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NEW CHARACTERIZATIONS OF LINEAR WEINGARTEN
HYPERSURFACES IMMERSED IN THE HYPERBOLIC SPACE

Cicero P. AqQuiNO AND HENRIQUE F. DE LiMa

ABSTRACT. In this paper, we deal with complete linear Weingarten hypersur-
faces immersed in the hyperbolic space H"*1, that is, complete hypersurfaces
of H"+! whose mean curvature H and normalized scalar curvature R satisfy
R = aH + b for some a, b € R. In this setting, under appropriate restrictions
on the mean curvature and on the norm of the traceless part of the second
fundamental form, we prove that such a hypersurface must be either totally
umbilical or isometric to a hyperbolic cylinder of H”*1. Furthermore, a rigidity
result concerning the compact case is also given.

1. INTRODUCTION AND STATEMENTS OF THE MAIN RESULTS

Many authors have approached the problem of characterizing hypersurfaces
immersed with constant mean curvature or with constant scalar curvature in a real
space form Q7! of constant sectional curvature c. For instance, Cheng and Yau [6]
classified closed hypersurfaces M™ with constant normalized scalar curvature R
satisfying R > ¢ and nonnegative sectional curvature immersed in Q7?*!. Later
on, Li [7] extended the results due to Cheng and Yau [0] in terms of the squared
norm of the second fundamental form of the hypersurface. In [13], Shu used the
so-called generalized maximum principle of Omori-Yau [11} [I4] to prove that a
complete hypersurface in the hyperbolic space H**! with constant normalized scalar
curvature and nonnegative sectional curvature must be either totally umbilical
or isometric to a hyperbolic cylinder S~ 1(¢;) x H'(ez), where ¢; > 0, 2 < 0
and i + é = —1. In [8], Li studied the rigidity of compact hypersurfaces with
nonnegative sectional curvature immersed in a unit sphere with scalar curvature
proportional to mean curvature.

More recently, Li et al. [9] studied the so-called linear Weingarten hypersurfaces
immersed in a unit sphere, that is, hypersurfaces of S”*! whose mean curvature
H and normalized scalar curvature R satisfy R = aH + b, for some a,b € R. In
this setting, they showed that if M™ is a compact linear Weingarten hypersurface
with nonnegative sectional curvature immersed in S"*!, such that R = aH + b
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with (n — 1)a® + 4n(b — 1) > 0, then M™ is either totally umbilical or isometric to
S"F(cy) x SF(cz), where 1 <k <n—1, ¢1,¢o > 0 and é + é = 1. Afterwards, the
authors [3] investigated the geometry of complete linear Weingarten hypersurfaces
with nonnegative sectional curvature immersed in the hyperbolic space. In this
setting, under the assumption that the mean curvature attains its maximum, they
showed that such a hypersurface must be either totally umbilical or isometric to a
hyperbolic cylinder.

Here, motivated by the works described above, we study the geometry of complete
linear Weingarten hypersurfaces immersed in the hyperbolic space H*t!. First we
apply a suitable extension of a generalized maximum principle at the infinity of
Yau [15] due to Caminha in [4] (cf. Lemma in order to obtain the following
characterization result:

Theorem 1.1. Let M™ be a complete linear Weingarten hypersurface immersed
in H™ ! such that R = aH + b with H?> > 1 and (n — 1)a® +4n(b+1) > 0. If H is
bounded, VH has integrable norm on M"™ and

(L.1) ] <R,

where ® stands for the traceless part of the second fundamental form of M™ and

(\/n2H2 —4(n—-1)—(n— 2)H) )
then M™ is either totally umbilical or isometric to a hyperbolic cylinder S*~1(cy) x
H!(co), if R > 0, or is isometric to S'(c1) x H" (ez), if R < 0, where ¢; > 0,

e <0 and — + — = —1.
C1 C2

1 n
Rt =2
79V n-1

We want to point out that, from Example (H-5) in Section 4 of [I] it is not
difficult to verify that |®| = R} in the hyperbolic cylinders S"~*(c1) x H'(c2) and
St(c1) x H"1(¢2). In this sense, since |®| = 0 in the totally umbilical hypersurfaces,
we have that inequality is a mild hypothesis and that Theorem can be
regarded as a gap result.

