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Abstract. The Humbert matrix polynomials were first studied by Khammash and She-
hata (2012). Our goal is to derive some of their basic relations involving the Humbert
matrix polynomials and then study several generating matrix functions, hypergeometric
matrix representations, matrix differential equation and expansions in series of some rela-
tively more familiar matrix polynomials of Legendre, Gegenbauer, Hermite, Laguerre and
modified Laguerre. Finally, some definitions of generalized Humbert matrix polynomials
also of two, three and several index are derived.
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1. INTRODUCTION AND PRELIMINARIES

Special matrix functions are very close to statistics, Lie group theory and number
theory [14]. In the recent work, matrix polynomials have significant emergent in
[1]-[7], [9], [10], [12], [17]-[21], [24]-[32], [34]-[37]. Results in the theory of classical
orthogonal polynomials have been extended to orthogonal matrix polynomials in
[8], [16], [38]. Humbert matrix polynomials have been introduced and studied in
[22]. The reasons of interest in this family of Humbert matrix polynomials are their
intrinsic mathematical importance.

Our main aim in this paper is to prove new properties the generalized hyperge-
ometric matrix function and Humbert matrix polynomials. The structure of this
paper is as follows. In Section 2, some basic relations involving the generalized hy-
pergeometric matrix functions and convergence properties, integral representation,
differential properties, and matrix differential equation are obtained. In Section 3, we
give some new results involving the Humbert matrix polynomials and then establish
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several operational results, matrix differential equation, finite series representation,
hypergeometric representations, four additional generating matrix functions and ex-
pansions of Humbert matrix polynomials in series of other polynomials which are
best stated in terms of the generalized matrix polynomials. Relationships with other
polynomial systems are also developed. Finally, we define the multiindex Humbert
matrix polynomials and present several new results for matrix polynomials in Sec-
tion 4.

Throughout this paper, for a matrix A in CV>*¥ | its spectrum o(A) denotes the
set of all eigenvalues of A. Its two-norm will be denoted by || A||, and is defined by

p 1Azll2

:c;ﬁO H:L‘H

1Al =

where, for a vector z € CV, ||z||2 = (Tx)'/? is the Euclidean norm of z.

If f(z) and g(z) are holomorphic functions of the complex variable z, which are
defined in an open set © of the complex plane, and A, B are matrices in CV >V with
o(A) € Q and o(B) C €, such that AB = BA, then from the properties of the
matrix functional calculus in [13] it follows that

(1.1) f(A)g(B) = g(B)f(A).

We recall that the reciprocal gamma function denoted by I'"!(2) = 1/I'(z) is an entire
function of the complex variable z and thus for any matrix A in CN*N T'~1(A) is
a well defined matrix. Furthermore, if A is a matrix in CV*¥ such that

(1.2) A+ nl is an invertible matrix for all integers n > 0

where I is the identity matrix in CV*¥ then the Pochhammer symbol or shifted
factorial is defined by [15]

(1.3) (A = A(A+T)(A+2I)...(A+ (n—1)I)
=T(A+nDIHA); n>1, (A)=1.

For matrices A(k,n) and B(k,n) in CV*¥ where n > 0, k > 0 the following relations
are satisfied according to Defez and Jédar in [11]:

(1.4) >N B(k,n)=>Y B(kn—k

n=0 k=0 n=0 k=0
ZZ ZZAkn—mk;) m € N.
n=0 k=0 n=0 k=0
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Similarly, we can write

(1.5) >N Bk,n)=>Y B(kn+k),
n=0 k=0 n=0 k=0
oo [n/m] 00 oo
SN A(kn) =) A(k,n+mk); meN
n=0 k=0 n=0k=0

Let us denote real numbers M (A) and m(A4) by
(1.6) M(A) = max{R(z): z€0(4)}; m(A) =min{R(z): z € o(A)}.

Note that, if k is large enough so that for k¥ > ||C||, then we have the relation which
is given in Jédar and Cortés [18], [17] in the form

1
1.7 CH+ENY<<——:; k> |C].
1.7 I+ kD)7 < t=pers +> €]
The hypergeometric matrix function 2F(A, B; C;z) has been given in [17] in the
form
— (Ar(B)r(C))
(1.8) oF (A, B;C2) = Z (4) )k"(( 2*

k=0

where A, B and C are matrices of CV*¥ such that C' + nI is an invertible matrix
for all integers n > 0. It has been shown by Jédar and Cortés [17] that the series is
absolutely convergent for |z| = 1 when

m(C) > M(A) + M(B).

