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Abstract. Let M be an m-dimensional manifold and A = D /I = R® N4 a Weil algebra
of height r. We prove that any A-covelocity T fe TA*M, x € M is determined by its
values over arbitrary max{width A, m} regular and under the first jet projection linearly
independent elements of TfM . Further, we prove the rigidity of the so-called universally
reparametrizable Weil algebras. Applying essentially those partial results we give the proof
of the general rigidity result T *M ~ T"*M without coordinate computations, which
improves and generalizes the partial result obtained in Tom&s (2009) from m > k to all
cases of m.

We also introduce the space JA(M, N) of A-jets and prove its rigidity in the sense of its
coincidence with the classical jet space J" (M, N).

Keywords: r-jet; bundle functor; Weil functor; Lie group; jet group; B-admissible A-
velocity
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1. PRELIMINARIES

1.1. We give a contribution to the theory of Weil functors. We start from the
concepts of the r-jet, the jet space J"(M,N) and the bundle functor, all defined
in [8]. By M we denote an m-dimensional manifold and by N a smooth manifold.
All manifolds are supposed to be of class C*°. By M f,,, we denote the category of m-
dimensional manifolds with local diffeomorphisms, by M f the category of smooth
manifolds with smooth maps and by FM the category of fibered manifolds with
smooth fibered maps. Further, we denote by F M, the category of fibered manifolds
with m-dimensional bases with fibered maps covering local diffeomorphisms. By
P"M we denote the frame bundle on M. A bundle functor defined on the category
M f,, is said to be a natural bundle, see [8]. There is an important bundle functor
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defined on the category M f,, x Mf, the so-called jet functor J". It assigns the
space of r-jets J"(M,N) to any couple (M, N) € Obj(M f,, x Mf) and the map
J7(g,h): J7(My, Ny) = J"(Ma, Na) defined by j5f = j%,,ho jif o (j59)~" to any
local diffeomorphism g: M; — M, defined near x and any smooth map h: N; — No.

There is a significant class of product-preserving bundle functors defined on the
category M f. The classical result (see [6], [5], [8], [11]) reads that the functors of this
kind coincide with Weil functors. Denoting them by T4 we involve the associated
Weil algebras to their notation. The restriction of a Weil functor to M f,, is said to
be a Weil bundle.

The concept of a Weil functor goes back to 1953, when Weil defined and studied
the spaces of the infinitely near points on manifolds, see [20]. This concept led to
the contravariant definition of the Weil functor presented below. However, most
authors studied Weil functors from the covariant point of view. The equivalence
of both approaches was proved in [8]. Besides the authors of those fundamental
results, there are many others studying not only the geometry of Weil functors but
also their applications in various research areas like the differential invariant theory
and the theory of natural operators, e.g., Kola¥, Mikulski, Shurygin, Bushueva and
many others (see e.g. [8], [7], [9], [12], [16], [15], [4]). However, there are also authors
applying and connecting Weil functors to problems from the Lie group theory, e.g.,
Alonso, Muriel, Muiioz, Rodriguez, and others, see [1], [2], [13]. Further, there are
papers applying Weil functors in the theory of jets (e.g., Kures in [10], who also
studies their applications in the theoretical mechanics).

From the algebraic point of view, Weil functors are studied by Bertram (see [3]),
who generalizes their definition in the sense of substituting general fields and rings for
reals to the definition of the associated Weil algebra. Weil functors are also applied in
the research of geometrical categories, namely in the papers by Nishimura, see [14].

We recall briefly the elementary concepts concerning Weil functors from [8]. Let
E(k) be the algebra of germs of smooth functions defined on R* with the source at
zero. A Weil algebra A can be defined either as the direct sum R & N4 of reals
with the so-called nilpotent ideal N4 of all of its nilpotent elements, or as a quotient
E(k)/I by an ideal I C E(k) of a finite codimension. A can be also defined as
a quotient D, /J of the so-called jet algebra D], by its ideal J. In other words, A can
be considered as the algebra of polynomials of k indeterminates of order at most r
with the truncated multiplication factorized by one of its ideals. Finally, we define
width A = dim(Na/N3) and height A as the minimal r for which A = D} /J. For
the nilpotent ideal of Dy, we simplify the notation from Npr to N[ .

We remark that if N is associated with the symbol of a Weil algebra, then it denotes
its nilpotent ideal, e.g., N4 or N/. On the other hand, N endowed with no index is
a symbol reserved for a manifold. This convention will hold in the whole paper.
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In the whole paper, we apply the covariant approach to the definition of Weil
functors. This comes out from the [-factorization of germs in the following sense.
Two germs germg g: RE — M, and germyh: RS — M, taking the same value x
at the source 0 € R¥ are said to be I-equivalent if and only if germ, v o germg g —
germ,, y o germ, h € I for any smooth function v: M — R defined near x. Classes
of such equivalence relation are denoted by j4¢g and the space of them by JAM.
For a smooth map ¢: M — N, there is a map J4@: JAM — JAN defined by
the assignment j4g — j4(pog). For A = D} we have JAM = Jj(R*, M) and
T4 = J§ (idgr, ).

We remark that a Weil functor can be also defined from the contravariant point
of view as a functor T4 defined by T4M = Hom(C>(M,R), A) on objects and
by TAf(H)(p) = H(p o f) on a morphism f: M — N, where H € TAM and
¢ € C*®(N,R). There is the identification : JAM — T4 M defined by 0(j*g)(p) =
jA(pog) for any ¢ € C°(M,R) defined near g(0) and by 8(J4 f)(H) () = H(o f)
for any smooth f: M — N, H € TAM and an any function ¢ € C°>°(N, R). In what
follows we will use only the notation T4 for Weil functors in spite of applying the
covariant approach to them.

We remark that for A = Dj, the functor T4 = TP coincides with the well-
known functor T} of (k,r)-velocities defined by Ty M = J§(R¥, M) on objects and
by T} f(j5) = 76 (f © ¢) on morphisms for any jj¢ € Ty M, see [8].

As for natural transformations t5;: TBM — TAM, they bijectively correspond to
homomorphisms t: B — A. Further, homomorphisms B — A correspond bijectively
to the so-called B-admissible A-velocities defined in [7] as follows. Let A = E(k)/I
and B = &(p)/J be Weil algebras. For a smooth map f: RE — Rb an A-velocity
jAf is said to be B-admissible if and only if germ, ¢ € J = germy(p o f) € I.

