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Abstract. The packing constant is an important and interesting geometric parameter
of Banach spaces. Inspired by the packing constant for Orlicz sequence spaces, the main
purpose of this paper is calculating the Kottman constant and the packing constant of the
Cesaro-Orlicz sequence spaces (ces,) defined by an Orlicz function ¢ equipped with the
Luxemburg norm. In order to compute the constants, the paper gives two formulas. On the
base of these formulas one can easily obtain the packing constant for the Cesaro sequence
space cesp and some other sequence spaces. Finally, a new constant D(X), which seems to
be relevant to the packing constant, is given.
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1. INTRODUCTION

The packing constant is an important and interesting geometric parameter. It
is of great importance for studying the geometric structure, isometric embedding,
noncompactness and reflexivity in Banach spaces, see [1], [9], [18], [20]. From the
1950’s, many mathematicians have studied this constant on different Banach spaces,
see [8], [9], [18], [20].

As an extension of the Cesaro sequence space, Cesaro-Orlicz sequence spaces ap-
peared for the first time in 1988 [12] and since then they have been studied by
a number of authors [6], [7], [10], [14], [16], [19]. In this paper, we consider the pack-
ing constant for Cesaro-Orlicz spaces, and also we introduce a new constant l~)(X ),
which seems to be relevant to the packing constant.

The research has been supported by NSFC (Grant No. 10971011, 11371222) and Youth
Fund Project of Hebei University of Architectural (Grant No. QN201411).
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Let X be a Banach space, let B(X) and S(X) denote the unit ball and the unit
sphere of X, respectively.
In a Banach space X, a sequence of balls with centers at x1,zs,... and a fixed

radius r > 0 is said to be packed into the unit ball if the following two conditions
hold:

i) lenl| <1=r,n=1,2,...

(i) len —am| =2r,n#m,n,m=1,2,...

One can associate a constant to X as follows: P(X) = sup{r > 0: infinitely many
disjoint balls of radius r are packed into the unit ball of X}, i.e., if P(X) < r, then
B(X) contains infinitely many disjoint balls with radius r, and when P(X) > r, then
B(X) contains only finitely many such balls. If dim X = n < oo, then r = 0, so we
only need to consider the case of dim X = oo.

In the 1950’s, J. A. C. Burlak, R. A. Rankin and A.P.Robertson [1] gave the fol-
lowing formula of the packing constant for a Banach space X:

P(X)=sup{r>0: H{x,}22, C B(X), |lzn|| <1-—r

|zn — x| = 2r for n # m}.

Kottman [9] has shown that

D(X)

P(X):m,

where D(X) = sup{sep({zn}): {zn} C S(X)} and sep({zn}) = inf{|zn — zn|:
n # m}. Also, he has given the inequality for any infinite-dimensional Banach
space X:

In the rest of this section, we collect some definitions and basic facts related to
the theory of Orlicz and Cesaro-Orlicz sequence spaces.

A map ¢: R — [0,00] is said to be an Orlicz function if ¢ is even, convex, left
continuous on R, continuous at zero, ¢(0) = 0 and ¢(u) — co as u — oo. If ¢ takes
the value zero only at zero we will write ¢ > 0 and if ¢ takes only finite values we
will write ¢ < o0, see [2], [15], [17].

Let 19 be the set of all real sequences z = (x(i))2,.

We define the Orlicz sequence space as follows:

l, ={z €1 0,(A\z) < oo for some A > 0},

or

Il
_

where g, (z) =

p(lz(@)))-

7
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It is well known that [, equipped with the so called Luxemburg norm

|||, = inf {/\ >0, Q¢(§) < 1}

is a Banach space, see [2].
Also, for an Orlicz function ¢, one can define on [° a convex modular, see [15], [17]

)= 3o (LS )

i=1

The space
cesy, = {z € 1% gees, (Az) < 00 for some A > 0},

where ¢ is an Orlicz function, is called the Cesaro-Orlicz sequence space. We equip
this space with the Luxemburg norm

12 ces,, = inf{/\ > 0: Q(%) < 1}.

Notice that if ¢(u) = |ulP, 1 < p < oo, the space ces, is nothing but the Cesaro
sequence space cesp, see [3], [4], [11] and the Luxemburg norm generated by this
power function is expressed by the formula:

]| ces, = [i (% ; |:c(j)|ﬂ 1/,,.

i—1

We say an Orlicz function ¢ satisfies the Ag-condition at zero (¢ € Az(0) for
short) if there are K > 0 and a > 0 such that ¢(a) > 0 and p(2u) < Kp(u) for all
u € [0, al, see [2].

