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Abstract. We introduce a notion of a function of finite fractional variation and character-
ize such functions together with their weak o-additive fractional derivatives. Next, we use
these functions to study differential equations of fractional order, containing a o-additive
term—we prove existence and uniqueness of a solution as well as derive a Cauchy formula
for the solution. We apply these results to impulsive equations, i.e. equations containing
the Dirac measures.
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1. INTRODUCTION

In the paper, we introduce a notion of a function of finite left variation of order
a € (0,1] and characterize such functions. Next, we define a weak o-additive left
derivative of order « of an integrable function and show that the class of functions
possessing such derivative coincides with the set of functions of finite left variation
of order «. In the last part, we apply the obtained results to fractional equations
containing the weak o-additive left derivative of order « of an integrable function,
in particular—the Dirac measure. Analogous results can be derived for functions of
finite right variation of order a € (0,1]. We deal only with the left case, so, in the
next, we omit the term “left”.

The study of impulsive equations was initiated in [16], [17], [18]. In the literature
concerning impulsive equations and inclusions of the first order, two approaches
are used. The first of them consists in prescribing the jumps of a solution to such
an equation with the aid of the initial conditions ([1], [2], [3], [19], [23]). In this
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approach, by a solution of the problem one means a function which is piecewise
differentiable. In the second approach, by a solution we mean a function of fi-
nite variation and satisfying the equation in a distributional sense. The jumps of
a solution are enforced by the coeflicients (measures) of the equation ([12], [25],
[10], [27], [28], [13]). So far, impulsive systems of fractional order were investi-
gated with the aid of the first method ([4], [26]—for equations with derivative
in Caputo sense, [5], [21]—for equations with derivatives in Riemann-Liouville
and Caputo sense, [11], [9]—for integro-differential equations with derivative in
Caputo sense). We use the second approach. To the best of our knowledge
this approach to fractional impulsive equations has not been applied by other
authors.

In Section 2, we recall the notion of a weak integrable fractional derivative of
an integrable function, of order aw € (0,1]. Section 3 is devoted to the functions
of finite fractional variation. In Section 4, we introduce the notion of a weak
o-additive fractional derivative of an integrable function, of order o € (0,1],
and characterize the class of functions possessing such derivative. Section 5 is
devoted to the derivation of the existence and uniqueness theorem for a frac-
tional equation containing a nonhomogeneous term being the weak o-additive
fractional derivative of an integrable function. We derive a Cauchy formula for
the solution of such an equation, too. As particular cases, in Sections 6 and 7,
we obtain the existence of unique solutions, together with the appropriate for-
mulas, to impulsive equations, i.e. equations containing Dirac measures. In Ap-
pendix, for the convenience of the reader, we describe the tools used in the paper
(cf. [20]).

2. a-ABSOLUTELY CONTINUOUS FUNCTIONS
AND WEAK INTEGRABLE FRACTIONAL DERIVATIVE

Definition 2.1. We shall say that a function z: [a,b] — R (defined a.e. on [a, b])
is absolutely continuous on [a,b] if there exists a function Z: [a,b] — R (defined
everywhere on [a, b]) such that

and for any € > 0 there exists 6 > 0 such that

m

3 [ (i) — Fai)| < €

=1
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for any collection {(a;,b;); i =1,...,k}, k € N, of disjoint open subintervals of [a, ],
such that

m

Z|bi—ai| < 4.

i=1
In such a case, we identify z with z.

Let a > 0, p € L' = L'([a, b], R). By the left Riemann-Liouville fractional integral
of ¢ on the interval [a, b] we mean ([22]) a function I h given by

(2.1) I o)) = = (1a) / e f(:))l_a dr, telab] ae.,

where I" is the Euler function. One can show that the above integral exists and is
finite a.e. on [a,b]. Additionally, we put I2, ¢ = .
Let a € (0,1], z € L. We say ([7], [15]) that x has the left Riemann-Liouville

derivative D¢, x of order « if the integral I.,®x is absolutely continuous on [a, b)].

; a . djl-a
We put in such a case D,z := 51, “x.

Analogously, the function

b
(Lyp)(t) = F(la) /t r f(;)l_a dr, te€]la,b]ae.,

is called the right Riemann-Liouville fractional integral of ¢ € L! of order o > 0
on the interval [a,b]. We put I o = . If I} "“x is absolutely continuous on [a, ]
for a function z € L! and a € (0,1], then Dy x = —%I;:O‘x is called the right
Riemann-Liouville derivative of = of order a.

One proves ([7]) that = possesses derivative Dg, x if and only if there exist a con-
stant ¢ € R and a function ¢ € L' such that

_ 1 c L[t ()
z(t) = () (t—a)l @ + o) /a 0 dr, tE€]Ja,b] ae.

The above representation is unique and can be treated as a fractional counterpart of
the representation of an absolutely continuous function z: [a,b] — R, given by

x(t) = c—l—/ o(r)dr, te€la,b] ae.