Thus every B-admissible A-velocity j4f is assigned bijectively a natural trans-
formation tp;: TBM — TAM induced by a Weil algebra homomorphism ¢ = 47
B — A. The natural transformation 7, is defined as

(1.1) Tn(Be) = By? (%) = (¢ 0 f).

In other words, a Weil algebra homomorphism ¢: B — A together with its associated
natural transformation fy,: TBM — TAM corresponds to a reparametrization of
the indeterminates ¢1,...,%, by suitable polynomials in 7y, ..., 7, transforming the
ideal J to I. In particular, isomorphisms of Weil algebras correspond to invertible
reparametrizations of this kind transforming bijectively the ideals defining them,
which in the case of automorphisms coincide.

Let G}, denote the general jet group, see [8]. We recall that its support is formed
by J§(R¥ R¥)y endowed with the multiplication defined by the composition of jets.
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It is a well-known fact that every jgg € G}, determines an automorphism ¢;;, of Dj,
defined by the assignment

(1.2) gom = jomo (jog) "

for any jon € Dy. If it is clear from the context we can write only jjg instead of Z;r,
applying this convention particularly in (1.3), (1.4) and (1.5) below. Further, every
automorphism of this kind determines the natural equivalence %}6% m of T M. For
a Weil algebra A = D}, /I and the canonical projection homomorphism p: D}, — A,
Alonso in [1] defined the subgroups G4 and G4 C G% ~ Aut(D}) as

(1.3) Ga={jtg€Gy: pojog=p}, G*={jtge Gy Ker(pojig) =Ker(p)}.

He also proved that G 4 is a normal subgroup of G* and the identification G4 /G 4 ~
Aut A. Clearly, jjg determines an automorphism of A and consequently a natural
equivalence over T4M if and only if j5g € G#. Clearly, Gp; = {jyidg+} and
GPr = Gr.

In the rest of the paper, we will involve the Weil algebra into the notation of p
from (1.3), i.e., we will write pa instead p. Consider the left action [ of G* and the
effective left action [ of Aut A on T2 M defined as

(L4) 159, 5%e) = U7 (359), i 02) = 7(G59) (57 ¢s) = Paar (G5 @z 0 (G59) ™),

where m: G4 — Aut A is the projection Lie group homomorphism and j5 3. € j4¢,
is arbitrary. For a Lie subgroup H C Aut A let us denote by Orb(H,j%¢,) the H-
orbit of j4¢, with respect to [ restricted to H x T*M. Since every element of Aut A
determines a natural transformation over T4M determined by (1.4), the values of
TAf on the whole Orb(Aut A, j4¢,) are determined by T2 f(j*4¢.). This follows
from the identity

(1.5) T2 f(1(i5g, 5" ea)) = T FU(7(559), 7)) = (T f 0 7 (j59)) (5 px)

= (7(jog) o T2 F) (i p2) = U(m(i59), T2 £ (i ¢2))
=10j59. T F (57 0a))-

It is easy to see that j4¢p, 1 = j4¢, 2 implies (j5¢z1)7! 0 jhpe2 € Ga.

1.2. Besides Weil bundles there are significant natural bundles T7* M, the bun-
dles of the r-th order covelocities (see (1.3)). They are defined by T7*M = J7 (M, R)
on objects and by T"*g(j=f) = jf o (j2g)~! on morphisms, where j7 f € T/*M is
arbitrary. In [17] we have presented the bundles T7*M in the form of P"M[N], 1],
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where [: G), x N], — N denotes the left action of the jet group on the standard
fiber determined by (1.4) and applied to the case of A = D7,.

Moreover, we have generalized the space of higher-order covelocities T"*M to the
space of A-covelocities T4*M consisting of the elements T2 f: TAM — TR ~ Ny.
Further, for any local diffeomorphism ¢ defined near x we have defined the so-called
T4*-map as

(1.6) TYg(TLf) =Ti f o (Thg) "

We recall the partial result from [17] obtained for such spaces and maps.

Let A= D}, /I and m = dim M. Then the following holds:

For m > k, the spaces T4*M together with the maps defined by (1.6) form the
natural bundle P"M[N 1] identified with T7*M.

For any M € Obj(Mf,) and N € Obj(Mf) we define the space J*(M, N)
by JA(M,N) = {T2f;f: M — N}. For a local diffeomorphism g: M; — M and
asmooth map h: N; — Ny we define the map J4(g,h): JA(My, N1) — JA(Ma, No)
by

(1.7) T4 g, W)(TLf) = Tiigyho TN f o (Tig) ™"

In [19] we have proved a partial result valid for m > k, which states the iden-
tification of J4(M, N) with J"(M, N). In the conference paper [18] we have also
sketched a proof concerning the cases of m < k, following the coordinate proof of
the mentioned partial result from [17].

In the present paper, the main result will be proved and generalized in a new way,
applying essentially Proposition 2.2 below, formulated and proved in a rigorous and
explicit way, and Proposition 4.1, which states the rigidity of the so-called universally
reparametrizable Weil algebras. In this proof we essentially reduce the computations
with coordinates.

At the end of this section we observe that the elements T2 f € TA*M form the

nilpotent ideal Np of a Weil algebra By = Df,/J, v obtained from the alge-

z, M
braic operations defined on Tf*M as follows. The vector space operations are de-

fined by (Ta?fl +T£4f2)(jA90x) = Tgéqfl(jA@x)"'Tfo(jASDz) and (C'T;‘f)(jASOI) =
c-TAf(j%p,) for any j4¢, € TAM and c € R. Analogously we define the multipli-
cation on T/* M by

(1'8) (T;‘fl 'Tfo)(jAsoz) = MA(T;‘fl(jAsoz)vT;‘f2(jA90x))
=T0 oyh o (T2 1 (5 00), T f2(5 02)).
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where i denotes the standard multiplication on R and p4 = T the multiplication
on A = T4R. In other words, the product T2 f; - T fo is defined by

(1.9) Tffl 'T;ff2 = T(AG,O)MO (TfflaTgfo) = Tf(ﬂo (f1, f2))-

Clearly, every local diffeomorphism g: M — N defined near x determines the
isomorphism T2*g: TA*M — Tg‘%;)N determined by the map T4*¢, which is defined
by the assignment T2 f +— T4 f o (T2g)~! for an arbitrary T2 f € T2* M. Therefore
T2* M can be identified with the nilpotent ideal of B, v and consequently with the
nilpotent ideal of the Weil algebra R @ Tg**R™ = B = D, /J.