A Banach space (X, ||-||), which is a subspace of 1°, is said to be a Kéthe sequence
space, if the following two conditions are satisfied:

(i) for any z € 1° and y € X such that |z(i)| < |y(i)| for all i € N, we have z € X
and [lz] < lyl,
(ii) there exists € X with x(i) # 0 for all ¢ € N.

Any nontrivial Cesaro-Orlicz sequence space belongs to the class of Kéthe sequence
spaces, see [5].

An element z from a Kothe sequence space (X, ||-||) is called order continuous if
for any sequence {z,} in X, (the positive cone of X) such that z, (i) < |z(¢)| for
all i, n € N and x,, — 0 coordinatewise, we have ||z, | — 0.

A Kothe sequence space X is said to be order continuous if any x € X is order
continuous. It is easy to see that X is order continuous if and only if ||(0,...0,
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z(n+1),z(n+2),...)]] > 0asn — oo for any z € X. Any nontrivial Cesaro-Orlicz
sequence space is order continuous, see [5].
We say a Kothe sequence space X has the Fatou property if for any sequence {x.,, }
in X, and any x € [° such that x,, — x coordinatewise and sup ||z, || < oo, we have
n

that x € X and ||zy| — ||z|. It is known that for any Kéthe sequence (function)
space the Fatou property implies its completeness, see [13]. From [5] we know that
ces, equipped the Luxemburg norm has the Fatou property, hence it is a Banach
space.

2. PACKING CONSTANT FOR CESARO-ORLICZ SEQUENCE SPACES

Inspired by the packing constant for Orlicz sequence spaces, see [2], we will consider
a number d, for x € S(ces,) in Cesaro-Orlicz sequence spaces.

Lemma 2.1. If ¢ € Ay(0), then for any x € S(ces, ), there exists a unique d, > 0
such that
(7)-3
Oces,, d, -9

Proof. For any fixed point « € S(ces,), the function

X

Fk) = gces, (T ), K € (0,00)

is a continuous function since ¢ is continuous.
Hence, by the definition of the Orlicz function ¢, we obtain that klim flk)y=0
— 00

and klim+ f(k) = 0.
=0
Notice that for ¢ € Ay(0) and = € S(ces,), by Lemma 2.5 in [5], the condition
l|z||ces, = 1 implies that

f(]-) = Oces,, (:L‘) =1

Consequently, there exists a k& € (0,00) such that gces,(z/k) = 1/2. Using the
monotonicity of the function ¢, the number k, which is determined by the choice
of x, is unique, and we denote it by d,,. (I

In the following we define
d =sup{d,: = € S(cesy)},

and we will study the relation between this number and the packing constant of ces,.
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Lemma 2.2. Suppose that ¢ is an Orlicz function. If ¢ € Ay(0), then 1 < d, < 2
and therefore 1 < d < 2.

Proof. Since z € S(ces,), we have d; # 1 by Lemma 2.5 in [5], and d, > 1 since
¢ is nondecreasing on [0, c0).
For any x € S(ces,,), since ¢ is convex and d, > 1, we have

1_ (ﬁ) < 1 (z) = 1
2 - 9085419 dx ~ dx QCES¢ - dx bl
2.

which means that d, <
By the definition of d we get the conclusion. O

Next, we prove that for any Cesaro-Orlicz sequence space, if ¢ € As(0), then
D(ces,) = d.

Theorem 2.1. For any Cesaro-Orlicz sequence space:
(1) if ¢ € Ay(0), then D(ces,) = d, i.e., P(ces,) = d/(2+d),
(2) if ¢ ¢ Ay(0), then D(ces,) = 2, i.e., P(ces,) = 1/2.
Proof. (1) From Theorem 1 in [3] and Lemma 1 in [5] we know that if ¢ € A5(0),
then for any Cesaro-Orlicz sequence space ces,,,

in

D(ces,,) :sup{sep({xn}): To= Y anli)e; € S(cesq;)},

i1=in-1+1

where 0 = ip < i1 <9 < ...
For these z,, and x,,, by Lemma 2.1, there exist d,,,, d., € (1,2] such that

