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KYBERNETIKA — VOLUME 52 (2016), NUMBER 4, PAGES 514-530

ON THE RESOLUTION OF BIPOLAR MAX-MIN
EQUATIONS

PINGKE L1 AND QINGWEI JIN

This paper investigates bipolar max-min equations which can be viewed as a generalization
of fuzzy relational equations with max-min composition. The relation between the consistency
of bipolar max-min equations and the classical boolean satisfiability problem is revealed. Con-
sequently, it is shown that the problem of determining whether a system of bipolar max-min
equations is consistent or not is NP-complete. Moreover, a consistent system of bipolar max-
min equations, as well as its solution set, can be fully characterized by a system of integer linear
inequalities.

Keywords: bipolar max-min equations, fuzzy relational equations, satisfiability, linear in-
equalities

Classification: 90C70, 49M37

1. INTRODUCTION

Let F' = ([0,1],V, A, —, ) be the fuzzy algebra where — is a unary operator on [0, 1] such
that —a = 1—a and V, A, and — are binary operators on [0, 1] such that aVb = max{a, b},

a A'b =min{a,b}, and
1, if a<b,
a—)b:

b, otherwise.

A finite system of bipolar max-min equations, first described in Freson et al. [4], is of
the form

\/ (0 Azj) v (ag; Amay) = bi, i€ M, (1)
JEN
where M = {1,2,...,m} and N = {1,2,...,n} are two index sets, and a;;, Qs
b;, and x; are all real numbers in [0,1]. Denote AT = (a;'j)mxn, A7 = (a;;)mxn,
b = (by,ba,...,00)7, x = (x1,29,...,2,)7, and =x = (1 — 21,1 — 29,...,1 —2,)7T,

respectively. A given system of bipolar max-min equations, with x unknown, can be
expressed in the matrix form as

At oxVA o—x=b (2)
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where “o” denotes the max-min composite operation for matrix multiplication. Its
solution set is denoted by S(A*, A~ b), that is,

S(AT,A7,b) ={x€[0,1]"|]AT oxV A~ 0 =x = b}.

Solving AT oxV A~ o—x = b is to determine its solution set S(A*, A=, b). The system of
bipolar max-min equations AT oxV A~ o—x = b is called consistent if S(A*, A=, b) # 0
and inconsistent otherwise.

Note that if either AT or A~ is a zero matrix, AT oxV A~ o =x = b degenerates into
A~ o—-x = b or AT ox = b, respectively, i.e., a system of max-min equations which
has been intensively investigated under the name of fuzzy relational equations. The
consistency of AT o x = b can be determined in polynomial time and its solution set,
if not empty, can be characterized by a maximum solution and finitely many minimal
solutions. The system A~ o =-x = b can be handled analogously and its solution set,
if not empty, can be characterized by a minimum solution and finitely many maximal
solutions. For some detailed discussion on fuzzy relational equations, see, e.g., Di Nola
et al. [3], De Baets [2], Peeva and Kyosev [I1], Li and Fang [7, 8], Li [6], and references
therein.

The bipolar max-min equations and the associated linear optimization problem were
first proposed and investigated by Freson et al. [4] with a potential application in revenue
management. Since the solution set can be well characterized for each single equation
of At oxV A~ o—x = b, it follows that the desired solution set S(AT, A~ b), whenever
nonempty, can be characterized by a finite set of maximal and minimal solution pairs.
Consequently, the linear optimization problem subject to a system of bipolar max-min
equations can be solved by evaluating all those maximal and minimal solutions. How-
ever, this procedure is not computationally efficient since the number of maximal and
minimal solution pairs could be exponentially large. Besides, the identification of these
maximal and minimal solution pairs itself may not be an easy problem. In this paper, by
combining the techniques developed in Li and Fang [7] and Li and Jin [9], we provide a
reformulation approach to bipolar max-min equations and demonstrate that a system of
bipolar max-min equations can be characterized by a system of integer linear inequali-
ties. This implies that the bipolar max-min equation constrained optimization problems
may be handled within the framework of integer and combinatorial optimization and
hence demand no particular solving techniques.

The rest of this paper is organized as follows. The consistency issues of bipolar max-
min equations are investigated in Section 2 via the polynomial-time reduction from the
boolean satisfiability problem. It is shown that determining the consistency of bipolar
max-min equations is NP-complete. An integer optimization based approach is applied
in Section 3 to reformulate a system of bipolar max-min equations and characterize its
solution set in a succinct manner. Some concluding remarks are presented in Section 4.