A function = possessing the left Riemann-Liouville derivative of order a will be called
the left a-absolutely continuous function. In paper [15], it was shown that each left
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a-absolutely continuous function x has the weak integrable left derivative of order «,
i.e. there exists a unique function g € L! such that

b b
/ £()D (1) dt = / o(t)p(t) dt

for ¢ € C* = C°((a,b), R)—the set of C*° functions with compact supports con-
tained in (a,b). Conversely, each function x that has weak integrable left derivative
of order « is a-absolutely continuous. In such a case g = D, z.

3. FUNCTIONS OF FINITE a-VARIATION

Definition 3.1. We shall say that a function z: [a,b] — R (defined a.e. on
[a,b]) has finite variation on [a,b] if there exists a function Z: [a,b] — R (defined
everywhere on [a, b]) such that

xz(t) =z(t), te€la,bae.,

(3.1) sup{z |Z(t;) —z(tic1)]; a=to<...<tm=0b, me N} < 0.
i=1

We recall that a function Z: [a,b] — R™ satisfying condition (3.1) has right limit
z(th) = 811;& Z(s) at any point t € [a,b), left limit Z(t7) = Slir?_ Z(s) at any point
t € (a,b] and the set of discontinuity points of Z is at most denumerable.

Let z: [a,b] — R be a function of finite variation. Consider the function

Z(tT) fort e [a,b),
(3.2) Tfab] >t — ~( ) [a,5)
Z(b™) fort=09
where Z: [a,b] — R is a function satisfying the conditions given in Definition 3.1. In

an elementary way one can prove

Lemma 3.2. If z: [a,b] — R"™ is a function of finite variation, then
(a) Z does not depend on the choice of the function T satisfying conditions given
in Definition 3.1;
(b) T ==z a.e. on [a,b];
(c) T satisfies condition (3.1);
(d) ( )=z (t*) for any t € [a,b) and ‘T (b) = T (b7);
(e) T is the unique function which is equal to z a.e. on [a,b], satisfies (3.1), is
right-continuous on [a, b) and left-continuous at t = b.
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In the sequel, we shall identify any function z of finite variation with its represen-
tant <z and denote it by x.

It is clear that if z: [a,b] — R is absolutely continuous, then & coincides with its
unique representant T satisfying the conditions from Definition 2.1.

Now, we define the basic notion of the paper.

Definition 3.3. Let o € (0,1] and € L'. We shall say that x has finite
fractional variation of order a (a-variation) on [a, b] if the integral ., has finite
variation on [a, b].

Of course, x has finite 1-variation if and only if it has finite variation.
Let us recall ([8]) that a function 2 € L! has finite variation if and only if there
exists a constant C' > 0 such that

b
(3:3) / x(t)w'(t)dt‘ < Cllglloe

for any ¢ € C2°, where ||¢||cc = max{|o(t)|; t € (a,b)}. We have the following
fractional variant of this result

Theorem 3.4. Let o € (0,1]. A function z € L' has finite a-variation if and
only if there exists a constant C' > 0 such that

b
(.9 [ st w0t < Clel

for any ¢ € C°.

Proof. Case of & = 1 is obvious because Dy ¢ = —¢’. So, assume that
a € (0,1) and z € L' has finite a-variation. We have

b b b
65) [ aDpetdi=- [ s@rzo @@ a=- [ 1m0

a

for any ¢ € C¢°. To obtain the first equality we used the fact that if ¢: [a,b] — R
is absolutely continuous and ¢(b) = 0, then

d _ d _ d _ -
(36)  Lhote= ST ) = LI () = 10

So, the classical result implies

b b
/ x(t)D?_so(t)dt\: [ o0 @ at] < Cliole
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Now, let us assume that (3.4) is satisfied. Using (3.5) we obtain

b b
/ I;Jrax(t)sol(t)dt‘ = ‘/ x(t)Dzi’@(t)dt‘ < Cllelloo

for any ¢ € Cg°. g
The next theorem describes some imbedding property.
Theorem 3.5. If 0 < 8 < a < 1 and a function x € L' has finite a-variation,
then it has finite 3-variation.

