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Abstract. We determine in R™ the form of curves C corresponding to strictly monotone
functions as well as the components of affine connections V for which any image of C' under
a compact-free group ) of affinities containing the translation group is a geodesic with
respect to V. Special attention is paid to the case that {2 contains many dilatations or that
C is a curve in R3. If C is a curve in R? and © is the translation group then we calculate
not only the components of the curvature and the Weyl tensor but we also decide when V
yields a flat or metrizable space and compute the corresponding metric tensor.

Keywords: geodesic; shell of a curve; affine connection; (pseudo-)Riemannian metric;
projective equivalence
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1. INTRODUCTION

Already E.Beltrami showed that a differentiable curve is a local geodesic with
respect to an affine connection V precisely if it is a solution of an Abelian differ-
ential equation having as coefficients expressions in Christoffel symbols associated
with V. But the investigation under which conditions systems S of differentiable
curves consist of geodesics with respect to an affine connection V started only in
2002 (cf. [6], [5]) with systems S of lines of 2-dimensional topological geometries
(cf. [18]). An analogous treatment of systems of lines of shift spaces (cf. [2], [1])
turned out to be difficult, because the lines of a natural generalization of a Griinwald
plane (cf. [14]) for n > 3 can never consist of geodesics with respect to an affine
connection (cf. [13]). To obtain geodesics one has to reduce the set of curves which
should be geodesics.

The authors are supported by the grant from Grant Agency of Czech Republic GA CR
P201/11/0356, and by the Department Mathematik der Universitdt Erlangen-Niirnberg.
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Let C be a curve in R™ which is described by a sequence of differentiable strictly
monotone and surjective functions. The aim of this paper is to study conditions
for the following situation: all images of C' under a given group ) of affine trans-
formations containing all translations of R™ are geodesics with respect to an affine
connection V. If Q coincides with the group T of affine translations, then we obtain
concrete information on the components of the affine connection V and about the
form of the functions describing the curves C'. If the group (2 is a semidirect product
of the translation group 7" of R™ with a group consisting of many dilatations, then we
determine explicitly the components of V and the form of the curves C' the images
of which under €2 consist of geodesics with respect to V.

Special attention is paid to curves C in the 3-dimensional affine space and to the
translation group 2 = T in R3. In this case we determine the form of the curves C,
and we calculate the components of V as well as the components of the curvature and
the Weyl tensor. Moreover, we are able to decide when V yields a flat or metrizable
space and to calculate the corresponding metric tensor.

In the proofs the solutions of Riccati and Abelian differential equations play an
important role. For this reason we explicitly describe the solutions of Abelian differ-
ential equations which are derivatives of strictly monotone and surjective functions
on R.

2. STRICTLY MONOTONE CURVES

Let C be a curve homeomorphic to R which is a closed subset of R, n > 2. We
consider a curve of the form

C:(tva(t)af?)(t)v"'7fn(t))a t€|R,

such that the functions f;(t): R — R, i = 2,3,...,n, are differentiable, surjective
and strictly monotone. We will call such curves strictly monotone.
If T is the translation group of R™, then we call the set

C(T) = {(t +U'17f2(t) +U'2)f3(t) +U3, .. afn(t) +’U,n), te R}7

where uq,...,u, € R,
the shell of C and the set

C(T) = {(t + ur, fo(t) + uz, fa(t +v3) +uz, .., fult +v,) +up), t € R},

where u1,...,Un,v3,...,0, € R,
the extended shell of C.
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If ¥ is a Lie group of affine transformations of R™ which contains the translation
group, then the sets C(T)* and a(T)Z of all images of C(T") and a(T), respectively,
under the group X are called the X-shell and extended X-shell of C.

Let A be the group consisting of the mappings

(2.1) (1,29, .., &n) = (T1,T2,83%3,...,8$Tn), S € R\ {0},
and A the group of the mappings
(2.2) (1,2, ..., xn) — (T1, 222, S3T3, ..., SnTn), S; € R\ {0}

If © and © are, respectively, the semidirect products T'A and Tﬁ, where T is the
translation group of R™, then the extended O-shell and the extended ©-shell of C'
are the sets

(2.3)  C(T)° = {(t +us, folt) +uz, 83 f3(t +v3) +us, ..., snfult +v3) +un),
t € R}, where uq,...,upn,vs,...,0, €R, s3,...,5, € R\ {0},

and

(2.4) 6(T)9 = {(t+uq, s2 f2(t)+usa, s3fs(t+vs)+us, ..., Snfn(t+ovn)+un), t € R},

where u1,..., U, vs,...,0, €R, s2,...,5, € R\ {0}.

3. RICCATI DIFFERENTIAL EQUATIONS

For later use we consider the special Riccati differential equations with unknown
function y = y(t):

(3.1) Y + a1y® + asy +az = 0,

where a; are constants (cf. [10], A4.9, or [11], pages 33 and 41).
(3.1.1) If a; = 0 for i € {1,2}, then y = —ast + ¢ for c € R.
(3.1.2) If a1 = 0 and az # 0, then y = —ag/az + ce” 2! for ¢ € R.
(3.1.3) If a1 # 0 and a3 = 4aja3, then we have

a2 C1 .
== 4+ th c1,c0 € R and (¢, 0,0).
Yy 2, + PP with c¢1, ¢y and (c1,c2) # (0,0)

(3.1.4) If a1 # 0 and A\? = 4aja3 — a3 > 0, then

a9 )\ )\ .
= —— + — cotan — (¢ th c € R.
Yy Sar +2a1 co an2( +c¢) with ¢
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(3.1.5) If a1 # 0 and A\? = a3 — 4aja3 > 0, then

as A Cle/\t/Q _ Cge_’\t/Q

Y= "%, + 241 M2 § cge N2

with ¢1,c2 € R and (e1,¢2) # (0,0).

