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Abstract. In this paper, we offer a new stability concept, practical Ulam-Hyers-Rassias
stability, for nonlinear equations in Banach spaces, which consists in a restriction of Ulam-
Hyers-Rassias stability to bounded subsets. We derive some interesting sufficient conditions
on practical Ulam-Hyers-Rassias stability from a nonlinear functional analysis point of view.
Our method is based on solving nonlinear equations via homotopy method together with
Bihari inequality result. Then we consider nonlinear equations with surjective asymptotics
at infinity. Moore-Penrose inverses are used for equations defined on Hilbert spaces. Specific
practical Ulam-Hyers-Rassias results are derived for finite-dimensional equations. Finally,
two examples illustrate our theoretical results.
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1. INTRODUCTION

In 1940, Ulam [22] gave a talk about the stability theory of functional equations
in a conference at Wisconsin University. The Ulam problem is: Under what condi-
tions does there exist an additive mapping near an approximately additive mapping?
Thereafter, Hyers [11] answered the Ulam problem in Banach spaces, which was
called Ulam-Hyers stability. In 1978, Rassias [18] introduced a generalization of the
Ulam-Hyers stability of mappings by considering variables, which was named Ulam-
Hyers-Rassias stability. Ulam’s stability problem attracted many famous researchers,
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for example Cédariu [7] and Jung [13], among others. For more recent contributions
on this topic, one can see [2], [6], [9], [10], [12], [15], [16], [17], [19], [23], [24] and
references therein.

This phenomenon can be described by some practical problems: a travel by
a space vehicle between two points, an aircraft or a missile which may oscillate
around a mathematically unstable course yet its performance may be acceptable,
a chemical process of keeping the temperature within certain bounds, etc. Thus,
the notion of practical stability of nonlinear equations [14], [20] has attracted more
and more attention under such significant considerations. However, there are only
few papers concerning the Ulam-Hyers-Rassias stability for nonlinear equations on
bounded subsets. Motivated by [14], [18] we consider more general stability, prac-
tical Ulam-Hyers-Rassias stability, for nonlinear equations. Now we are ready to
formulate our problem.

Let X and Y be Banach spaces. Consider a mapping F' € C!(X,Y). The problem
of a practical Ulam-Hyers-Rassias stability (PUHRS for short) of F' can be formulated
as follows:

PUHRS: There is a function ¢ € C(R2,R;) with ¢(r,0) = 0 for any r € Ry,
nondecreasing in each variable such that for any = € X and y € F(X) there is an
x, € X such that F(z,) =y and |z — z,| < ¢(|z|, |y — F(2)]).

There is no sense in involving also |y| in the function ¢, since
lyl <ly — F()| + |F(2)]

and |F(x)| is controlled by |z| in many cases. If ¢(r1,72) is independent of 71, so
o(ri,r2) = p(ra2), then we get the Ulam-Hyers-Rassias stability (UHRS for short)
of F.

The meaning of PUHRS consists in a restriction of UHRS to bounded subsets:
If F is PUHRS then it holds:

For any M > 0 there is a nondecreasing function ¢ € C(Ry, R4) with ¢3,(0) =0
such that for any = € X, |z| < M, and y € F(X), |y| < M, there is an z,, € X such
that F(z,) =y and |z — z,| < gar(ly — F(z)).

Indeed, we take @p(r) = @(M,r). Moreover, we may take @p(r) = cpr for
ey > 0 in many reasonable cases (see Corollary 2.3 below).

In what follows, we give results answering these interesting questions from a non-
linear functional analysis point of view.
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2. MAIN RESULTS
First, we recall the following Bihari inequality [5].

Theorem 2.1. If w(t) is a nonnegative continuous function such that

w(t) <o+ p / g(w(s)) ds

with constants « > 0, 8 > 0 and g : Ry — (0, 00) nondecreasing continuous, then

w(t) < G~ (G(a) + Bt)

for all t > 0 for which G(a) + 8t belongs to the domain of G~! and G(x) =

Ji(1/g(w)) du.

