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Abstract. We analyse multivalued stochastic differential equations driven by semimartin-
gales. Such equations are understood as the corresponding multivalued stochastic integral
equations. Under suitable conditions, it is shown that the considered multivalued stochastic
differential equation admits at least one solution. Then we prove that the set of all solutions
is closed and bounded.
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1. INTRODUCTION

Multivalued mappings are used in models coming from economics, control theory,
optimization, biomathematics, physics, game theory, artificial intelligence (see e.g. [9]
and references therein). Also, the dynamical systems with incomplete, uncertain
information and dynamical systems with velocities that are not uniquely determined
are often formulated by involving multivalued mappings, see e.g. [1], [2], [13], [7],
[17], [19], [21], [20], [26]. To model uncertain systems, the multivalued stochastic
differential equations (abbreviation MSDEs) [3], [6], [8], [12], [22], [24], [27]-[29] are
also applied and they generalize the classical (single-valued) stochastic differential
equations. Here the uncertainties, which are incorporated in MSDEs, are a stochastic
uncertainty coming from random noises and an uncertainty driven by multivalued
mappings.

In this paper we consider MSDEs driven by a large class of integrators—
semimartingales, and propose a new formulation of the notion of MSDE. Namely,
we consider a more general form of MSDEs in comparison to the classical studies,
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see [27]-[29], where the driving process is the Wiener process and the coefficients
are mappings acting from I x R? (I denotes an interval [0,77]). In particular, in
an integral form of MSDEs we consider multivalued integrands which are mappings
acting from the set I x Q x L2 where L? := L?(Q, A, P;R?) and (Q, A, P) is an
underlying probability space. Hence in our framework we allow the coefficients to
depend on w € (), which is also an extension allowing for consideration of truely
nonautonomous equations. Moreover, we deal with the infinite dimensional space L?
instead of the finite dimensional Euclidean space R?. The studies which we present
are more general, since the space R? can be emdedded into L? in the sense that
r € R? can be viewed as a random vector X € L? such that X(w) = x with
probability one.

Under the Lipschitz type condition and the linear growth condition, we prove that
the set of solutions to MSDEs driven by semimartingales is nonempty, i.e. there
exists at least one solution. In multivalued framework considered in this paper, it is
not possible to have unique solutions. Hence we investigate properties of the set of
all solutions. We prove that this set is closed and bounded.

2. PRELIMINARIES

Let (X,|-|lx) be a separable Banach space, K(X) the family of all nonempty,
compact and convex subsets of X'. The Hausdorff metric Hy in K(X) is defined by

Hx (A, B) = max { Slelg distx (a, B), igg distx (b, A)},
a

where dist y (a, B) = inf ||a—bl||x. It is known (cf. [16]) that (C(X'), Hx) is a complete
beB
€

and separable metric space. Also, the set K(X) has a semilinear structure under
addition and scalar multiplication defined as

A+B={a+b:ac A beB}, M={ :acA}, A BecKX), AeR.

Let (U,U, ) be a measure space. A multivalued mapping F: U — K(X) is said
to be measurable if it satisfies

{ueU: FluyNO #0} €U for every open set O C X.

A measurable multivalued mapping F: U — K(X) is said to be L}, (u)-integrally
bounded, p > 1, if there exists h € LP(U,U, p; R) such that ||a|]|x < h(w) for any a
and w with a € F(w). It is known (see [15]) that F is LY, (u)-integrally bounded if
and only if w — ||F(w)| x is in LP(U,U, u; R), where

1ALy = Hx(A.{0}) = sup allx for A € K(X).
a€c
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Denote I = [0,T], where T' < co. Let B denote the Borel sigma-algebra of subsets
of I, and B, denote the Borel sigma-algebra of subsets of [0,¢] for each ¢t € I. Let
(Q, A, {A;}1er, P) be a complete filtered probability space satisfying the usual hy-
potheses, i.e., {A; }1er is an increasing and right continuous family of sub-o-algebras
of A and A( contains all P-null sets. Later on we will also assume that the o-algebra
A is separable with respect to the probability measure P.