Proof. First, assume that a = 1. Let a function z € L' have finite variation
and let ¢ belong to CZ°. We have

b b b
[ atonlewa=- [y 1 w0 = - [ a0

where the last integral is the Riemann-Stieltjes integral of x with respect to I ;:6 %)
(to obtain second equality we used the fact that if f: [a,b] — R is integrable
in the Riemann-Stieltjes sense with respect to an absolutely continuous function
g: [a,b] — R, then [’ f(t)dg(t) = [* f(t)g'(t)dt (cf. ([20], Theorem VIL4.10)).
Using the theorem on integration by parts for the Riemann-Stieltjes integral ([20],
Theorem 1.6.7) we obtain

b
37 - / () A1 9)(t)
b
= 2P () + 2(@) P pla)z + / 1P (t) d(t)

b
— 2@ p(@) + [ LZ(t) dalt)

(to obtain the last equality we used the fact that I;:ﬁ o(b) = 0 following from [6],
Property 4). Consequently,

b
[ #oni_ett dt\ < (Je(@)] + var ) 112 o] o

where var x is the variation of = on [a, b]. Cited Property 4 from [6] implies also the
inequality

(b—a)t—P-1/p
L(1 = B)(=Bq+ 1)/

1—
11, =% ¢lloe < lllzs
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where p is any number such that 0 < 1/p<1— g and ¢ =p/(p —1). So,

(b— a)l=A-1/p
I(1-B)(=Bg+ 1)/

b
/ z(t) Dy_p(t) dt‘ < (lz(a)] + varz) (b—a)""?[[p]lcc-

From Theorem 3.4 it follows that = has finite -variation.

Now, assume that 0 < 8 < o < 1 and z € L' has finite a-variation. We shall show
that the function Ié;ﬁx satisfies (3.3). Indeed, since I;J_ﬂx = I(‘f;ﬂfé_:“x, therefore
(cf. (3.6))

b b b
/ 1P (t) g (1) dt = / 1970 [0 () (1) dt = / ()12 () (1) d

a a a

b 11— d a—p
:/ Loz () 3 (7 0)(¢) dt

for any ¢ € C2°. In the same way as in the first case (cf. (3.7)),

b 1—a d a—f3 1—a a—pB ’ a—p 1—a
[ e g a0 = -1 @E o) - [ e ki .

a

So,

b

[ s w
a
b—a)* 8
< Il—oz Il—o( ( o
(| a+ x(a’)| + var a+ x)F(Oé _ /6)((06 _ 6 _ 1)q+ 1)1/(1 HSOH

where ¢ = p/(p—1) with 0 < 1/p < a — 8. The proof is completed. O

4. WEAK 0-ADDITIVE FRACTIONAL DERIVATIVE

Now, we shall introduce the notion of a weak o-additive derivative of order a €
(0,1] of a function z € L:

Definition 4.1. We shall say that a function € L' has weak o-additive deriva-
tive of order o € (0, 1] if there exists a o-additive function A: B((a,b)) — R such
that

b
(4.1) / £(t) D5 p(t) dt = /( ECEND

for any ¢ € C°.
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In the limit case of & = 1 the above notion reduces to the definition of o-additive
(often called signed measure) distributional derivative of the distribution determined
by a function x.

From Theorem 8.10 it follows that the o-additive function A: B((a,b)) — R sat-
isfying (4.1) is unique. It is called the weak o-additive derivative of order « of the
function = and denoted by Dg, x.

Below, we characterize the class of functions possessing o-additive weak derivative
of order « € (0, 1].

Theorem 4.2. Let a € (0,1] and z € L'. Then = has weak c-additive derivative

Dg, z if and only if x has finite a-variation. In such a case Dy, x = FI*““ where
Fjl «, is a function of an interval associated with I, “x (cf. Section 8.1) and 11 o

is a U—addmve function associated with Fll—az (cf. Section 8.3).

Proof. First, assume that x has finite a-variation, i.e., I at “z has finite varia-
tion. Then

b b
- [egremar=— [ snn @ i

b
- / L) () dt = - [ 1) delt)
b
— Iea(0)p(b) + I (a)p(a) + / o(t) AT ()

b .
_ / (1) Il :c(t)—/(a’b) P(t) Ao, (1

for any ¢ € C° (to obtain the last equality we used (8.3)). This means that « has

b
(4.2) / 2(#)DE_p(t) dt

the weak o-additive derivative D, x and Dg, x = F I*ilux'

Now, let us assume that there exists a o-additive function A\: B((a,b)) — R such

that .
[ o ema= [ aoae
for any ¢ € C°. Then (cf. (8.3)) we have (below, the function fr, : [a,b] — R of

a point argument is defined by fr, (t) = Fx([a,t]) where F) is given by (8.2) and
FY = X; since F) has finite variation, fr, satisfies (3.1); moreover, F) = FfF/\)

/( ) o(t) d(t) = /( " Q(t) dFx(t) = /( » p(t) dF}, (1)

- / " oty dfn () / frs (8) dio(t) / Fr(®)
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(to obtain the third equality we used formula (8.3); to obtain the fourth equality we
used integration by parts for the Riemann-Stieltjes integral (cf. [20], Theorem 1.6.7)).
On the other hand (cf. (4.2)),

b b
/ x(t)D,?‘_ap(t)dt:—/ L7 %2(t)¢ (t) dt.

/ frs (0 (1) dt = / 1oty (1) dt

for any ¢ € Cg°. Consequently, there exists a constant C' € R such that

So,

fr, =1.7% +C ae. on a,b.