If CB = BC and C, B, C — B are positive stable matrices, then, for |z| < 1,
an integral representation of (1.8) was given in the form [17]

1
(1.9) 2F1 (A, B; C;2) = / (1 —tz)"AB~T(1 —)C- BT q
0

x T~ YB)I}(C - B)I(C).

CNXN

For any matrix A in , we will exploit the relation due to [17]

o)
1
(1.10) (1—2)"4 = FyA Z —(Anz" 2l < 1.

Our main aim in the next section is to prove new properties of generalized hyperge-
ometric matrix function.
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2. PROPERTIES OF GENERALIZED HYPERGEOMETRIC MATRIX FUNCTION

The generalized hypergeometric matrix function is defined as follows:

Definition 2.1. Let A;, A, A3, B; and By be matrices in CNV*¥ such that
(2.1) Bji+nl and By +nl are invertible matrices for all integers n > 0.

Then we define the generalized hypergeometric matrix function as
> 2k

(2.2) 3F3(A1, Az, As; B, Ba; 2) ZF )k(A3)k((B1)k) " ((B2)x) ™"
k=0

We are going to study the convergence properties of the hypergeometric matrix
function. Note that if k is large enough so that k& > ||B;||; 7 = 1,2, then by the
perturbation lemma, see [17], we can write

1 -1 1 k
“Bi+1) | < = D j=1,.2
|GB+1) | < =mmr = =1
and
1/1 -1 171 -1
) - ||lZ(ZR. —_(=RB.
(23) s+ k0= [z G+ )= 2| Grrr) |
<71 k> |Bjll; 7=1,2
< ; il =12
k=Bl !
Let us denote
(2.4) Ti(k) = |B; (B + D7 (B + (k= D)D) 7Y
fork>1andj=1,2.
Note that from (1.3) we obtain
(25) (Al < ([ AilDw; i=1,2,3.

Using (2.3), (2.4) and (2.5) for k > || B;|| we have
(2.6) |25 A A0 (B
< AR (A (A3 173 ()T ()

< %IZ’“I(IIAlH)k(IlAz|\)k(||A3|\)kT1(k)T2(k)~
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Now we will investigate the convergence of the series
1
(2.7) >, lekl(llz‘hH)k(IIAQH)k(IIA:sH)le(/f)Tz(/f)~

k=0

Using the ratio test and the relation (1.7), one gets

(2.8) lim ‘(||A1|)k+1(||142|)k+1(||A3|)k+1Tl(k+ DTk 4 1)k 2441
kS (AL IDE(1 A2 k(| As D eTr (k) T2 (k) (k + 1)! o
<hm‘Wml+mmAﬂ+kMAﬂ+%MUi+kU*HU%+kD4H%“
= koo (k+1) =
< lim (1AL + &) (| A2l + &) (|| Az + k) "

koo (k= |[Bil)(k = [ B2[)(k +1)

hence the power series (2.2) is absolutely convergent for |z| < 1 and diverges for
|z| > 1. Analogously to Theorem 3 in [17], we can state

Theorem 2.1. The generalized hypergeometric matrix function sF5(A1, As, As;
By, Ba; z) is absolutely convergent for |z| = 1 when

(2.9) m(B1) +m(Ba) > M(Ay) + M(As) + M(As)

where M and m are defined in (1.6).

The integral representation (1.9) of the generalized hypergeometric matrix func-
tion can be extended to obtain the following result:

Theorem 2.2. Let A;, 1 < i < 3 and Bj, 1 < j < 2 be matrices in CNxN
such that B; + kI are invertible matrices for all integers k > 0. Suppose that the
matrices A;, B; and Bj — A, are positive stable matrices. For |z| <1 and |zt| < 1 it
follows that

1
(2.10) 3F2(A1, Ay, A3; By, Bo; Z) = / tAl_I(l — t)Bl_Al_IQFl(AQ, Ajz; Bo; Zt) dt
0
x T7HANTY(B; — A))T(B))

where AZ‘Bj = B]Az
The proof is similar to the proof of Theorem 5 in [17].
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Consider the differential operator § = z2(d/dz), D, = d/dz, 62* = kz*. For
commutative matrices, we have