Let P denote the o-algebra of progressive elements in I x 2, i.e.

P={AcBA: AN[0,t]xQeB;® A Vt e}

A stochastic process f: I x 2 — R? is called progressive if f(-,-) is P-measurable.
A multivalued stochastic process F: I x  — K(R?) is progressive if it is a P-
measurable multivalued mapping.

Let Z: I x 2 — R be a continuous semimartingale with Z(0) = 0. It is known
that Z has a unique representation

(2.1) Z=A+M, M(@0)=0, A(0)=0,

where A: I x @ — R is an {A};-adapted continuous stochastic process of finite
variation, M: I x Q@ — R is a local continuous { A, }-martingale.

Since A is of finite variation, almost each (with respect to P) sample path A(-,w)
generates a measure I'4(. .,y with the total variation on the interval [0,¢] given by
|A(w)|: = f(f I 4(.w)(ds). For a local martingale M one can define the quadratic
variation process [M]: I x  — R (cf. [10]). Now we denote by H? the set of all
semimartingales Z: I x Q — R with finite norm ||-||32, where

1/2
1Z132 = ([M1 2122 + Al 2

and L? := L2(Q, A, P; R?).

It is known that for a continuous semimartingale Z € H? the process M in (2.1) is
a continuous square integrable martingale (see [25] Chapter II, Section 6, Corollary 4)
and E|AJ% < oco.

The processes A, M from the representation (2.1) of the semimartingale Z induce
two measures pia, par on (I x €, P). The measure p14 is defined similarly to [8], i.e.

€)= [ ([ 1e0)lA6Tac (@) Paw) for C e,

For f € L%(ua), where L (pa) := L2(I xQ, P, jua; R?) one can define the stochastic
Lebesgue-Stieltjes integral fot f(s)dA(s) sample path by sample path (cf. [25]). Note
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that

t 2

22) E

(s) dA(s)

Rd

/ < sl w)(ds))QP(dw)

< [ (04 - e / 1550 BT a(d) ) Plc)

</ (|A<w>|T / |f<s,w>||?RdrA<.,w><ds>)P<dw>= /[mt]m||f||?mdm-

A more expanded insight into the proof of (2.2) yields the following property.

Corollary 2.1. Assume that f € L%(ua). Then

/n sy dage)

(2.3) E sup < / 1120 da.
R [n,t]xQ

u€|[n,t]

The second measure pps is the well-known Doléan-Dade measure (cf. [10]) such
that

m({0} x Ao) =0, par((s,] x A) = ELa(M(t) — M(s))?,

where Ag € Ag, 0 < s <t < T, A€ A, For f € L%(un), where L2 (ﬂM) =
L3(I x Q,P, puar; RY), and ¢ € I one can define the stochastic integral fo s) dM;
and we have (cf. [10])

? t
J— 2 o 9
s) g /[O’t]XQIIfIIW dpnr = [E/O 1£(s)|12a d[M](s).

Moreover, for f € L% (juar) we have by the Doob inequality

m 2
/ £(s) dM(s)
0

<t IReduar
Rd t]xQ

s

(2.4) s) dM(

(2.5) E sup
w€e[0,t]

For a semimartingale Z € H? with the representation (2.1) one can define a finite
measure iz on (I x Q,P) as

pz(C) = pa(C) + pu(C), CeP.
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Denote L% (uz) = L*(I x Q,P, uz,Rd) For f € L%(uz) one can define the
single-valued stochastic integral fo s)dZ(s) with respect to a semimartingale Z as

/de /fdA /fdM

Due to (2.2)—(2.4) and (2.3)—(2.5) we claim that the following assertions hold true.

follows:

Corollary 2.2. If f € L% (uz) then for every n,t € I, n < t, we have

2

< 2/ /1130 dpiz,
Rd [n,t]xQ
2

< 2/ |\f|\§ddu,4+s/ 171120 dpins
R4 [n,t]xQ Q

St

i

/ f(s)az(s)