This means that I at “z has finite variation, i.e. x has finite a-variation. O

In the limit case of @« = 1 the above theorem reduces to the characterization
of functions possessing the distributional derivatives determined by o-additive set
functions (cf. [10] for functions of locally finite variation).

Remark 4.3. As we said, if = is a-absolutely continuous, then it has the left
weak integrable derivative g of order a. In such a case g = D, z, i.e.

b b
/ ()D§ (1) dt = / (t)DE () dt

for any ¢ € C2°. Of course, x has also finite a-variation and, according to the above

theorem, it has the weak o-additive derivative Dy, x = I

Ila 7le

b
| =oDg et at - /( ICCLLZBNE

So, we see that the derivatives Dg, x (weak integrable) and F,_. (weak o-additive)
at
are equal in the following “distributional” sense:

b
/a o(t) D2, (1) di = /() Plt) AF7: . (1)

for any ¢ € C&°.
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Remark 4.4. Saying that an R™-valued function z = (z1,...,2,), A =

44 7

(M,...,An), of a point- (set-) argument has a property when coordinate func-

tions z; (A;) have such property, and putting

/gp(t)x(t) dt = zn;/goi(t)xi(t) dt
< [eware - g [ e th))

for an R™-valued function ¢ = (¢1,...,9) of a point-argument, we see that all
results of this section and the preceding ones remain true with R replaced by R".

5. A FRACTIONAL EQUATION CONTAINING WEAK 0-ADDITIVE DERIVATIVE
OF ORDER «
Let us consider the fractional Cauchy problem

DS x=Axr+D¥ v on (a,b),

I %x(a) =c
where 2 is an unknown function, u € L*([a, b], R")—a given function possessing finite
a-variation, A € R"*" ¢ € R"—given constants.

By a solution of (5.1) we mean a function # € L!([a, b], R™) possessing finite -
variation, satisfying the above equation in a “distributional” sense:

(5.2) /<a,b> o(t) dD2, 2 (t) / Az (t)p(t) dt + /<a,b> (1) D2, u(t)

for any ¢ € C¢°((a,b),R™), and the initial condition
I, %(a) = c.

Since by (8.3)
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the equality (5.2) can be written in the form

/(a’b) p(t)dDgya(t) = /(a’b) P(t) AFT(40)(2) +/ (1) ADS, u(t).

(a;b)

So, z € L'([a,b], R™) is a solution to (5.1) if and only if it has finite a-variation,

53) [ e 0= [ 0 @+ [ eldF 0
53 [ emary, [ e0ary g0+ [ onar.,
for any ¢ € C°((a,b),R™) and

I %x(a) = c.
Since condition (5.3) is equivalent (cf. Theorem 8.10) to the equality

FI*;,;QI = F;;+(AI) +F;;;au on B((Chb)))

therefore, finally, = € L'([a,b], R") is a solution to (5.1) if and only if it has finite
a-variation and

(5 4) { Fl*l o = F;;+(Ax) + F}E;au on B((a’ab))a

I;+ z(a) = c.
In view of Corollary 8.7, the equality
I*il% = 1*;+(Az) + Fl*;;au on B((a,b))
is equivalent to
(5.5) Frie, ([t ta]) = Friaw) ([t 22]) + Fpioe ([t 22])

for any [t1,t2] CIlp,_, NIlp,_, . Let () be a sequence of continuity points for
U.+ x LL+ u

I;;ax and I;;au such that lim 7,, = a. Then, it follows from the above condition
that
Fll’ux([Tna t]) = FI}L (A;c)([Tnvt]) + Fli:’u([Tn’ t])a neN

for any point ¢t being a continuity point for I ot and I ot u. Consequently, by the
definition of the function of interval associated with a function of point argument,

(5.6) Fa,(lo,t]) = Fr1aa([0,8]) + Fpi e, ([a,1])
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for any point ¢ being a continuity point for [ é;(’x and [ ;j_au Conversely, the above
condition implies condition (5.5) (because the associated functions of interval are
additive). Of course, condition (5.6) is equivalent to the condition

I7%(t) — I %w(a) = AL 2(t) + 1oy “u(t) — I.7“u(a)

for any point ¢ being a continuity point for I,;*z and I, ;;au Thus, we see that
a function z € L'([a,b], R™) has finite a-variation and satisfies (5.4) if and only if it

satisfies
(5.7) L7%(t) = AL 2(t) + 10 u(t) + ¢ — 1,7 %u(a) for t € [a,b] ae.
-«
If we write the term ¢ — 1), u(a) in the form I;;“(ﬁc(ﬁ;i)lqi(:)), then the above

equation can be written as

1 c—I'%u(a)

1- _ - o 1- 1— i

(5.8)  Il;°x(t) = I} °(AI%, 2)(t) +Ia+“u(t)+Ia+"<r PR )(t)
for t € [a, b] a.e., or, equivalently,

1 c— I %u(a)
N(a) (t—a)t—

x(t) = ALY x(t) + u(t) + for t € [a,b] a.e.

