Applications of Mathematics

Peter Oswald

Nonconforming P1 elements on distorted triangulations: Lower bounds for the discrete
energy norm error

Applications of Mathematics, Vol. 62 (2017), No. 5, 433-457

Persistent URL: http://dml.cz/dmlcz/146914

Terms of use:

© Institute of Mathematics AS CR, 2017

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized

documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz


http://dml.cz/dmlcz/146914
http://dml.cz

62 (2017) APPLICATIONS OF MATHEMATICS No. 5, 433-457

NONCONFORMING P1 ELEMENTS ON
DISTORTED TRIANGULATIONS: LOWER BOUNDS
FOR THE DISCRETE ENERGY NORM ERROR

PETER OSWALD, Bonn

Received June 7, 2017. First published October 5, 2017.

Abstract. Compared to conforming P1 finite elements, nonconforming P1 finite element
discretizations are thought to be less sensitive to the appearance of distorted triangula-
tions. E.g., optimal-order discrete H' norm best approximation error estimates for H?
functions hold for arbitrary triangulations. However, the constants in similar estimates for
the error of the Galerkin projection for second-order elliptic problems show a dependence
on the maximum angle of all triangles in the triangulation. We demonstrate on an example
of a special family of distorted triangulations that this dependence is essential, and due
to the deterioration of the consistency error. We also provide examples of sequences of
triangulations such that the nonconforming P1 Galerkin projections for a Poisson problem
with polynomial solution do not converge or converge at arbitrarily low speed. The results
complement analogous findings for conforming P1 finite elements.

Keywords: nonconforming P1 element; lowest order Raviart-Thomas element; discrete
energy norm estimate; divergence of finite element method; maximum angle condition;
distorted triangulation

MSC 2010: 65N30, 65N12, 65N15

1. INTRODUCTION

Convergence estimates for the finite element method (FEM) in two and higher di-
mensions involve some shape regularity assumptions for the underlying partitions. In
two dimensions, to obtain optimal-order convergence estimates in the energy norm
for triangular elements when the maximal element diameter h tends to zero, the
maximum angle condition introduced in [2], [11] is sufficient. The natural question

The work was triggered by a question by C. Carstensen after a talk given by the author
at the 2016 European Finite Element Fair about the results from [14].
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if this condition is also necessary has attracted less attention, even though mesh
generation strategies for the resolution of boundary and interior layers or discretiza-
tions involving moving meshes may lead to severely distorted triangle shapes. For
conforming triangular P1 finite elements and the Poisson equation

(1) —Au=f, wu€ H(%(Q)v

in [2], Section 3 it was already shown on a particular example that the optimal-order
O(h) energy norm error estimate for smooth solutions u € H?({2) may not hold
if the underlying sequence of triangulations severely violates the maximum angle
condition. However, as was demonstrated in [10], there are many types of distorted
triangulations violating the maximum angle condition but still admitting optimal-
order error bounds for the Galerkin finite element method. In recent works [12], [14],
some more precise statements about the necessity of the maximum angle condition
for conforming triangular P1 finite element discretizations have been made. E.g.,
in [14] for a particular Poisson problem on a square with polynomial solution, and
a family of uniformly distorted triangulations already used in [2] and originating
from [16], matching lower and upper bounds for the Galerkin energy norm error
(or, equivalently, the error of best approximation by conforming P1 elements in
the H! norm) have been obtained. These bounds precisely quantify the effect of
the violation of the maximum angle condition on the convergence speed, and provide
examples of sequences of triangulations where the Galerkin method does not converge
to the solution at all as h — 0. In [12], a larger class of triangulations violating the
maximum angle condition was investigated.

