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PROLONGATION OF POISSON 2-FORM ON WEIL BUNDLES

NORBERT MAHOUNGOU MOUKALA AND BASILE GUY RICHARD B0SSOTO

ABSTRACT. In this paper, M denotes a smooth manifold of dimension n, A a
Weil algebra and M4 the associated Weil bundle. When (M, wyy) is a Poisson

manifold with 2-form wj;, we construct the 2-Poisson form wI\A/I 4, prolongation

on M# of the 2-Poisson form wp;. We give a necessary and sufficient condition
for that M# be an A-Poisson manifold.

1. INTRODUCTION

1.1. Weil algebra and Weil bundle. In what follows, all structures are assumed
to be of class C*°. We denote by M a smooth differential manifold, C*° (M) the
algebra of differentiable functions on M and by X(M), the C*°(M)-module of
vectors field on M.

A Weil algebra is a real, unitary, commutative algebra of finite dimension with
a unique maximal ideal of codimension 1 on R, [15].
Let A be a Weil algebra and m be its maximal ideal. We have A = R @ m and the
first projection

A=R&m—-R

is a homomorphism of algebras which is surjective, called augmentation and the
unique non zero integer h € N such that m" # (0) and m"*1 = (0) is the height of
A, [15].

If M is a smooth manifold, and A a Weil algebra of maximal ideal m, an infinitely
near point to x € M of kind A is a homomorphism of algebras

£&:C®°(M)— A

such that [£(f) — f(z)] € m for any f € C°°(M). i.e. the real part of £(f) is exactly
f(z), [15].

We denote by M the set of all infinitely near points to # € M of kind A
and M4 = |J M2 the manifold of infinitely near points of kind A. We have

xeM
dim M4 = dim M x dim A, [6].
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When both M and N are smooth manifolds and when h: M — N is a
differentiable application, then the map
A MA — N4 ¢ hA(€),
such that, for any g € C*°(N),
(&) (9) = &g o h)

is also differentiable. When h is a diffeomorphism, it is the same for h4, [I].
Moreover, if ¢: A — B is a homomorphism of Weil algebras, for any smooth
manifold M, the map
o MA— MP | & pog
is differentiable. In particular, the augmentation
A—R

defines for any smooth manifold M, the projection

T MA — M,

which assigns every infinitely near point to = € M to its origin 2. Thus (M*, 7y,
M) defines the bundle of infinitely near points or simply Weil bundle (see [3], [0],
[15], [9]).

If (U,y) is a local chart of M with coordinate functions (z1, 2, ...,2y), the
application

UA_)Ana 5'_) (f(ml);g(l?)a;f(mn));

is a bijection from U into an open of A™. The manifold M* is a smooth manifold
modeled over A", that is to say an A-manifold of dimension n, [2], [13].

The set, C>°(M*, A) of differentiable functions on M“ with values in A is
a commutative, unitary algebra over A. When one identitifies R4 with A, for
f e C>(M), the map

fUAMA AL ()
is differentiable and the map
C®(M) — C=(M*,A), [ [,
is an injective homomorphism of algebras and we have:
(F+o)=r+g% Dr=x0t (Fgt =119t

for A eR, f, g€ C>®(M).

We denote X(M*4), the set of all vector fields on M#. According to [2], [8] we
have the following equivalent assertions:

Theorem 1. The following assertions are equivalent:

(1) A wvector field on M* is a differentiable section of the tangent bundle
(TMA, Tppa, MA).

(2) A wector field on M is a derivation of C™(M*4).
(3) A wector field on M is a derivation of C>(M?A, A) which is A-linear.
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(4) A wector field on M is a linear map X: C™(M) — C®°(M4, A) such
that

X(f-9)=X(f) 9"+ f*-X(9), forany f.geC*(M).
Consequently [§],
Theorem 2. The map
(M) x 2(MA) — (M), (X,Y) — [X,Y]=Xo0Y —YoX
is skew-symmetric A-bilinear and defines a structure of A-Lie algebra over X(M*4).