Afterwards, we also get the following rigidity result related to the compact case:

Theorem 1.2. Let M™ be a compact linear Weingarten hypersurface immersed
in H"*! such that R = aH + b with H> > 1 and (n — 1)a® + 4n(b+ 1) > 0. If
inequality (L.1)) is strict, then M™ is isometric to S™, up to scaling.

The proofs of Theorems [I.1] and [I.2] are given in Section

2. A SIMONS-TYPE FORMULA IN THE HYPERBOLIC SPACE

Let M™ be an orientable and connect n-dimensional hypersurface immersed
in the (n + 1)-dimensional hyperbolic space H""1. We choose a local field of
orthonormal frame {e4}1<a<pnt1 in H* ™! with dual coframe {wa}i1<a<ni1, such
that, at each point of M™, eq,...,e, are tangent to M"™ and e, 41 is normal to
M™. We will use the following convention for the indices:

1<ABC,...<n+1, 1<4,5,k,...<n.
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Denoting by {wap} the connection forms of H**!, we have that the structure
equations of H**! are given by:

de=§ WA ANwi +wapt1 ANwpy1, wap+wpa =0,

3
1
dwap =Y wac Awep — 3 > Kapopwe Awp,
c c.D
Kapcp = —(6acépp — 0apdBC) -

Next, we restrict all the tensors to M™. First of all, w,41 = 0 on M"™, so
> i Wnt1i Aw; = dwpy1 = 0 and we can use Cartan’s Lemma [b] to write

Wn41i = E hijw;, hij = hj; .
J

This gives the second fundamental form of M™, B = Zi j hijwiw;enq1. Further-
more, the mean curvature H of M" is defined by H = % > s

The structure equations of M™ are given by
dwi:Zwij/\wj, wijerji:O,
J
1
dwij = Zwik Nwgj — 5 ZRijklwk N wy .
k k,l
Using the structure equations we obtain the Gauss equation
(2.1) Rijri = —(0irbji — 0adj) + (hiwhji — hahji),

where R;ji; are the components of the curvature tensor of M™.
The Ricci curvature and the normalized scalar curvature of M™ are given,
respectively, by

(2.2) Rij = —(n — 1)51‘]‘ + thij — Z hikhkj
k

and

1
(2.3) R= oD > Rii.

From (2.2) and (2.3) we obtain
|B|> =n*H? —n(n—1)(R+1)

(2.4) =nH? +n(n—1)(H? — Hy),

where |B|* =3, ; h; is the square of the length of the second fundamental form

B of M™, and Hy = ﬁSg denotes the mean value of the second elementary
symmetric function Se on the eigenvalues of B. In particular, since (from the
Cauchy-Schwarz inequality) H? — Hy > 0, it follows from (2.4) that M™ is totally

umbilical if, and only if, |B|> = nH?.
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The components h;;; of the covariant derivative VB satisfy
> higrwr = dhij + Y hikwr + Y hjgwri
k k k

The Codazzi equation and the Ricci identity are, respectively, given by

(2.5) hijk = hik;
and
(2.6) hijkt = hijik = 3 Pnj Rmikt + Y Diam Rk »

where h;j, and hiji, denote the first and the second covariant derivatives of h;;.
The Laplacian Ah;; of h;; is defined by Ah;; = Z hijkk. From equations (2.5))

k
and (2.6]), we obtain that
(2.7) Ah;; = Z hrij + Z hii Rysjr + Z hii Rigji -
k.l k.l

Since A[BJ =2 (S, ; hisAhij + X, 50 i3 ) from &) we get

A|B\2 IVB[* + Zhuhkm] + Z hijhieRiiji

i1,k i,5,k,l
(2.8) + Z hijhillejk .
i3,k
Consequently, taking a (local) orthonormal frame {es,...,e,} on M™ such that

hij = Aidij, from equation (2.8]) we obtain the following Simons-type formula
1 1
(2.9) 5A|B|2 =|VB]? + Z Ai(nH) i + 5 Z Rijij (i — \j)2.