More precisely, a function x € L!([a, b], R™) is a solution of problem (5.1) if and only
if

1 c— I %u(a)
[(a) (t—a)t=e

x(t) = ALY x(t) +u(t) + for t € [a,b] a.e.

In other words, z is a unique solution to Cauchy problem (5.1) if and only if x is
a unique fixed point of the operator

®: L'([a,b], R") — L'([a, b], R"™),
O(x)(t) = AIg x(t) +b(t), t€[a,bae.,
where b(t) = u(t) + I'(a) "t (c — Io; “u(a))/(t — a)'=* (of course, b € L*([a,b], R™)).
Existence of such a point z, (for any fixed b € L'([a,b], R")) follows from the
proof of Theorem 3.1 in [14] where it is also shown that

19, (8) = AT (I, (6) + AT IR + . AU (6) + 12 b(1)

m—1
= R(t)+ > AFISTV0)(4), te [a,b] ae,
k=0
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for any m € N where

Ru(t) = A™(I{7%,)(8)

and

R, (t) =0, te€]la,b]ae.
Consequently,
(5.9) ) + Z AR (TFeb) (1), t € [a,b] ae.,
where

Qm(t) = A" (I ) (8).

In the same way as in [14] we check that
(5.10) Qm(t) =0, tE€]a,b]a.e.

So, for any b € L'([a,b],R™), the series

H

(5.11) Ak (IF)(¢
k=0

is convergent a.e. on [a, b]. Formula (5.9) with

1 c— 1,7 %u(a)
T T t—are

() Qm( )+ - Ak(I(I;_?U)(t)
k=0
1 m—1 . 1 3
" Ta) ~ A (I§+ (m))(t)(c—laﬂ u(a))
=Q (t)+m71Ak T*w) mz: &( .
=Um = u) £ T((k + a) at U

for t € [a, b] a.e. (to obtain the second equality we used the formula

I'(9)

o v+5—1
T +9) (t—a) , te€la,b ae.

L ((—a) () =

(a))
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for v > 0, 6 > 0). From the convergence (5.10) and the convergence of the series
(5.11) for integrable functions u(t) and (t — a) ™'+, we obtain

X t— a)(k+1)a—1

x4 (t) = ZAk(Ifj“ru)(t) + kZZOA W(C - I;;au(a))

t —a k+1)a71

= ANIu)(t) Z Ale))(C — I3 u(a))
= A AR IR u) (1) + ult) + ot — a)(c — 1)} “u(a))
-—AE:Ak IEFVU) () + u(t) + ®a(t — a)(c — 11 u(a))

— Bt — a)(c - I u(a)) + A / B (t — Fyu(r) dr + u(t)

for t € [a,b] a.e., where ®,(t) = > AFtFTDa=1/T((k 4+ 1)a) is the Mittag-Leffler
k=0

function.

Thus, we have proved

Theorem 5.1. If u € L'([a,b],R™) has finite a-variation, then there exists
a unique solution x, of Cauchy problem (5.1) and

(5.12) z.(t) = @a(t—a)(c—félau(a))—i—/l/ O, (t—7)u(r)dr+u(t), tE€la,bl ae

Remark 5.2. When a = 1, the formula (5.12) takes the form
¢
(5.13) 2 (t) = eA=D (c — u(a)) + A / A=)y (1) dr + ut).
a

In [10], the authors derived the following formula for the solution to an impulsive
linear system of the first order:

(5.14) 2, (t) = AtV 4 /( | AT A(DS u)(7)
a,t

(in fact, in [10], functions of locally finite variation are considered and matrix A may
depend on t). Let us observe that the two formulas are the same. Indeed, using our
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notation, the right hand side of formula (5.14) can be written in the form

eA(t—a)c+/ =) (D, u)(7) zeA(t_“)ch/ AT A(Fr)(7)
(a,t) (a,t)

t
= eA(t_“)c—l—/ A=) du(r)

(to obtain the last equality we used (8.3)). The right hand side of formula (5.13) can
be written in the form

A=) (¢ _ () + A / A7) dr + ()

= A=) (¢ —u(a)) — / %(ef‘@*ﬂ)um dr + u(t)

= A= (ec —u(a)) — / u(r) d(e 7)) 4 u(t)

a

t
= At (¢ —u(a)) + / A du(r) — e u(t) + e Vu(a) + u(t)

a

t
= eA(t_“)c—i—/ eAlt=T) du(r)
a

(to obtain the third equality we used the integration by parts for Riemann-Stieltjes
integral ([20], Theorem 1.6.7)).