2. CONSISTENCY OF BIPOLAR MAX-MIN EQUATIONS

In this section, we apply some basic techniques originally developed for solving fuzzy
relational equations, see, e.g., Li and Fang [7] and Li and Jin [9], to demonstrate that
determining the consistency of a system of bipolar max-min equations is an NP-complete
problem.
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For a given system of bipolar max-min equations AToxV A~ o-x = b, we may assume
without loss of generality that by > by > --- > b,,, i.e., the equations are arranged such
that the right hand side coefficients are in a decreasing order. Moreover, we may assume
that b; > 0 for all ¢ € M. Otherwise, any solution x € S(A", A~,b) must have z; = 0
for j € Ny” = {j € Nlaj; > 0,i € Mo} and z; = 1 for j € Ny = {j € Nla;; > 0,i € Mo}
where My = {i € M|b; = 0} # (. Hence, if Nj N N, # 0, the system is inconsistent.
Otherwise, it is a routine to delete the equations corresponding to M, and the columns in
the coefficient matrices and the unknowns corresponding to NJ and N, . Any solution
to the reduced system of bipolar max-min equations can be transformed into a solution
to the original system by setting x; = 0 for j € Ng~ and x;=1forj e Ny .

Before we tackle bipolar max-min equations, we should introduce some simple but
fundamental results in Lemma [2.I] which, as well as their variants, play a key role in
solving fuzzy relational equations of various types.

Lemma 2.1. For any a,b € [0,1], it holds that a Az < b if and only if z < a — b.
Moreover, a A x = b has a solution if and only if b < a, in which case its solution set is
the closed interval [b,a — b]. Analogously, a A =z < b if and only if x > 1 — (a — b),
while a A —z = b has a solution if and only if b < a, in which case its solution set is the
closed interval [1 — (a — b),1 —b].

Lemma [2.T] can be readily verified. It is actually the fact that the operators A and —
form an adjoint pair over the unit interval. Note that the equation aAz =bor aA—x =b
has multiple solutions only when a = b < 1. A direct consequence of Lemma is that
for any a™,a™,b € [0,1],

(at Ax)V(a~ A-z)<b (3)
if and only if
1—(a” —=b)<z<a" —b (4)

Lemma 2.2. A vector x € [0,1]" is a solution to AT oxV A~ o =x = b if and only if
afj Ax; < b; and a;j A—z; <b; for all i € M and j € N, and also there exists an index

ji € N for each i € M such that either a;;-i ANzxj, =b;ora

i Nz, = b;.

Lemma[2.2]holds in a straightforward manner because the operator V is non-interactive,
ie, aVvb € {a,b} for any a,b € [0,1]. Lemmas and also indicate that if
AT oxV A~ o =x = b is consistent, i.e., S(AT, A7, b) # (), it necessarily holds that

b <\ ava;, VieM. (5)
jEN
Furthermore, denote, respectively, X = (&1, 2, ...,%,)T with

#j=\ (1—aj—=b)=1- A (a;; = b) (6)

€M ieM
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and X = (fl, li‘g, . ,Sﬁn)T with

&= )\ (af; = b). (7)
ieM

By Lemmas and whenever S(AT, A~ b) is nonempty, it holds that x < % and
x < x < x for any x € S(AT, A7, b). This means that the vectors x and X serve the
lower and upper bounds of the solutions to AT o x V A~ o =x = b, respectively. Note
that if Z; = &; for some j € N, the variable x; in any possible solution would assume
this unique value. As a consequence, the variable z; and the equations such that either
a;; N&j =b; or a;; N~ = b; can be omitted in further analysis, resulting in a system
of bipolar max-min equations of a smaller size with strictly different lower and upper
bounds on solutions. We may hereafter assume that the lower and upper bounds x and
x are strictly different, i.e., Z; < #; for all j € N, for the system At oxV A~ o-x=Db
under consideration.

Nevertheless, the lower bound X and upper bound %X themselves may not necessarily
be solutions to AToxVA~o—x = b when S(AT, A~,b) # . Evenifx,x € S(A*, A~,b),
it does not imply that every vector x such that X < x < % belongs to S(AT, A7, b).
Hence, a further study on the structure of S(AT, A=, b) is required.

For AtoxVA~o—x = b, two set-valued matrices Q* = (q;;)mm and Q™ = (@i )mxns
called the characteristic matrices, can be constructed according to X and X such that

{2}, if af; A&j = b, af; > b;
@b =13 (& Vb5, ifaf Adj;=biaf =b;, 8)
0 otherwise,
and
{z;} if aj; A —ij = bi,a;; > b;
Gi; =8 &2 A=bil, if ag A=y = biya;; = by, (9)
0 otherwise.