0(0I + By, — I)(0I + By — I)3F,
oo Zk,
- kk—,(kl 4 By — D(kI + Ba — I)(A1)i(A2)i (A3)w (BUk) " (Ba)i) ™"
k=1
- Z k-1 (A1) (A2)k(A3)k((B1)k—1) " ((B2)k—1)""

el
Il
—

Replacing k by k + 1, we have
0(6I + By — )(L‘)I + By —I)3F,
2k
= Z D1 (A2) k11 (A3)k1 ((B1)g) ™ (B2)r) ™
=0

Thus, we have shown that 3F5 is a solution of the matrix differential equation
(0(0I + By —I)(0 + By —I) — 2(0 + A1)(01 + A3)(01 + A3))3F, =0
where 0 is a zero matrix or null matrix in CV*¥ . This result is summarized below.

Theorem 2.3. Let Ay, Az, A3, B1 and By be matrices in CNXN satisfying the
spectral condition (2.1) and BjA; = A;Bj; 1 < i< 3 and1 < j < 2. Then 3F,
satisfies the matrix differential equation

(2.11)  (8(AI + By — I)(1 + By — I) — 2(0I + A1) (01 + Ag) (61 4 A3))3F5 =0

d3 2
(2.12) ((1—2) P+ (Bi+ Bat 1) = (A1 + Ao + A3 +3)2)7—

d
+ (B1B2 — z(A1As + AsAs + A1As + A1 + Ay + As + I))@

- A1A2A3)3F2 —o0.
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3. PROPERTIES OF HUMBERT MATRIX POLYNOMIALS

In this section, we deal with the Humbert matrix polynomials hZ(x) that are
defined by (see [22])

[n/3]

_1)k(3x)n—3k

3.1 hi(x) = (— A)p—

(31) 1) = 3 g s

for a matrix A in CV*¥ such that

(3.2) A+ nl is an invertible matrix for all integers n > 0.

Such matrix polynomials have the generating matrix function
oo

(3.3) (1=Bat+t%)"A =" hia)t"; 3ot —7] <1,
n=0

and the hypergeometric matrix representation for Humbert matrix polynomials

(3.4)  hi(z) = ngg (—%n[, %(1 —n)I, %(2 —n)I;

1 1 1

where (I — A —nl)/2 and (2] — A — nl)/2 are matrices in CV*¥ satisfying the con-
dition (2.1).

Next, let us recall the convergent properties and matrix differential equations of
Humbert matrix polynomials which will be used in the following.

Theorem 3.1. Let A be a matrix in CN*¥ satisfying the spectral condition (3.2).
Then the power series (3.1) is absolutely convergent for |1/4x3| < 1 and diverges for
|1/423] > 1.

Theorem 3.2. Let A be a matrix in CN*¥ satisfying the condition (3.2). Then
Humbert matrix polynomials are absolutely convergent for |1/4z3| = 1 when

(3.5) m(%(ZI A nI)) + m(%([ —A- nI))

> M(—%n[) +M(%(1 —n)I) +M(%(2 —n)I)

where M and m are defined in (1.6).
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From the fundamental relation (3.3) by the usual method in such cases (differen-
tiating (3.3) with respect to x and then with respect to t) the following recurrence
formula may be easily obtained:

(3.6) (n+ 1Al (z) — 3z(A +nl)hi(z) + (BA+ (n — 2)I)hiy_5(z) =0, n>2,

see [22]. This formula affects only Humbert matrix polynomials with the same su-
perior index. But another one can be readily written, connecting Humbert matrix
polynomials with different indices, both superior and inferior, namely

(3.7) (n+ )Rty (x) + 3ARLT) (v) = 3Azhii T (z), n>2.

n—2

In [22], other recurrence formulae introduce the differential coefficient of the Humbert
matrix polynomials:

d d
A a4 4 a S
(3.9) (BA+nDhA (@) = LpA, (2) — 20-LnA(a)
. n dz n+1 de ™
and
d,a A+T
(3.10) hi(z) =3Ah; T (x), n=>1.

dzx

With help of these recurrence formulas, we can write the following equations: The
first of them is

d a4

(3.11) (@) = 3ARAT ().