6. EXAMPLE—IMPULSIVE EQUATION WITH ONE IMPULSE

Let us consider problem

DY x = Az + Al on (a,b),

I %x(a) = ¢
where A, ¢ € R, AL: B((a,b)) — R is the Dirac measure centered in a fixed point

d € (a,b), i.e.
1 ifdeFE,
Ay(E) =
0 otherwise
for E € B((a,b)).
Observe that if
0 for t € [a,d],

= (t—d)*~t for t € (d,b],

u: [a,b] 915!—){ L
I'(a)
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then I'7 at “u is the Heaviside function, i.e.

0 fort € [a,d],

I %u: [a,b] >t —
ot -] {1 for t € (d,b].

Indeed, if t € [a, d], then

11—« _ i ’LL(S) _
I, %u(t) = I‘(l—a)/a =)o ds = 0.

If t € (d,b], then

l—a iy 1 bou(s) s 1 b ou(s) s
Loy “W*r(l—a)/a s r(l—a>/d -

1 1 ¢ — _ a—1 S
- R T , e
o 1 i 18(171 —35)« S:#L « —
S T(1-a)T(a) ,/0 (1=5)7%d (1l —a) F(a)ﬂ( S
1 1 D(@)I(1-a)

“Tl-a)T(a) Q) =L

Of course, we identify the function I'7 at w with the function

0 forté€ [a,d),

[a,b] >t +—
1 forte|[d,b].

It is clear that D3, u = F7

ey B((a,b)) — R is the Dirac measure Al, i.e.
Dy, u=A}. Indeed,

Fivoo,((@0) = B %u(v-) = I *u(at) = 1) - 11 u(a) = 1,
I;auqd}) = 1 u(dt) — I u(d) = I u(d) — 11 u(d—) =1

and, consequently,

1 FII o (E) +1= F}E;ﬂu(E) [1 o ({d}) [*i;“‘u(EU {d})

<
< Fli;au((a’b)) =
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when d ¢ E, ie., F;i;”u(E) =0 whend ¢ E. So,

L= Fpo (D) S B (B) < Fi o (1) =
a+ a+ a+

when d € E, i.e., F}i_. (E)=1 when d € E. From Theorem 5.1 it follows that the
at Y

Cauchy problem (6.1) has a unique solution (defined a.e. on [a, b))
O, (t—a)e, te€la,d],

A
‘Ihy(t—ac—l——/ (t—71)(r —d)* tdr

7. EXAMPLE—IMPULSIVE EQUATION WITH k IMPULSES

Similarly, for any fixed points a < d; < ... < d < b and numbers 6y, ...

R\ {0} (k € N) there exists a unique solution of the problem

Daer—Ax—i—A‘sl’ ";’“ on (a,b),
I;+ z(a) =c

A61,....(5k (E)Z 0 if {dl""7dk}mE:@7
6i+---+6j ifdi,...,djEE
for E € B((a,b)). In this case, if
0 for t € [a, ds],
us: [a,b] >t — 1

m(t - ds)a—l for ¢ S (ds, b]

for s=1,...,k, then

(Zéu)_ 11”(2 F*k VO IT (u)
* k
* O1,...,0
- <§:165Fli;”(us)> :258 I (us) =0g,d,
s= s=

, 0 €
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on B((a,b)). So, the Cauchy problem (7.1) has a unique solution (defined a.e. on [a, b))
D, (t —a)e, te€la,di],

q)a(t—a)c—i—%/d Dy (t —7)01 (T —dy)* dr

1

+F(§(11) (t_ dl)ailv te (dlde]a
da
d)a(t—a)c—i—%/d Dy (t — )01 (1 —d1)*Hdr
+%/d q)a(t—T)Z(ss(T—ds)aildT

2
1
—— ) 0.t —dy)*, te(dy,ds],
+F(a)s§::1 ( ) € (dz, ds]

k=1 rdijpq i
P, (t —a)e+ A Z/ ' O, (t—7) 253(7 —dy)*"hdr
F(a) i=1 d; s=1
k

A ‘ a—1
+m/d Balt = 7)Y ba(r — dy)otdr

k s=1

k
1 a—1
+m;65(t—ds) . te(dp,b).

8. APPENDIX

8.1. Function of an interval associated with a function of a point ar-
gument. Let 2 C R be a nonempty set. By an additive function of an interval
we mean the real valued function F' defined on the set of closed bounded intervals
contained in  (we write in such a case F': @ — R) and such that

F([t1,t3]) = F([t1,t2]) + F([t2,t3])

for any closed bounded intervals [t1, t2], [t2,t3] C Q. If the values of F' are nonnega-
tive, then it is called a nonnegative function of an interval.
If g: [a,b] — R is a function of a point argument, then the function of an interval
Fy: la,b] = R given by
Fyle.d)) = g(d) — 9(c)

for [¢,d] C [a,b] is called the function of an interval associated with g.
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8.2. Measure associated with a nonnegative function of an interval. A set
function A: § — RU {—o00, 00} defined on a o-algebra of sets S is called o-additive,
if
> AME) > —oo for any E € S or A(E) < oo for any E € S,
> A(0) =0,

[ee] [ee]
> )\( U Ez> = > A(E;) for any denumerable collection of disjoint sets E; € S.
i=1 i=1

If, additionally, A is nonnegative, then it is called a measure.