3. PROOFS OF THEOREMS [I.1] AND

In order to prove our results, we will quote some key lemmas. The first one
is a classic algebraic lemma due to M. Okumura in [I0], and completed with the
equality case proved in [2] by H. Alencar and M. do Carmo.

Lemma 3.1. Let uq,..., i, be real numbers such that Z“i =0 and Z,uf = 32,
i i

where 3 > 0. Then

_(7 3 < n7)3
(3.1) N DIy ey

and equality holds if, and only if, either at least (n — 1) of the numbers p; are equal.

The next result corresponds to Lemma 3.1 of [3].
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Lemma 3.2. Let M™ be a linear Weingarten hypersurface in H" 1, such that
R =aH +b for some a, b € R. Suppose that

(3.2) (n—1)a* +4n(b+1)>0.
Then
(3.3) |VB|? > n?|VH|?.

Moreover, if the inequality (3.2)) is strict and equality holds in (3.3) on M™, then
H is constant on M™.

In the paper [15], Yau established the following version of Stokes’ Theorem on an
n-dimensional, complete noncompact Riemannian manifold M™: if w € Q"~1(M)
is an integrable (n — 1)-differential form on M™, then there exists a sequence B; of
domains on M™ such that B; C Biy1, M"™ = J,~, B; and

lim dw=0.
i——+00 B;

Suppose that M™ is oriented by the volume element dM. If w = txdM is the
contraction of dM in the direction of a smooth vector field X on M™, then Caminha
(see Proposition 2.1 of [4]) obtained a suitable consequence of Yau’s result, which
is described below. In what follows, £!(M) and divys X stand, respectively, for the
space of Lebesgue integrable functions and the divergence of a smooth vector field
X on M™.

Lemma 3.3. Let X be a smooth vector field on the n-dimensional complete
oriented Riemannian manifold M"™ such that divy; X does not change sign on M™.
If | X| € LY(M), then divy X = 0.

Now, we can proceed with the proof of Theorem

Proof of Theorem [I.1l
Let ¢ = Zi’j ¢ijw; ® w; be a symmetric tensor on M" defined by

(3.4) Gij = nHdij — hij .

Following Cheng-Yau [6], we consider an operator [ associated to ¢ acting on any
smooth function f by

(3.5) of = Z Gijfij = Z(nH5ij = hiz) fij -

4,3 4,3
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Setting f = nH in (3.5) and taking a local frame field {e;,...,e,} on M™ such
that hi; = Xidy;, from equation (2.4)) we obtain the following:

O(nH) = nHA(nH) — Z Ni(nH) i

1 2 2
= SAMH)? =3 (nH)G =3 Mi(nH).i
_n(n-1) 1 2 .2 2

= = AR+ SABP —n?|VH| *ZZ_ Ai(nH) i

Consequently, taking into account equation (2.9)), we get

(3.6) O(nH) = ”(”T_l)

1
AR+ |VB]® —n®|VH[ + ZRijij(Ai - )2,
J
Now, we will introduce the following Cheng-Yau’s modified operator
n—1
2

Let us choose a (local) orthonormal frame {es,...,e,} on M"™ such that h;; =
Aidi;. Since R = aH + b, from (3.6) and (3.7) we have that

al\.

(3.7) L=0-

1
(3.8) L(nH) = |VB|?> = n?|VH|? + 3 D Rijij(hi — A)*
.$j

Thus, since from (2.1)) we have that R;j;; = \iA; — 1, from (3.8) we get
(3.9) L(nH) =|VB]’ = n’|VH|* + n’H* = n|B* = [B|* + nH > X}

Now, set ®;; = h;; — Hd;;. We will consider the following symmetric tensor
P = Zfbijwi Qwj .
i
Let |®|? = Z@fj be the square of the length of ®. It is easy to check that ® is
traceless anélJ
(3.10) |®]* = |B|* — nH?.