By Lemmas and it is clear that the set qj; U g;; contains all the possible values
that the variable z; may assume to meet the ith equality without violating the bound
restrictions. As a consequence, AT oxV A~ o =x = b is consistent only if the merged
characteristic matrix Q = (Q"‘,Q‘) contains at least one nonempty element in each
row, while the converse is not true. However, as will be illustrated in Theorem the
matrix Q, along with % and %, does record all the critical information to characterize
the solution set of AT oxV A~ o =-x = b. Note that it is possible that (jj; Nq; # 0 for

some ¢ € M and j € N, whichmeansa;;Ax:ai_j/\ﬂx:bi formed;;ﬂqi_j.

Theorem 2.3. A vector x € [0,1]™ is a solution to a system of bipolar max-min equa-
tions At oxV A~ o =x = b if and only if X < x < % and its induced binary matrix
Qr = (qu)an has no zero rows where

. ~+ ~—
e 1, ifw; €q;Udq;,
4; =

(10)
0, otherwise.
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Proof. Ifx € S(AT, A~ b) # (), it holds that x < x < %X and also @, is well defined
with respect to x. Subsequently, by Lemma there exists an index j; € N for each

i € M such that either a;, Azj, = b; or a;;, A—xj, = b;, which implies that z;, € qTJ? Ug;;,

ij; i

and hence g;;, = 1. Therefore, @, has no zero rows.
Conversely, if x < x < X, then a;-;- Ax; < b; and a;; Ny < b; for each ¢ € M and
j € N. Furthermore, according to the construction of @, if ), has no zero rows, there

exists an index j; € N for each i € M such that either ajji Axj, = b; or a;;, N—xj, = b;.
Hence, x € S(AT, A=, b) by Lemma O

Theorem [2.3] demonstrates the combinatorial nature of bipolar max-min equations
by revealing the connection between the solutions to AT oxV A~ o =x = b and the
characteristic matrices Q"’ and Q_. However, to obtain such a solution, as well as to
determine the solution set, is in general not easy because of the interaction of QF and Q~
in defining its induced binary matrix. Actually, a procedure used in Li and Jin [9] may
be applied analogously in this context to illustrate the NP-completeness of determining
the consistency of a system of bipolar max-min equations.

Theorem 2.4. The consistency problem of bipolar max-min equations is NP-complete.

Proof. It is clear that this problem is in NP. We show in this context that a boolean
formula in conjunctive normal form can be viewed as a special system of bipolar max-min
equations, which directly implies that determining whether a system of bipolar max-min
equations is consistent or not is NP-complete.

Let Cy,Cs,...,C,, be a set of clauses over the boolean variables {y1,¥2,...,yn}
and C' = A,c,; Ci a boolean formula in its conjunctive normal form. A clause is a
disjunction of literals, while a literal is either a positive or a negative occurrence of a
boolean variable, i.e., y; or —y; for j € N. Subsequently, define b = (1,1,..., 1) and
At = (a;;)mxn and A~ = (ai_j)an, respectively, as

o= 1, ify; €y
U 0, otherwise,

(11)

and

1, if -y, € ¢,
aj; = { ’ (12)

0, otherwise.

Thus, a particular system of bipolar max-min equations AT oxV A~ o =x = b may be
formed, of which any solution x € [0,1]™ implies, by Lemma that there exists an
index j; € N for each ¢ € M such that either a;"ji Nxj, =1 or a;; N —x; = 1, that is,
either y;, € Ci, x;, = 1 or ~y;, € C;, x;, = 0. The boolean vector y = (y1,v2,---,Yn)"

with
1, if 2 = 1,
yj =14 0, ifx; =0, (13)

Oor 1, otherwise,
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is therefore a true assignment of C' = A;.,, C;. Conversely, if the boolean vector y €
{0,1}" is a true assignment of C' = A, C, then x = y is a solution to AToxVA~o-x =
b by Lemma

As a consequence, the boolean satisfiability problem is polynomially reducible to the
consistency problem of bipolar max-min equations and hence, the latter is NP-complete
as well. ]

Theorem [2.4] suggests a possible method to handle bipolar max-min equations within
the framework of boolean satisfiability. Besides, by Theorem [2.3] we even don’t need to
recall the original bipolar max-min equations once we have obtained the information of
the lower bound %, the upper bound X, and the characteristic matrix Q Moreover, if
only the consistency issues are concerned, we may focus on the values contained in x
and X to simplify the analysis.