E sup
u€|[n,t]

/n " fs)az(s)

<s [ IRz
[n,t]x

Denote L? := L%(Q, A;, P;R?) for t € I. Let F: I x Q — K%(R?) be a progressive
set-valued stochastic process which is L2 5 (pz)-integrally bounded. For such a process
let us define the set S%(F,puz) = {f € L%(uz): f € F, pz-a.e.}. Due to the
Kuratowski and Ryll-Nardzewski selection theorem (see [18]) we have S3 (F, juz) # 0.
Therefore we can define the following stochastic integral of Aumann type (cf. [23]).

Definition 2.3. For a progressive and L%(u z)-integrally bounded multivalued
stochastic process F': I x Q — K2(R?) and for 7,¢t € Ry, 7 < t the set-valued
stochastic trajectory integral (over the interval [7,¢]) of F with respect to the semi-
martingale Z is the following subset of L?:

/MFUdZ {/f )42(s): 1 € Sh(F.uz) |

Since we consider Z continuous, the integrals f[T 9 F(s)dZ(s), f(T 9 F(s)dZ(s)
coincide. For their common value we will write f: F(s)dZ(s). It is known that

th F(s)dZ(s) is a nonempty, bounded, convex, closed and weakly compact subset
of L?.

Remark 2.4. If we consider processes A, M from decomposition (2.1) then simi-
larly to the above we can define the multivalued stochastic integral f: G(s) dA(s) for
the L%(u 4)-integrally bounded progressive multivalued stochastic process G: I x
Q — K(R%), and the multivalued stochastic integral f: Q(s)dM (s) for the L% (punr)-
integrally bounded progressive multivalued stochastic process Q: I x Q — K(R%).

15



Lemma 2.5. Let F: I x Q — K(R%) be a progressive and L% (pz)-integrally
bounded multivalued stochastic process. Then for every s, a,t € I suchthat s < a <t

/StF(T)dZ(T) — /5“ F(r)dZ(r) + /:F(T) dz(r).

In our investigations we will need some known results which are collected below

we have

as lemmata.

Lemma 2.6 ([14], Chapter V.3, Theorem 15). Let T' be a linear mapping of
a Banach space X into a Banach space Y. Then T is continuous with respect to the
metric topologies in X and Y if and only if it is continuous with respect to the weak
topologies.

Lemma 2.7 ([5], Corollary 8.2.13). Let (U,U, 1) be a complete o-finite measure
space and (X, d) a complete and separable metric space. Assume that F: U — K(X)
is measurable and f: U — X is measurable. Then there exists a measurable selection
g of F' such that d(f(u), g(u)) = distx (f(u), F'(u)) for every u € U.

3. MAIN RESULTS

We begin this part of the paper with presenting some motivations to study MSDZEs.
They should reflect a potential utility of this theory in modeling the dynamics of
real-world phenomena. To this end let us suppose that an investigated quantity z
at instant ¢ can be described using a stochastic integral equation with control u

(3.1) () fxo—f—/ flx ds+/0 g(x(s),u(s))dW(s), tel, P-ae.,

where zp: © — R is an initial value and f: R? — R denotes a drift coefficient,
g: R? = R is a diffusion coefficient, u denotes a strategy, v € U, U is a set of
controls, W denotes the Wiener process. If it is assumed that x(t) € L? for t € I
then we can transform (3.1) to an equation in the space L?, i.e. to the equation

t

(3.2) x(t —aro—l—/ fsa: ds+/ g(s,x(s),u)dW(s), tel,
0

where the mappings f,§: I x Q x L2 x U — R are defined as

f(s,w,a,u) = fa(w),u(s,w)) and §(s,w,a,u) = g(a(w), u(s,w)).
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Now, a quest for a solution to the controlled stochastic integral equation (3.2) in L?
could be replaced by seeking the solution for MSDE
(3.3)

¢ ¢
x(t) —x(s) € / F(r,z(r))dr —|—/ G(r,z(r))dW(s), s,tel, s<t, z(0)=xo,
where F,G: I x Q x L? — K(R) are defined as

F(s,w,a):= @( U f(s,w, a, u)) and G(s,w,a) = @( U g(s,w, a,u)).
uelU uelU
The symbol €6(A) denotes the closed and convex hull of the set A. The relation (3.3)
is an MSDE driven by the two-dimensional semimartingle Z(7) = (7, W(7))’. The
problem of existence of a solution to (3.3) is a natural question.