One may wonder if the effects observed for conforming P1 elements in [2], [10],
[12], [14] also hold for nonconforming and mixed finite element discretizations, where
the maximum angle condition also figures as a sufficient condition, see [1], [4], [7]
for a discussion of the lowest order Crouzeix-Raviart element [9] (commonly called
nonconforming P1 element) and the closely related lowest order Raviart-Thomas el-
ement [15]. The examples from [14] show that the conforming P1 method may con-
verge very slowly or even not converge at all while the nonconforming P1 method con-
verges at the optimal O(h) rate for H? solutions. From an approximation-theoretic
point of view, the triangular nonconforming P1 element spaces generally provide bet-
ter approximation properties in the discrete H' norm, independently of the shapes
of triangles [1], and the hope is that this may also extend to the error analysis of the
Galerkin projection. However, since the Galerkin error of a nonconforming method
also involves a consistency error, such an extension is not automatic, and, as it turns
out, not possible. In the present paper, we modify the approach taken in [14], and
show for the same family {7, .} of triangulations as in [2], [14] that for the prob-
lem (1) with polynomial solution u(z,y) = (1 — 2)y(1l — y) and right-hand side
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flz,y) = 2(z(1 —x) + y(1 — y)) the nonconforming P1 Galerkin projections wu,
w.r.t. the triangulations 7y, ,,, satisfy

) = s 7~ min(Lm/n?), m>n> 1

Here, |-|1 7 stands for the discrete (sometimes called broken) H' norm associated
with the triangulation 7, see Section 2 for the definition. For n = 4, m = 8, the
triangulation 7y, ,, is depicted in Figure 1. Since for 7, ,,, the mesh-size parameter h
equals 1/n, and the growth of m/n measures the amount of deterioration of the
maximum angle condition, we see that in general a violation of the maximum angle
condition immediately leads to a loss of convergence speed, and eventually to the loss
of convergence, unless m/n? — 0 as n — oo. However, examples in the spirit of [10]
show that not every sequence of triangulations containing irregularly shaped triangles
shares this behavior, and that the family {7} provides an extreme test case for
the investigation of convergence problems with respect to distorted triangulations

also in the nonconforming P1 element case.

Figure 1. Babuska-Aziz triangulation 74 g.

The two-sided estimate (2) formally looks the same as the corresponding result
from [14] for the conforming P1 element case but is different in several aspects. First
of all, the result from [14] is about the deterioration of the error of best approximation
w.r.t. the conforming P1 element space on 7y, for a Poisson problem with slightly
different boundary conditions and with the polynomial solution u(z,y) = z(1 —z)/2
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depending only on the variable z. It can be checked that for problems with smooth
solutions depending only on the variable z the nonconforming P1 Galerkin projec-
tions for the triangulations on 7;, ,,, converge at optimal speed O(n~'), independently
of the mesh distortion given by m/n (m > n). We sketch the argument in Section 4.
Thus, we need a truly two-dimensional approach. Secondly, the statement of (2) is
essentially about the consistency error induced by the nonconforming P1 element
space on 7y, m, and not about the best approximation error in the discrete H' norm.

The remainder of the paper is organized as follows. Section 2 introduces notation
and reviews the known upper estimates. In Section 3 the main result, the lower
bound in (2), is proved, some technical parts of this proof are postponed into ap-
pendices. The final Section 4 offers complementary numerical evidence and contains
some further remarks.

2. NOTATION AND KNOWN FACTS

Throughout the paper, we consider smooth solutions u € H2(Q2) N H} () of the
Poisson problem (1) for a bounded polygonal domain 2 C R%. Consequently, f €
L2(9). Let T denote an arbitrary finite triangulation of € identified with a collection
of closed triangles partitioning 2 with no hanging nodes. IL.e., the intersection of any
two triangles in 7 is either empty or belongs to the vertex set )V or to the edge set £
of the triangulation. Two characteristics of 7 are of interest to us: The mesh-width

h7 := max ha
L v

and the maximum angle

a7 = max aa
7 AET ’

where ha denotes the length of the longest edge and aa the largest interior angle in
a triangle A € T.

The space of nonconforming P1 elements on 7 associated with homogeneous
Dirichlet boundary conditions is denoted by V7, and consists of all piecewise lin-
ear functions that are continuous across the midpoints of interior edges, and are zero
at the midpoints of boundary edges. IL.e., if e € £ is an interior edge shared by the
triangles AT and A, then the two functions v* = v|s+ are linear polynomials on

/v*ds:/v*ds.