With respect to the frame field {eq,...,e,} on M™, we have that ®;; = p;d,; and,
with a straightforward computation, we verify that

(3.11) Zui:O,ZN?:\QFand ZM?ZZA?—3H|@|2—7LH3.

Thus, using the Gauss equation (2.1 jointly with (3.11)) in (3.9), we get
(3.12)  L(nH) = |VB]* —=n®|VH|> + nH Y _ i + |®|*(—|®* + nH* —n).
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By applying Lemmas and from (3.12)) we have

(313) L(uH) > [0 = (6] - %m@ nH? —n) = [92Py ().
where

&2 n(n —2) 2
(3.14) Py (|®]) = —|9| L H|®| + nH* 1.

Voo
Since we are supposing that H? > 1, from (3.14) it is easy to verify that P (|®|)
has two real roots Rj; and R}; given by

Ry :—% nill <\/n2H2—4(n—1)+(n—2)H)

Rj,:%,/ni‘1(\/n2H2_4(n_1)_(n_2)H).

Consequently, we have that
(3.15) Py (|2)) = (|| - Ry) (R — |2]).-

Thus, from (1.1 and (3.15]) we conclude that Py (]®|) > 0. Hence, from (3.13]) we
get

and

(3.16) L(nH) = [2Py (|®]) > 0.
On the other hand, from (3.5)) and (3.7]), we have no difficult to verify that
(3.17) L(nH) =divy (P(VH)),

where P = (n2H + @a)] —nB and I denotes the identity in the algebra of
smooth vector fields on M™.

Moreover, since R = aH + b and H is bounded on M™, from equation we
have that B is bounded on M™. Consequently, the operator P is bounded and,
since we are also assuming that |[VH| € £1(M), we obtain that

(3.18) |P(VH)| € £Y(M).

Thus, from (3.16), (3-17), (3.18), we can apply Lemma to obtain that
L(nH) =0 on M™. Consequently, taking into account that all the inequalities that

we have obtained are, in fact, equalities, from we have that |VB|? = n?|VH|%
Since (n — 1)a® +4n(b+ 1) > 0, we can apply once more Lemmato get that H
is constant on M™. Thus, it follows that |®| is also constant on M™.

If |®| < R}, then from we have that |®| = 0 and, hence, M™ is totally
umbilical. If |®| = RE, since equality holds in of Lemma we conclude that
M™ is either totally umbilical or an isoparametric hypersurface with two distinct
principal curvatures, one of which is simple. Therefore, from the classification of
the complete isoparametric hypersurfaces having at most two distinct principal
curvatures due to Ryan [12] (see also Theorem 5.1 of [I]), we conclude that M™
is either totally umbilical or isometric to a hyperbolic cylinder S*~1(c1) x H!(ca),
if R > 0, or is isometric to S'(c;) x H""!(cp), if R < 0, where ¢; > 0, c2 < 0 and

1 1




208 C.P. AQUINO AND H.F. DE LIMA

We close our paper by presenting the proof of Theorem [I.2}

Proof of Theorem [1.2]
Since the symmetric tensor ¢ defined in ([3.4)) is divergence-free, it follows from [6]
that the operator O is self-adjoint relative to the L? inner product of M™, that is,

/Mng:/Mng,

for any smooth functions f and g on M™. Hence, the operator L is also self-adjoint
relative to the L? inner product of M"™. Thus, from (3.16) we have that

(3.19) 0= /M L(nH)dM = /M {|®2Py (|®])} dM > 0.

Consequently, since we are assuming that |®| < R}, from (3.19)) we have that
|®| = 0 on M™. Therefore, M™ is totally umbilical and, hence, from the classification
of the totally umbilical hypersurfaces of H**! we conclude that M™ must be
isometric to S™(r), for some r > 0. O
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