Also in (3.1.3) and (3.1.5) the solution depends only on one parameter which is
defined on the projective line.

Lemma 3.1. If f = f(¢) is a differentiable function such that its derivative f' is
a nonconstant solution of equation (3.1), then f is strictly monotone and surjective if
and only if f = —ay *(azt+ce™2t)+d with d € R; it is a solution of f+as f'+az = 0
with az € R\ {0} and cas > 0.

Proof. If fis monotone and surjective, then the derivative f’ cannot be a so-
lution (3.1.3) or (3.1.4). If f is a solution (3.1.5), then f has the form

f=at+BIn(c;e?? + e /) 1§

with fixed o, 3,8 € R, B # 0. Since In(c;e*/? + ce=**/2) must be defined for all
t € R it follows that ¢1,ca > 0, (¢1,c2) # (0,0). But then there exists a value ¢y such
that f'(t) = 0.

If f/ is a solution (3.1.1), then f’ = —ast + ¢ with a constant c. It follows that

f = —ast? + ct + d with a constant d. Since f must be surjective we would have
az=0and f =ct+d.
If f" is a solution (3.1.2), then f’ = —as/as + ce™*?! with ¢ € R, and hence

f = —ay'(agt + ce ') + d, where d € R. If ¢ = 0, then f’ would be constant. For
¢ # 0 the function f is strictly monotone if and only if cag > 0, and surjective if and
only if as # 0. (]

4. ABELIAN DIFFERENTIAL EQUATIONS
We consider Abelian differential equations
(4.1) v =a+By+yy® +ey® with e #0,
where «, 3,7, € R, and we are interested in real functions f with f’ = y which
satisfy the conditions of Lemma 3.1.

With differential equation (4.1) we associate the cubic algebraic equation

(4.2) a+ By +yy* + ey’ =0.

680



Because ¢ # 0, the cubic equation (4.2) has a real solution y = y; and hence
equation (4.1) has a solution y(t) = y; for all ¢+ € R. Since through any point of R?
there is precisely one solution of (4.1) we have

Lemma 4.1. Any solution y(t) = y1 # 0 of equation (4.1) corresponds to a linear
function f = y1t + ¢ and f is strictly monotone and surjective.

Theorem 4.1. Let f be a real nonlinear function such that the derivative f’ is
a solution of the differential equation (4.1). Then f is strictly monotone and sur-
Jjective if and only if the cubic equation (4.2) has three real roots y;, i = 1,2, 3, such
that one of the following conditions holds:
(i) y2 #y1 =y3 =0 and f’' =y is contained in the open interval determined by 0
and ysz;
(ii) y1y2 > 0 and the root ys of (4.2) is not contained in the open interval determined
by y1 and yo, whereas f' = y is contained in this interval.

Proof. Let f’ be asolution of the differential equation (4.1). Since f is monotone
and surjective one has either f' =y >0,e>0,0r f'=y <0, <0.

We show that for f’ there exists a bound. If this is not the case, then there is
atyg € Rforallt>tyife >0, and for all ¢t < ¢y if € < 0, such that the right hand
side of equation (4.1) is for € > 0 greater and for £ < 0 smaller than ¢,y%, where sign
€4 = sign €.

Let y.(t) be a function which is the solution of the differential equation

(4.3) yi = E*yf

with the initial condition y.(to) = y(to). Then one has |y(t)| > |y«(t)| for all ¢ > ¢,
or for all ¢t < ¢o. Integrating (4.3) we obtain

0L = const — 2¢e,t.

If ¢ > 0, then for sufficiently large ¢, while if ¢ < 0, then for sufficiently small ¢, the
value const —2¢*t is negative. This means that there exists a value t* for which . (¢*)
is infinite. This yields that y(¢) has a vertical asymptote, which is a contradiction.
From the fact that y(t) is bounded it follows that equation (4.2) has only real roots.

Lemma 3.1 yields that we have to consider only strictly monotone solutions of (4.1)
which are contained between two different roots of (4.2).

Let y1, ya, y3 be different roots of (4.2) such that y; < y2, y1y2 # 0 and y3 is not
contained in the interval bounded by y; and y2. Then between y; and y» there exists
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a strictly monotone solution y with asymptotes y; and ys. Hence y1y2 > 0 and for
the solution y(t) of the differential equation (4.1) one has

(4.4) y1 < y(t) <yg forallt.

It follows from (4.4) by integration that for the solution of (4.1) through the point
(to, f(to)) the inequalities

f(to) +ya(t —to) < f(t) < f(to) +yat —to) for all t >t and
f(f,o) + yl(t —tg) > f(t) > f(to) +ya(t — f,()) for all t < tg

hold. Hence the function f(¢) is surjective on R and we have part (2) of the claim.

Let y1 = 0 be a simple root of equation (4.2) and let y» and ys be the other
roots such that ys is not contained in the open interval bounded by 0 and y,. Then
equation (4.1) has the form

(4.5) Y =yly —y2)e(y — ys)-
The general solution of equation (4.5) has in the case y2 # y3 the form
(4.6) ylly — vl |y — ys]® = 00e®’, 0; = const,

whereas for yo = y3 we obtain

(4.7) [yl [y — y2|% exp ( ) = ppe?'t,  p; = const.

Y—192

We are interested in a solution y(¢) for which 0 < |y(¢)| < |y2| holds. This solution
y(t) has zero as an asymptote. From (4.6) and (4.7) it follows that for y(¢f) — 0
the solution y(t) may be approximated by a function g.e’t. Integration yields that
f(t) is approximated by g..e" + const. But then f(¢) would be bounded, which is
a contradiction.