Now we suppose that
(i) there is a mapping R: X — L(Y, X) such that

(1) R is locally Lipschitz, i.e., for any x € X, there is an open neighbour-
hood U, of x and a constant L, such that ||R(x1) — R(x2)|| < Ly|x1 — 22|

for all x1,xzs € Uy,
(2) R(z) is a right inverse of DF(z) for all z € X, i.e., DF(z)R(z) =
all z € X, where ly: Y — Y is the identity map on Y,
(ii) there is a continuous nondecreasing function g: R4 — (0,00) such that

[B(x)]| < g(|=[)
for any = € X. Now we have the following result.

Theorem 2.2. Assume (i) and (ii). If

* 1
2.1 —— du = o0,
@1 |
then F is PUHRS.

Proof. Let x € X and y € Y. Setting e := F(x) — y, we get
(2.2) Fl)y=y+e.
We plug (2.2) into the homotopy (see [1] for more complex homotopy theory)

(2.3) Fzt)=y+ (1 —te, =z(0)==z te]0,1].

Iy for
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Assuming that z € C1([0, 1], X) and differentiating (2.3), we obtain
(2.4) DF(z(t))2'(t) = —e, 2(0)==z, te]0,1].
If the differential equation
(2.5) 2'(t) = —R(z2(t))e, =z(0)==x, te]0,1]
has a solution z € C*([0, 1], X), then it satisfies (2.4), which gives
(2.6) F(z(t) +te=¢c, te]0,1]
for a constant ¢. But putting ¢ = 0 into (2.6) we derive
¢ = F(2(0) = F(z) =y +e,

which gives (2.3). So we need to solve (2.5). Since R(x) is locally Lipschitz, the
Cauchy problem (2.5) has a unique local solution. To prolong it, we note

(2.7) |2(t)] < || + |6|/0 [ R(z(s))]l ds.
So Theorem 2.1 gives
26 < GTH(G(J2]) + [e]), te[0,1],

which by (2.5) implies
1
|2y =z = |2(1) = 2(0)] < |€|/O [1R(=(s))[ ds

< |€|/O g(l=(s)]) ds < [elg(GH(G (|]) + le]))-

So
o(r1,72) = r2g(G~(G(r1) + 12)).

The proof is finished. i
Corollary 2.3. In addition to Theorem 2.2, if F' is locally bounded, i.e.,

Fuyri= sup |F(z)] < 00
| <M

for any M > 0, then we can take p(r) = cyrr with ey = g(G™HG(M) + M + Fur))
whenever |z| < M and |y] < M.
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Remark 2.4. Taking = 0 in Theorem 2.2, we see that F' is surjective and
moreover, for any y € Y there is an x, € X such that F(z,) = y with

|zy| < (lyl + [F(0))g(GTHG©0) + [yl + [F(0)]))-

Hence Theorem 2.2 is an extension of global invertible mapping results, especially
Hadamard [4], [8], to surjectivity.

Following the proof of Theorem 2.2, we get the next result.

Theorem 2.5. Assume (i) and (ii). Then for any x € X and y € Y such that

(2.8) F(z) -y < /| °|° ﬁdu,

there is an x, € X such that F(z,) =y and

(2.9) |2y — 2| < [F(2) =yl g(GTHG(j]) + |F(2) = y])).

Of course, estimate (2.8) is useful when G(c0) < oo for

(2.10) G(o0) := / — du.
1
Then Theorem 2.5 gives an error estimate for PUHRS of F. The next simple example

shows that (2.8) is optimal in some sense.

Example 2.6. Take X =Y = R and F(x) = arctanz. Then DF(z) = F'(z) =
1/(1+ 2?) and R(z) = 1+ 22. So g(u) = 1 + u? and (2.8) has the form

(2.11) y — arctanx < g —arctanz &y < g

for x > 0 and y > arctanz. But now (2.11) cannot be improved since the range of F'
: 11
is (—im in).

Now we present a simple local result.
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Theorem 2.7. Assume there is a locally Lipschitz right inverse R: B, — L(Y, X)
of DF(z) on a ball B, :== {z € X: |z| < r} such that ||R(z)|| < M for any x € B,
and a constant M > 0. Then for any © € B, and y € Y such that

r—|z]
2.12 F(z) - _—
(212) #) gl < T,
there is an z, € B, such that F(z,) =y and
(2.13) |z, — x| < M|F(z) —y|.

Proof. From (2.7) and (2.12), we derive
l2(0)] < 2] + |F(z) —y|M <7, te[0,1].