We present the already mentioned result T7*M ~ P"M[N? ] from [17] in a suit-
able form for direct application in the proof of the main result.

Lemma 1.1. The multiplication in TO[D;*[Rm defined by (1.9) coincides with the
restriction of the standard multiplication in D], to ;.

Proof. The elements j; f and jjg € D, together with their product jjh = jg f %
Jog, all of them considered in the polynomial form, satisfy in coordinates the identity
ha = faga—pal/Bl(a — ), applying the standard notation with multiindices. On
the other hand, (1.8) yields

(1.10)  ((T¥)of - (Tx)og) (o) = (T )oh(io )

_ [ ls j jt -V r4+1
= fl kPt - o G Py T mod(7ry, ..., k) ",

where ji¢ € (T})oR™ is arbitrary and 7, ..., 7, denote the indeterminates of D7,.
We apply the standard derivative indices to the notation of the coordinates of (T} )o f
and (T} )og while in case of jj¢ we apply the notation with multiindices. Put jj¢ =
(jbpry)™ for the the first canonical projection pr;: R — R. In coordinates, we
have gaé- = 5;- where | = 1,...,m. Applying the product (I} )oh from (1.10) to
our jj¢ and standard combinatorics, we obtain the coordinates of (T} )oh expressed
in multiindices, which coincide with those of the coordinate identity in the very
beginning of the proof. U

Further, there is the projection homomorphism pg: R @ Jj(R™,R)y ~ D!, — B
defined by

(1.11) pe((T{)of) = T3 f-

The verification of pp((T{)of - (T})og) = pe((T})of) - Pe((T})og) = T5'f - T5'g is
a direct consequence of (1.9). Indeed, pp((T})of - (T )og) = pe(TV)o(f - 9)) =
T\ (f - 9) = Ts'f - T'g.
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Moreover, any surjective homomorphism p; 7: A — A of Weil algebras deter-
mines the Weil algebra homomorphism p3 5: B = Té‘i*Rm — TOK*[R’” = B defined
by

(1.12) (05.5(T5 )0 4.207"0) = P2 2(T5 F(779))

for any jAga € Té‘i R™, which can be easily and directly verified.

2. A-COVELOCITIES DETERMINED BY THEIR VALUES OVER
K = max{width 4, dim M} ELEMENTS OF reg T/ M

In this section we prove that for any m-dimensional manifold M, every A-
covelocity T2 f € TA*M is determined by its values over arbitrary max{width A, m}
regular and under the first jet projection linearly independent elements of T/ M.
We precise the partial result from the conference paper [18], in which we sketched
the proof of the fact that any A-covelocity is determined by its values over a linearly
independent series of 1-jets of regular elements from T2 M. We keep the basic idea
but we add an explicit formulation and rigorous construction of this determination
applicable particularly in the proof of the main rigidity result. We also discuss
properly the case of m > k mentioned in that paper.

Without loss of generality, A = Dj,/I will be supposed in the so-called normal
form. The correctness of such assumption will be verified by the next lemma. The
ideal I is said to be normal if I = J V (7;,,...,7j,_,) for another ideal J satisfying
J CA{riyye oy miy)?, where {1, ..., jk—i} U i1, ..., 01} = {1,..., k}. Further, A is said
to be in the normal form if I is normal. Clearly, the definition of normality can be
reduced to the condition I C Nf‘ in the case of width A = k. It follows from the
comment after (1.1) that every Weil algebra is isomorphic to a normal one.

Lemma 2.1. Let t: A — A be an isomorphism of Weil algebras. Then any
TAf € TA*M is determined by its values over elements j4p1 4. .., j4¢n . € TAM
if and only if TAf is determined by its values over t~M(jA<p1@), ce t~M(jA<ph@).

Proof. Fix j4%, € TAM, put j4n; = TAf(j4¢i.) and j4n = TAf (%)
Then we represent the values of individual T2 f over j%p, by the map w: N% — N4
assigning some j47 to each h-tuple (411, ...,74n,). The same can be done with the
space TAM, the elements j33;.. = 1a1(j4¢in)s 12@s = tar(A00), 527 = Tr(54m;)
and j47 = tr(j*'n), obtaining the map &: N;i — N3. To complete the proof it

g 71

suffices to put @ =tpowo (t;; X ... X t~1\_/11), which follows from the commutativity
of morphisms with natural transformations. O
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Let B be some Weil algebra of helght r, ¢ < r and B denote the subordinate
WEeil algebra obtained by truncating B to the order q. By 7 0B B — B we denote
the projection homomorphism. Further, there is a homomorphism 7r ~ B — B
determined by 7 5 and 7 5, which induces the natural transformatlon (TTZ g) M:
TBaM — TB: M.

Consider the Weil algebra B = R @& N = DI /J with N = T{"*R™, see (1.11).
Recall that for A = Dj, the algebra B is identified with Dj,. Further, assume
width A = k in almost all of this section with the exception of Remark 2.2 and

Sy

Corollary 2.1 at the very end.

In what follows, we need the cyclic permutations o1,...,0,, € S;, considered
in the form of the permutation matrices denoted by the same symbols. By S,, we
denote the set of all permutations on {1,...,m} and by C,,, C S, the set of all cycles
of length m. Further, for any permutation matrix o, a real c and I € {1,...,m} let
us define the matrix o(c, ) as

(2.1) o(e,l) =d(1,c, ¢, ... mh g

where d(as,...,a,) denotes in general the matrix with elements a1, ...,a, on its
diagonal and zeros on the other positions. Clearly, o(1,1) =

Lemma 2.2. Let ¢ ¢ {0,1,—1}. Then the matrices o(c,l) for o € C,, and
l=1,...,m form a linear basis of the Lie algebra gl(m, R).