Finally we consider the case that 0 is a double root of the associated cubic equa-
tion (4.2). Then equation (4.1) has the form

/

Y =ye(y —y2), with ys #0.

The function y is strictly increasing, or strictly decreasing, if and only if e(y—ys2) >
0, or < 0, respectively. Then one has y(tg) < y(t) < ya for t > tg, or y(to) > y(t) > ya2
for t < to, respectively. Integrating these inequalities we obtain f(to) + y(to)t <
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f(&) < f(to) +yat for t > o, and f(to) +y(to)t < f(t) < f(to) + yat for t < to, where
y = f'. It follows that f is defined for all ¢ > to and for all ¢ < &.
For all t < tg and for all t > tg, there exist real numbers ¢; and ¢ such that

any? <y =y’e(y —y2) < 2y
holds. Integrating this inequality we obtain for ¢t < ty as well as for ¢ > ¢y, that

1 1
> y(t) >

c1 —qit c2 — qat’

and further integration yields
1 1
di — —1Inje; — qit] > f(t) > d2 — — In|ca — got]
a1 q2

with constants d; € R. Since the subfunction d; — ql_1 In |1 — q1t| and the upper
function dy — g5 ' In|ea — gat| exist for all ¢ in the intervals (—oo,tp) and (¢, 0),
respectively, the monotone and surjective function f(t) exists for all ¢ and is surjective
on R. This proves Theorem 4.1. Il

Corollary 4.1. Let f' =y and v/ = o+ By +vy? + y>, where a, 3,v,c € R and
€ # 0. Then this equation has solutions such that the function f on R is nonlinear
strictly monotone and surjective if and only if one of the following conditions holds:

(1) a=p=0and~y #0,

(2) a=0,7%—48e >0 and B¢ > 0,

(3) a#0and D >0,

(4) a#0,D =0, (2y>—9B8ve+2Tae?)? = 4(y?—3B¢)? # 0 and (9ac® —4Bye+73) x
(By — 9ae)e > 0,

where D = 18a8ve + 8272 — 483 — 4ay® — 27022,

Proof. First we assume that 0 is a root of the cubic equation (4.2) corre-
sponding to equation (4.1). Clearly, zero cannot be a threefold root of (4.2). Then
equation (4.1) has a solution which is a derivative of a strictly monotone and sur-
jective function if and only if either 0 is a root of multiplicity 2 or equation (4.2) has
besides 0 two different roots y1, yo with y; # 0,4 = 1,2 and y1y2 > 0 (Theorem 4.1).
Zero is a root of multiplicity 2 if and only if « = 8 = 0 but v # 0, which is the
claim 1 of the assertion.

If 0 has multiplicity 1, then & = 0 but 8 # 0 and ¢’ = ey(y —y1)(y — y2). The fact
that the roots y; and o are different is equivalent to D = 32(72 —43¢) > 0, where D
is the discriminant of (4.2). We have to decide under which circumstances y;y2 > 0.
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Since the coefficient 8 of the monome y coincides with ey;y2 we have y1ys = G/e,
and y1y2 > 0 is equivalent to Se > 0. This covers part 2 of the assertion.

Now we treat the case that the roots of equation (4.2) are all real, but none of
them is equal to 0. Hence « # 0. If y1, yo, ys are distinct, then (4.1) has a solution
which is the derivative of a strictly monotone and surjective function on R if and
only if D > 0, and this yields part (3) of the assertion.

Let y; and y, be different real roots of equation (4.2) with y; # 0, i = 1,2,
such that yo has multiplicity 2. It follows from [8], pages 154-156, that D = 0,
(293 — 9Bve + 27ae?)? = 4(v* — 3B¢)3 £ 0,

9ae? — 4Bve + 3
£(38e —?)

By — 9ae
2(30e —~?)

Y1 = and yo =
According to Theorem 4.1 the differential equation (4.1) has a solution which is

the derivative of a strictly monotone and surjective function if and only if y1y2 > 0,
e., (9ag? — 48ve +v3)(By — 9as)e > 0. This completes the proof. O

5. AFFINE CONNECTIONS

Since we apply results of differential geometry only to the n-dimensional space R™
ii» hyi i € {1,2,...,n}, of any
affine connection V can be written in a unique way in these coordinates.

An affine connection V is called symmetric if VxY = Vy X — [X,Y], where
[X,Y] is the Lie bracket, i.e., if for its components I‘h one has I‘h = I‘h for all
h,i,j €{1,2,...,n}.

By a geodesic of V we mean a piecewise C?-curve v: I — R” satisfying V4 = o7,

there exist global coordinates and the components I'?

where o: I — R is a continuous function and I C R is an open interval (cf. [4], page 3,
[16], page 122).

Using the components of V the differential equation for geodesics has the form
(cf. [16], page 144)

(5.1) ¥ +ZF”77 =o(3", he{l,2,....n}.
4,j=1

This implies that the geodesics depend only on the symmetric part of the connec-
tion V. Hence we will always assume that V is symmetric.

Let g be a Lie algebra of a group G of diffeomorphisms and let V = {F -} be an
affine connection. The Lie derivation £,V along a nonzero element & € g is given in
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terms of the components of V by

2¢h n orh. h a «
el = 0% n Z (5(1_” _ aira. S .+ %Fh ),

= 4= .
YOm0z, — O0t, Oxq Y Oxy ox;

where h,i,...=1,2,...,n.
The group G preserves geodesics with respect of V if and only if

LTl = 6 + 00,

where 6" is the Kronecker symbol and the v; are differentiable functions [12], [15],
page 143, [20].