If A\ p: & = RU{—o00,00} are o-additive and «, 8 € R, then aA+Su is o-additive
provided that aA(E) > —oo and Su(E) > —oo for any E € S, or aA(E) < oo and
Bu(E) < oo for any E € S.

Let (a,b) C R be a bounded open interval, B((a,b)) the o-algebra of Borel subsets
of (a,b). We have ([20], Theorem VII.5.5)

Theorem 8.1. If F': (a,b) — R is an additive nonnegative function of an inter-
val, then there exists a unique measure F*: B((a,b)) — R U {oo} finite on closed
intervals and such that

F((¢,d)) < F(le,d]) < F*([e, d])

for any [c,d] C (a,b).

F* is called the measure associated with the additive nonnegative function of an
interval F.

Each measure p: B((a,b)) = R U {oo} finite on closed intervals is associated with
a nonnegative additive function of an interval, defined on the set of closed intervals
contained in (a, b), for example with the function

Fu(le, dl) = plle, d))

for [c,d] C (a,b), i.e. p = F};. Indeed, F), is a nonnegative additive function of an
interval and

p((e,d)) < Fu([e, d]) < p([e, d))

for [e,d] C (a,b). So, from the uniqueness of the associated measure it follows that
(Fu)* = p.
It is clear that
(aF + BG)* = aF* + pG*

provided that a, 5 > 0.
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We shall use the notion of a continuity interval of an additive nonnegative function
of an interval F': (a,b) — R. Namely (cf. [20], Part VIL.5), we say that a closed
interval [¢,d] C (a,b) is a continuity interval of F' if

F*({e}) = F*({d}) = 0

or equivalently,

F*((e,d)) = F([e, d]) = F*([¢, d]).

Any point e € (a,b) such that
F*({e}) =0

is called the continuity hyperplane of F'. In the opposite case, e is called the discon-
tinuity hyperplane of F. One proves that there exists at most denumerable number
of discontinuity hyperplanes of an additive nonnegative function of an interval F.
Consequently, we have

Lemma 8.2. If F': (a,b) — R is an additive nonnegative function of an interval,
then there exists an increasing sequence ([c;,d;]) of continuity intervals of F', such
that lim[e;, d;] = (a, b).

8.3. o-additive function associated with a function of an interval of finite
variation. If [a,b] C R is a closed bounded interval, then the additive function of
an interval F': [a,b] — R, satisfying the condition

m
sup{z |E([titica])]; a=to<...<tm=0b, me N} < 0,
i=1
is called the function of an interval of finite variation.

Theorem 8.3 (Jordan decomposition). If F': [a,b] — R is an additive function

of an interval of finite variation, then there exist two additive nonnegative functions
of an interval Fy: [a,b] — R, Fy: [a,b] — R such that

F=F —F,.
Now, let F': [a,b] — R be an additive function of an interval of finite variation

and F = Fy — Fy its Jordan decomposition. Denote F}* = (F} B((a,b)) —
RU{cc}, F5 = (F2|(a,b))*: B((a,b)) = RU {0}

|(a,b))* :
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Lemma 8.4. The measures F}' and F; take finite values.

Proof. Of course, it is sufficient to show that F((a,b)) < oo for j = 1,2.
Let ([ci,d;]) be an increasing sequence of continuity intervals of F}| (a,py Such that
lim[c;, d;] = (a,b) (cf. Lemma 8.2). Then we have

F}((a,b)) = F} (lim[c;, d;]) = lim F}([e;, di]) = lim(Fj‘(a’b))([ci, d;])
= liij([Ci,di]) < FJ([CE,b]) <0

and the proof is completed. O

The function F* := Fy — F5: B((a,b)) — R is o-additive. It is called the o-
additive function associated with F' and does not depend on the Jordan decom-
position of F' (if FF = Gy — Ga, then Fy + G5 = G7 + Fy and, consequently,
Ff — F5 =G7 — G%).

One can show that

(8.1) (aF + BG)* = aF* + BG*

for any «, g € R.

It is known (cf. [20], Part VIL5) that if g: [a,b] — R satisfies (3.1), then
Fr((e,d) = g(d™) — g(c*) for any (c,d) C (a,b) and F:({e}) = g(e*) — g(e")
for any e € (a,b).