Proof. The assertion is obtained from the assignment of an m?-dimensional row
vector to every matrix o(c,[) read by rows and from the construction of the m?2-th
order matrix with rows formed by o1(c,1),...,01(c,m),...,0m(c,1),..., om(c,m)
considered in the vector form. By a suitable permutation of columns of such matrix
we obtain a block-diagonal matrix. Expanding its determinant by its m-th order
diagonal blocks we obtain its value in the form of the product of m Van der Monde
determinants. This proves our claim. O

In what follows, A is supposed to be normal. Let B = D7,/J = R & T{**R™ be
the Weil algebra from (1.11). Further, let

(2.2) T3'f =pp o (I{)of = pB (Z Ty Of(z)) ZTO o
im1

= p((T})of ) + (TF)of ") = T64f(7") + T Y
be some decomposition of T§'f € Np such that ( T} )of(:) corresponds to a homoge-

nous polynomial of order i and (7} )of® denotes the sum 3 (T} )of).
j=1
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Let us denote by ¢ : Dj — D7 the canonical linear insertion of linear polynomials
into the linear support of D}, and by ;"™ : (D},)™ — (D})™ the associated product
linear map. Further, consider the canonical linear insertion i4: D} — A defined by
ia = pa oj,. Recalling our assumptions of width A = k and the normality of A we
deduce that this is a section with respect to m 4: A = A; ~ D}v. Finally, consider
the product map iy: (Dj)™ — A™ associated to ia: D) — A. Clearly, this is
a linear map again and since k = width A, the space Jg (R¥, R™)q ~ i} (J3 (R¥, R™)g)
can be considered as a linear subspace of T({x R™. Clearly, ¢}, = ipy and = zglk

Let us consider j4n € T{'R ~ N4 in the form of j4n = T f(j4 ) for some j4¢ €
reg Té“[Rm and T({x f e T({‘*[Rm. Clearly, j*n can be decomposed (not necessarily
uniquely) to

(2.3) 7% = pa(ign) = pa <Z jgﬂ(i)) => i
=1 =1

= pA(]gn(r)) +pA(j6.’l7(r_l)) = JAn(r) +jA77(7"_1)7

where jj7;) coincides with a homogenous polynomial of order ¢ and jj n with the

sum i Jong)- It follows from the jet composition formula applied to any (77)of
i=1

fromj(2.2) that T3 f() acts only on jj¢ ~ i} (j¢) and that Tg' f(.) affects only

340y

In the following investigations we will work with permutations, permutation ma-
trices and their associated linear maps. Clearly, any permutation ¢ € S,, may
be via its permutation matrix identified with the linear transformation s, on R™
defined by (z',...,2™) — (27, ... 2°(™)) and consequently with an element of
reg JL(R™, R™)o. Analogously we can do with the matrices o(c,l) determining the
linear transformations on R™ denoted by s, (1)

The following modifications of ¢ and s, are applied in Proposition 2.1, namely in
its second part concerning the case of m > k. Nevertheless, the principal part of
Proposition 2.1 and its proof will correspond to the case of m = k, for which we can
do only with ¢ and s, .

As for m > k and o € Sy, denote by 7: {1,...,m} — {0,1,...,m} the map
assigning o(l) to I for [ € {1,...,k} and O otherwise. Analogously to o, the
map o can be identified with the linear transformation sz of R™ defined by the
assignment (z!,...,2™) + s,(zt,...,2% 0,...,0). Finally, let us define the map
7:{1,...,k} = {1,...,m} by the assignment 5(I) = o(l) for I = 1,...,k and the
map j : R¥ — R™ by

(2.4) (zb,... ") = (b, ... 2",0,...,0).
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Clearly, & can be identified with the linear map s5z: R* — R™ defined by sz = sz 0
and consequently with the corresponding element of regJi(R¥,R™)g. In other
words, we remove the last m — k columns from the matrix of the linear transfor-
mation sz. The same can be done with the matrices o(c,l), obtaining the matrices
7(c,1) and linear maps R¥ — R™ denoted by 5%(c,1) together with the corresponding
elements of J(R*, R™)o.

In order to be brief we simplify the notation from sz to &, from sz to o and
from s,y to o(c, ). As for matrices in general, we apply the same notation for
them and the associated linear transformations of numerical spaces as well as for the
corresponding 1-jets of zero-preserving maps.

Proposition 2.1. Let A be in the normal form, m > k = width A and o1, ...,0m
be the cyclic permutations. Then every T({l J(ry contained in decomposition (2.2) is
determined by its m images over i’} (71), ..., i} (Tm)-

Proof. It follows from the deductions connected with (2.3) that for the purpose
of our proof we can consider

(2.5) T fory (R (G0 0)) = T3 fy (o)

instead of Té“f(r)(jAap), keeping in mind the normal form of I. By Lemma 2.2,
a regular matrix jip € reg J}(R™, R™)y is identified with some linear combination of
the matrices o(c, 1) from (2.1), i.e., jip = p”lo(c,1) for suitable coefficients p”' € R,
c€Cpand l=1,...,m.

In the first step, giving the principle idea of the proof, suppose m = k. In this
case 7; = ;. Then for every ¢ ¢ {—1,0,1} the value Té“f(r)(jégo) can be expressed
in the form of

(2.6) T3 f oy (5 (0710 (c,1)), o€ Crandl=1,... k.

Fixing o, the sum p”'o(c,l) contained in (2.6) can be expressed in the form of
0(1,1) - Dg,c = 0 - Dy, for some matrix D, . having all elements zeros except the
diagonal ones. Clearly,

(27) Da .= 0_—1 . d(pa,lCO~l7pa,lcl~l7pa,l62~l, o 7pzf,lc(k—l)~l) .o,
where the components of the diagonal-like matrix in (2.7) are in the form of sums
for | = 1,..., k. Clearly, for a dense subset of R¥ of all k-tuples (p®!,...,p"*), the

matrix Dy . >~ L;’k(DU’C) € GA. Applying (2.5) and recalling the notation (1.2) for
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automorphisms of D}, and the left action from (1.4), we deduce that for the dense
subset of R* under discussion, every summand of (2.6) is of the form

(2:8) T fir) (#%(0 - Do,e)) = T fim (1 (D5.0), 5 (0))
= t,rp-1) 0 T6 ) (15(0)) = T3 fr) (%4(0)) © 1 (Doc).-

The standard density argument and the coincidence of the expressions in the second
line of (2.8) prove our assertion for a fixed cycle o € Cj in the sum (2.6). Since
every partial summand from (2.6) corresponding to a fixed o € Cj, corresponds to
a matrix of the same kind as ¢ in its nonzero positions, it follows from the well-
known jet composition formula that 7§ fr) in (2.6) acts linearly and, consequently,
(2.6) can be divided into k£ summands corresponding to the individual cycles o. This
completes the proof of the first step.