Thus, if Der4[C>(M#, A)] denotes the C>°(M#, A)-module of derivations of
C>(M*#, A) which are A-linear, a vector field on M4 is a derivation of C>°(M%, A)
which is A-linear i.e. a A-linear map

X: C®(MA,A) — C=®(M*, A)
such that
X(p ) =X(p) ¥+ -X(v), forany (M A4).
Thus, we have
X(M™*) =Dery [C™(M*, 4)].

Proposition 1 ([2], [§]). If 0: C*(M) — C>®(M) is a vector field on M, then
there exists one and only one A-linear derivation

04 C° (M4, A) — C>®(M*4, A)
such that
04 = 10"
for any f € C™(M).

Proposition 2 ([2], [8]). If 0, 81 and 65 are vector fields on M and if f € C°(M),
then we have:

(1) (61 + 02)* = 07 + 63
(2) (fe)A :fA 'HA;
(3) [61,600]4 = [0, 65'].

Corollary 1. The map
X(M) — Dery [C®(M*,A)],0— 04

is an injective homomorphism of R-Lie algebras. If p: A — A, is a R-endomorphism,
and §: C*°(M) — C*°(M) a vector field on M, then

04 (wo fA) =po [0(f)]" forany feC®(M).
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1.2. Poisson manifold. We recall that a Poisson structure on a smooth manifold

M is due to the existence of a bracket {,}a on C°(M) such that the pair

(C>°(M),{, }a) is a real Lie algebra such that, for any f € C°°(M) the map
ad(f): C*(M) = C=(M), g—{f,9}m

is a derivation of commutative algebra i.e.

{frg- M ={f, 9} -h+g-{fih}m

for f, g, h € C*°(M). In this case we say that C°°(M) is a Poisson algebra and M
is a Poisson manifold ([5], [14], [I1]).
Let Qg[C°°(M)] be the C>°(M)-module of Kéhler differentials of C*°(M) and

(5MCOO(M)—>QR[COO<M)}, fo@lCm(M)—lcoo(M)(@f

the canonical derivation which the image of dy; generates the C°°(M)-module
Qr[C>°(M)] i.e. for z € Qr[C>(M)],

v= Y fi-oulg),
i€l : finite
with f;, g; € C°(M) for any ¢ € I ([4], [I1], [10]).
The manifold M is a Poisson manifold if and only if there exists a skew-symmetric
2-form

W QR[COO(M)] X QR[COO(M)] — COO(M)
such that for any f and g in C*°(M),

{f:9¥m = —wnr [0 (), 0ar(9)]

defines a structure of Lie algebra over C°° (M), [11], [10]. In this case, we say that
wyy is the Poisson 2-form of the Poisson manifold M and we denote (M,wys) the
Poisson manifold of Poisson 2-form wjy.

The main goal of this paper is to study the prolongation of the Poisson 2-form
wps of Poisson manifold on Weil bundles.

2. THE ALGEBRA OF KAHLER FORMS ON C®(M%, A)
Definition 1. The C*°(M#)-module of Kihler differentials of C°°(M#) is the set
J
o) A
where J is the C>°(M*)-submodule of C>(M#) & C>°(M4) generated by the
R

elements of the form F @ los(aay — Lo (aay @ F with F € C°°(M#). Thus, the
map

dppa: C®(MA) = Qp[C®(M™M)],F — F @ Loee a4y — Lowo(may @ F

is a derivation and the image of dj;a generates Qp[C°°(M4)].
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The A-algebra C®(M4, A) @ C>®(M4, A) admits a structure of C= (M4, A)-
A
-module defined by the homomorphism of A-algebras
C>®(M*A,A) — C=(M*, A) ® C®(M*,A), 0 — @& los(ma a)-

In this case, we say that C®° (M4, A) ® C>*(M#, A) admits a structure of
A

C>(M*4, A)-module defined by the first factor. The second factor is defined by
COO(MA7A)_>COO(MA7A)(§COO(MAaA)7 ‘P'_>10°°(MA,A)®<P-

The map
Co(MA, A) x C(MA, A) — C®(MA,A), (p,9) = o
being A-bilinear, then there exists a unique A-linear map
m: C® (M4, A) ® O (M4, A) — C>®(M*, A)

such that
me@yY) =p-1.