For each j € N, label the value £; with the positive literal y; and the value Z; with
the negative literal —y;, respectively, which means that x; = &; implies y; = 1 and
x; = &; implies y; = 0, and vice versa.

Subsequently, denote, for each ¢ € M,

Nt ={jeN|z;€q;} and N; ={je Nz €q;}, (14)
and the clause

Cl': \/ yj\/ \/ ﬂyj. (15)

JEN; JEN;

It is clear that the clause Cj; is just an alternative representation of the ith row of Q
concerning only its nonempty elements. Note that NZ-Jr and N, are not necessarily
disjoint since cj;; and ¢;; can be simultaneously nonempty for some j € N. In such a
case, a;rj ANEj = a;; N —i; = b;, which means that setting either x; = &; or x; = Z;
would lead the ith equation to an equality. Consequently, the corresponding clause Cj,
containing both y; and —y;, becomes a tautology and hence can be omitted as long as
only the consistency is concerned. By this approach, it turns out that the consistency
of AT oxV A~ o—x = b is fully determined by the satisfiability of C' = A,.,, C, called
its characteristic boolean formula.

Theorem 2.5. A system AToxVA~o—x = b is consistent if and only if its characteristic
boolean formula C' = A, ,, C; is satisfiable.

Proof. The boolean formula C' = A;.,, C; is properly defined for AToxVA=o—-x=b
as long as x < x. According to Theorem whenever S(A*, A~ b) is nonempty, there
must be a solution x = (x1,x2, ... ,xn)T such that either z; = 2; or x; = &; for each
j € N. Consequently, the associated boolean vector y = (y1,%2, - --,Yn)’ with

1, ifx; =2,
yj{ T (16)

0, if Zj :jfj,
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is a true assignment of C = A,.,,C;. Conversely, for any true assignment y =
(y1,Y2,---,Yyn)T, the associated vector x = (x1,z2,...,7,)T with
T, ify; =1,
T; = ! . ! (17)
i‘j, lf yj = 0,

is a solution to AT oxV A~ o =x = b by Theorem Therefore, the consistency of
At oxV A~ o—x = Db is equivalent to the satisfiability of C' = A, Ci. O

Example 2.6. Consider the system of bipolar max-min equations At oxVA~-o-x=b
with

0.9 0.7 0.8 09 09 0.7 04 09 0.8
09 02 09 0.7 0.2 0.8 09 08 0.8
At=| 04 08 04 04 |, A =] 05 04 08 05 [, b=]| 06
04 03 02 04 04 0.7 0.6 0.8 0.5
02 04 03 02 0.3 05 02 0.1 0.4

The lower bound x and upper bound X can be calculated, respectively, as
% =(0.2,0.6,0.5,0.5)T, % =(0.8,0.6,0.8,0.8)T,

and neither of them is a solution. Subsequently, the associated characteristic matrices
can be calculated as

{08 ¢ {08} {08} {02}y 0 ] 0

{08y 0 {08 0 o 0 0 0

Qt = 0 {06} 0 0 , Q= 0 0 0 0
0 0 0 0 0 0 {05} {0.5}

o {06} 0 ] o {06} 0 0

Notice that £3 = 2 = 0.6 which means in any possible solution the variable x5 can only
assume the value 0.6. Moreover, the equalities hold for the third and fifth equations
with 22 = 0.6 such that 0.8 A0.6 = 0.6 and 0.4 A 0.6 = 0.5A (1 —0.6) = 0.4, respectively.
Consequently, the variable x5 can be omitted in further analysis together with the third
and fifth equations. Besides, the first equation can be omitted as well for consistency
checking because both ¢;; and §;; are nonempty. Therefore, the characteristic boolean
formula can be constructed and simplified as

(Y1 Vyz) A(—ys V —ya)

which is satisfiable by assigning, e. g., y3 = 1 and y4 = 0. The vector x = (0.8,0.6,0.8,0.5)7
can be constructed accordingly and is indeed a solution to the given system of bipolar
max-min equations. Actually, it can be further verified that the first component of this
solution may assume any value between 0.2 and 0.8.

Example [2.6]is adapted from the example in Li and Jin [9]. It illustrates that the two
types of equations, min-biimplication equations and bipolar max-min equations, may
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share a common essential structure despite their different appearances. This issue is
further addressed in Section [3.1] Besides, as a direct consequence of Theorem the
consistency of bipolar max-min equations may be solved as the classical boolean satis-
fiability problem using the current state-of-the-art SAT solvers, e.g., Chaff, BerkMin,
SATO, and Siege.