() = e (72) = 3
QCESw dxn - QCESw dx‘,n - 2'

Let £1 > 0 be small enough such that d — e; > max{d,, ,d;, } > 0, where m # n.
By Lemma 2.3 in [5], there exists a §(L,e) > 0 such that

|chs¢ (l‘ + y) — Oces, (y)l <e

for all z,y € ces, with gces, () < L and gces, (y) < d(L, €).
Take n € N large enough such that

oo

2 ‘p(kg:m) <,

k=tm_1+1

in
where ¢’ > 0 is small enough and a,, = Y |2, (7).
i=1
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Since supp x,, Nsupp T, = 0, for any m > n we have

Tp —Tm\ Ty + Ty
Oces,, (ﬁ) = Oces,, (d—iz-:l)

Il
-
Nk
|
AS)
N
IS
I &
o |
o =

T (4)
dy,.

> dz,, 1( an u
+ 2 “"(d—elE<dM+Z

k=im_1+1 i=1

))

k=im—1+1
dxn In T, Tm ) /)
d— o chsw (dzn ) + d_ B (chssp (dxm +e

e L de (1
Cd—e12 d—g1 \2

< e, + da,, (l + 6/)

dy,, > 1/ ap u
R > “"(E(dm +2
d

N

d—€1 2

2d 1, d ,
< - - 1+2

d—51(2+€) et
. €1 no_ "
_(1+d_61)(1+2g)_1+e,

where €” = 2¢’ +¢1/(d —e1) + 261" /(d — 1) > 0.

Hence, by the definition of the Luxemburg norm, we know that for any n # m,
|zr, — m| = d — €1, ie., D(ces,) > d by the arbitrariness of €1 > 0.

Next, we will show the reverse inequality. For the above ¢’, let e5 be small enough
with €5 > 2¢’d. By the same computation as above, we have

Tpn = Tm\ _ Tp + Tm
e, (Tiyt) = e (G y)

_ ( dxn In dxm Tm )
= Oces,, d+ e9 dx" d+ eo da:m

Tn

e () ¢ e (o (22 2)
~ d+€2 QCESAP dxn d+€2 QCESLP dxm
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N S
T d+es2  d4eg\2

dg, +dg,, (1 ,) 2d (1 ,)
< o T T (2 < Z
d+eo (2+E d+ g9 2+E
d €2
- % (142 = (1—
d+€2( + 6) d+ eo
where ¢” = e9(2¢’ +1)/(d 4 £2) — 2¢’ and €” > 0 since g2 > 2£’d.

By the definition of the Luxemburg norm, for any n # m, |2, — Zn| < d+ e2.

)(1 +2)=1-¢",

By the arbitrariness of £ > 0, we obtain D(ces,) < d, and consequently D(ces,) =
d, ie., P(ces,) =d/(2+d).

(2) From [8] and Proposition 1 in [16], we know that if ¢ ¢ A»(0), then ces,, is
nonreflexive and D(ces,) = 2. O

From Lemma 2.1, one can see that for different € S(ces,) there exist unique
different d, satisfying the relation gccs, (7/dz) = 1/2. The following theorem gives
a sufficient condition for d, being constant, namely, for different =,y € S(ces,),
de =dy.

Theorem 2.2. Suppose that the Orlicz function ¢ € Ag(0) and
p(Ax) = f(A)e(z),
where A\ € R and f(-) is continuous and reversible. Then for every x € S(ces,),
_
73

Proof. First we make sure that f~!(1/2) # 0. Indeed, if f~'(1/2) = 0, then
f(0) =1/2 since f(-) is reversible.

For any x € S(ces,,), if
o2 - 1o

then z = 0 by the definition of ¢, which is a contradiction with = € S(ces,).

D(ces,) =

By Theorem 2.1, for any = € S(ces,), let

i

s
Il
—

19



Thus d, = 1/f71(1/2) and d = d, by the arbitrariness of z € S(ces,), which
means D(ces,) = 1/f71(1/2). O

Now for some Cesaro-Orlicz sequence spaces, one can easily compute the packing
constant by Theorem 2.2. Let us see first an example.