The kernel of m is the C®(M#, A)-submodule of C®°(M4, A) @ C=(M*, A)
generated by the elements of the form ¢ & 1o (pra,4) — Lo (mra,4) ® ¢ with
© € C®(M4, A).

We denote Q4[C>°(M4, A)], the C>°(M#, A)-module of Kihler differentials of
C>®(M#, A) which are A-linears. In this case, for ¢ € C®(M%, A), we denote
"2} ® 10()0(1\/114714) — 1COO(MA7A) ® P, the class Of <p® 1COO(MA,A) — 1COO(MA7A) ® "2 in
C>(MA4, A).

The map

C®(M) = Qu[C(MA,A)], [ fA® low(ara,a) — los(ara,a) ® f4

is a derivation.
Thus,

Proposition 3. There exists a unique A-linear derivation
Sipas O (MA,A) — Qu[C> (M4, A)]

such that
A

Snpa(f*) = [om ()]
for any f € C>®(M).
Proof. Let
§A L O (MA, A) T A® 0% (MA) A
® Qr[C®(MM)] = Qa0 (M4, A)]

ida ®d,,a
—_ =

be that map, where
dim A dim A

ohio= ) (ahop) aar— Y aa®(aio)

a=1 a=1
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with (aa)a=1,...dim 4 & basis of A and (a},)a=1,....dim o the dual basis of the basis
(aa)azl ..... dim A,
dim A dim A
ida@dya: S aa® (@ 00) — S aa®dyalal op)
a=1

dim A
= Z (o ® [(a?; 09) ® Laoo(pay — looo(ma) ® (af, © @)} ;
a=1
dim A
w: Z o ® dpra(al o p)
a=1
dim A
— Z [ az, 0 9)aa @ lgee(pra,a) — Lo (ara,4) ® (af, 0 @)aa} :
Thus

)

5374 () = [wo (ida @dpra) 0 07 ()

Z az, 0 P)aa ® Llose(pa,a) — Lo, a) @ (a, o p)aq] -

For any ¢, 1 € C°°(M#, A), we have
Spa(p+ ) = [@o (i ]

= [ o (ida @dya)] (07 (p) + 071 ()
(ida ®dpra)] (07
( ]

For any ¢ € C°(M#, A) and a € A, we have
Spala- @) = [@o (ida®dya) oo (a- )
_ [0 (ida @daa)] (0~ (- ¢)
— [0 (ida @dyra)] (- -1 ()
0 [ o (ida Sdya }( 1)
— - 6h ().
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For any ¢, 9 € O (M4, A), we have

5oa(o- ) = [0 (ida @dyra) 00 }
= [@o (ida ® dp4) }(a Y )
= [wo (ida @dpa)] (07" L))
= [wo (ida @dpra)] (07" ) b+ ¢ [mo(ida @dya)] (07 (1))
= [wo (ida @dpra) 00 ](p) ¥+ ¢ [@o (ida ®@dpga) 0 07 (1)
= [w o (ida ®dya) 0 07 )() + [w o (ida ®dara) 0 0~ )(4)

As
Opr: C°(M) — Qg [COO(M)}

is a derivation, then the map
COO(M)_)QA[COO(MAvA)] ) f}_> [5N1(f)]
is a derivation. Thus, for any f € C*°(M)

537 () = wo (ida®dpa) o o (f4)

A

Z a Of aa®1coo(MA7A) - 1COO(MA7A) ®(a(’;of‘4)aa]

dim A
Z (l Of aa®1Coo(MAA)_1C(x>(MAA X Z a OfA)

a=1

= fA® Looo(ma,4) — Lo (ra,a) ® f4

= [f® Loy — Lo @ f]A

ie.