For boundary edges e, the edge integrals of v € V7 vanish. The discrete H} space

A*| respectively, and satisfy

associated with 7, containing both V3 and H}(Q) as closed subspaces and appro-
priate for the convergence analysis of the nonconforming P1 element method [6],
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consists of functions u for which u|a € H'(A) for any triangle A € 7 and which
satisfy the same compatibility conditions for integrals along interior and boundary
edges e € & as indicated above for elements of V. It will be denoted by H}(Q, 7).
The expressions

1/2 1/2
|l 7 = (Z M%A) o Jula = (/ |Vu|2da:dy) ,
A

AET

define a norm on H{ (2, 7T) which turns it into a Hilbert space with scalar product
denoted by (-,-) g1, 7. We call |u| g1 7 the discrete H' norm, and note that it coincides
with the standard norm for u € H{(Q2). Here and throughout the paper, Vu =
(uz,uy) is the gradient of w, and uy, Uy, Uzz, Uzy, Uyy, . .. IS our notation for the
partial derivatives of u (if properly defined). Thus, the variational problem of finding
w7t € V7 such that
(ur, V)7 = (f,v)r, YveVr,

has a unique solution which we call the Galerkin solution of (1) in V7.

In this paper we are concerned with estimates for the discrete H! norm error
(called Galerkin error for short)

> [ v~ uT>|2dxdy>1/2,

Bru) = lu~ url 7 =
AET

if the solution u of (1) is in H?(2). The second Strang Lemma implies that
(3) max(Epa,7(u), Eo,r(u)) < ET(u) < Epar(u) + Eo.1(u),

i.e., that estimating the Galerkin error requires estimating both the best approxima-

tion error
E w) = inf |[u—wv
BA,T( ) v€V7—| |H1,T
of the solution u by elements of V7, and the consistency error

Ec.r(u) := sup [(w, w)r 7 = (f, W)L, |-
weVr: ‘w‘Hl,Tzl

In contrast to conforming P1 elements [2], [12], [14], in the nonconforming P1 case
the best approximation error Ep 4,7 admits an optimal bound for any 7. To formu-
late it, consider the Crouzeix-Raviart interpolation operator Pr: HJ(Q,T) — Vi
introduced in [9] and defined by the condition

/(u—PTu)ds:O Veefl.

The following result is a consequence of, e.g., Lemma 2.2 in [1].
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Theorem 1. Ifu € H%(Q) N H}(Q) then, with a constant Cy independent of T,

we have

1/2
Epar(u) < |u— Prulm.r < Co(Z hi|u|%,A) < Cohrlule,

AeT
where
1/2
|ul2,A = (/A |D2u|2da: dy) , |D2u|2 = uix + 2uiy + uf/y,
and |u|g2 := |ula.q stands for the H? semi-norm of u.

Unfortunately, the consistency error Ec 7(u) does not admit a similar estimate
with constants uniform in 7. Indeed, the standard estimate of Ec 7(u) is based on
the transformation

(4) (ww)gp 7 — (frw)e, =Y [ (Vu-n)wlds, weVr,
ecE V€

where n. is a fixed unit normal with respect to the edge e, and [w] denotes the
(properly signed) difference of the traces of w from both sides of e (set w = 0
outside ). When each of these edge integrals is bounded by the trace theorem,
see [3], [6], a dependence on the shape of the triangles attached to e enters the
constants. Implicitly, this can be seen from [7], Theorem 6.2 which contains the
following estimate for the Galerkin error (for simplicity, we do not state it with the
explicit constants given in [7]):

Theorem 2. If u € H?(Q) N H}(Q) then, with constants C;, Cy independent
of T, we have

1/2
BEr(u) < (Z h’i{cf/A|f—7A|2dxdy+c§tan2(o‘7A)/A|D2u|2dxdy}>

AeT
< hT(CleHL2 + Cy tan(a%) |u|H2),

where fa :=|A|7! fA fdxdy denotes the average value of f on A.