Comparing (3.11) with (3.10), we obtain

(3.12) g2 2

(z) = 9A(A + DR ().
Due to (3.12), it is easy to see that

(3.13) DFBL (o) = 3 (AN M () D= —.

From the relations (3.8) and (3.9), we easily get the relations
(3.14) (xD —n)h(z) = Dh2 ,(x), n>2
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and
(3.15) (22DI + nl + 3A)hi(z) = Dhit (2).

Now iteratively applying the linear differential operator in (3.15) twice to (3.14) and
using the simple relation

(3.16) (axD + b)D" = D" (axD + b — na)
the matrix differential equation is given in the form
(3.17)  (22DI + (n+3)I +3A)(22DI +nl + 3A)(xD — n)hi(z) = D*h(z).

From (3.17), we get the matrix differential equation of third order satisfied by Hum-
bert matrix polynomials

(3.18) (1 — 423)D3h?(x) — 6(31 + 2A)z>D*h2 (x)
— (((n+5)I +3A)((2 — 3n)I + 3A) + 10nI)xDhi} (x)
+n(nl +3A)((n + 3)I + 3A)h2 (z) = 0.

This result is summarized in

CNXN

Theorem 3.3. Let A be a matrix in satisfying the spectral condition (3.2).

Then the Humbert matrix polynomial is the solution of the matrix differential equa-
tion (3.18).

A variety of interesting results can be easily deduced from Theorem 2.3. In the
next result, the Humbert matrix polynomials appear as finite series solutions of the
third order matrix differential equation.

Corollary 3.1. The Humbert matrix polynomial is the solution of the matrix
differential equation of the third order

(3.19) (1 —42®)D3hi}(x) — 6(31 + 2A)z*>D*hi ()
— (((n+5)I +3A)((2 — 3n)I + 3A) + 10n])zDh2 (x)
+n(nl +3A)((n+ 3)I + 3A)hi(z) = 0.
Proof. Put 2 = 1/423, Ay = —nl/3, Ay = (1-n)I/3, A3 = (2—n)I/3,

Bi=(I-A—-nl)/2 and By = (2l — A—nl)/2 in (2.12) and multiply by (3z)",
then the proof of (3.19) follows directly. O

Now we obtain the finite series representation for Humbert matrix polynomi-
als h ().
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Theorem 3.4. Let A be a matrix in CNV*¥ satisfying (3.2). Then we have

—k)S(QA + 2/%‘])”,2]@,5 (%:L’

)n—3s

(3.20)

kls!(n — 2k — s)!

Proof. From (3.3) and (1.5) we have

(3.21) Z hA()" = (1 — 3at +£3)~4 ((1 - %)2 - (%)Q + t3)7A
xt\—2 T 3\~
- o A<1_((?1i3a:t2 )t ) ’

(-5
(

[
2

)
3xt) 24
(

2 (A)y f(3xt)2272 — 83
2 k! (1—3xt2 1)2 )

k=0
_ > A)k T 3 3t —2A—2kI
R (CORNEE D)
k=0

B iim) R (2A + 2KT), (Bt)" " (- 4t )k

n = kln! (3x)?

NNy (R A+ 2D (32)

- Z;”;)Z:O k!s!n! !

B oo 0o o (A)k(_k)s(2A+2k1)n<%x)n+2k72s otk s

= Z;);;)Zo klsn! ! '
Replacing n by n — 2k — s, we get
299 hA co [n/2]n—2k (2A+2]€I)n ok g(% )n—Sstn
(8:22) Z nz::z:: z::() klsl(n — 2k — s)! '

Comparing the coefficients of t", we get the finite series representation (3.20) for

Humbert matrix polynomials.