SEa() = [om(N]™

Proposition 4. The map
Q[C(M)] = QIC®(MA, A, 2 o
is an injective homomorphism of R-modules.

Proof. Let
U: Qp[C®(M)] — Qu[C®(M*,4)],

be that map. O
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For any z, y € Qr[C>°(M)],
U(z+y)=(z+y*

(X rout+ Y gj'5”f<99))A

i€l : finite je€I: finite
A A
=( X feamt) (X goul))
i€l : finite j€EI: finite
=zt 4 yA .

For any = € Qg[C>°(M)] and for X € R,

TA-z)=(\-2)4
(X fea)
i€l finite

A (X seaan)”

i€l finite
=Xzt

The pair (Q4[C>(M#A, A)],64,.) satisfies the following universal property: for
every O (M4, A)-module E and every A-derivation

d: C° (M4, A) - E,
there exists a unique C>°(M#, A)-linear map
$: Q[C®(MA, A)] — E
such that
Do, =,

In other words, there exists a unique & which makes the following diagram com-
mutative

Qa[C>(MA, A)]
5% A T ¢
C*(M*A) ——E.
This fact implies the existence of a natural isomorphism of C>(M#, A)-modules
Homew (ar4, 4y (Q4[C*° (M, A)], E) — Dera[C™®(M#, A)],E), ¥ — o d3ya.
In particular, if F = C>°(M#4, A), we have
QA[C®(MA, A)]* =~ Der[C>® (M, A)]
= X(M*).
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For any p € N, AP(Q4[C® (M4, A)]) = €7, (Q4[C®(MA, A)],C(MA, A)) de-
notes the C>°(M#4, A)-module of skew-symmetric multilinear forms of degree p
from Q4[C>°(M#, A)] into C=°(M*, A) and

A(QaC% (M7, A)]) = P A7 (Qa[C (M7, 4)))
peEN
the exterior C*°(M#, A)-algebra of Q4[C> (M4, A)].
A%(Qa[C™(M4, A))) = C=(M*, A),
AN (QIC™ (M4, A))) = Qa [0 (M, 4)]".
We denote,
Sira = Oprat A(Qa[C=(MA, A)]) — A(Qa[C=(M™, A)])
a unique derivation, of degree +1, which extends the canonical derivation
69,41 C°(MA, A) — Qa[C(MA, A)].
For any ¢, 1, 11, ¥a,...,1, € C® (M4, A) and w € Qa[C®(MA, A)]*, we get

Lo Onale - dpa(n) A Adpa(p) = 0npa(@) Adaga(hr) A-- Adpra(¥y).
2. MA [1/) 5 ( )] 5?\4A (d}) /\5?\/[A (‘P)
3. 61a(p-w) =0%4(0) Aw+ @074 (w).

Proposition 5. Ifn € AP(Qr[C™(M))]), then n* € AP(QA[C®(MA, A))).

Proof. Indeed, for any n € AP(Qg[C*°(M)]), n is of the form dar(f1) A+ Adar(fp)
with fl,fz, . 7fp € COO(M)

= [Ba(f1) Ao Ao (fp)]?

= [Oar(f)* A [ w (fp)?
ara(F) Ao A Oa (£
Thus, the C>® (M4, A)-module AP(QA[C“’O (MA A)]) is generated by elements of
the form
it = 83pa (1) A A83pa(0p)
with aplsz‘,...,@p:ffEC"O(MA,A). O

The algebra

A(Qa[C™(M*, A)]) = @ AP (Qa[C> (M4, A)))

is the algebra of Kéhler forms on C>(M#, A).
The pair (A(Q4[C>®(M4, A)], 54 4)) is a differential complex and the map
A X Qg[C%(M)] — Qa[C™(MA, A)], (a,z) — a -z
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induces the morphism of the differential complex (A @ A(Qr[C°(M)]),ids ®dar))
into the differential complex (A(QA[C™(M*A, A)]), 64, 4).