3. SOLUTION SETS OF BIPOLAR MAX-MIN EQUATIONS

The problem of determining the solution set S(AT, A=, b) of a system of bipolar max-
min equations AT oxV A~ o—x = b is a little complicated since its characteristic matrix
Q may involve two types of nonempty elements, i.e., singletons and intervals. Besides,
those omitted equations corresponding to the tautologies in the characteristic boolean
formula should be taken into consideration as well because the components of a solution
x € S(AT, A, b) may assume the values that are not contained in x and x. It turns out
that a system of integer linear inequalities is sufficient to characterize S(A™, A=, b) by
applying the techniques developed in Li and Fang [7] and Li and Jin [9]. Moreover, if the
nonempty elements in Q are all singletons, e. g., Example the situation is somehow
easier to deal with as is illustrated analogously in Li and Jin [J] for min-biimplication
equations.

3.1. Simple scenarios of bipolar max-min equations

For a system of bipolar max-min equations AT oxV A~ 0 =x = b, we assume that its
merged characteristic matrix Q= (Q*, Q’) contains only singletons as the nonempty
elements. In such a case, those singletons in Q just duplicate the values in X and x.
Consequently, Q can be reduced into a binary matrix Q = (¢ij)mx2n such that for each

JeN,

1, if#;€q 1, if#; €q;
=1 e and ) =3 o 18
% { 0, otherwise, Titn+) 0, otherwise. (18)
Define the binary vector u = (uy,us, ..., us,)? such that u;j and u,4; are labeled with

#; and &;, respectively, for each j € N. In this manner, At oxV A~ o =x = b may be
reformulated into a system of integer linear inequalities Qu > e,,, Gu < e,,, where

1 1

1 1 nx2n
with unspecified elements being zero and e, and e, are the m-dimensional and n-
dimensional vectors of all ones, respectively. According to Theorems and a
binary vector u € {0,1}?" subject to Qu > e, is necessary to induce a solution to
AT oxV A~ o —-x = b. The constraints of Gu < e,, are routinely imposed to eliminate
those unqualified binary vectors so that at most one value specified in X and %X could
be used for each single variable in the solution construction. Note that those values
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contained in %X and % but not in @ play no role in the further analysis because their
corresponding columns in () contain only zeros.

Theorem 3.1. Let AT oxV A~ o =x = b be a system of bipolar max-min equations
such that all the nonempty elements in its merged characteristic matrix Q are singletons.
It is consistent if and only if its characteristic system of linear inequalities Qu > e,
Gu < e, is consistent.

Proof. For any given solution x € S(A", A=, b) # 0, there exists, by Lemma an
index j; € N for each ¢ € M such that either aj'ji A mj, = b; or a;; A —xj, = b;. Under
the assumption that all nonempty elements in Q are singletons, this implies that either

x;, = &j,, ¢i,j; = 1 or j, = &j,, Gint+j;, = 1, but not both. Hence, the binary vector
u = (uy,us, ..., uy)" with
17 ifl‘j :Z,IAij, 17 ifl‘j :i'j,
u; = and Upti = 19
J { 0, otherwise, e 0, otherwise, (19)

for j € N, satisfies both Qu > e, and Gu < e,. Conversely, if u € {0,1}2" satisfies
both Qu > e, and Gu < e,,, we may define two disjoint index sets

suppT(u) = {j € Nju; =1} and supp (u) = {j € Nlun+; = 1}. (20)
Consequently, the induced vector x = (21, x2,...,2,)T with
Zj, if j € supp™(u),
T =< Iy, if j € supp™ (u), (21)

Z; or &;, otherwise,

is a solution to AT oxV A~ o—x = b by Theorem Therefore, AToxVA - o-x=b
is consistent if and only if the system Qu > e,,, Gu < e,, is consistent whenever all the
nonempty elements of @ are singletons. g

As illustrated in the proof of Theorem each solution u € {0,1}?" to Qu > e,,,
Gu < e, induces a subset of S(A", A=, b) bounded by v = (91,92, ...,0,)T and v =
(01, Do, ..., 0n)T where for j € N,

z;, if j € suppT(u), Z;, if 7 € supp~(u),
S j .pp() and oy = J .pp() (22)
Z;, otherwise, %4, otherwise.