The appearance of the factor tan(ay/2) is troublesome, as it indicates a deteri-
oration of the error bound if a — w. Moreover, for sequences of triangulations
with Ay tan(ay/2) — oo even boundedness of the Galerkin error is not guaranteed!
Whether E7(u) — oo may happen for some u € H2(Q) N H}(Q) is doubtful but
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currently not disproved. This question is closely related to a possible deterioration
of the constant in the discrete Friedrichs inequality

(5) |lwl|r, < Corlwlg 7+ Ywe Vr,

namely, if, for fixed polygonal €, the supremum of the optimal constants Co 7 in (5)
over all possible 7 may become infinity. There is some ambiguity on the dependence
of Cq 7 on the shape regularity properties of 7 in the literature, see e.g. [6], [17],
which we could not yet sort out.

The family of triangulations 7y, ., of the unit square we concentrate on in this
paper, does not exhibit such an extreme divergence behavior. However, it shows that
the dependency on a7 present in the estimate of Theorem 2 is essential, and that
(bounded) divergence of the nonconforming P1 method is possible. Let us introduce
the notation used in Section 3. We consider the solution u(x,y) := z(1 — z)y(1 —y)
of the Poisson problem

(6) —Au(z,y) = f(z,y) =2l —2) +y(1 —v)), (2,y) €[0,1]%,
equipped with homogeneous Dirichlet boundary conditions
w(0,9) =u(l,y) = u(z,0) =u(z,1) =0, =,y € [0,1],
and the associated sequence of nonconforming P1 element Galerkin solutions
Un,m = UT, . € Vom =VT,,., m=2nz=1

Even though Figure 1 is self-explaining, we give the formal definition of the trian-
gulation Ty, ,,,. It is generated by the intersection of three line systems with [0, 1],

namely
@) y=2-, 20} 7
2m j=1,....2m—1
n )
{@y:y=2e+2L, zep} ,
m m j=1-m,....m—1
n J
{(x,y): y:——x—i——,xE[O,l]}_ .
m m j=1,....2m—1
Its vertex set consists of all points P;; = (ﬁ, ﬁ) with indices i = 0,2,...,2n if

7=0,2,...,2mis even, and indices i = 0,1,3,...,2n—1,2nif j =1,3,...,2m—11s
odd. The typical triangle A in 7, ,,, has its longest edge of length 1/n located parallel
to the z-axis, an associated height of length 1/(2m), area |A| = 1/(4nm), and two

439



remaining sides of equal length. It becomes severely distorted, with the maximum
angle aa satisfying tan(aa /2) = m/n, if m/n — oo (the exceptional triangles along
the vertical sides of the square are right-angled, have shorter longest edges, and area
1/(8nm)). Thus, we have

1 o m
hr, . =—, tan( T"’m)
: n

The triangulations 7, ,,, have been used in [2], [14] for studying H' best approxi-
mation with conforming P1 elements but seem to have appeared for the first time
in H. Schwarz’ seminal note [16] on the definition of the surface area by triangular
approximation.

We denote by Ey, m = [t — Un m|m1 7, ,, the Galerkin error of our model problem
with respect to 7Ty, . Then Theorem 2 gives the upper bound

(7) En,mgc?)%, mzn 21,
n

where the constant C'5 is independent of n and m. The main result of this paper is
a two-sided estimate for E,, ,,, and shows that the upper estimate (7) is essentially
sharp in the range n < m < n2.

Theorem 3. For the model problem (6) with solution u(z,y) = (1 — z)y(1 —y)
and the family of triangulations 7Ty, ., we have

m m
(8) C’flmin(l,ﬁ) < Enm <C4min(1,ﬁ), mznz=l1,

with constants Cy, Cy independent of n and m. In particular, to achieve convergence
in the discrete H' semi-norm for a certain sequence of triangulations Tr,m With
n — oo, one needs to satisfy m/n? — 0.

The behavior of the Galerkin error for our model problem needs to be contrasted
with the behavior of the best approximation error:

9) Epar,,(u)~= m>n>1

3

The upper estimate in (9) follows from Theorem 1, a matching lower bound is ob-
tained if we invoke the two-sided Poincaré inequality

1

n2

. _ 1
(10) inf 0= el a) = 0= a0 % [ (502 + 730t dedy. v e '),
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for the best approximation by constants, valid for any triangle A € 7, ,,, and any
fixed polynomial u(z,y) with positive constants depending on the degree. To see (10),
just use the coordinate transform z’ =z, y' = ™y, apply the equivalence of the H 1
semi-norm and the Ly norm on the finite-dimensional subspace of H!(A’) consisting
of polynomials of fixed degree with zero average which holds, with uniform constants,
for the transformed, undistorted triangle A’, and then transform back. If one ap-
plies (10) separately to the partial derivatives u, and u, of the solution of (6), and
adds the results for all A € Ty, ,,,, then