In the case of m > k, let us extend A to A= DT /(TN ATkt1s ooy T ) {(T1y ey Tin))s
which is of width m. Further, A can be identified with

(2.9) A=D0 /(TN AThsty s Tm)),s

adding formally m — k indeterminates. Clearly, there is the projection homomor-
phism p: A — A ~ A. Consider jep € JEHRF,R™)y, which can be also consid-
ered as an element of Jj(R™,R™),. First we observe that for any ¢ ¢ {—1,0,1}
the equality i“Ai(jéga) = i“Ai(p"’la(c,l)) is valid if and only if so is the equality
i (jae) = i%(p”'7(c, 1)) in which all ¢ € C,, are considered. One can verify easily
that i} (jl¢) equals to the sum & - Dz . for 0 € C,, and the matrices Dz . obtained
from D, as their first diagonal blocks of order k. Further, Tg!f((i% (ji¢)) =
T3 fioy (3 (0715 (e, 1)) = B 0 T firy (2 (570 (e, 1),

Applying the first step of the present proof to A we obtain the above expres-
sio~n in the form of the~sum po T(jzf(r)(l(efﬁm(D;,i)),ifg(a)) = po (tL;”"’(D(;i) o
Té“f(r)(iA’lL(a))) =po Té“f(r)(iA’lL(a)) ol (Dy.) (for o € Cp,) on the dense subset
of all m2-tuples consisting of the coefficients p”'. It is easy to see that this expres-
sion equals to 75" f(,) (i} (7)) o1}, (Dz.c). Thus we have proved that 7" f() (i’ (jg¢)) is
really determined by the values Ty f(, (i} (7)) and the coefficients Dz . constructed
from D, .. This completes the proof. O

Proposition 2.2. Let m =dim M, A = D}, /I, k = width A and K = max{k, m}.
Then every T2 f € TA*M is determined by its values over arbitrary, in the first jet
projection linearly independent regular elements j4¢1 4, ..., j ¢k . € TAM.

Proof. First assume m > k. We prove that for every Tg' f € T4"*R™ and j4¢p €
T$R™, the value T3 f(j4¢) = j*n is determined by m values T f(i"}(;)). For s =
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1,...,7 —1 consider the chain of Weil algebra homomorphisms 7, 4,,,: Asy1 — As
of truncated Weil algebras associated to A = A,., recalling the notation introduced
immediately after the proof of Lemma 2.1. Further, consider the corresponding
i1 Bsp1 — By setting B, = T645*[Rm,

see (1.12). By Proposition 2.1, for any s = 1,...,r the map T(quf(s) is determined

chain of Weil algebra homomorphisms 7, g

by its m values over i’y (7;) and consequently over 75 4 o i"}(7;).

In the first step observe that 73! f is determined by its m values over i"}(;) up to
Téqlf(l) = T(fhf(l), which is actually determined by its values over w1 404"} (7;) = 7.
We step by step particularize the determination of T({x f by its values over iy (7;) by
means of T(f‘b'f = T(j%f(s), increasing s up to r.

More exactly, let us deduce the (s+ 1)-st step from the assumption of T645 f being
determined by its values over i’} (;). Consider Tg'f as an element of Ty f =
T64 < f(5) € B, and some of its decomposition (2.2) together with the corresponding
decomposition (2.3) of j47. We observe from the well-known jet composition formula
that T64f(5) affects not only jAn(S) but also j4n®) for any s < t < r. However, the
remainder of j4n in the form of j40. 1 = T f(j4¢) — T f®) (j4¢) is affected
only by T fe for t > s+ 1. Then 40541 is determined exactly by the values of
1§ f(s+1) over i'4(7;) and consequently, j2 ntY is determined by the values of
TAs+1 fls+]) = T(;qs“f over i} (7).

Replacing R™ by M, 0 by = and applying TAf(j4p.) = Tg* (fouz ') 0 4 (g0 pu)
for any coordinate map u,: M, — R{' completes the proof for m > k. For m < k
the assertion is obtained immediately if we identify every f: M — R with the map
f: M x RF=m _5 R defined by f(x,y) = f(x). O

Remark 2.1. An element j4¢, € TAM is said to be regular if near 0 € R* and
for k < m the map ¢, is an immersion while for £ > m it is a submersion.

Remark 2.2. In Proposition 2.2, the assumption of width A = k may be omit-
ted. To verify this assertion, assume m > h > k = width A and consider A=
D./(IV (Tk+1,---,7h)). We remark that for h = m the algebra A coincides with
A from (2.9). Let j: R¥ — R" be the map defined in (2.4), substituting h for m.
Clearly, the map ¢t: A — A defined by the assignment j47 — jgﬁ for any jgﬁ
satisfying 7 = 7o j is an isomorphism. Applying Lemma 2.1 we immediately deduce
our claim formulated as follows.

Corollary 2.1. Let A = Dj},/I be a Weil algebra, dim M = m and m > k. Then
every Tf fe T{‘*M is determined by its values over m arbitrary linearly independent
regular elements jt 1 4, .. ., jdPm.e € JE(RE, M),.

In the very end of the present section we give a lemma applied in the proof of the
main rigidity result below.
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Lemma 2.3. Let ty;: T4M — T42M be the natural equivalence induced by an
isomorphism t: A1 — A, and Ftvx’M be its restriction to Tl‘f‘lM. Then for any x € M
there is an isomorphism t} - TAM*M — TA2*M defined by one of the following
two mutually equivalent conditions:

(1) t;,M(T?If)(gM(jAISDE)) =to Tg?lf(jAlsoz) for any jAlSOx € T;hM’
2) th (T ) =T f =toTiMfot, .