According to Theorem any vector x € [0,1]™ such that v < x < ¥ is a solution to
AT oxV A~ o —=x = b. It is clear that the union of all such subsets of solutions forms
the solution set S(AT, A~ b). However, in order to remove the redundancy in such a
representation of S(A*, A7, b), we need figure out the minimal solutions of Qu > e,,,
Gu < e,. By a minimal solution 1 to Qu > e,,, Gu < e,, we mean any solution u such
that u < 1 would imply u = . Of course, obtaining all minimal solutions of a system of
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integer linear inequalities itself is a computationally difficult problem and requires some
sophisticated enumeration techniques. Denote

S(Q,G) = {u"lk=1,2,...,19(Q,0)|} (23)

the set of all minimal solutions of Qu > u,,, Gu < e,, and denote vk and v the lower
and upper bounds induced by u* € S (Q, G), respectively. It is clear that the solutions
induced by a pair of v¥ and v* may have the number of unfixed components as many
as possible, all of which form as well the solution set S(A*, A=, b).

Theorem 3.2. Let AT oxV A~ o =x = b be a consistent system of bipolar max-

min equations. If all the nonempty elements in its merged characteristic matrix @ are
singletons, then

IN

SAT, A7 b)) = ) {xe 1" <x <9t} (24)

ukes(Q,G)

Proof. It suffices to show that any solution x € S(A*, A~,b) can be induced by some
minimal solution @ € S(Q,G). For any x € S(AT, A=, b), by Theorem a binary
vector u € {0,1}?" can be constructed that satisfies Qu > e, and Gu < e,, as well as a
minimal solution u € S (@, G) such that u < u. Subsequently, the pair of v and v may
be constructed with respect to u. It holds that z; = v; if j € supp™(01) and z; = v; if
j € suppt (1) and hence, v < x < v. Therefore, S(A*, A=, b) may be determined by
the solutions induced via S(Q, G). O

Example 3.3. (Example continued) For the system of bipolar max-min equations
considered in Example after removing the variable zo and the third and fifth equa-
tions, the corresponding characteristic system of linear inequalities Qu > e,,, Gu < e,
can be written as

{,%1 Li‘g 22‘4 .’Z‘l i‘g f4 Ui 1
1 1 1 1 0 0 s 1
1 1 0 0 0 0
o 0 o0 0 1 1 us | 1

-1 0 0 -1 0 0 A e
0 -1 0 0 -1 0
0 0 -1 0 0 -1 uz -1

us 71

1 1 0
0 0 1
Sl 0 -2 _ 0 ad = 0
0|’ 0|’ 0
1 0 0
0 1 1
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as well as their corresponding induced pairs of solutions, the variable x5 included,

0.8 0.8 0.2

SIS BCC I BRI B BRI
0.5 0.5 0.8
0.5 0.5 0.5
0.8 0.8 0.8
0.6 : :

ol e |08 |0
0.5 0.8 0.8
0.8 0.5 0.5

Therefore, the solution set is

S(AT, A7 b) = | {xel0 1 <x <ok

k=1,2,3

By Example we once again point out that the min-biimplication equations dis-
cussed in Li and Jin [9], without referring to their particular logical interpretations, may
be viewed as a special scenario of bipolar max-min equations after the hidden essential
nature has been revealed.

3.2. General scenarios of bipolar max-min equations

When the merged characteristic matrix Q of a system of bipolar max-min equations
AT oxV A™ o =x = b contains interval elements, it requires more binary variables to
label the critical values at those interval endpoints. However, the method developed in
Li and Fang [7] can be naturally extended to handle these general scenarios of bipolar
max-min equations.

Note that the nonempty elements in each column of Q* share a common value at the
right endpoints and hence it suffices to consider the values at the left endpoints. Denote
r the number of different values in the set {&; \VV b; |a NZ; =b;,t € M} for each j € N,
and Vjk, k € KJr {1,2,..., T }, these different Values. Arranging all these values in a

sequence, we obtaln a vector v = (011, .. ®1T+, ey Uty ,vnT+) For each j € N

and k € K;r, the position of 03 in vF is k' = o} Py =)t k. Subsequently, QT

can be represented by a binary matrix Q1 = (q”)anJr Where nt = deN - and for
each j € N and k € KJ'-",
et (1Y ot
qf“ _ 1, if k' = O‘j (k),’l)jk; S ql-j7 (25)
i 0, otherwise.

Besides, an accompanied binary matrix Gt = (g;;)nxn+ should be constructed such
that for each j € N and k € K:‘,
. / _ +
1, ik =o](k),

+
g, = 26
7k { 0, otherwise. (26)
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The matrices QT and G are called in Li and Fang [7] the augmented characteristic
matrix and the inner-variable incompatibility matrix, respectively.