Bpagon@? > 30 ik (fus = cldaa) + oy — )
A€Tnm

Co 2 2 n’
Z 2 ) (um + ug, + WUW) dz dy
with some Cj > 0. This shows the lower bound in (9). Thus, our main result
formulated in Theorem 3 is equivalent to showing a two-sided estimate similar to (8)
for the consistency error Ec T, . (u).

3. PROOF OF THEOREM 3

We first deal with the upper bound in (8). Due to (7) all we need is to establish
a complementing upper bound for E, ,, by a constant independent of n and m. Since

Enm < Epar,,.(v) + Ecr,,, (u) < |ullm + Ec.T, . (1),

and

(v, w)p 7, = (Fyw)e| <llullawla 7, + 1 fllealwle,,  w &€ Vam,

the upper bound in (8) holds with a constant Cy = max(Cs, 2||ul|g + 3| f||z.), since
for the triangulations 7, ,, we have the discrete Friedrichs inequality

1
(11) lolle, < Gl 7w € Vi m 20> 1.

Since we could not find a reference for (11) in the literature, we give the elementary
argument in Section 5.1.

The rest of the proof is concerned with proving the matching lower bound in (8).
As was pointed out before, this is equivalent to establishing the appropriate lower

bound for
- |(u, w)m 7, . — (f,0)L,]
EcT,,.(u) = sup

0AWE Vi, m |w|H1,7’m,n
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To this end, it is enough to pick a suitable w € V,, m,, estimate its discrete H' norm
from above, the consistency term |(u,w)g1 7, ,, — (f,w)r,| from below, and check
the quotient of these estimates. We arrived at a good guess for such a candidate w
after performing some numerical experiments, see Section 4. We define the nodal
values w(M,) as follows: For all edges e in the lower left subsquare €' := [0, £]% of 2,
we set

0, e on the boundary, or parallel to the z-axis,
(12) w(M,) =< ¥v(M.), e has slope n/m,
—(M,), e has slope —n/m,

where ¢ (z,y) = 2hauqy(x,y) = 2ha(1 —22)(1 — 2y). Nodal values for the remaining
part of  are obtained by symmetry, i.e., such that w(l — z,y) = w(z,1 —y) =
w(l —x,1 —y) = w(z,y) for all (z,y) € . Note that this @ is highly oscillating,
and related to the mixed derivative u,, = (1 — 2z)(1 — 2y), scaled by h and with
values damped towards the vertical edges of ) by the factor min(2z,2(1 — z)).

By symmetry, we need to evaluate the integrals defining (u,w)g1 7, ., (f,0)L,,
and ||w H%Il,Tn,m only on the subsquare €2'. Thus, estimates will be conducted for the
triangles depicted in Figure 2 that intersect with €’. We use the notation introduced
by Figure 2, with the reference point P = (x0,y0) (or P = (0,yp)) representing
the origin of a local coordinate system (t,s), and h := 1/(2n) and k := 1/(2m) the
typical lengths in ¢- and s-direction, respectively. We also denote

=Rkt =
& 2n2

At At
P=(z0,y0) t P=(0,y0) t

—k -k

Figure 2. Triangle pairs in the interior (on the left), and attached to the boundary (on the
right).

Formulas for the piecewise constant gradient V| =: (w7, @;‘E) for all triangles

intersecting with ' follow from the definition of @w by elementary calculus, and
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immediately lead to estimates for the discrete H' norm of @. The result is collected
into the following lemma, see Section 5.2 for its derivation.

Lemma 1. Let w € V,, ,, be given by (12).
a) For the triangles A* C Q' with reference point P = (0,30), 0 < yo < 1/2 (see
Figure 2 on the right), we have

(13) Wy = 2h(1 = h)(E(1 = 2y0) + k), Wy = —2k(1 = h)((1 — 2u0) F k),

For the triangles A* C ' with reference point P = (xg,y0), 0 < mg < 1/2,
0 < yo < 1/2 (see Figure 2 on the left), we have

(14) @y = (4mo(1 — 220) — 207)(F(1 — 2y0) + k), W, = k(4mo — 1)(1 — 2yo F k).

