,i,j

HαHβφαijφ
β
ij =

∑
i,j

(∑
α

Hαφαij

)2
≤
(∑
i,j

(∑
α

φαij

)2)((∑
α

Hα
)2)

= ρ2H2,

(28)
then

0 ≥ 2k − 1

k2

∫
M

|∇ρk|2 dv

+

∫
M

[
nρ2 +

(n2
2k
− n

)
H2ρ2 −

∑
α,β

σ2
αβ −

∑
α,β,i,j

(
R⊥αβij

)2]
ρ2k−2 dv.

(29)

Proof. (Theorem 4) From Lemma 4,

E − nF ≥ nρ2 + (
n2

2k
− n)ρ2H2 − ηρ4, (30)

where η = min( 3
2 , 2−

1
p ).

From (25), (26) and (30), we know that the following inequality holds,

2k − 1

k2

∫
M

|∇ρk|2 dv +

∫
M

[
n+

(n2
2k
− n

)
H2 − ηρ2

]
ρ2k dv ≤ 0, (31)

and with Lemma 3 and (31), we can get:

0 ≥ 2k − 1

k2
c1(n, t)

(∫
M

ρ
2n

n−2k dv

)n−2
n

+

(
n− 2k − 1

k2
c2(n, t)

)(∫
M

ρ2k dv

)
+

(
n2

2k
− n− 2k − 1

k2
c2(n, t)

)(∫
M

H2ρ2k dv

)
− η

∫
M

ρ2k+2 dv.

(32)
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Using the Hölder’s inequality, we have

0 ≥
[

2k − 1

k2
c1(n, t)− η

(∫
M

ρn dv
) 2

n

](∫
M

ρ
2n

n−2k dv

)n−2
n

+

(
n− 2k − 1

k2
c2(n, t)

)(∫
M

ρ2k dv

)
+

[
n2

2k
− n− 2k − 1

k2
c2(n, t)

](∫
M

H2ρ2k dv

)
,

let t = (n−2)2(2k−1)
4(n−1)2k2 max ( 2k

n2−2kn ,
1
n ), then Theorem 4 follows. �

Proof. (Theorem 5) If M has normal flat bundle, then (29) become

0 ≥ 2k − 1

k2

∫
M

|∇ρk|2 dv

+

∫
M

[
nρ2 +

(n2
2k
− n

)
H2ρ2 −

∑
α,β

σ2
αβ

]
ρ2k−2 dv

≥
∫
M

[
nρ2 +

(n2
2k
− n

)
H2ρ2 − ρ4

]
ρ2k−2 dv

≥
∫
M

(n− ρ2)ρ2k dv. (33)

So if ρ ≤ n, then either ρ = 0 and M is a totally umbilical submanifold, or ρ2 = n,
for k < n

2 , from (33), we know that H = 0, with the Theorem 3 in [3], we know
that M lies in a (n + 1)-dimensional unit sphere, so the Theorem 5 follows from
the Theorem 2. �
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