Theorem 3.5. Let A, 2A and B be matrices in CVN*N satisfying the spectral
condition (3.2). Then the Humbert matrix polynomials have the following four ad-
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ditional generating matrix functions:

(323) (A0 hi@r = 30 B
n=0 n=0 ’
y 1F3<A+nI;A—;nI,A+(T§+1)I,A+(Z+2)I; (%)3)
(320) 3 (Blu((A)) iy = 30 B B
n=0 n=0 ’
x4F3<BJ;”I,B+(Z+I)I,B+(g+2)I,A+nI;
Aj;nI7A+(7;+1)I,A+(r;+2)1;_t3)7 <1,
0o 0o oo k (3 t)n+2k
(3.25) > [(24),] thik(x ZZZW
n=0 n=0 k=0 r=0
<((a+ %)JW + (02007 (77)
and
0o co oo k (3 t)nJer
(3.26) Y (B)n((24)n) 'hil(x ZZZW(B)n+2k
n=0 n=0 k=0 r=0

x (B + (n+26)D), (A + 2)]6)_1((2A+(n+2k)]),,)’1< A )

Proof. From (3.1) we get

0o oo (n/3) k 1 xn73k
CEOND S RRIPIETN 3 = A RC R i)
n=0 n=0 k=0

Using the result (1.5), we have

(3.28) i 1hA = i i (_1)k((A)”+3]:')7;1(A)n+k(3$)ntn+3k.
n=0 n=0 k=0 o

Using (1.3) it is easy to show that

(3:29) Atk = (An(A+nDk,  (A)ntse = (A)n(A+nl)sk
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and using Gauss’s multiplication theorem, we can write

(3.30)  (A+nl)s, = 33k(A+nI)k(A+ (n+1)1)k(A+ (n+2)[)k.

3 3 3
From (3.28), (3.29) and (3.30), we get

i ) LA (2 ZZ 33kklnl< ((A—;nj)k)_l

n=0 n=0 k=

x<< >k>‘1<<w>k>‘w+W)t"“’“

i z (v ean((45),)

n=0

: ((7‘“’; D) () 7)e

which is equivalent to (3.23).
Next, for A and B € CV*" we obtain another generating matrix function for the
Humbert matrix polynomials. Indeed, using (3.29) and (3.30), we find that

Y (B)al(A)) byl (@)t

n=0
oo (n/3) _ _3k
B (=D (B)a((A)n) " (Anosp(B2)"
= ;0 ;;o Fl(n —3k)! t
_ 5:: f: (1 Blosstl(Area) (Aot B s
= 33 (VBB + D))
n=0k=0

X (A4 nI)se) " (A)n(A + nl)(3z)" )t +3*
) ii(_nk(m W(FB+nD)), B+ (n+ D)), (5B + (n+2)])),

kin!

() () ((F),)

+ nl )y (3z)"¢"H3*

B i B),,(3zt)" . (B+nI B+(n+1I B+ (n+2)I

- | 4473 3 ) 3 ) 3 )

A+nl A+ (n+1)1 A+(n+2)1._t3)
3 Y 3 ) 3 Y Y

n=0

A+nl;
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which leads to (3.25). The proof of (3.26) and (3.27) can be done similarly to that
of (3.24) and (3.25) by using (3.21). O

Expansions of Humbert matrix polynomials in series of Legendre, Gegenbauer,
Hermite, Laguerre and modified Laguerre matrix polynomials relevant to the present

investigation are summarized in the following theorem.

Theorem 3.6. Let A be a matrix in CNV*¥ satisfying the spectral condition (3.2).
Expansions of Humbert matrix polynomials in series of Legendre, Gegenbauer, Her-
mite, Laguerre and modified Laguerre matrix polynomials are given by

[n/3] [(n—3k)/2]

(3.31) hi(z) = (=1)*(A)p—2k(2n — 4r — 6k + 1)
k

k!r!(%)

=0 r=0 n—r—3k

X (V 2A) 3k7nPn,2r,3k (31[,’, A)
where P, (x, A) is the Legendre matrix polynomial [35];

[n/3] [(n—3k)/2] k
A 2 : j : (_1) (A)n—Qk /\ 3k— n
(3.32) Ay klrl(n — 2r — 3k)! ( 2A) Hrzr k(3. A)

where H,(z, A) stands for the Hermite matrix polynomial [10], [15];

(/3] [(n—3K) /2]
(3.33) Z Z (= 1)’“(A)n_2k(f]1€;:! (n— 3k — 2r)T)

B 3z
% (k) O (5)

where C/A(x) stands for the Gegenbauer matrix polynomial [27);