After such a discussion on some motivations we start theoretical examinations
of MSDEs driven by a one-dimensional semimartingale. From now on we assume
that the o-algebra A is separable with respect to the probability measure P. In the
paper we consider MSDEs driven by a continuous H2-semimartigale Z which has the
representation Z = A + M described in (2.1), i.e., we consider the relation

dz(t) € F(t,z(t))dZ(t), tel, z(0)=xg,

where F': I x Q x L? = K(RY), 2o € L2.
In fact, this notation has a symbolic meaning only, because it will be understood
as the integral relation

(3.4) z(t) —xz(s) € /t F(ryz(r))dZ(r) for0< s<t<T,

x(0) = xp,

where the inclusion “€” above is understood in the sense: “a point z(t)—z(s) from L?
belongs to the subset f: F(r,z(7))dZ(7) of L2.”

This formulation of MSDE is new and more general than the classical one. In
the classical setting the multivalued mapping F' acts from I x R? ([28], [29]). Now,
we consider F to be a multivalued mapping acting from I x Q x L? and extend the
studies that way.

Denote by C(I, L?) the set of all ||-|| ,2-continuous mappings z: I — L?. The set
C(I, L?) endowed with the supremum metric becomes a complete metric space.

Definition 3.1. An element x € C(I, L?) is said to be a solution to MSDE (3.4)
if 2(0) = 2o and for any s,t € I, s < t, the element z(t) — x(s) of L? belongs to the
subset f: F(r,z(7))dZ(7) of L2

17



Remark 3.2. Let z € C(I,L?). It can be shown that z is a solution to
MSDE (3.4) if and only if there exists f € S%(F oz, 1z) such that for every t € I

x(t) = zo +/0 f(r)ydZz(r).

Let SOL(zo, F,Z) denote the set of all solutions to MSDE (3.4). For z €
SOL(zg, F, Z), due to the properties of stochastic integrals, we have

x(t)e L2, tel.

The first aim of this part of the paper is to show that MSDE (3.4) possesses
solutions, i.e., SOL(xo, F, Z) # 0.

In the investigations of MSDE (3.4) we will assume that F': I x Q x L? — K(R%)
satisfies:

(H1) for every a € C(I, L?) such that a(t) € L? for every t € I, the multivalued
stochastic processes I x Q 3 (t,w) — F(t,w,a(t)) € K(RY) is progressive,

(H2) there exists m € L2(I x , P, uz; R) such that for pz-a.a. (t,w) and for every
a€ L?

[£(t w; a)llga < m(t, w)(1 + [lal|z2),

(H3) there exists K € L?(I x Q, P, uz; R) such that for puz-a.a. (t,w) and for every
ai,as € L%

Hpa(F(t,w,a1), F(t,w,a2)) < K(t,w)|lar — az| -

In the paper we will also use a stronger condition than (H2). Namely, we will
consider the following condition:

(H2') there exists m € L2(I x Q,P, uz; R) such that for pz-a.a. (t,w) and for every
a€ L?

I1£ @, w, a)llgs < m(t,w).

The assumptions imposed on the multivalued mapping F' ensure the existence of
a progressive and Lipschitz selection of F. In fact, we can formulate the following
assertion which will be used later on.
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Lemma 3.3. Assume that F: I x Q x L? — K(RY) satisfies (H1)—(H3). Then
there exists f: I x Q x L? — R? such that
(i) f(t,w,a) € F(t,w,a) for every (t,w,a) € I x Q x L?,

(ii) the mapping I x Q > (t,w) — f(t,w,a(t)) € RY is a progressive stochastic
process for every a € C(I, L?) such that a(t) € L? for every t € I,

(iii) there exists m € L*(I x Q, P, uz;R) such that for pz-a.a. (t,w) and for every
a€ L?