Proof. First we recall that any natural transformation of Weil functors covers
the identity on base manifolds (see [8]). The equivalence of the conditions (1), (2)
follows from the commutativity of natural transformations with morphisms and the
surjectivity of ¢ty ar: TMM — TA2M. Further, every [AYE TAYM — TA>*M
is an isomorphism of Weil algebras. In order to verify this we check that [’
is a homomorphism, i.e., (TA2f; - T2 f2)(j4%p,) = t o (TA f1 - T2 f2) (M ox)
for any jA1p, € T/ M and j42p, = t, m(j¢.). Applying (1.8) and the com-
mutativity of natural transformations with morphisms we immediately verify that
(T2 fr-T32 f2) (147 pa) = T2 o (T2 1572 ¢0), Ti2 fa (174 02)) = Ti% o (T fro
gx,]\l(jAl SO:E)7 T;be ng,]\l(jAl SO:E)) = T(S?O)M © %VRQ (Tflfl(jAlwx)v TflfQ(jA1<Px)) =
to T(gfo)ﬂ (T f1(GM @u), T fo (j4102)) = to (T fr- T f2) (74 ¢a). Since &5
is obviously invertible, it is really an isomorphism. O

3. THE GENERAL RIGIDITY RESULT

In the present section we prove the general rigidity result T4*M ~ T™*M ~
P"MI[N .l]. Besides Proposition 2.2 and its corollary we essentially apply the so-
called rigidity of universally reparametrizable Weil algebras, formulated and proved
in Proposition 4.1 below. The proof for the lower-dimensional cases of M is obtained
by means of an essential application of Proposition 2.2 as well.

In the next Proposition 3.1 we are searching for a Weil algebra whose nilpotent
ideal coincides with T**R™. In Subsection 1.2 before Lemma 1.1 and in Section 2
before (2.2) it was denoted by B and its defining ideal by J. Nevertheless, in the
proof of Proposition 3.1 we use those symbols in a different meaning for convenience.
Unlike the notation introduced after Lemma 2.1, the indices by symbols like B; do
not indicate subordinate Weil algebras but only their indexing.

In the whole section we assume height A = r. We will also work with the subalge-
bras I]:D@h___7 i) C Dy}, consisting of polynomials in indeterminates 7;,, ..., 7; only. For
the next proof, we recall the linear map ¢};: [D,l€ — Dy, its associated product map
™ (Dy)™ — (D)™, the linear map is: D) — A defined by ia = pa o ¢}, and its
associated product map i’y : (Di)™ — A™, all defined between (2.2) and (2.3).
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Proposition 3.1. For m > width A and height A = r the algebraic structure of
T3*R™ coincides with the nilpotent ideal N, of the jet algebra D, .

Proof. It follows from Lemma 2.3 applied to A and A defined by (2.9) that
without loss of generality A can be assumed in the form of DI, /I. Consider Tg'f €
T*R™ in the form of the sum

1
(3.1) aaaTO“ pran, 1< o<,

where prf.,.: R™ — R denotes a monomial constructed from the projections
Prhmy--,pri.: R™ — R corresponding to a multiindex a. We prove that all
a. are necessary for determining 75! f.

(i) In the first step consider Té“f‘@rb(Aut A, 74 idgm ), which can be identified with
JAf = T{ f(54idrm) (see (1.5)). Put TS f(j4idrm) = jH(aam/a!) = [aaT®/a!];.
This identification determines the coefficients a, up to the decomposition classes
[(@a)|a|<r]r corresponding to the I-classes [(an7®/a!)];. Notice that in the case of
monomial A all a, are uniquely determined except those corresponding to 7¢ € [
which may be for present arbitrary.

(i) Given j4¢p € N4 we deduce that Orb(Aut A, j4p) = N, implies A = DI,.
It is easy to see that our claim is equivalent to G4 = GT.. This follows from the
definition of G* and G4, the latter being identified with the stabilizing subgroup
St(A) C G7, of all elements from A and from the identification GA/G 4 ~ Aut A
(see (1.3)). Thus every jig € G7, determines an A-admissible A-velocity. Applying
Proposition 4.1 from Section 4 with m substituted for k yields immediately A = D] .

(iii) In the case of A # DI, select j49 ¢ Orb(Aut A, j* idgm). Further, consider
some jivg € jAp. Put J = I o (j§o)~! and B = D7,/J. Clearly, (j510)~!
determines an A-admissible B-velocity and consequently a natural equivalence t~j3¢0 :
T4 — TB.

Then the commutativity of natural transformations with morphisms yields
T () = TEf(i%idam) o jgebo and comsequently jBf = T f(jPidpm) =
T f(549) o (j5bo) L. For jiabg we select 1™ (o) for some cycle o € Cy,,. Then the
coefficients a, of Ty'f are determined up to the decomposition J-classes [(aa)a|<r]s
corresponding to [(aa7*/a!)]; = jP(aa7"/al) and consequently to the decomposi-
tion I N J-classes [(aa)ja|<r)ins corresponding to j9 (a7 /al), if we denote by C
the Weil algebra D], /I N J.

(iv) Conversely, consider T f. We identify Tff‘@rb(Aut B, jPidgm) with jB f =
TB f(jBidgm) analogously as in (i). This enables us to determine the coefficients
ao of TEf up to the decomposition classes [(@a)|a|<r]s corresponding to the J-

classes [(an7®/a!)]; =~ jB(an7/a!). Further, consider jiio from (iii) and its in-
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verse jovg ! This is an t™-image of some cycle again, which follows from the
definition of ()™ presented after (2.2) and the coordinate expression of the mul-
tiplication in GJ,. Clearly, jivo determines a B-admissible A-velocity and hence
a natural equivalence ZJO vt TB — TA. Then the commutativity of natural trans-
formations with morphisms yields 7% f (B4 ~1) = T f(j4 idgm) 0 j§1bg * and conse-
quently j4f = Tg f (5 idgm) = T3 f(5°%) © (jgabo)-

Analogously as in (iii) we obtain that the coefficients of TP f are determined
by its evaluation over jZidgm and jPuy 1 up to the decomposition I N J-classes
[(aa)|a|<rlins corresponding to € (aq7®/a!) for C = D7, /1N J again.