It is clear that Q’ can be handled in an analogous manner. Since the nonempty
elements in each column of Q~ share a common value at the left endpoints, only the
values at the right endpoints of these intervals are of concern. Denote r; the number
of different values in the set {&; A —b;|a;; A ~%; = b;,i € M} for each j € N, and
Ujk, k € K = {1,2,... ,r;}, these different values. Analogously, we obtain a vector
v = (011,. .. ’@1’“1_’ ey On1y. .., 0 )T by arranging all these values in a sequence. For

Y inry,
each j € N and k € K, the position of 9;, in v~ is k' = o (k) = Zi: ry + k.
Subsequently, the augmented characteristic matrix Q~ = (qi;)mxnf can be defined with

respect to Q~ where n~ = ZjeN r; and for each j € N and k € K,

- 1, ifk = o; (k), 0 € Gy, (27)
i 0, otherwise.
The corresponding inner-variable incompatibility matrix G~ = (gi;)nxnf can be con-

structed as well such that for each j € N and k € K,

B 1, ifk = aj_(k:), (28)
G =
ik 0, otherwise.

Let u € {0, 1}”++"_ be a binary vector such that each component is labeled with
a value in v* or v~. A system of integer linear inequalities Qu > e,,, Gu < e,, can
be defined for AT oxV A~ o —=x = b where Q = (Q*,Q7) and G = (GT,G7) are the
merged augmented characteristic matrix and the merged inner-variable incompatibility
matrix, respectively. Analogous to Theorems and [3:2] this system of integer linear
inequalities fully characterizes the solution set of At oxV A~ 0 =x = b.

Theorem 3.4. Let AT oxV A~ o =x = b be a system of bipolar max-min equations
with @ and G being its merged augmented characteristic matrix and inner-variable
incompatibility matrix, respectively. It is consistent if and only if its characteristic
system of linear inequalities Qu > e,,, Gu < e, is consistent.

Proof. For any given solution x € S(AT,A7,b) # 0, define for each 5 € N and
ke K
J K

1, if k= argmax, . +{05 <z},

wjk = e (20)
0, otherwise,

and for each j € N and k € K,

1, if k=argmin,_,.—{0;x > x;},

i, = bty R = (30)

j .

0, otherwise.
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Because it is possible that max{o;x|k € K, } > min{v;x|k € K;‘} for some j € N,
a slight modification is occasionally needed such that_the obtained binary vector u €
{0,1}"" 1" satisfies Gu < e,,. Besides, by Theorem it holds that for each i € M

either
Z Z Qi > 1

ieN + it
JEN ke K k=c} (k)

Z Z Qg Ui = 1

— =
JEN ke K k'=07 (k)

or

i.e., Qu > e,,. Conversely, if u € {0, 1}”++"_ satisfies both Qu > e,, and Gu < e,,, we
may define two disjoint index sets

suppt(u) = {j € N|ZkeKj+“jk =1} (31)
and

supp™ () = {j € N[y ujn = 1} (32)
Consequently, the induced vector x = (21,72, ..,2,)T with

ZkeK;r Ojkuzr,  if j € supp™(u),
xj = ZkeKj_ Ujkuj, if j € supp~(u), (33)

Z; or &y, otherwise,

is a solution to AT oxV A~ o—x = b by Theorem Therefore, AToxVA - o-x=b
is consistent if and only if the system Qu > e,,, Gu < e, is consistent. |

Note that although it has a same matrix representation with its counterpart in Sec-
tion the system Qu > e,,, Gu < e, addressed here usually has a larger size.
The proof of Theorem indicates that each solution u € {0, 1}"++”7 to Qu > e,
Gu < e, induces a subset of S(AT, A~ b) bounded by v = (91,%2,...,0,)7 and

V = (91,09, ...,0,)T where for j € N,

3 Y kext Ujktjr, if j € supp™(u),
vj = s J . (34)
Tj, otherwise,
and
D if 7 -
0 = 2percy Lkt 1] € supp{u), (35)
Zj, otherwise.

According to Theorem any vector x € [0,1]™ such that v < x < ¥ is a solution to
At oxV A~ o-x = b. Consequently, we may focus on the minimal solutions of Qu > e,,,,
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Gu < e, in order to obtain a compact representation of S(A", A7, b). Analogously,
denote

S(Q7G):{11’“|I<::1,27...,|S(Q,G)|} (36)

the set of all minimal solutions of Qu > e,,, Gu < e,,. For each u* € S(Q, G), it induces
a pair of lower and upper bound solutions v* and v*. The solution set S(AT, A™,b) is
then readily determined by these pairs of solutions induced via S(Q, G).