The group G consists of affine mappings with respect to V precisely if SgFZ =0
or, equivalently, if and only if ¢); vanishes. Moreover, if R™ is a (pseudo-)Riemannian
space with respect to the metric tensor g, then the Lie group G is a group of isometries
precisely if £,g = 0 (cf. [20], page 43, [15], page 100).

A diffeomorphism ¢ is called a geodesic mapping if p maps any geodesic onto
a geodesic. In [14] we proved the following proposition:

Proposition 5.1. Let S be a system of geodesics with respect to an affine con-
nection V. If the translation group T of R™ consists of geodesic maps for S, then
the affine connection V may be chosen in such a way that the components I‘fj are

constant. Moreover, the components I'Y_, o0 = 1,...,n, are zero.

We shall call the connections satisfying the conditions of Proposition 5.1 natural
connections of S. With respect to a natural connection V° the translation group
of R™ consists of affine transformations of S. Namely, for ¢ = (67)7_, one has
Ll = (0/0x4)TY; = 0.

Proposition 5.2. Let A, or A be, respectively, the group of mappings (2.1),
or (2.2). If S is a system of geodesics such that A, or A consists of geodesic maps with
respect to a natural affine connection V° of S, then only the following components
Ffj can be different from zero:

F?h:FZh h=2,...n; F}QLh:FZ% h=1,3,....,m; F%Q; F%la

for the group A, and F?h = Fﬁl, h=2,...,n, for the group A.
Moreover, A as well as A is a group of affine mappings with respect to V°.

Proof. If A, = {(x1,...,2n) = (T1,. ., Tr1, 5T, Try1,.-.,Tn); Sr € R},
then a generator of its Lie algebra is given by &, = x,0/0x, = (z,0")7_,.
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For the Lie derivative £¢ I‘?j along &, one has

(5.2) L, Tl = 67T, + 8718, — 8Ty, = oy 4 ahy(7,
where h,i,j =1,...,n, and 1/)1(7) are differentiable functions.

From h =i = j = 7 it follows that I'] . = 21#57), and hence w&” = 0 (cf. Proposi-
tion 5.1). Using the left hand side of (5.2) for h = i = j # 7 one has ng) = 0 for all
i # 7. Therefore 1/)1(7) =0foralli=1,...,n. Hence £¢ I‘?j = 0 and A, consists of
affine transformations with respect to V°.

Now, an analysis of equations (5.2) yields that

I =T =T} =0, forhij=1,...,n 7=3,...,n,

for the group A, and
Mt =T =T} =0, forhij=1...,n 1=2,...n,

for the group A. Considering the complementary set of the components I‘ we obtain
the assertion. 0

If a connection V has components I‘”, h,i,j,€ {1,...,n}, the components R”k,
h,i,j,k € {1,...,n} of the curvature tensor R of V are given by (cf. [4], page 8, [17],

pages 29-31, [19], page 27).
0 h 0 h = a ph ah
(5.3) Rzgk i i — Dk s+ Z(Fikraj —T5T0k)
a=1

The curvature tensor R of V is often called the Riemannian tensor of V.

The Ricci tensor belonging to R has components R;; = Z RS

o
We remark that the Ricci tensor sometimes is deﬁned w1th the opposite sign,
see [4], page 8, [19], page 39.
In particular, V is the Levi-Civita connection of a (pseudo-)Riemannian space
with the metric g = (g,5) if Vg =0, i.e.,
9 n
(5.4) B9 = > (gial% + gjal'5h),

a=1

where the components I‘fj (called the Christoffel symbols) are given by

1SN D B 9
FZ = 52_:1gh (8xigja+@gia_ o aglj)
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here (g"®) denotes the inverse matrix of (g;;). Then for g there exists a unique
symmetric affine connection V such Vg = 0.

The integrability conditions of (5.4) have the following form [4], page 79:

n

(55) Z(ghaR%’k + giajok) = 0

a=1

The Riemannian tensor (cf. [15], page 61) vanishes if and only if the space is locally
(pseudo-)Euclidean (also called a flat space), i.e., if there exists a local coordinate
system (z1, x2,...,x,) such that the metric is given by

n
ds? = Zaa dxi, Ea = E1.
a=1

The components VV[; . of the Weyl tensor of a projective curvature have the fol-
lowing form ([4], page 88, [12], [15], page 133, [19], page 79):

1
(5.6) W/ = Rl — m@h(R]‘k — Ry )

— ﬁ[éz (’I’LRij + Rji) — 5]h (nRi, + Rm‘)].

For n > 3 the Weyl tensor vanishes if and only if there exists a geodesic map-
ping onto a Euclidean space such that the geodesics with respect to V are locally
geodesically mapped onto the Euclidean lines ([4], page 89, [12], [15], page 138, [19],
page 81). These spaces are called (locally) projective Euclidean. The notion of being
projective Euclidean determines an equivalence relation within the class of geodesic
mappings.

6. DILATATION SHELLS OF MONOTONE CURVES

In this section we classify strictly monotone curves such that their images under
groups of affinities containing the translation group as well as many dilatations are
geodesics with respect to an affine natural connection.

Theorem 6.1. Let C(T)® be the O-shell of a strictly monotone and surjective
curve C C R™. Then C(T)® consists of geodesics with respect to a natural connec-
tion V° if and only if the components F?j of V° and the functions f;(t) describing C
may be chosen in one of the following three ways:

(1) fi(t) = ayt with o; # 0, for i = 2,...,n, and all components I‘?j vanish.
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(2) fo=-T2,(2I'%,) "'t + cexp (—2I'%,t) with a constant ¢, I3, T2,¢ > 0,
(6.1) fa=cn / P EOT At + of

where ¢, and C(})L are constants, 3 < h < n, W%, >0,

2c

B

(6.2) @y = =20, — = (I}, —Th) and &), = 2¢(T'}, —Th,) < 0.