1t @)l < 7t ) (1 + [l 2),

(iv) there exists K € L2(I x 0, P, juz; R) such that for juz-a.a. (t,w) and for every

ay,as € Lf

”fN(tvwval) - fN(tawaG’Q)HRd < I?(tﬂo‘))”a’l - a’2||L2'

The proof of this lemma will be omitted, since it is immediate. It is enough to
define f as f(t,w,a) = sq(F(t,w,a)), where sy(A) denotes the Steiner point of the
convex compact set A C R? (see [5], Chapter 9). Then s4(F(t,w,a)) € F(t,w,a)
and the Steiner selection f preserves the properties of the multivalued mapping F'.

For n,7 € I, n < 7 let us denote

L .+ (12) = L([0, 7] X Q, Plpy,r1x0s z; RY).
2

Pn,T
stochastic process F': [n,7] x  — K(R?) we define

SPlpymia Frhz) = {f € L}, (uz): [ €F pz-ae}.

Remark 3.4. Let F: [n,7] x @ — K(R?) be P|j ,jxo- measurable and
L%’W,T(uz)—integraﬂy bounded. Then these assumptions on F' imply immediately

Then for a P, ;jxo-measurable and L (1z)-integrally bounded multivalued

that the set 572,“ ]XQ(F, tz) is a nonempty, bounded, convex, closed and weakly
9.7
compact subset of L%,n;(ﬂZ)'

Let n,7 €I, n <7, ay€ L, F: I xQxL*— K(R?) and 2 € C([n, 7], L*). We
define the set A, ; ., (z) as

t
Aprz, () = {y: [n,7] — L? such that y(t) = z, +/ f(s)dZ(s) in L? for t € [n, 7],
n

F €53, v Flinrixaxez) o fwz)},

where F|p, rxaxr2: [1,7] X Q x L? — K(R?) is defined as

Fliprxoxre(t,w,a) = F(t,w,a) for (t,w,a) € [n,7] x Q x L2,
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Lemma 3.5. Let F': I xQx L? — K(R?) satisfy (H1)—(H3). Let x € C(I, L?) be
such that z(t) € L} for every t € I and let n,7 € I, n < 7. Then the set A, ; , ()
is a nonempty subset of C([n, 7], L?).

Proof. For the mappings F and z we have (due to assumption (H1)) that
Ix Q53 (t,w)— F(t,w,z(t)) € K(R?) is P-measurable. Hence [1,7] x Q > (t,w) —
F(t,w,z(t)) € K(R?) is a P|,, -] xo-measurable multivalued stochastic process. From
now on we will denote this latter process by (F' o z)|;, -jxq. Note that due to (H2)
for almost all (¢,w) with respect to pz we have

7 (tw,a(O)llns < mit, )1+ la(®)lzz) Smito)(1+ sup lal®)]z2).

Thus

[ VP 20 s, )
n,7] X

<2(1+ sup ||a:(t)||%2)/ m2(t, )iz (dt, dw),
ten,7] [n,7]xQ

which means that (F o x)}[n Axa’ n,7] x Q@ — K(R?) is L%mﬁ(uz)—integraﬂy

bounded. Hence the Kuratowski and Ryll-Nardzewski selection theorem [18] al-

lows us to claim that the set 5'723‘[ ((F' o @)|n,7]xqs #z) is nonempty and
m,

TIXQ

we can consider a mapping [n,7] 2 t — z, + fnt f(s)dZ(s) € L2, where f €

S%‘[nyr]xsz((FOx)l[nyT]XS%MZ) -

Lemma 3.6. Under the assumptions of Lemma 3.5 the set A, ;. (x) is
a bounded, convex and closed subset of C([n,], L?).
Proof. Observe that for y € Ay -, (2) and t1,t2 € [, 7], 11 < t2, we have