3. LIE DERIVATIVE WITH RESPECT TO A DERIVATION ON M4
Let
0: C*(M) — C>®(M)
be a derivation and
og: [Qr[C™(M)]]" — AP (Qr[C™(M)]),
be the C°°(M)-skew-symmetric multilinear map such that for any x1,22,...,2, €
Qr[C>(M)],
p
oo(1,22,...,2p) = Z(—l)Fl@(mi) TN AT AN AN T,
i=1
where B
0: Qr[C*(M)] — C*(M)
is a unique C'*°(M)-linear map such that Body =0. Then,
oga s [Qa[C(MA, A)]" — AP(Q4[C™ (M4, A)])

is a unique C>(M*4, A)-skew-symmetric multilinear map such that

o (zf xd . ,x?) = [og(w1, 22, ..., )]

We denote
ot AP(QA[C™(MA, A)] — AP~H(Q4[C® (M4, A)]),
the unique C>(M#, A)-skew-symmetric multilinear map such that

Jg‘A(x‘f‘/\x’;/\-n/\x;‘) zag)AA(xf‘,xf,...,x;‘)

i.e. Ug‘A induces a derivation
iga = ot A(QA[C™ (M2, A)]) — A(Qa[C™(M™, A)))
of degree —1.

Proposition 6. For any 0 € Derg[C>(M)] and for any n € AP(Qr[C*°(M)]), we
have
iga (™) = [ig(m)]*.
Proof. If n € AP(Qr[C°°(M)]), then there exists fi, fa,...,fp € C°°(M), such
that n = dp (f1) A -+ Adp(fp). Thus,
iga (1) = iga (100 (f1) A Aou(f)])
= dga ([0 (F) A A (f)1)

= oga ([Bar(fO1A, - [0ae (fp)) )
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= [09((5M(f1)7 ceey 5M(fp))]A
= [ie((SM(fl) ARRRNA 6M(fp)]A)
[ie(n)] 4

For p = 1, we have
iga = o s A (QA[C(MA, A))])
= Q[C=(MA, A" — A(Qa[C (M4, A)]) = C=(M4, 4),
and for any y € Qgr[C>°(M)],
iga(y™) = 04(y™).
For p = 2, we have
ogat Qu[C(MA, A)] x Q4 [C=(MA, A)] — C=(M*, A)

and for any z, y € Qg[C>°(M)],

o (et yt) = 07 (@) -yt — 04 (y?) ot
Thus, the map
iga: A2(Qa[C(MA, A)]) — Qa[C (M4, A)]
is the unique C°°(M#, A)-linear map such that
iga (@t Ayt) = g (a4, yt) = 04 (@) -yt — 04 -2
(]

Definition 2. The Lie derivative with respect to D € Der4[C° (M4, A)] is the
derivation of degree 0

Lp =ipodja+0iacip: A(Qa[C(MA A)]) — A(Qa[C™(MA, A)]).
Proposition 7. For any 0 € X(M), the map
Loa: A(Qa[C(MA, A)]) — A(Qa[C(MA, A)])
is a unique A-linear derivation such that
Loa(n™) = [So(m)]*
for any n € A(Qr[C>(M))]).



102 N.M. MOUKALA AND B.G.R. BOSSOTO

Proof. For any n € A(QR[COO( )]), we have

Loa(n™) =iga [657a ()] + 64ra [iga (n™)]
=g (5M 14) + g ([io ()] ")
= (ioloar )" + (Gaslio(m)])”
= (igldas (m)] + Saslio(n)])”
~ [l J

O

Proposition 8. For any 0 € X(M), for any x € Qr[C(M)] and for any f €
C>*(M), we have
(1) Lraga(z?) = [Lr(2)]"
(2) Loa(f4-a%) = [Lo(f - 2)]*.
(8)  Loa[dalfN)] = [Lolorr ()]