(3) f} is contained in the open interval determined by y, and y3 , where

(6.3) Jim fy =y, and  lim f5 =y,

and y, as well as y; are different roots of the cubic equation
[aox® + 2T 2% — 2T%x — T3 =0

such that either y, or yi is zero and f} is contained in the open interval
(—2T'13/T4y,0), or y5 y3 > 0 holds.

For h = 3,...,n one has
(6.4) o = cn / of @@ f+e(D dt gy |
where c¢j, and ¢ are constants, oy, = —2I'%, , @, = 2(T'1, — T'},), and

(6.5) (a) @Wh+ony +e(y)><0 and () @h +onyT +elyh)2>0.

Proof. Assume that C(T)® consists of geodesics with respect to a natural con-
nection V°. It follows from Proposition 5.2 that the set C'(T')® consists of geodesics
only if the components of V° which can be different from zero are

FTh:FZh h=2,...n F}QLh:FZ% h=1,3,....n FéQ? F%l'

Let
l= (t + ulva(t) + u2783f3(t) +us, ..., snfn(t) + un)a te Rv
be a curve of C(T)®. Then
= (1, £3(t) 3 f3(t), -, snfr (1)),
1= (0, f(t),s3f5 (), ..., snf" (1))
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According to (5.1) the curve [ is a geodesic if and only if

(6.6) "+ En: Thyi*P = o))", h=12,...,n
op=1
We obtain:
for h = 1:
(6.7) o(t) = 201, f(t) + Taa(f3(1))?,
for h = 2:
(6.8) 5 (1) + % + 200 f5(t) = (201 f3(8) + Do (£2(1))*) f2(0),
and for h > 2:
(6.9) cfyl (t) = (=201, + 2Ty — T) f5(8) + Taa(f2(8)*) 1 (8)-

If f; is a linear function, then f3 = ¢ = const # 0. Hence f}/(t) = wy f7,(t) with
w = const, and we have case 1 of the claim because the only surjective solution of
the differential equation f;/(t) = ws f},(t) is linear.

Let f> be a nonlinear function and

o= _F%h B = _2]‘_‘%27 Y= 21—%27 €= F%Q
a) If ¢ = 0 then f5 is strictly monotone and surjective if and only if

1
fo = B(—at—i—ceﬁt)—i—d with d € R, 8 # 0 and ac > 0.

Substituting for f4 in (6.9) we obtain
(6.10) V() = (@n + @re®) f1.(1),

where @ and & are constants having form (6.2). The integration of (6.10) yields (6.1).

If &, = 0, then f3 is not surjective. Detailed analysis of (6.1) yields that fy,
h=3,...,n, is surjective if and only if &), < 0, @B < 0 since in all other cases there
exists a horizontal asymptote.

b) Let be € # 0.

If « = 8 = 0 then fy is strictly monotone and surjective if and only if fJ is
contained in the open interval (0, —vy/¢), see Theorem 3.1, part 1.
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Let o # 0 or 8 # 0, then f, is strictly monotone and surjective if and only if the
cubic equation o + By + vy + ey® = 0 has 3 real roots such that fj is contained
in the open interval determined by two different positive or negative roots, but this
interval does not contain the third root, see Theorem 3.1, part 2. Integration of (6.9)
gives (6.4). It remains to prove that the relations (6.5) are satisfied. Clearly f (%),
h =3,...,n, is monotone and surjective.

Let y, and y3 be as in (6.3). If (6.5 a) or (6.5 b) holds, then, respectively,

lim @, +&nfs+e(f3)*><0 or >0.

t——o00, or oo

A detailed analysis yields lim fr(t) = —cpo0 or c¢poo, from which it follows
t——o00, or oo

that fy,(¢) is surjective.
If neither (6.5 a) nor (6.5 b) holds, then f5(¢) is not surjective. O

Corollary 6.1. Let C(T ) and C(T )@ be the sets of curves (2.3) or (2.4), respec-
tively, where C' is a strictly monotone and surjective curve. Then C(T)® or C (T)®,
consists of geodesics with respect to a natural connection V° if and only if f; = a;t
with a constant o; # 0 for i =2,...,n, and all I‘h» =0.

Proof. Let V° be an affine connection such that the O-shell c(T ) consists of
geodesics with respect to V°. Then Proposition 5.2 implies that only

Flh*]:‘hla h:2,...,n,

may be different from zero.
Then equations (5.8) and (5.9) reduce to

5 (t) = 2f2 and fi/(t) = _2P§thi/u h > 2.

But then fi(t), i = ,m, are surJectlve if and only if all f; are linear.
The set C(T)® is a subset of the set C( ) Hence if C(T')® consists of geodesics,
)

then also C(T © consists of geodesics and the corollary is proved. (I

Theorem 6.2. Let G(T)@ be the set of curves (2.3). Then G(T)@ consists of
geodesics with respect to a natural connection V° if and only if for the components
Ffj of V° and for the functions f;(t) describing C' one of the following assertions
holds:

(1) fi(t ) =q; t fori=2,...,n, and all components I‘?j vanish.