2

" f(s)dz(s)

t1

)

Rd

ly(ta) — y(t2) |22 = [E‘

where f € S72’| ((F' o 2)|iy,71x0, pz). By Corollary 2.2

[n,7]1xQ2

ly(t2) = y(t1)l1Z2 < 2/ 1 (s, )l zariz(ds, dw)

[t1,t2] X0

<2 PG (s, o)
[tl,tQ]XQ
and by assumption (H2)

ly(t2) =yl <4(1+ sup fa(s)]32) / m? (s, w)pz (ds, dw).
s€[n,7] [t1,t2]xQ
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Since [, om?duz < oo, we can infer that f[thtzlxﬂm2(s,w)uz(ds,dw) — 0 as
[t — ta] — 0. This proves that y: I — L? is uniformly continuous.
Boundedness. Note that for y € A, ., () we have

/de

< 2l 22 +4 sup / o Mz, 4
n,t

t€[n,7]

Y112 (17, 22) < 2[l2ll72 +2 sup

t€[n,] L2

< 2|25 + 4 /[ 1P (5,0, 2(5)) [Rpiz (ds, dw)
7,7 X

< 2gll2s + 8(1 + 22 gyrp.0) /[ ez, o)
n,T|X

Thus Ay 74, (2) is bounded.
Convexity. Since (I o )|, xo has convex values, the set

S72)|[77,7-]><Q((F © x)l[an]XQ’ 'UZ)

is a convex subset of L3, _(uz) and convexity of Ay ; ., (z) follows easily.
Closedness. Let {yn}n2y C Ay 7z, (z) be such that

Yn =3y in the space C([n, 7], L?),

y € C([n, 7], L?). Thus for every t € [n, 7] the sequence {y, (t)}5%, converges to y(t)
in the norm topology of the space L2. Since ¥,, € Ay 7.2, (x) we have

((F'ox)|iy,rx0,pz) for n.€ N.

[n, 71X

t) ==z, —l—/ fn(s)dZ(s), where f, € Sp‘
n

Since the set 572’\[7,,7] o (Fox)|[5,7)xq, 1z) is weakly compact in the space L%,n;(ﬂZ)a
we infer that there exist a subsequence {f,, }7>, and

f < SP| n,7] XQ((F ° x)|[77,T]XQ;,UfZ)

such that
fo, — fin L%’nﬁ(uz), as k — oo,

where the symbol — denotes convergence in weak topology. Obviously

t
(3.5) Ty —I—/ frn(8)dZ(s) o y(t) in L? for every t € [n, 7).
n

21



For ¢ € [n, 7] let us define the linear operator Oy : L%,W,T(NZ) — L? as follows:

@m:/f@ﬂ®-

Since for h,j € L%,n,r(ﬂz) we have

we infer that O, is norm-to-norm continuous. Now, by Lemma 2.6 we obtain

2 2

[M@M@—/NQM®

t
n

(Ath@>dzw>—3[jj@>dzw>

<2llh—jl3s

L2 R4

o (12)

@@M=/ﬁ&ﬂﬂ@4@m=/ﬂaw@.

Hence

x,,—i—/ fnk(s)dZ(s)éxn—i—/ f(s)dZ(s) in L? t€n,7].

Due to this convergence and (3.5) we infer that

wa(%+fﬂﬁw@)

Hence y € Ay 0, (). O

=0, tein,7.

L2

Now we are in a position to formulate the first main result on the existence of
solutions to (3.4).

Theorem 3.7. Assume that F: I x Q x L? — K(R?) satisfies (H1)—(H3). Then
the set SOL(zo, F, Z) is nonempty.