Proof. For any 6 € X(M), for any x € Qr[C°°(M)] and for any f € C*°(M), we
have

Lo Lraga(@?) =ipaga0gya(@™)] + 63 ifapa ()]
= [ iga [03pa(@h)] + 3pa [f4 - iga (2]
= [ iga ([0 (@)]?) + 837 (f4 - lio()]?)
= [ iga ([Bar (@) %) +iga (@) - Oppa (F4) + F4 - O [iga (2]
= fA- (io[on (@)]) + lio ()] - [6ar (N + £ - (Snrlio(2)])?
= (f -iolom ()] +ig(x) - S0 (f) + f - Snalio(2)])*

= (f - io[0nr ()] + 6as (f - io(x)])"
= (if.0[0ar(x)] + Sarlis.o(x)))?
= [Lro(x)?
Thus, Lraga(a?) = [Lro(@)?.
2. Loa(fh ) =dga[03pa(F4 - a™)] + 65pa [iga (f4 - 2)]

= iga[onpa (f ) At + A 58 (@] + Spa[fA iga(z™)]
= 04 (fA) -t = Sa(fY) 04 @) + £ 04 ()
+ O a(FA) - 0A @) + FA - 63pa figa (@)
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= (0(f) - = Sur(f) - O(x) + [ - (x)
+00(f) - 0(a) + £ - Snr[io(@)])"

A

3. Loa [5MA(fA)] = iga [ A (0% A(f ))] + 04 [iga (0 MA(fA))}
=0+ 634 [04(FY)]
= S (00N
= (Our [0(1)))"
= (0+ 8y [0())*
= (io [8ar(Bar (F)) + S o (Brs ()]
= [2o(0m(F)]"
O

Proposition 9. For any D € Dera[C™(MA, A)], X € Qa[C®(MA,A)], and
© € C®(MA, A), we have

(1) Lop(X)=¢ Lp(X)+D(X) 68.(¢);
(2) Lp(p-X)=D(p)- X +¢-Lp(X);

(3) Lo [05a(e)] = 034 [D(0)]-

Proof. Forany D € Der4[C®(M*A, A)], X € Q[C®° (M4, A)],and ¢ € C®°(M4, A),
we have

L. £4.0(X) = i p[6374 (X)] + 03palip.n(X)]

= ¢ ip[03a(X)] + 05a @ in(X)]

=@ ip[0ma(X)] +ip(X) O1a(p) + ¢ - 53ya[in(X)]
= ¢ £p(X) + D(X) - 57yalp).
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2. Lo(p-X) =ip[0jpale- X)| +64yain(e- X))
=ip[037a(O)AX + ¢ S (X)] + 037 [ - in(X)]
= D[5ya(9)] - X = 634 (9) - D(X) + - i[04 (X)]
+ 034 (9) - D(X) + @+ 63ya [ip(X))]

= D(p) - X + ¢ ip[6yya(X)] + ¢ - Sy [in(X)]
= D(p) - X + ¢ - (in[3pa (X)] + S3a [in(X)])
=D(p) X +¢-Lp(X).

3. Lplonalp)] =ip[037a (5574 (9))] + na[ip (5374 ()]
=0+ 034 [Dodfa(@)]
=034 [D(9)] -

4. THE POISSON 2-FORM ON WEIL BUNDLES

We recall that, when M is a smooth manifold, A a Weil algebra and M4 the
associated Weil bundle, the A-algebra C>(M#, A) is a Poisson algebra over A if
there exists a bracket {,} on C>°(M#, A) such that the pair (C>(M4, A),{,}) is

a Lie algebra over A satisfying

{1 -2} = {1} -ha +P1 - {p, 2}

for any ¢, ¥y, ¥y € C®(MA, A). When C>®(M?, A) is a Poisson A-algebra, we

will say that the manifold M4 is a A-Poisson manifold [1],[7].
When (M, {,}) is a Poisson manifold, the map

ad: C*°(M) — Derg[C*(M)], f — ad(f)
such that [ad(f)] (¢9) = {f, ¢} for any g € C°°(M), is a derivation. Thus:
Proposition 10. There exists a derivation
ad®: C°(M*, A) — Ders[C=(M*, A)]
such that
ad®(f4) = [ad(f)]*.