(v) Consider the elements jjv; = ;" (0;) for all cycles o; € Cp,. Then jj idgm
coincides with j{v¢1 in this notation, while jf1¢o from (iii) corresponds to the
minimal ¢ € {1,...,m} and ¢;"(0;) for which pgrm o 2" (0;) = i} (0;) ¢
Orb(Aut A, j4idgm). For each jiv; we put J; = I o (jiv;)~! and B; = DI, /J;.
We step by step particularize the coefficients a, of T§'f from (3.1). We do so
with the coefficients of TOB ‘f and thus extend the step (iv), applying the fact of
{tr™(0): o € C} being closed with respect to inverses in GJ,,. We conclude that
the coefficients of the individual elements T(F ‘f, i =1,...,m, are determined up
to the Ji N ... N Jy-classes [(aa)ja|<r]sin..n0, corresponding to j¢(aq7®/al) for
C=0D/Jin...0Jp.

(vi) Applying Proposition 2.2 and Corollary 2.1 we conclude after m steps that
every element of the form (3.1) with the set of the coefficients (aq)|q|<, contained
inaJiN...NJy-class [(aa)aj<r)sin..nsm = §(aa®/a!) determines each of the
maps TOB"’f. Moreover, each of TOB"’f coincides with T f for C = D7, /JiN...N0 Jp,.
This follows from the fact that the maps T(F ‘ f mutually coincide and that they
respect J;-classes. Further, suppose J = Jy N ... N Jp, # {jiOgm}. By (ii) there is
jox € G, such that Jo(jix)~* € J. This enforces another limiting condition on the
coefficients a,, from (3.1). Nevertheless, this is a contradiction with Proposition 2.2
and Corollary 2.1.

(vil) In the final step we are to verify the algebraic isomorphism Té“*[Rm = N/,
Its existence is obtained directly from Tg*R™ = T([)D mR™ and Lemma 1.1. This

completes the proof. O

Remark 3.1. The assumption of height A = r has been applied in (ii) by means
of Proposition 4.1 from Section 4. This assumption is necessary for its validity and
it is explicitly formulated there.

Let us return to the notation B = R® Tg*R™ = D', /J. Clearly, B = D!, for any
m > k. In what follows, consider the subalgebras A, . ;.) = pA([DV("i1 z)) We

prove the coincidence of B with D}, for m < width A.
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Proposition 3.2. For m < k = width A and height A = r, the algebraic structure
of T{**R™ coincides with the nilpotent ideal N, of D, .

Proof. We prove that every T§'f € Tg*R™, obviously identified with Té“f:
T{R™ x T{RF™ — T{'R free of the second set of arguments, coincides with
(aa/a)T§ pré,. from (3.1), satisfying a, = 0 whenever a contains an index from
the set {m+1,...,k}. We make the most of the fact that T({‘fis determined by its

values over i% (1), ..,i% (ox) for the cycles o; € Cy and analogously we do with the
restrictions of T§'f to Ao (1), o(my)» cycling o(1),...,0(m). Clearly, the restrictions
of T{ f to Al(1),....0(my) under discussion are identified with the restrictions of T({‘f

m k—m
t0 AG (), o(m)) X Aotme1)....ok)"

For every o € C}, define the ideal J, C D), by

(32) Jg(tl, ce ,tm) = (IOO'\/ <Ta(m+1)a ce aTa(k)>) N Dfn(ﬂ,(l), ce aTa(m))v

where t1,...,1,, denote the indeterminates 7,1y, ..., To(m) and (To(m41)s-- > To(k))
denotes the ideal in D generated by 7,(;m+1),---,7o(k). Briefly speaking, we have
substituted 1 = 75(1),. ..,k = To(x) for 71,..., 7 in I and joining I o o obtained in
this way with (7,(m41),- -, To(k)) We receive an ideal of width m which can be con-
sidered only in t1, ..., t,, after the obvious renaming of the indeterminates presented
above. Finally, we put B, = D} /J,.

The elements T f restricted to A5 (1), o(m)) can be identified with the elements
Tf v f and so can be the corresponding restrictions of 74*-maps with T75-*-maps. By
the partial rigidity result obtained in Proposition 3.1, the algebra of such elements
coincides with the nilpotent ideal N C D, putting g, = height A, (1), .. s(m))-
Nevertheless, for the restrictions of Tg'f to A?;(l)’..w(m)) X Aé“;(%+1),__,a(k)) the
coefficients a,, corresponding to « satisfying « N {m + 1,...k} # () may be put to
ZEro.

This step can be done with every o € Cj. Clearly, the coefficients a, corre-
sponding to aN{m+1,...,k} # 0 may be put to zero in all of those cases. Since
every T5'f under discussion, identified with Té“ffree of the second argument, is by

Proposition 2.2 determined by its values over i¥(o1),...,i% (o), the coefficients a,
containing any index from {m+1, ..., k} are really zeros and our claim is proved. O

We state the general rigidity result in the following theorem.

Theorem 3.1. Let A = D} /I, height A = r and N, be the nilpotent ideal of DI,,.
Further, let I: G}, x N, — N, be the left action defined by

(3.3) 1(jbg, joar) = j§(aog™).
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Then the system of spaces TA*M and T4*-maps from (1.6) over m-dimensional
manifolds and local diffeomorphisms forms the natural bundle P" M [N}, 1] identified
with the r-th order covelocities bundle T"* M.

Proof. In the context of the general theory of natural bundles (see [8]) consider
the formula

(3.4) 169 T f) = Tg (fog™).

Further, any T2 f is identified with {jfa., TAf o (Tiaw)} = {i5aw, TE(f o az)}
and conversely {jia.,Tg f} is identified with T2 (f o a;t). The fact that {jia, o
Jrg, T (f o g)} and {j5an, T f} determine the same element of T/*M implies the
identification T2* M ~ PrM[T;*R™, 1] with [ defined by (3.4).

As for morphisms, it is easy to verify that the maps T%*g correspond to the
morphisms of associated bundles which are of the form {P"g,idpa-pm }.

Let us denote by w: T{*R™ — N the algebraic identification introduced by
(3.1) and verified by the proofs of Proposition 3.1 and Proposition 3.2. Clearly, w is
of the form Tg'f = (1/a))an T4 prém = (1/al)aat, 1 < |a| < 7.