Example 2.1. If ¢ is the Lebesgue N-function: ¢(u) = |ulP/p, 1 < p < oo, then
D(X) = 2"/,

Proof. Clearly p(u) € A2(0), and

AulP ulP
o) = 2L — e o),
s0 F(A) = AP,
Hence, we have
D(X) = Lo
F7(3)

O

Next, we will give the second formula which can be used to compute the packing

constant. In the following, we denote by C(ces,) the number

sup{inf gces,, (Tn — Tm), m # n},
in
where z, = ). € S(cesy,), and 0 =1ip < iy <iz < ...
1=1ip_1+1
Theorem 2.3. If ¢ € Ay(0), then C(ces,) = 2.
Proof. Using the convexity of ¢, we have the following inequality
wla+b) = p(a) + () forall a,be Ry.
Since supp x, Nsupp T, = O (n # m), we have

Oces,, (xn - xm) = Oces,, (mn + J/‘m) = Oces,, (mn) + Oces,, (xm) =2.

On the other hand, by Lemma 2.3 in [5], for a fixed € > 0, there exists a § > 0
such that

whenever § go(n’l i |x(z)|) <1and § go(nfl i |y(z)|) < 4.

n=1
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Take ny € N large enough such that > ¢(a1/k) < e. Hence for any m > n,
k=in +1

chsg, (xm - xl) = chsg, (xm + 1'1)

T —1 o0

= Z ( Z|x1 ) > ¢<%(a1+§;|wm(i)|>>

k=1 k=tm_1+1

0o oS 1 k

<2 v (7 lel N+ 2 oG L lemli) +
k= k=im_1+1 i=1

= chsg,(xl) + chsw(xm) +e=2+4c¢.

Repeating this process, we have inf gces, (Tn — Tm) < 24, m # n.
By the arbitrariness of ¢ > 0, we obtain sup{inf gces, (n —2m): m # n} = 2, and
consequently C(ces,) = 2. O

Remark 2.1. By Theorem 2.3, using the relation between norm and modular,
one can calculate D(X) by C(X).

Let us compute the number D(ces,) again.

Example 2.2. As we have seen, if p(u) = |u|P, then the space ces,, is the Cesaro

sequence space ces,. For any x € cesp, because ||z||Le, = [|z[[Es, = Oces, (%), by
Theorem 2.3, we get D(ces,,) = C/P = 21/P,

3. A NEW CONSTANT ON BK SEQUENCE SPACES

We say a nonzero space X is a real sequence space, if X is a linear space and
X C 1% If X is a sequence space, for any k € Z1, we call the mapping pr: X — R
a coordinate mapping, if

pr(z) = o1, == {1} € X.

We say a sequence space X has the K property if any py is continuous. We call
a sequence space X a BK sequence space if it is a Banach space with the K property.
We list some classic sequence spaces with the corresponding norms:

(1) co={z €1 lim z, =0}, [|z| = Sl]ip|£k|.

00 1/p
(2) b= {w et 2|xk|p<oo 1<p <ol flally, = (3 lowl?)
k=1

k=
(3) I*={z el sup|xk| < oo}, |lz|| = sup|xk|
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(4) c={z €l lim z < oo}, ||z| = sup|zkl.
k—o00 k

(5) cesp = {x elv: [ni; (n‘1 kzz |xk|)p} v <oo, 1<p< oo},

llz||P = > (ox(n))?, where ox(n) =n=1 > |xk|.
n=1 k=1

All spaces above are BK sequence spaces, see [21]. Especially, the real separable
Hilbert sequence space is a BK space.

In a BK sequence space X we denote e, = (0,0,...,nih, 0,...). In general,
llenll # 1, but then ||s,]| = |len/llenllll = 1, ie., s, € S(X). We will consider
a geometric constant which seems to be related to the packing constant. In the
following, we denote by ﬁ(X ) the number

sup{sep({sn})}, n=1,2,...,

where sep({sn}) = inf{||sn — sm||: n # m}.
Clearly D(X) < D(X). In the following, we will compute D(X) on the above

mentioned BK sequence spaces.