Let’s consider the following diagram commutative:

C>®(MA, A) —— Der4[C>(M*, A)]

C>® (M) —2L 5 Derp[C® (M)

i.e.
Toyy =®Poad,
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where

v CF(M) — C*(MA,A), fr— f4
and

®: Derg[C™(M)] — Dera[C®(M#A, A)], 6 — 62,
For any f € C°°(M), we have
Toyu(f) =7(f*)
and
® o ad(f) = ®[ad(f)] = [ad(f)]" .
Thus, there exists ad® = 7 such that
ad®(f4) = fad ()]

As

ad? : C®°(M*A, A) — Dera[C=(M*, A)]
is a derivation, then there exists a unique C°° (M4, A)-linear map

ad: Q4[C(MA, A)] — Dera[C= (M4, A)]

such that

ad? o 5}(‘44 = ad? .
Let’s consider the canonical isomorphism
oaa: Qa[C°°(MA, A)]* — Dera[C® (M2, A)], U s Todiha

and let
—~ —1

o 0adt Qa[C (M4, A)] 240, Ders[O%(MA, A)] 222 Q4[0%(MA, A)]*
be the map.
Proposition 11. If (M,wyr) is a Poisson manifold, then the map,
wipa: Qa[C®(MA, A)] x Q4 [C=(MA, 4)] — C=(M*, A)

such that for any X, Y € Qa[C™(M*, A)]

wira (X, Y) = — [0} 0ad®(X)](Y)
is a skew-symmetric 2-form on Qa[C™(M?A, A)] such that

A
wﬁA(anyA) = [WM(J:,y)] )

for any x and y in Qr[C>*(M)].
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Proof. For any X € Q4[C®(M*4, A)], we have X = > ¢; - 644 (1), with
i€l fini
Pi € COO(MAvA)7 77[]2 S COO(MAaA)
wara(X, X) = —[o7 ], 0ad*(X)](X)

= Y i [ont 0 ad® (X)]6a ()

J€EI: finite

== Y e [ad?(X)](ey)
j€I: finite

=— Y wiene [ad® (07 (r))] (1))
j,k€I: finite

== > wi-en- [adt(@n)] (%)
j,k€I: finite

== > 9 er{¥ry)
J,k€I: finite

=0.

For any X1, Xs and Y € Q4[C®° (M4, A)] and for any ¢ € C°(M4, A), we
have
wyal(p - X1+ X2), Y] = — o4 cad? (¢ X1 + X2)] (V)
= —(U&lA [ - adA(Xl) + adA(Xg)])(Y)

=—w'(U&lA[MN"l(Xl)}(Y)JF(UMA[ad (X2)])(Y)
prwpa(X1,Y) +wpa(Xe,Y).

For any = and y in Qr[C*(M)],

et = N o) and oyt = > gt saaleft).

i€l fini je€I: fini
Thus,
wira(zh,y") = [0} 0 ad® (2 )] (")
= ~[ohoad (Y senat)| (X ot oateh)
i€l : finite j€EI: finite

—— 3 gl o 0 ad (57 (£)] (51a (9)Y)

i,j€I: finite



PROLONGATION OF POISSON 2-FORM ON WEIL BUNDLES 107

= Y gl o 0 ad® G a ()] (54 (6)))

i,j€I: finite

= Y gl fona(ad® 0 3 (F)] (570 (6)
i,j€I: finite

== > frgt o @d ()] (5354 (95)
i,j€1: finite

—— S gt o ad()™M)] (G gh)”
i,j€I: finite

[ X g o )] Gute)]”
i,j€I: finite

[ X s o sG] (Gue)]”
i,jel: finite

= fotead( X feaw)( X a-ou@)]

i€1: finite jJ€E€I: finite
- [WJVI(xay)]A .

O

Proposition 12. When (M,wys) is a Poisson manifold of Poisson 2-form wyy,
then (M#, w4, 4) is a Poisson manifold.