Hence (2.5) has a unique solution z(¢) in B,. Finally, (2.13) follows from

2y — 2] < y|/ |R(=(s)]| ds < |F(x) -yl M.

The proof is complete. O

Certainly, assumption (i) gives the surjectivity of DF(z) for any = € X. In general,
finding a right inverse R(x) is not so easy. We have discussed this for the linear case
in [23]. The simplest case is when F is semilinear (see also [23], Theorem 7):

Theorem 2.8. Let F € C?(X,Y). If there is a surjective A € L(X,Y) with
a right inverse R € L(Y, X) such that

1

(2.14) sup | DF(z) — Al <
reX [IR]|

for any x € X, then F is UHRS.
Proof. Since
DF(x)R = (DF(z) — A)R+ AR = (DF(x) — A) R+ ly

and by (2.14)
[(DF(z) = AR| < [[DF(x) = Al R]| < 1,

the Neumann theorem [21] gives that (DF(z) — A)R + ly is invertible on Y, i.e.,
(DF(z) — A)R+ Iy € L(Y), so we derive

DF(z)R((DF(x) — A)R+ ly)~ ! = Iy
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Hence we take
R(z) := R(DF(z) — A)R +1y)~!

for any # € X. From the same Neumann theorem we know that R € C1(X, L(Y, X)),
which of course implies the local Lipschitzness of R(z). Moreover, by (2.14), we derive

IR@) < |RIII(DF () = A)R +1y) 7!
IR
1 —|[R| sup [|DF(z) — Al
zeX

<

So we take
) — ]
1 —||R]| sup [ DF(x) — Al|’
reX
and then
o(r1,r2) = HR” .
’ 1 —|[R] sup [|DF(x) — Al
rzeX
The proof is finished by Theorem 2.2. (]

On the other hand, if X and Y are Hilbert spaces, then we can take ([3], page 344,
Example 17)

(2.15) R(z) = DF(2)"|DF(z)DF (z)*] ",

i.e., R(z) is the Moore-Penrose inverse DF(z)" of DF(x). We also know (see [3],
page 344, Example 17)

|DF(z)|
0#z€ker DF (z)]+ |Z| '

(2.16) | R(2)[| =
Now we can extend Theorem 2.8 as follows.

Theorem 2.9. Let F' € C%(X,Y) for Hilbert spaces X and Y such that DF(z)
is surjective for any x € X. If there is a surjective A € L(X,Y’) such that

(2.17) lim DF(z)=A

|z|— 00

in L(X,Y) and the Moore-Penrose inverse DF(z)' of DF(x) is a bounded function
from X to L(Y,X), then F is UHRS.

Proof. Clearly by (2.15) (see also [25], Theorem 2)

lim DF(x)l = Al.

|z|—o00
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Since DF(z)' is a bounded function from X to L(Y, X), we see that

sup || R()| < oc.
zeX

So we can take a constant nonzero g in assumption (ii), and the proof is finished by
Theorem 2.2. O

Corollary 2.10. If F € C*(R™,R") for m > n is such that DF(z) is surjective
for any x € R™ and there is a surjective A € L(R™,R™) such that (2.17) holds,
then F' is UHRS.

In general, when we know only that the Moore-Penrose inverse DF(z)' is
a bounded function from X to L(Y, X), then we can apply Theorem 2.5 with

g(u) := sup ||DF(.2?)T||, u>0

|z|<u

to get that F' is PUHRS.

3. EXAMPLES

In this section we give two examples to illustrate the above results.

Example 3.1. Let J =[0,1] and X = C(J,R), Y = {y € C*(J,R): y(0) =0},
where X is endowed with the norm ||z||p = I}la}(|$(t)| and Y with [|yl[1 = [|%/|lo-
€
Define the operator F': X — Y by

Flz) = /0 (23(s) + o(s)) ds.

Clearly F € C'(X,Y) and

DF(x)v = /0 (322(s) + 1)v(s) ds.