Each o-additive finite function A: B((a,b)) — R is associated with a function of
an interval of finite variation on [a, b], for example with the function

(8.2) Ex(le,d]) = A(le, d) N (a, b))

for [¢,d] C [a,b], i.e. A\ = FY. Indeed, it is known that A = AT — A\~ where \T:
B((a,b)) = R, A=: B((a,b)) — R are finite measures (cf. [20], Theorem VIIL.5.2).
Of course, F\ = F\+ — F\- where F\+, F)- are defined by (8.2) for [¢,d] C [a,b].
Consequently, F has finite variation and

(F’\)* = (Fy+ |(a,b))* - (F>\7 ‘(a,b))* =AT A" =\

A closed interval R C (a,b) is called the continuity interval of an additive func-
tion of an interval F': [a,b] — R of finite variation if it is a continuity interval for
restrictions F't l(a,b)s F*|(a7b) of upper and lower variations F'", F~of F that are
nonnegative additive functions of an interval given by

Ft = su F(R;),
(®) UREQZ (R:)
F(Q) = USPBEQZ —F(R;)
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for @ C (a,b), where {R;} is a system of closed nonoverlaping intervals, finite or
empty (in the last case |[JR; = ) and ) F(R;) = 0). Similarly, as in the case of
a nonnegative additive function of an interval,

F*(Int R) = F(R) = F*(R)

for any continuity interval R C (a,b) of F.

Remark 8.5. If g: [a,b] — R satisfies (3.1), then an interval [¢,d] C (a,b) is
a continuity interval of the function of an interval F, associated with g, if and only
if g is continuous at ¢ = ¢ and t = d (cf. [20], Theorem VIL5.2). So, the set I, of
all continuity intervals of F}; is dense in (a,b), i.e. each closed interval in (a,b) is the
limit of a decreasing sequence of intervals belonging to Ilr,.

In [20], Lemma VIL.5.2; the following lemma has been proved

Lemma 8.6. If two o-additive functions in B((a, b)) are finite and equal in a dense
set of subintervals of (a,b), then these functions are equal in B((a,b)).

Using the above lemma we obtain

Corollary 8.7. If two additive functions of an interval of finite variation F':
[a,b] = R, G: [a,b] — R are equal in a set of continuity intervals for F' and G and
this set is dense in (a, b), then the o-additive functions F*, G* are equal in B((a,b)).

Proof. Let us denote by K the set of continuity intervals of F' and G, given
in the formulation of the corollary. It is sufficient to observe that for any interval
R € K we have

F*(R)=F(R)=G(R)=G"(R)

and to use Lemma 8.6. O

This corollary implies

Corollary 8.8. If functions f, g: [a,b] — R satisfy (3.1) and are equal a.e. on
[a, b], then the o-additive functions F, F; are equal on B((a,b)).

Proof. Let A={a,b]\(Z;UZ,UZ) where Z;, Z, are the sets of discontinuity
points of f, g, respectively, and Z = {t € [a,b]; f(t) # g(t)}. Of course, A is of full
measure in [a, b]. Consequently, the set of intervals K = {[z,y] C (a,b); z,y € A} is
dense in (a,b), each interval belonging to K is a continuity interval for Fy and F,
and

Fy(le,d]) = f(d) = f(c) = g(d) — g(c) = Fy([c, d])
for [¢,d] € K. So, Corollary 8.8 completes the proof. O
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We also use the following useful theorems (for the first of them see [20], For-
mula VII.5.20)

Theorem 8.9. If functions f: [a,b] — R, g: [a,b] — R satisfy condition (3.1)
and do not have common discontinuity points, then (for the integral with respect to
a o-additive function we use the symbol [, (a.b) and for the Riemann-Stieltjes integral

the symbol ff)

b
(3.3) / fdg = (g(a*) — g(a))f(a) + /( A+ 00) — 907 0)

Theorem 8.10. If A\, u: B((a,b)) = R are two o-additive functions and

/ pdA = / pdu
(a,b) (a,b)

for any ¢ € C°((a,b),R), then A = p.

Proof. We know (cf. [24], Theoreme II.1.1) that any continuous function
f: (a,b) = R with compact support (the set of all such functions is denoted by
C:((a,b),R)) can be approximated uniformly by functions from C°((a,b), R). More
precisely, for any continuous function f: (a,b) — R with compact support supp f
such that supp f C V C V C (a,b) for some open interval V, there exists a sequence
(¢n) C CX((a,b),R) converging uniformly on (a,b) to f and supp ¢, C V for any
n € N.

Denote I(¢) = [, ¢d\, J(@) = [, v du for ¢ € Ce((a,b),R). These func-
tionals are finite and continuous on C.((a,b), R) in the following sense: I(y,) — 0
and J(p,) — 0 provided that ¢, — 0 uniformly on (a,b) and suppy, C K for
all n € N, where K C (a,b) is a compact set (indeed, |I(¢,)| = |f(a7b) ©n d)\‘ <
f(mb) |on| d]A] = 0 where || is the variation of the o-additive set function (cf. [20],
Formula VIIL.5.10).

So, I(f) = J(f) for any f € C.((a,b), R). From the Riesz heorem (cf. [20] Theorem
VIL.5.4) it follows that A = p on B((a,b)). O
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