Theorem 3.5. Let AT oxV A~ o =x = b be a consistent system of bipolar max-
min equations with @@ and G being its merged augmented characteristic matrix and
inner-variable incompatibility matrix, respectively. The solution set S(A*, A~ b) is
determined by

IN

st Amb) = | {xel'F =x
k€S (Q,Q)

vk (37)

Proof. Foranyx € S(A*, A~ b), abinary vector u € {0,1}" 7" can be constructed
as in Theorem which satisfies Qu > e,, and Gu < e,. A minimal solution u €
S(Q, @) can be obtained such that @ < u, which induces a pair of lower and upper
bound solutions v and v. It holds that z; < >°, .~ 9jpu;x if j € supp™ (i) and
J
T; > Y ekt Ujktjk if j € supp™ (@) and hence, v < x < V. Therefore, S(A*, A, b)
J

may be determined by the solutions induced via S(Q, G). O

Example 3.6. Consider the system of bipolar max-min equations At oxVA~o-x=Db
with

0.9 0.7 0.9 0.9 0.7 0.9 0.8
At =1 04 06 05 |, A”=1] 05 04 08 |, b= 06
04 02 03 04 0.2 0.3 0.4

The lower bound x and upper bound X are, respectively,
% =(0.2,0,0.4)T, % =(0.8,1.0,0.8)7,

and both of them are indeed solutions to AT o xV A~ o =x = b. However, it can be
verified that x = (0.6,0.6,0.6)7 is not a solution but satisfies X < x < %X. Subsequently,
the characteristic matrices can be calculated as

(0.8} 0 {0.8) {02 0 0
Qt = 0 (0.6,1.0] 0 ., Q= 0 0 {0.4}
0.4,0.8] 0 0 [0.2,06] 0 @

Accordingly, denote

v = (911, V12, Ua1,731)" = (0.8,0.4,0.6,0.8)"



928

and

= = (D11,012,031)" = (0.2,0.6,0.4)",
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respectively. The corresponding characteristic system of linear inequalities becomes

V11 V12
1 0
0 0
1 1
-1 -1
0 0

[l ell =]

031

1
0

011
1
0

0
0
1

D12

-1

There are six minimal solutions in total, i.e.,

The corresponding induced pairs of solutions are, respectively,

O O O O = O =

SO = O = O O

0

0.8
0.6
0.4

0.2
0.6
0.4

0.8
1.0
0.8

_ O O O O O =

_ O = O O O O

0.8
0
0.4

0.2
0
0.4

0.8
1.0
0.4

D31

0
1
0

u1
U2
us
Uy
Us

U6

ur

O O O = = O

O R O Rk B O O

0.4
0.6
0.8

0.2
0.6
0.8

0.8
1.0
0.8
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0.2 0.2 0.6
vi=| 10 |, ¥¥*=[ 10|, ¥=| 1.0
0.8 0.4 0.8

Therefore, the solution set is

SAT, AT b) = | {xe[0,1PRF <x <)
ke{1,2,...,6}

According to Theorems and we need enumerate all the minimal solutions of a
system of integer linear inequalities, of which the number could be exponentially large,
in order to express the solution set of bipolar max-min equations in a compact form.
This is not surprising because as illustrated in this section a system of bipolar max-
min equations may be viewed as a disguised or generalized form of a boolean formula
depending on the pattern of its characteristic matrix. The practically well performed
enumeration techniques are separate research issues and beyond the scope of this paper.
The reader may refer to Johnson et al. [5], Palopoli et al. [I0], and Crama and Hammer [I]
for the discussion on these issues.

4. CONCLUDING REMARKS

The system of bipolar max-min equations, originally described by Freson et al. [4],
has been investigated in this paper as a generalization of fuzzy relational equations
with max-min composition. It is demonstrated that determining the consistency of a
system of bipolar max-min equations is NP-complete while a compact representation of
its solution set requires the enumeration of all minimal solutions of a system of integer
linear inequalities. It is clear that the techniques presented in this paper work for bipolar
max-1" equations in an analogous manner where 7" is a continuous triangular norm.
When the linear optimization problem is considered subject to a consistent system
of bipolar max-min equations, it is inevitably an NP-hard problem because the max-
min equation constrained linear optimization problem is already NP-hard as illustrated
by Li and Fang [7]. However, as also observed by Freson et al. [4], for such a linear
optimization problem there exists an optimal solution whose components assume only
the values specified in the lower and upper bounds and the endpoints of intervals in the
characteristic matrices. Consequently, by applying Theorems and the bipolar
max-min equation constrained linear optimization problem can be reformulated into
a linear integer optimization problem and then handled taking advantage of the well
developed techniques in combinatorial optimization and integer optimization.
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