M\

—3k
34 —1)FHr AT (4),
(3:34) }j n_r_gm(( ) (A)n-2
k=0 r=0
X (A+ Dnsk((A+ 1)) LY (32)
where L )‘)( ) stands for the Laguerre matrix polynomial [20];
(n/3] n—3k
Jn—2k \—n AN
(3.35) => Z k,r, R AT ), £ (3a)
k=0 r=0

where fr(lA’)‘) (3z) stands for the modified Laguerre matrix polynomial (see [23], [33]).
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Proof. Using the relation (3.1), we have

> oo (/3] qy L yn—3k

oo S £,
n=0 n=0 k=0

From (1.5) and (3.36) we get

(3.37) i hA ()" = i i (_1)k(12)'n-'i-k(3x)n 3k
n=0 n=0 k=0 ne

In [35], the expansion of "I in a series of Legendre matrix polynomials has been

given in the form

. [n/2)
(3.38) Bo)" ) _ (Vea) ™y wzﬂn_gr@x,m,

n! r=0 r!(i)n—r

hence we get

(3.39) i hi(x)t Z Z k'r;-:-(k ()2n —4dr+1)

n=0 k=0 r=0 n—r

x (V2A) " Py_op(3z, A)t" 3",
Replacing n by n — 3k, we get
[n/3] [(n—3k)/2]

(340) S ad@er =5 Z (-1 (A)n|—2|k(§2 4r — 6k + 1)
n=0 r=0 k'r'(Q)n—r—B’k

=0 k=0

3

x (V2A)* " Py g (3x, A)"

Comparing the coefficients of ¢, we obtain (3.31).
In [15], the expansion of ™I in a series of Hermite matrix polynomials has been

given in the form

[n/2]

(3.41) (@v2d)" =" r!(nnf!%)!Hn_gr(:c,A),

hence we get

(3.42) Z ha@)r =33 Z kw o= ;:’“ (V24) " Hy o, (32, A)t" 3%,

n=0k=0 r=0
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Replacing n by n — 3k, we get

Elrl(n — 2r — 3k)!

o

(3.43) i hé ()t
n=0

0 k=0 r=0

X (\/ﬂ) 3k_an_27n_3k (31‘, A)tn

n

Comparing the coefficients of ¢, we obtain (3.32).
Using the result (1.17) in [16], [27], we get

[n/2]

(A4 (n—=2r)I)((A)pn—r 1 3
(3.44) (3z) I—n'z )T?(( Inort)” i 2,G(Zm).
Using (3.37) and (3.44), we have
oo oo oo [n/2] E
n —D*(A)nsk
(3.45) S ohd@rr=Y">" (JCT+(A + (n—2r)I)
n=0 n=0 k=0 r=0
3
—1 A n+3k
X (An-ri1) iy, (S )t
Replacing n by n — 3k, we get
%) oo [n/3] [(n—3k)/2] k
n (_1 A n—2k

(3.46) Z:Oh;j(x)t - Z Z ;} %(A+ (n —2r — 3k)I)

—1A 3 n

X (Dnmrmsie) T Ol (5)
Comparing the coefficients of ¢, we obtain (3.33).
Using the results (1.13) in [20], [25], we have
n r)\ n

(3.47) Z (A4 1), ((A+ 1)) LAY (32).

From (3.37) and (3.47) we get

oo o0 o0 k r
(3.48) > ()t Z 3 Z IJ ;_ 75;1)"“ (A+1),
n=0 n=0 k=0 r=0
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Replacing n by n — 3k, we get
[n/3] n— 3k k+TA n+3k(A)n o

(3.49) Z:%hﬁ( Z > Z M3k AT Dnos

n=0 k=0 =0

< ((A+ 1)) 'L B3yt

Comparing the coefficients of t", we obtain (3.34).
Using the result (1.15) in [23], we have

(3.50) (3\z)" n'z FAN (32).
From (3.37) and (3.50) we have

(3.51) ihﬁ(m)t":ii o~ CD Atk yn g (A0 (3 mtsk
n=0

0 _1\k
3 52 Z hA Z ( 1) k(!f;l!)n—Qk )\—n+3k( ) fT(IA:\ 3k( )tn.