Then )

Y

So ||R(z)|| < 1 for any « € X, and thus g(r) = 1. Consequently, by Theorem 2.2,
F is UHRS with o(r) = r.
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Example 3.2. Consider F € C?*(R™,R) such that VF(z) # 0 for any = € B,
and some 7 > 0. Since DF(z)v = VF(z)v*, we take R(x)y = y|VF(z)| 2 VF(z).
Thus ||R(z)|| = 1/|VF(x)|. Setting M := max 1/|VF(z)|, Theorem 2.7 can be
applied. For m = 2, this could express climal;?né on a hill, when the relief of the
hill is given by F' € C?(R3,(0,00)). So we are at a position (21,2, F(z1,22)),
(z1,22) € By, and we try to reach the given altitude y within the region B,. The
inequality (2.12) is sufficient to reach the altitude y at the region B, and the location
of this new position is given by (2.13).

References

[1] E. L. Allgower, K. Georg: Numerical Continuation Methods. An Introduction. Springer

Series in Computational Mathematics 13, Springer, Berlin, 1990. MR

[2] S. Andrds, A. R. Mészaros: Ulam-Hyers stability of dynamic equations on time scales via

Picard operators. Appl. Math. Comput. 219 (2013), 4853-4864. MR

[3] A.Ben-Israel, T.N. E. Greville: Generalized Inverses. Theory and Applications. CMS
Books in Mathematics/Ouvrages de Mathématiques de la SMC 15, Springer, New York,

2003. MR

[4] M. S. Berger: Nonlinearity and Functional Analysis. Lectures on Nonlinear Problems in
Mathematical Analysis. Pure and Applied Mathematics 74, Academic Press (Harcourt
Brace Jovanovich, Publishers), New York, 1977. MR]
[5] I. Bihari: A generalization of a lemma of Bellman and its application to uniqueness

problems of differential equations. Acta Math. Acad. Sci. Hung. 7 (1956), 81-94. IMR]
[6] M. Burger, N. Ozawa, A. Thom: On Ulam stability. Isr. J. Math. 193 (2013), 109-129. 9 WIS G5

[7] L. Cadariu: Stabilitatea Ulam-Hyers-Bourgin pentru ecuatii functionale. Univ. Vest
Timigoara, Timisoara, 2007.

[8] S.-N. Chow, J. K. Hale: Methods of Bifurcation Theory. Grundlehren der Mathematis-
chen Wissenschaften 251. A Series of Comprehensive Studies in Mathematics, Springer,

New York, 1982. MR

[9] D.S. Cimpean, D. Popa: Hyers-Ulam stability of Euler’s equation. Appl. Math. Lett. 24

(2011), 1539-1543. MR

[10] B. Hegyi, S.-M. Jung: On the stability of Laplace’s equation. Appl. Math. Lett. 26

(2013), 549-552. MR

[11] D. H. Hyers: On the stability of the linear functional equation. Proc. Natl. Acad. Sci.

USA 27 (1941), 222-224. MR

[12] D. H. Hyers, G.Isac, T. M. Rassias: Stability of Functional Equations in Several Vari-
ables. Progress in Nonlinear Differential Equations and Their Applications 34, Birk-

hiuser, Boston, 1998. MR]

[13] S.-M. Jung: Hyers-Ulam-Rassias Stability of Functional Equations in Mathematical
Analysis. The Hadronic Press Mathematics Series. Hadronic Press, Palm Harbor, 2001. IMR]
[14] V. Lakshmikantham, S. Leela, A. A. Martynyuk: Practical Stability of Nonlinear Systems.
World Scientific, Singapore, 1990. MR
[15] N. Lungu, D. Popa: Hyers-Ulam stability of a first order partial differential equation.

J. Math. Anal. Appl. 385 (2012), 86-91. zbl MR} doi]

[16] C. Park: Hyers-Ulam-Rassias stability of homomorphisms in quasi-Banach algebras.

Bull. Sci. Math. 132 (2008), 87-96. MR]