(2) fo = —T%,(2I'3,) "t + Bexp (—2I'%,t) with a constant 3 # 0, fi, = cpt with
constants cn # 0, 3 < h < n, and the only nonzero components of thj are
precisely I'3,, T'3, = I'3,. The connection V° is not flat and yields a space that
is not locally projective Euclidean.
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Proof. Assume that C (T)® consists of geodesics with respect to a natural con-
nection V°. It follows from Proposition 5.2 that the set C(T)® consists of geodesics
only if the components of V° which can be different from zero are

F?h:FZh h:2a"'7n; F}QLh:l—‘ZQv h:]-a'?)v"'vn; FéQa P%l

Let I = (t + w1, f2(t) + ug, s3f3(t + v3) + ug, ..., snfu(t + vn) + un), t € R, be
a curve of C(T)®. Then

l- = (]—7 fé(t)ﬂ S3fé(t + 1)3), R snfrll(t + vn));
[= (0.5 (1), 33 (t 4 v3), s f7/(t + 0n)).

According to (5.1) the curve [ is a geodesic if and only if (6.6) holds. For h =1
and h = 2 we obtain (6.7) and (6.8). For h > 2 one has

cfy(tn) = (=207, + 201y — T5,) f3(t) + Taa (£5(6))*) fr (t),

where t;, =t + v,. Since ¢ and t;, are independent variables we have

(6.11) cfn (tn) = wnfi(tn),

where

(6.12) wp = =20, +2(Tly — T3,) f3(t) + Taa(f3(2))°

is a constant. If fj(t) # const, h = 3,...,n, then no solution of the differential

equation (6.11) is surjective. Hence f3(t) = cpt, with ¢, # 0 and wp, = 0 for
h=3,...,n.

If fi(t) = ca # 0 is constant then we are in case 1.

If f5(t) is not constant, then because of Lemma 2.1 we can choose the function
fa = ct + Bexp(at) with nonzero constants «, 3, c. Substituting this in (6.8) and in
(6.12) we obtain

F%z =0, F%z = F%1 =0, F% = ac, F%z = 1%1 =—a/2

and
ry, =Th =0, h=3,...,n

The connection V° is not flat, since the component R%;, = (I'?,)? of the curvature
tensor is not zero. Moreover, from W2, = (I'%,)? # 0 it follows that V° is not
projectively flat. Taking this into account the theorem is completely proved. (I
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If V is a linear connection which is in the same projective class as V° and if P is
a non-projective Euclidean space with respect to V° belonging to the second case of
Theorem 5.2, then we can conclude the following:

Remark 6.1. Any space P is subprojective, i.e., the geodesic lines with respect
to V in some coordinate system of R™ are described by (n — 1) equations such that
not all but (n — 2) of them are linear, cf. Kagan [9].

Remark 6.2. Since the only components of V° and of the curvature R different
from zero are I'?}, T2, (=T'%,), and R%,, (= R%,,), one obtains V°R = 0, where the

covariant derivative of R is given by

oph __ h h « a ph a ph a ph
ViR, = O R, + Vo R — Ui R — U5 Ring — Ui Rija

Hence any space P is symmetric in the sense of E. Cartan, cf. [3], [19].

Remark 6.3. No space P is metrizable with respect to a linear connection V in
the same projective class as V° (cf. Sinyukov [19]); P is not even a Weyl space, i.e.,
it does not satisfy Vg = wg for a metric g (cf. [7], [15], Theorem 6.15, page 174).

7. EXTENDED SHELLS OF MONOTONE CURVES

Choosing a suitable coordinate system we may assume that for a fixed r» with
2 < r < n the functions f;(t) = a;t + Bi, Bi € R, a; # 0, i < r, are linear, whereas
fi, i > r, are not linear.

Now we consider systems of curves which are invariant under the translation group;
these can be seen as partial shift spaces.

Theorem 7.1. If the curves of the extended shell C (T') of a strictly monotone
curve C' C R™ are geodesics with respect to a natural connection V°, then for the
functions f;(t), i = 2,...,n, describing C the following identities hold:

(7.1) an + Bufr(tn) + W (fh(tr))* +en(fh(tn))?
+T0 2> (T4, =T, fh(tn) 4 (L)
o=2
+ > (Th =T fhtn) £ (te) f(tr) = 0,
o,0=2

where 1 < h < n, ap, Bu, Vh, €n are constant coefficients and t; are independent
variables.

692



Moreover, the functions f; (ty) satisfy the following Abelian differential equations:

(7.2) W (tn) = o+ Bufr(tn) + W (fh(tn))? + en(fr(tn))*.

If e, # 0, then (Bn,vn) # (0,0), and one of the conditions of Corollary 3.1 is
satisfied. If e, = 0 and f} is not constant, then vy, = 0, but oy # 0.

Proof. For a curve
T = (t+u17f2(t) +'U:2,f3(t+’l}3) +U'37" 7fn(t+vn) +'U'n)7 te R7
of C(T) one has

T = (17 fQ/(t)v f3/(t + U3)7 RS fn/(t + Un));
F=(0,f"@), 3"t +v3),. .., fa" (t +vp)).

This curve is a geodesic if and only if relation (5.1) holds. We put in this relation
to =t and ty =t + vy for A > 2.
For h =1 one has

ot2) =2 Z F%afal(ta) + Z leyrfa/(ta)fﬂ'l(tﬂ')a
o=2 o, 7=2
and for h > 1 we get
(7.3) () + T8 42> Th fo' (b)) + Y Th £/ (to) £/ (t) = o(t) fu’ (th)-
o=2 o, 7=2

Substituting o(t2) into (7.3) we obtain for h > 1:

(7.4) Fo"(tn) + T +2> (Th, =T, £ (tn) £ (t0)
o=2
+ Z (FZT - leﬂ'fh,(th))fdl(tﬁ)fT/(tT) = 0
o,0=k+1

Since we can fix in (7.4) all variables ¢, (h # r) we obtain for all functions f} (¢)
Abelian differential equations (7.2), where ap, Bh,Vh,en are constant coeflicients.
Moreover, if €, # 0 then the constants «ay, Br,yn satisfy one of the conditions of
Corollary 3.1, which in particular yields (8p,vn) # (0,0). If €, = 0, then Lemma 2.1
gives v, = 0 and « # 0.