Proof. Since the semimartingale Z is continuous and K € L?(I x Q, P, uz; R),
we can choose a partition 0 = tg < t1 < to < ... <ty_1 <ty =T of the interval I
such that

N | =

(3.6) max{/ K?(s,w)pz(ds,dw): k—O,l,...,N—l} <
[tk,t)H,l]XQ

Now we will show that for every k € {0,1,...,N — 1} and every x;, € L} the
mapping
T Atk:tk+1ymtk (:L'),

where z € C([tg, tg+1], L?), is a multivalued contraction.
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Denote 1 = t;, and T = t4; for convenience. Let a1, 72 € C ([, 7], L?). Then for
yM € A+, (21) there exists a sequence {y,}52; C A, 7., (1) such that
n—roo

lyn = vV llemLzy = 0

and for every n € N

t
i(®) =, + [ $a(5)42(s), where £, € 83y (F o)y xannz),
7
Applying Lemma 2.7 we infer that there exists a sequence

[9u}2) € 2y, (F oz jyreaspiz)
such that for every n € N and for every (s,w) € [, 7] x Q
[fn(s,w) = gn(s,w)l[pe = distra(fn(s,w), F(s,w, z2(s)))-
Hence for every n € N we get
[fn(s,w) = gn(s,w)llpe < Hpa(F(s,w,21(5)), F(s,w,22(s))),  (s,w) € [n,7] x Q.

Now for n € N we define 3> : [n,7] — L? as

YD) = 2y + / an(s) 2 (s).

Then we obtain > € Ay.72, (22). Further observe that for n € N

. 2
i — 52 2 o122 = \ [ Gals) = s azts)
n C([n,7],L?)
t 2
~ awp [E\ [ ats) = guls) 2209
te(n,7] n Rd

<2 / a5, ) — gu(s, )Rz (ds, deo)
[n,7]1x2

< 2/ Hia (F (5,0, 21(5)), (s, w0, 25(5)) )12 (ds, dw)
[n,7]1x2

<2 / K2(s,0) 1 () — 22(5) | 2o 12 (ds, dw)
[n,7]x

<2lor = ol [ Ko wuz(ds,de).

[n,7]x
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In view of (3.6) we have

lyn — yr(f)H%([n,T],w) <afja — x2||20([n,7'],L2)’

where o € (0,1). Since

ly® = 42 e < 190 = vallere + lvn = 92 o,z
<ly® = yallcman,z + Vel = 22llemne,
we have

1

diste(n .22 U, Az, (22) < 1YY = Ynlle e + Vallzr — 22llom,z2)-

Passing to the limit as n — co we can write

disto(,r,02) W™, Agora, (22)) < Val|lzr = 22l o,z

and consequently

sup diStC([n,T],LQ)(y(l)v Anﬂ-’gc77 (ch)) S \/5 ||J31 — x2||C([n,T],L2)-
YW EAy + ay (1)

Proceeding similarly to the above we obtain

sup distc([n,TLm)(y@),An,r,x,,, (z1)) < Vaz — z2lle(n,m),L2)-
YD EAy 7.0, (22)

Hence

He(n,r,02) (Mg ray (21), Ay r ey (22)) < Veo||zn — 22l o, -),L2)-
Applying the Covitz-Nadler fixed point theorem, see [11], we can infer that there
exists (not necessarily unique) ™7 € C([n, 7], L?) such that 277 € Ay 4 (277).

This means
t
T (t) =y, —|—/ hy.-(s)dZ(s) in L? for t € [, 7],
n
where h, r € 572,“
of glosr ghitz  gtx—1nin  Then a* € C(I,L?). Also it is easy to see that h:
I x Q — R? defined as

]XQ((FOan—)“n,T]XQ,MZ). Now we define 2*: I — L? as a spline

h(S, W) = hto,tl (Sa w)]‘[t07t1]><ﬂ(8’ W)
+ htl,tz (87w)1[t1,t2]><9(87w) +.o.t htzvfhtzv (Sa w)l[tN—17tN]><Q(s’ W)
satisfies the condition h € S3(F o z*, uz). Moreover
¢
x*(t) = zg —|—/ h(s)dZ(s) in L? fort €I,
0
which means (due to Remark 3.2) that 2* is a solution to MSDE (3.4). O
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Since the set SOL(xq, F, Z) is nonempty, it makes sense to ask about properties
of this set.