Comparing the coefficients of ¢, we obtain (3.35). Thus the proof is completed. O

Theorem 3.7. Let A be a matrix in CNV*¥ satisfying the spectral condition (3.2).
The Humbert matrix polynomials satisfy the formula

m/3l, .
(3.53) Z WA (2)hd (x) .. bt (z) = Z (=1)*(kA)p_2s(32)"3

I(n — !
nitna+..+ng=n = sl(n — 3s)!
for k € N.

Proof. Using the power series of (1 — 3zt +t3)~%4 for |3zt — 3| < 1 and making
the necessary arrangements, we have

A _ 42
(3.54) (1— 3t + %)~ w

(1) (R BT

sl(n — s)!

M8 [ M8

3

Il

o

w
]
o

3
~
L

(=1)*(kA)n—2s(32)" 2

t".
sl(n — 3s)!

o

3
Il
=]
»
Il
=]
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In addition, we can write

(3.55) (1 —3at4t3)~ " = i( > hiy ()b (x) ... hiy, (x))t”

n=0 “ni+ns+...4+nr=n

From (3.54) and (3.55) one can see that the proof is completed. O

Theorem 3.8. For k € N and Ay, A, ..., A;, being matrices in CN*V satisfying
the spectral condition (3.2), we have the relation

n n—mi—ng—...—Nk_2
(3’56) Z tte Z hglnl —No—...—MNp_— 1( )hglz( ) h’ﬁ: 1( )
n1=0 nr—1=0
[n/3] s n—3s
_ Z (—1) (Al +Ag+... + Ak)n,QS(Sx)
g sl(n — 3s) ’

where the matrices are assumed to be commutative.

Proof. Using the power series of (1 — 3xt 4 t3)~(A1+tA2++48) for |3zt — 13| < 1
and (1.5), we obtain

0 2
(3.57) (1 — 3wt + ¢3)~(ArFAetetd) — Z (At st + Azt )nt”

n!
n=0

S(Ap + Ag + ... + Ap)n(3z)

s 12
n S
s!(n— s)! t

uMs
o)

S(A1 + Ag + ...+ Ap)p_os(3z)" 738 o
s!(n — 3s)! '

On the other hand, we get

(3.58) (1 — 3at + %)~ (ArtAatetdi)

(1 —3xt + 3" =3t +3)"42 .. (1 — 32t +13)~4

(S st (§por) - (£ o)

n1=0 n2=0 n,=0
o0 n n—mip—M2—...—Ng_—2
A A A
= Z Z Z hnlnl ng—...—Ng— 1( )hnf( ) hn: 1( )tn'
n=0n1=0 np—1=0
Thus the proof is completed. |
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Theorem 3.9. Let k € N and let A be a matrix in CV*V satisfying the spectral
condition (3.2). The Humbert matrix polynomials satisfy the relation

[n/3] s N
A _ ( 1) (ll)n—23(3($1 +xo+ ... + xk))
(359) hi(vi+xa+... +ak) = ;:0 ey

Proof. For |3(x1 + a2 + ... +a)t — t3] < 1, using (1.2), we can write

(3.60) (1 —3(x1 + 2+ ... +ap)t+3)~F4

:L'l +x9+ ... +£L’k)—t2)ntn
o Z n!
Zzn: (xl + 2+ . +xk))n_stn+23
— = sl(n — s)!
”/3] s(kA) n—3s
ZZ Yn—2s(3(z1 + 22+ ... + 1)) o
== sl(n — 3s)!
On the other hand, we get
(3.61)  (1—3(z1+a1+... +ap)t+t*)" Zh T14 T2+ .+ ap)t"
n=0
Combining (3.60) and (3.61), the proof is completed. O

4. GENERALIZED HUMBERT MATRIX POLYNOMIALS

The purpose of this section is to introduce a new matrix polynomial representing
a generalization of the Humbert matrix polynomials in (3.1). For a positive integer m,
let A be a matrix in CV*V satisfying the spectral condition (3.2). Then we define
the generalized Humbert matrix polynomials by the generating matrix function in

the form
(4.1) (1 — mat + ™)~ Zh o)t",  |mat —t™| < 1
where
A W (—1) )yt
(4.2) by () = Z —!(A)nf(mfl)k-