95


https://zbmath.org/?q=an:0717.65030
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1059455
http://dx.doi.org/10.1007/978-3-642-61257-2
https://zbmath.org/?q=an:06447292
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3001534
http://dx.doi.org/10.1016/j.amc.2012.10.115
https://zbmath.org/?q=an:1026.15004
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1987382
http://dx.doi.org/10.1007/b97366
https://zbmath.org/?q=an:0368.47001
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0488101
https://zbmath.org/?q=an:0070.08201
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0079154
http://dx.doi.org/10.1007/BF02022967
https://zbmath.org/?q=an:1271.22003
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3038548
http://dx.doi.org/10.1007/s11856-012-0050-z
https://zbmath.org/?q=an:0487.47039
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0660633
http://dx.doi.org/10.1007/978-1-4613-8159-4
https://zbmath.org/?q=an:1225.35051
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2803705
http://dx.doi.org/10.1016/j.aml.2011.03.042
https://zbmath.org/?q=an:1266.35014
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3027761
http://dx.doi.org/10.1016/j.aml.2012.12.014
https://zbmath.org/?q=an:0061.26403
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0004076
http://dx.doi.org/10.1073/pnas.27.4.222
https://zbmath.org/?q=an:0907.39025
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1639801
http://dx.doi.org/10.1007/978-1-4612-1790-9
https://zbmath.org/?q=an:0980.39024
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1841182
https://zbmath.org/?q=an:0753.34037
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1089428
https://zbmath.org/?q=an:1236.39030
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2832076
http://dx.doi.org/10.1016/j.jmaa.2011.06.025
https://zbmath.org/?q=an:1140.39016
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2387819
http://dx.doi.org/10.1016/j.bulsci.2006.07.004

[17] D. Popa, I Rasa: On the Hyers-Ulam stability of the linear differential equation.

J. Math. Anal. Appl. 881 (2011), 530-537. MR]

[18] T. M. Rassias: On the stability of the linear mapping in Banach spaces. Proc. Am. Math.

Soc. 72 (1978), 297-300. MR

[19] I. A. Rus: Ulam stabilities of ordinary differential equations in a Banach space.
Carpathian J. Math. 26 (2010), 103-107. zbl JMR]
[20] R. Seydel: Practical Bifurcation and Stability Analysis. Interdisciplinary Applied Math-

ematics 5, Springer, New York, 2010. IMR]
[21] A. E. Taylor, D. C. Lay: Introduction to Functional Analysis. John Wiley & Sons, New
York, 1980. IMR]
[22] S. M. Ulam: A Collection of Mathematical Problems. Interscience Tracts in Pure and
Applied Mathematics 8, Interscience Publishers, New York, 1960. MR
[23] J. Wang, M. Feckan: Ulam-Hyers-Rassias stability for semilinear equations. Discontin.
Nonlinearity Complex 3 (2014), 379-388.

[24] J. Wang, M. Feckan, Y. Zhou: Ulam’s type stability of impulsive ordinary differential

equations. J. Math. Anal. Appl. 895 (2012), 258-264. MR

[25] Y. Wei, J. Ding: Representations for Moore-Penrose inverses in Hilbert spaces. Appl.

Math. Lett. 1/ (2001), 599-604. MR]

Authors’ addresses: Jin Rong Wang, Department of Mathematics, Guizhou Univer-
sity, Xueshi Rd, Huaxi, Guiyang, Guizhou 550025, China, e-mail: sci.jrwang@gzu.edu.cn;
Michal Feckan, Department of Mathematical Analysis and Numerical Mathematics, Fac-
ulty of Mathematics, Physics and Informatics, Comenius University in Bratislava, Mlynska
dolina 12, 842 48 Bratislava, Slovakia, e-mail: Michal.Feckan@fmph.uniba. sk.

56


https://zbmath.org/?q=an:1222.34069
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2802090
http://dx.doi.org/10.1016/j.jmaa.2011.02.051
https://zbmath.org/?q=an:0398.47040
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0507327
http://dx.doi.org/10.1090/S0002-9939-1978-0507327-1
https://zbmath.org/?q=an:1224.34164
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2676724
https://zbmath.org/?q=an:1195.34004
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2561077
http://dx.doi.org/10.1007/978-1-4419-1740-9
https://zbmath.org/?q=an:0501.46003
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0564653
https://zbmath.org/?q=an:0086.24101
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0120127
https://zbmath.org/?q=an:06459714
http://dx.doi.org/10.5890/DNC.2014.12.002
https://zbmath.org/?q=an:1254.34022
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2943620
http://dx.doi.org/10.1016/j.jmaa.2012.05.040
https://zbmath.org/?q=an:0982.47003
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1832670
http://dx.doi.org/10.1016/S0893-9659(00)00200-7

		webmaster@dml.cz
	2020-07-01T19:28:56+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