Checking the equivariancy of w with respect to (3.3) and (3.4), which reads w o
1559, T&f) = 135 g, w(T§ f)), completes the proof. |

Corollary 3.1. For A = D} /I the system of spaces J* (M, N) and their J4(g, h)-
maps (see (1.7)) is identified with the jet functor J".

Proof. For any M € Obj(M f,,) consider the bundle functor Gp: M f — FM
defined by GyyN = J"(M,N) on objects and by Gaph = J"(idp, k) on mor-
phisms. From the point of view of the objects, it follows from Theorem 3.1 that
JT(M,N) = GuN = P'N[(T™*M)",lyy] = PTN[(TA*M)™,1y/], where Ly GT, x
(TT*M)™ — (T™*M)" is defined by ln(j5g, Thf) = Tggo T f = Tgtgo T2 f. There-
fore J"(M,N) = J%4(M, N). For morphisms, we have J*(g,h)(T2f) = T;}m)(h o
fog™) = Sy (ho fo g~ Y = J(g,h) (7 f). By g~! we denote the inverse to g
considered near zx. (]

4. THE RIGIDITY OF UNIVERSALLY REPARAMETRIZABLE WEIL ALGEBRAS

Let us consider a Weil algebra invariant to all reparametrizations. A Weil alge-
bra of this property will be said to be universally reparametrizable. The following
proposition states the rigidity of such Weil algebras.
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Proposition 4.1. Let A = D},/I be a Weil algebra considered in the polynomial
form R[ry,...,m4]/I. Further, let any local diffcomorphism f: Rf — RE deter-
mine an A-admissible A-velocity. Then the existence of a nonzero jin € I implies
(T1,...17)" C 1. In particular, A = D}, whenever height A = r.

Proof. First we observe that the second assertion is a direct consequence of
the first one. Indeed, 0 # jin € I implies (7y,...7,)" C I. Nevertheless, this is
a contradiction with height A = r.

As for the first assertion, we prove by induction with respect to [ that the exis-
tence of a nonzero jgn € IN Dy, . ;) implies (7;,,...,7,)" C I for any [-elementary
subset {i1,...,4} of {1,...,k}. Clearly, the polynomial jjn may be assumed to
be from (7;,,...,7;,)". First we observe that for any permutation o of {1,...,k}
and any polynomial p under discussion it holds that p(7,(1),..., 7o) € I when-
ever p(71,...,7) € I independently of p being a polynomial of exactly k or less
indeterminates. A symmetry of this kind follows immediately from the universal
reparametrization property of A.

The first step corresponding to [ = 1 is trivial. As for the induction step, suppose
the assertion being satisfied for | < k. Further, assume i3 = 1,...,% = [ and jgn
in the form of a polynomial p € I in indeterminates 71, ...,74+1. The proof will be
divided into two steps.

(a) Let p be a monomial. The cases of r =1 and k = 1 are trivial. One observes
easily that it suffices to discuss [ only up to K = min{k,r}. In the induction step
we can suppose p without loss of generality in the form of T[jrlTls_hqr,s(n, ceyTI—1)
for some h < 1 and h < s, where s € {2,...,7r =+ 1} and ¢—s(71,...,71—1) is
a monomial of order r — s in the indicated indeterminates exactly. Consider s + 1
reparametrizations of the form

(41) Tl+1i—>CJTl+1+’Tl, =T, ..., 1—T1, 5=01...,s.

By the universal reparametrization property we have the following system of s + 1
elements from I whose h-th element, h = 0,...,s, is of the form

S
S L. .
4.2) (g 1), ) = @rs(T1, .., T 1) Z (j) chJTlJHTlS 7.
=0

We show that for j = 0,1,...,s each monomial Tlﬂ_le*jqr,s(n, ...,Ti—1) is an
element of I provided p is. In other words, we show that each monomial 7/ +1Tls_]
can be expressed in the form a linear combination of (7311 + 7)*%, ..., (¢*141 + 7)°.
Consider the matrix of the coefficients of the monomials g, _s(71,...,7-1) - TfHTlS*j
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from the right-hand sides of the system (4.2). Its determinant equals to

(4.3) (3) (i) (z) det M(s, ),

where the matrix M (s, c) = (m(s,c));,; is defined by (m(s,c));,; = cC=HE=1),

We particularly obtain that 7 - ¢,—s(71,...,7—1) € I and conclude that p € I
implies that every monomial in the indeterminates 74, ..., 7; only is an element of 1.
The same holds for all monomials in arbitrary [ indeterminates.

Now we are to deduce that if any monomial of order r in 7q,...,7; is an element
of I, then so is any monomial in 74, ..., 74+1. However, one can deduce that applying
the set of s + 1 reparametrizations

(44) Ti+1 = Ti+1, Ti ’_>C']Tl+1+7—l7 o, mi—7, 3=01,...,s

and the deductions connected with (4.2) applied in the converse direction, i.e., from
j =0 to other cases of j.

(b) Without loss of generality, p may be assumed to be a sum of ¢ monomials of
order r, otherwise p could be multiplied by some monomial truncating the monomials
of the maximal degree in the sum and consequently reducing its length. Iterating this
step we would obtain either a sum of monomials of the same degree or one monomial,
which would lead to the step (a). Consider p in the form of ¢ p; + p2 for a monomial
q in 11,...,741 exactly, a sum p; of ¢{; monomials in the same indeterminates in
which at least one summand does not contain 7,41 and a residual sum of monomials
in the indeterminates 71, ...,7; only.

Let us denote by s the maximal degree of 741 in p. For ¢ # 0, take the
reparametrization 741 — ¢7y41, 7 — T, ..., 71 — 71 and the polynomial p obtained
from p by such reparametrization. Clearly, the polynomial p — ¢®*p € I and there is
a nonzero ¢ € R such that p— ¢®p # j50. Clearly, its length is shorter than that of p.
Iterating this step we achieve either a polynomial in 7,...,7; only or a monomial
in the indeterminates 7, ..., 741, both of them being elements of I. The first case
coincides with the already proved step in the induction proof, while the second one
leads to the case (a). O
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