424



In a forthcoming work, we will consider the problems of a unified approach to the
theory of new orthogonal matrix polynomials by the technique discussed in this
paper. The notation will be used here are that implied by the following generalized
Humbert matrix polynomials and generating matrix function definitions: For the
generalized Humbert matrix polynomials of index two, three and p in terms of series
they are represented as follows:

[n/3] m/3] k+r(3x)n 3k (3y)m—37"

4. A
( 3) kz:: rard k'?“' n — 3]€) (m — 37“)' ( )n+m72(k+r)a

o0 o0
: -A
ZZ nom (T (z,y)t"u™ = (1 — 3zt — 3yu + > + u3)~4;
=0m=0
|32t 4+ 3yu — 3 —u®| < 1,

[n/3][m/3] [p/3] (_1)k+r+s (333)7173]6 (3y)m73r (32);0738

(44) B p(@,y,2) = Elrlsi(n — 3k)!(m — 3r)!(p — 3s!)!

n,m,p

X (A)n+m,+p—2(k+r+s) )

o0 o0 o0
Z Z Zhnmp (z,y, 2)t"u™vP = (1 — 3at — 3yu — 3zv + t3 + ud + 0v*)~4;
n=0m=0 p=0

|32t + 3yu + 3zv — 3 —u® — 0| < 1

and
[ni/3] ki ni—33 ki
(LT (32)E 9Tk
(45) Iy g, (€) = (A ni—2 % ks
e Z P k) TT (i = k)L =22
oo oo [ee]
>N R € e L
n1=0n2=0 nyp=0

(1=3a(ty+ta+... +tp) +({E +t5+... +3)~4

P
where [32(t1 +t2+... +1tp) — (1} +13 +... +t3)] <1 and ) denotes ).
i=1

Finally, we consider P, (m,x,y,c, A) which is defined by

oo

(4.6) (¢ —mat +yt™)~ Z (m,z,y,c, A)t"

where m is a positive integer and all parameters satisfy the condition |mat—yt™| < |c|
(see [4]). This leads us to define a new class of matrix polynomials P, (m,z,y,c, A)
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by the relation

(4.7) (1 — axt + ba't™)~ ZPZ m,x,a,b, A)t"
n=0

where a, b, m and [ are parameters satisfying the condition |axt — bz't™| < 1.
From (4.7) we have

(4.8) be(m, x,a,b,A) =

[n/m] k, n—kmpk, n—(m—0k
—1)"a b x

y & C\N—

k=0

kl(n — mk)!

A generalization of various matrix polynomials mentioned above is provided by the
following definition. This definition includes Gegenbauer, Legendre, Chebyeshev,
Pincherle, Kinney and Humbert matrix polynomials.

(4.9) (c — axt + bt™(2z — 1)%) Z rmabie,d ()

laxt — bt™ (22 — 1) | < ¢

where m and a are positive integers and the other parameters are unrestricted in
general.
From (4.9) we get

(4.10) P2 obeal® Z = mk T (L

X (ax)n—(m—l)k(b(zx - 1)d)k)(‘4)n7(m71)k-
Setting m = 3, ¢ = 1 in (4.6), we get the series representation in (3.1). Also, if we
set a=m,b=c=11in (4.7), we get (4.1).
In conclusion, we remark that it would be easy to extend these properties to certain

polynomials with two variables; for instance, just as with the generalized Humbert

matrix polynomials, we can start from the expansion

(4.11) (1 —3at — 3yu+ 12 +u®)~ Z hiy ()t U™,

m,n=0

130t + 3yu — 3 —u?| < 1

and obtain formulae such as

) 9 4
(412) 8 hm n+1(x y) 8y herl,n(xa y)v
8 8
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and

0
4.14 —hi} —y=—hi hin =0, n>2
( ) ay m—2,n(x’ y) yay m,n (J), y) +m m,n(xv y) , N

There are many ways of investigating the generalized classes of Humbert matrix
polynomials. Starting from the modified forms of the generating matrix function
of Humbert matrix polynomials is one of the direct methods clearly offering some
directions to develop more researches and studies in that area.

5. OPEN PROBLEM

One can use the same class of new integral representations, operational methods
and the property of orthogonality for the generalized Humbert matrix polynomials,
from which a variety of interesting results follows as special cases. Hence, new results
and further applications can be obtained. Further results and applications will be
discussed in a forthcoming work.
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