Example 3.1. For any p € (1,00) there holds the formula

D(ces,) = D(ces,) = 2/P,

nth
Proof. For s, = ey/|len], n = 1,2,... and e, = (0,0,..., 1,0,...), certainly

Sn € S(cesp).
We suppose without loss of generality that n > m when m = 1. Then we have

n—1 P > b
11 1/ 1 1

s — sq|P = — ] + — +

o=l 1<m|el||) 2 [m<llell ”@nm

m=n

) ()
el Teal) \ow " G

1 1 1 p
= L (el — fleal?) + <— n |—) leall?

lea]? lleall llenll

ol _Jeal? (L Y]
= o = e | (= e el
leal? ~ Trealr ™ [\Teall ™ Teall )1
1o (ledY (el Y

feall) ™ et

Define ¢t = ||ey]|/|l€1]]. Then ¢ € (0,1) since 0 < |le,|| < |le1]]-

|
M

Il
/N 3
Bl
~_
S|
/N
—
+
=
+
+
=
[ |~
—_
SN~—
]
~_
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Next, for the continuous function f(t) =1 —t" + (14 ¢)?, p > 1, we have
flt) = —pt 4 p(L+ )P = p[(L+ )P =77 > 0,

so, f(t) = f(0) = 2 and ||s, — 51]|P > 2, so certainly inf|[s, — 51| = 21/?. On the
other hand, note that ||e,| — 0, n — oo, and for any € > 0,

enl\? en P enll \Y
|sn—81||p_1—<||||e ||||> +(||||e ||+1) <1+(1+||e ”) —>1+(1+€)p, n — 00,
1 1 1

ie., inf [|s, — s1]|P < (24 ¢)'/P.
By the arbitrariness of € > 0, we obtain sup{inf ||s, — s1|: n # 1} = 2/7.
When m = 2,

5n — 82 §j(1 +§ﬂ1(1-%1)r
Sp — S = — — T+ 7
2 m ||z m\Jleall " Tlenl]

+<1+1)p1+#+>
leall ~ llenll ) \n# ~ (n+1)p "

1 1 1 \?
=——w@w—mww(——+ )wwp

ezl lleall ~ llenll
leall” _ lleall” K 1 1 ) :
= el el (o + o ) leal
leal” llea]? ezl llenll /"
i (led Y (el Y.
ez ez
Similarly, one can obtain that sup{inf||s, — s2||: n # 1} = 2!/P. Repeating the
above process, for any m > 3, m # n, we get sup{inf{||s,, — sp||: n # m} = 21/P,

So, D(ces,) = D(ces,) = 21/?, which completes the proof. O
Example 3.2. For any p € (1,00) there holds the formula D(l,) = D(l,) = 21/7.
Proof. For I, with p € (1,00), we have ||ey| = 1, so s, = e,. Since for any

n # m, sup{inf{||s, — sm|l: n # m} = ||sn — sm|| = 2'/?, we have D(l,) = D(l,) =

21/p, O

Example 3.3. For any separable Hilbert space H, there holds the formula

nth

Proof. Since the sequence e, = (0,0,..., 1,0,...), n € N, is an orthonormal
basis in H, sup{inf|[s, — sm||: n # m} = ||s2 — s1]| = V2. Therefore D(H) =
D(H) = /2. O
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Remark 3.1. From Examples 3.1-3.3 one can see that D(X) = D(X) for these
BK sequence spaces. If this equality held for any BK sequence space, then we could
easily compute the packing constant. Unfortunately, for some BK sequence spaces
this equality does not hold, see the following examples.

Example 3.4. D(co) =2 and D(co) = 1.

Proof. Since ¢y is nonreflexive, from [8] we know that P(co) = 1/2, i.e.,
D(cyp) = 2. Because ||e,,|| = 1 implies that s, = e,, we have for any n # m,
sup{inf ||s,, — sm||: n # m} = ||sn — sm]|| = 1.
Consequently, D(co) = 1 # D(co). O

Example 3.5. We also have the equalities D(I°°) = 2 and D(I°°) = 1.

Proof. Similarly to the computations in Example 3.4, we have
sup{inf ||s, — smll: n #m} =||sp — sm| = 1.

Then D(I%°) = 1 # D(I°°), because of the equality D(I°°) = 2, which follows from [8]

since [*° is not reflexive. O

Remark 3.2. It is clear that BK sequence spaces considered in Examples 3.1—3.3
are all reflexive spaces with Schauder basis, while the space considered in Example 3.4
is not reflexive and the space in Example 3.5 has no Schauder basis. So it is natural
to ask the following question.

Question 3.1. We know that D(X) < D(X) for every BK sequence space. Is it
true that D(X) = D(X) for any reflexive BK sequence space with Schauder basis?
The problem is under consideration now.
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