Putting (7.2) into (7.4) we obtain the identities (7.1). O
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Proposition 7.1. Let a(T) be the extended shell of a strictly monotone curve C
in R™ such that any curve of C(T') is a geodesic with respect to a natural connection
V° ={T'};}. A nonconstant function f} (t») (h > 1), corresponding to C'is a solution
of an Abelian, but of no Riccati differential equation if and only if T'}, # 0. Moreover,
in (6.1) we have e, = T'},,.

Proof. Since h > 1 we use formula (7.1). We fix there all parameters ¢, with
o > 1 and obtain a polynomial in f;. The coefficient of (f;)3 equals e, —I'},. As
7, is not constant we have I'}, = . Hence I'},, is different from zero if and only if
en # 0. The function f; is a solution of an Abelian differential equation, but of no
Riccati equation if and only if €5, # 0. O

8. MONOTONE CURVES IN THE 3-DIMENSIONAL SPACE

In this section we classify extended shells C (T') of strictly monotone curves C' such
that any curve of C(T) is a geodesic with respect to a natural connection V°.

Theorem 8.1. Let a(T) be the extended shell of a strictly monotone curve C' C
R3 such that neither of the derivatives f5, f} of the functions describing C is constant.
Then any curve of C (T) is a geodesic with respect to V° if and only if the functions f;,
i = 2,3, may be chosen as

(8.1) fi= —%@-t + ciehit),

where all o;, B, ¢; are constants different from zero and the conditions
(82) ap=-T%, PBo=—2T% =212, az=-I%, f[3=-20% =2}

are satisfied, whereas all the other components of V° vanish.

Proof. Any curve of a(T) is a geodesic with respect to V° if and only if
formulas (7.1) hold for h € {2,3} and I'}; =I'3, = I'3; = 0. Then an analysis of this
situation yields (8.2) as well as

Yo = 2Tl =218, e2=0, 3 =201, =2}, &e3=0,

and all the other components of V° are zero. Moreover, from Theorem 5.2 it follows
that also v9 = 3 = 0.

Since neither fJ nor fi are constant, by Lemma 2.1 it follows that these functions
may be chosen as in (8.1). O
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If neither of fy and f3 is constant, then precisely the following components R?jk
of the curvature tensor of the natural connection V° are different from zero: R%,, =

—R%,, = (I'%,)? and R},; = —R3;; = (I'};)%. The only nonzero component of the
Ricci tensor is Ry = —(I'%,)2 — (I'33)?, i.e., the Ricci tensor is symmetric and V° is
equiaffine.

The nonzero components of the Weyl projective tensor are precisely the following

ones:

S (037 = (1%)7).

Therefore the natural connection V° yields a locally projective Euclidean space if

2 2 _ 3 3
W112 - _W121 - _W113 - W131 -

and only if ag = I'?, =+, = +a3.

If the connection V° were metrizable, then the metric occurring in formula (5.4)
would not be singular. But putting in (5.5) indices h = 1,2,3, i = j =1, k = 2
we obtain gps = 0 for A = 1,2,3. This contradiction shows that V° never yields
a metrizable space P. Moreover, the space P is symmetric, because V°R = 0 (see
Remark 5.2). This yields that P (which is not projective Euclidean) is not projective
metrizable (cf. Sinyukov [19], Theorem 7, page 86) and is not a Weyl space, cf. [7],
[15], Theorem 6.15, page 174.

The affine connections V and V° belong to the same projective equivalence class

h

if and only if for the components I'}; of V° and f?j of V one has

—h
(8.3) Ty =T0 + 1ol + 40!,
where the 1); are differentiable functions [15], page 131, [19], page 73. Hence taking

.= —h
¥; = T'3,0} the affine connection V with components = Ffj + ngéiléjh + F%Q(Sjlézh
belongs to the same projective equivalence class as the natural connection V°, and

we obtain in the case [I'3,| = |I'$;] that the only nonzero components of f?j are
=1 =2 =2 , :
(8.4) Ty, =T, =Ty =20, ifT7, = _Fi%
or
=1 =2 =2 =3 =3 .
(8.5) [y =T =Ty =Ty =Ty =20, if ], =TT

Since f?Q =a #0 (B2 =1/2a, B3 = £1/2a) one verifies that the components of

the metric tensor

(14 (axg)?)e?@®  ampe?@@r ()
(8.6) Gij = amrge?on g2a 0

0 0 1

)
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belonging to the relations (8.4), and the components of

(14+(az2)?)+(axw3)?)e? @1 qrge?®®t qrze?®®
. gij = @
(8.7) Gij awae?aT e2ae1 0

CKE:),GQQII 0 eQazl

belonging to the relations (8.5), satisfy the partial differential equations (5.4).

The determinants of these tensors are e*®®1 and e%**1 respectively, for every
(x1,22,23). From the form of the matrices g;; it follows that the corresponding
metrics are positive definite. Hence we have

Proposition 8.1. Let a(T) be the extended shell of a strictly monotone curve
C C R? such that neither of the derivatives f3, f4 of the functions describing C' is
constant and any curve of C (T) is a geodesic with respect to a natural connection V°.
Although V° yields a space P which is neither projective metrizable nor a Weyl space,
P is symmetric with respect to V°.

But there exists a connection V = {ffj} belonging to the same projective class
as V° such that P with respect to V is locally projective Euclidean. Moreover, there
exist metric tensors (8.6) and (8.7) yielding Riemannian spaces.