Proof. For any f and g in C*° (M),
wWira (0374 (F1), 6374 (9™)) = witpa (1000 (NI, 621 (9)])
= [wrr(@ara (£), 0na(9))]
= —{f.9}3r,
and
wiya(z? y?) = [WJV[(xay)]Av
for any z, y € Qr[C*°(M)]. We deduce that (M*, w4 ,) is a Poisson manifold. [

Theorem 3. The manifold M4 is a Poisson manifold if and only if there exists a
skew-symmetric 2-form

whpa: Qa[C®(MA, A)] x Qu[C=(MA, A)] — C=(M*, A)
such that for any ¢ and ¢ in C®° (M4, A),

{@ 0 ara = —wipa (0574 (9), 03pa (1))
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defines a structure of A-Lie algebra over C>°(M%, A). Moreover, for any f and g
in C*(M),

{fA7gA}MA = {fmg}ﬁ .
Proof. Indeed, according to the previous proposition, the bracket
{507 {lp}MA = _wﬁj‘\ (511\4414 (90)7 5]13114 ('(/}))

defines a structure of A-Lie algebra over C> (M4, A). For any f and g in C°>°(M),

(£ 9™ i = —wipa (O3 (F), 5354 (9™) = {f. 9331 -

In this case, we will say that w]@ 4 is the Poisson 2-form of the A-Poisson manifold
M# and we denote (M#, w4\, 4) the A-Poisson manifold of Poisson 2-form w4} ,. O

Proposition 13. When (M,wys) is a Poisson manifold of Poisson 2-form wyy,
then for any z, y € Qr[C°(M)] and for any f, g € C™(M), we get

(1) [ad® (@4)](f4) = ([ad(2)] ()"

(2) [ad® (z4)](y*) = (fad(2)](9)*.
3)

A

(97) = ('Qéa[(;M(f)](g))A'

adA[s4  (F4)]

Proof. 1. For any z € Qg[C>®(M)],z? = g - §8% 4 (k) with g and h in C>(M),
and for any f, g € C*°(M), we have

[ad™ ()] (F4) = [ad™ (g2 - 524 (W) (F4)
= [g" - ad® 0 544 ()] (F4)
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2. When y € Qg[C°(M)],y* = g* - 64,4 (h?) with g and h in C>(M)

[ad® (2)](y™) = [ad™ (@) (g" - 632 (1))

= g" - ([ad® (@) 0 530) ()
= g* - [ad? () (n?)
= g* - Jad? () (n?)

= (g - [ad(2)](h))*

O

Proposition 14. When (M,wys) is a Poisson manifold of Poisson 2-form wyy,
then for any X, Y € Qa[C®(M?A, A)] and for any o, 1 € C<(M4, A), we get

(1) [adA(X)](p) = —wia (X, 684 (2));

(2)  [adA0)(Y) = —wiha (X.Y);
(B) S o) = (o0 arn).

Proof. When X and Y € Qu[C®(MAA)], X = Y ;- 5MA(90:) Y =
i€l : fini
Z wj ’ 6]1\3[A (QM) with %»%%W" € COO(MA A)
jE€J: fini /\A y
1. [ad? (X)](¢) = [ad ( > wi aalé] )}(@)
i€l fini
= > ¢i- (ad?[Ba ()] ()
i€l fini
= > i lad*(@))(e)
i€l fini
= > pi-{ehetua
i€l : fini
== S (G (D) 5 ()
i€l fini
= w20 i 0 (9D, 8 ())
i€l fini

= —wiya (X, 3374 (9)).
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ad (X))(Y) = [ad O 3wy -6 ()
j€J: fini
= 3wy [ad (X)) ()
j€J: fini
= 3wy (Jad®(X)] 0 67a) (8))
jE€J: fini
= Y d (X))
jE€J: fini
== Y Uy wia(X,6a ()
j€J: fini
= —wia (X, Z (7 51’3{A(¢3))
j€J: fini
= —wf/[A (X, Y);

A A
Ldton yonur V) = Laar)0a (V)

= Syalad” (0) (¥)]
= 3ra ({0, ¥ ara) -
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