Theorem 3.8. Under assumptions of Theorem 3.7 the set SOL(xzo, F,Z) is
a closed subset of C(I,L?).

Proof. Let {x,} C SOL(zo, F, Z) be such that

n—oo

(3.7) ||J)n _37||C(I,L2) — 07
where z € C(I, L?).

Since x,(0) = zo for every n € N, due to (3.7) we get x(0) = x¢ easily. In what
follows we shall show that for every s,t € I, s <t, z(t) — z(s) € f: F(r,z(r))dZ(T)

holds. To this end let us notice that, due to Corollary 2.2 and (H3), for s < ¢t we
have

H2, < [ Fesanaze. F<T,x<7>>d2<7>)
< 2/ HB%C,,(F(T,M,J)"(T, w)), F(r,w, z(1,w)))pz(dr, dw)
[s,t]x 2
<2 Kmw)len(r) - o) anzldr do)
[5,t]x 2

< 2w ol [ KA wuzldn o).
Hence
(3.8) Hp: (/ F(1,2,(7)) dZ(T),/ F(r,z(1)) dZ(T)) — 0 asn— 0.

Now observe that for s < ¢t and for every n € N

dist - (x(t) — 2(s), / " Flr () dZ(T))
< lz(t) = zn(®)llz2 + lzn(s) — z(s) 22
Hp ( / ' F(r (7)) dZ(1), / Pl a(r) dZ(T))
< 2|z — 2l e,

+ Hy ( / CFlr o (r) dZ(0), / " Flr () dZ(T)).
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By (3.7) and (3.8) we obtain

dist (x(t) — 2(s), / tF(T,x(T))dZ(T)> 0.

Since the integral fst F(r,2(7))dZ(7) is a closed subset of L% we get x(t) — x(s) €

[ F(r,2(r))dZ(r). Thus = € SOL(xo, F, Z).
Notice that for € SOL(xq, F, Z) we can write

2

/ f(s)az(s)

Hx”Qc(],Lz) < 2||z0|72 + 2sup
tel 2

where f € S4(F oz, p1z). This implies

1218 1,12y < 2llolZ2 + 4/ 17 (s, w, 2(s) a2 (ds, dw).

IxQ

O

Therefore under assumption (H2') we have the following additional assertion on

boundedness of the set SOL(x, F, Z).

Corollary 3.9. Assume that F: I x Q x L? — K(R?) satisfies (H1), (H2'), (H3).

Then SOL(zo, F, Z) is a nonempty, bounded and closed subset of C(I, L?).

All results of this paper have been established for MSDEs driven by a one-

dimensional semimartingale. It is worth mentioning that the presented investiga-

tions can be repeated for MSDEs driven by m-dimensional semimartingales Z =

(Z1,Z3,...,Zy), where Z}’s are one-dimensional continuous semimartingales such

that || Zk|laz < oo, k = 1,2,...,m. To be more precise for Z, ro € L3 and

F: IxQxL?— [KR]*™ we can consider MSDE
t ~
x(t) —x(s) € / F(r,z(1))dZ(1) for0<s<t<T,
x(0) = xp,
which is understood as
t
FO(ra(r) dZi(r) + [ FO(r,a(r) d2(r)
F (1, 2(7))dZm (1) for 0 <s<t<T,
x(0) = xp,
where Fy = (FO, F@) . Fm),
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Remark 3.10. Although the multivalued results involving the notion of multi-
valued stochastic integral and established in this paper are considered in the setting
of a finite interval I = [0,T], the methods used in the proofs allow to obtain all
counterparts of the set-valued results also in the case of infinite interval I = [0, 00).
In this case we consider a continuous semimartingale Z with Z(0) = 0 and with
decomposition Z = A + M. Additionally the processes A and M should satisfy

Alscllzz < 00,  [MI|2 < co.

Then the notion of a multivalued stochastic integral with respect to the continuous
H2-semimartingale presented in this paper is well-defined.

Acknowledgement. The authors would like to thank the associate editor
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