Now we consider strictly monotone curves C' such that one of the derivatives f/ of
the corresponding functions is constant.

Theorem 8.2. Let a(T) be the extended shell of a strictly monotone curve C' C
R3 such that the derivative f is not constant, whereas f. is constant (r,s € {2,3},

r#s).

Then any curve of c (T') is a geodesic with respect to V° if and only if the corre-
sponding functions f,, fs may be chosen as follows: fs = ct with a constant ¢ # 0
and f, is a solution of equation (7.2) with coefficients

0, = ~T, — 2T}, — T,
By = —2T}, +2cI'}, — 27, + *T,,
Yy =20} + 2T

s’
1
Er = Frrv

which satisfy

(88) Tl + ZC(FiS - CF%S) - CBFés = 07
2( ir - Cr%r) + 20(1_‘:’5 - CF71"5) = Oa
rs, —cl,, =0.
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If T}, # 0, then f! is a solution of an Abelian differential equation which is not
a Riccati equation. If %, = 0, then 7, = &, = 0 and

(8.9) fr==g (artrae ™), ar£0. 5 £0, ¢ A0

Proof. Any curve of a(T) is a geodesic with respect to V° if and only if
formulas (7.1) hold for h € {r,s}. Since f/ is not constant and f, is a nonzero
constant ¢, an analysis of this situation yields (8.8) and (8.9). Using Theorem 5.2
we obtain the remaining claims. (I

At the end of the paper we study properties of the extended shells C (T) of in-
creasing curves C' C R? such that any curve of C(T) is a geodesic with respect to
a natural connection V° having only few components different from zero.

Theorem 8.3. Let a(T) be the extended shell of a strictly monotone curve C' C
R3 such that any curve of C(T) is a geodesic with respect to a natural connection
V° = {T'};} having not all components, but at most

F%h F%Q (: F§1)7 leih F?B (: Fgl)

different from zero. Then:

(1) If T3, = T35 = 0, then V° yields a flat space. Such a space is metrizable, i.e.,
there exists Fuclidean metrics for it.

(2) The connection V° yields a projective Euclidean space if and only if |T'%,| =
T3,

(3) If V° does not yield a flat space, i.e., if (I'%,)? + (I'3;)? # 0, then for the
functions f;(t) describing C one of the following cases occurs:

1) Neither of the functions f; is constant, the curves C' have the form as in Theo-
rem 7.1 and all T%,, T'3,, I'};, '3, are different from zero.

2) Forr,s € {2,3}, r # s, the function f; may be chosen as fs = ct with a constant
¢ # 0 and the function f, has the form (8.9) with o, = —T'7; #0, 8, = —2I'7, # 0,
I'{; = —2cI'{,; and all the other components are zero,

(4) If V° is a non-flat natural connection, then V° is not metrizable. But there
exists in the projective equivalence class of V° an affine connection V = {TZ}
which is metrizable such that |I'3,| = |T'3;| # 0; the only nonzero components
of f?j can be

=1 =2 =2 =3 . -
(8.10) Iy =Typ= 21_‘%2’ Iy = F%lv 'y = Pi)l if F%Q = _Fi%
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or

=1 =2 =3 =2 =3 .
(8.11) Iy =T =Iy= 211%2, 'y, = F%u 'y = F§1 if F%2 = F?:s

and the corresponding metric tensors g;; are positive definite.

h

Proof. Using formula (5.3) we obtain that all components I}, of the curvature

tensor are zero except
R%lQ = (F%2)2 and R:f13 = (F?3)2~

The assertion (1) follows from the fact that the curvature tensor vanishes.

The only possibly nonzero component of the Ricci tensor is R1; = (I'25)% + (I'33)2.
Applying formula (5.6) we obtain in our case that all components Wi};k are zero
except Wi, = —W5 = 1((T'},)? — (I'f3)?). Hence the Weyl tensor vanishes if and
only if [I'2,| = |T'$3| and the claim (2) is proved.

Since in case (3) the connection V° is not flat we have I'}, # 0 or I'}; # 0. If
neither of the derivatives f/ is constant, it follows from Theorem 7.1 that we are in
case (3) part 1. If one of the derivatives f/ is constant, then Theorem 7.2 yields that
we have case (3), part 2.

If the connection V° is metrizable, then the metric g;; occurring in formula (5.4)
is not singular. Putting in (5.5) indices ¢ =1, k = 1,1 =3 and j = 1,2,3 we obtain
g1; =0 for j = 1,2,3, which is a contradiction. Hence the first claim of (4) holds.

Taking in (8.3) the functions v; = I'%,6} the affine connection V with components
fij = thj + F%261-15§L + F%26]1-51h belongs to the same projective equivalence class as
the natural connection V° and the main part of the claim (4) holds.

Putting TTQ =a#0, fil = [ and f?l = < one verifies that the components of
the metric tensor

(14 (Ba1 4 axzg)?)e? ™ + 42/ (Bry + awg)e®™™  —y/a
Jij = (B1 + amwy)e?@® g2 0 ,
v/ 0 1

belonging to the relations (8.10), and the components of

(14+(Bx1+axs )’ +(yr1+aws)?)e?*®  (Bay+axs)e®™ (yr+aws)e?®
Jij = (Br1 + amy)e?@® e2ae1 0
(yr1 + azsz)e?or 0 e2am

belonging to the relations (8.11), satisfy the partial differential equations (4.4).

6az1 | respectively, for every

The determinants of these tensors are e***! and e
(x1,22,23). From the form of the matrices g;; it follows that the corresponding

metrics are positive definite. O
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