Finally, for the triangles A* with reference point P = (1/2,y0), 0 < yo < 1/2, on
the symmetry line x = 1/2, we have

(15) wr =0, wy =2r(1—h)(1-2yoFk).
b) The discrete H' norm of w satisfies
(16) |0lg 7, =00 +K), m=2nz=1

We come to the lower estimate for the consistency term evaluated at w. As it turns
out, the dominating contributions to the consistency term come from the integrals

/ Uy Wy dz dy
AT

for interior triangle pairs A* C €, as depicted in Figure 2 on the left, and are of
the order m/n?. The other terms are negligible compared to them. In particular, we
have the following lemma whose proof is given in Section 5.3.

Lemma 2. For the w under consideration and the right-hand side f in (6), we
have

(17) (f, @)1, = O(KR?), m>n>1.

The crucial part of the proof is a lower bound for (u,w) g1 7, ... We first deal with
the contributions to (u, @)y 7, ,, from the triangles A* C € depicted in Figure 2
on the left. Have in mind that in local coordinates we have

ug(xo +t,90 + 8) = (1 — 2z — 2t)(yo(1 — yo) + (1 — 2y0)s — s2),
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analogously for u,(zo + t,yo + s), while wE, wr are constant on A¥| respectively,

Y
and given by (14). Using the simplifications based on symmetry arguments and

integration over triangles as detailed in Section 5.3, we have

/ ug drdy = (1 — 23:0)/ yo(1 —yo) + (1 — 2yo)s — s> dtds
Ax AF

= hk(1 ~ 220) (3o(1 o) % 2 (1 — 250)k — T?)
= hk(1 = 2x0)(yo(1 — yo) + O(k)),

and

/ uydrdy = / (zo(1 — z0) — t2)(1 — 2o — 25) dt ds
A+ A

0

- hk((mo(l ~ ) — %hQ)(l —20) F %kxo(l ~ o) %h%)
= hk((1 - 2yo)zo(1 — 20) + O(k + h?)).

Here A? denotes the triangle pair associated with the reference point (0,0). Substi-
tuting the values

WE = Fhao(l — 220)(1 — 2y0) + O(A2 + k), @ = k((dxo — 1)(1 — 2yo) + O(k)),

obtained from (14), we get

Vu.V@dxdy:@f/ uxdmdy—i—ﬁyi/ u, dz dy
AT A AT

= T 4hk(zo(1 — 2x0)%yo(1 — y0)(1 — 2y0) + O(h? + k))
+ hkr((4zo — V)zo(1 — x0)(1 — 2y0)% + O(h? + k).

If we sum with respect to the O(nm) triangles in €' considered so far (call the
result ¥'), we see that

(18) Y = k(I' + O(h + k?*/h?)),

with a constant I’ > 0 given below. Indeed, for the terms in the sum ¥’ related to the
gradient in a-direction, the leading parts F4hkzo(1 —220)?yo(1 —y0)(1 — 2yo) cancel
for triangle pairs A* C ' with the same reference point P = (x, %), and vanish for
triangles AT with yo = 0 and A~ with yo = 1/2. Therefore, only the subdominant
part O(hk(h%+k)) needs to be taken into account which gives an overall O(h%+k) =
O(k(k + k?/h?)) contribution to ¥'. Moreover, for the terms in ¥’ related to the
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gradient in y-direction, the sum of the leading factors hk(4zo—1)zo(1—0)(1—2y0)?
(without the factor k) tends to the integral

1
I''= | (dz—1)z(1 —z)(1 —2y)? =
[ (o= a1 - 2)(1 - 2 dedy = o

at a speed of at least O(h) as h,k — 0. Altogether, this gives (18) if one takes the
common factor £ = h?/k out, and uses k = O(h). We can silently include into 3’ the
contributions from the O(m) triangles AT crossing the symmetry line z = 1/2, as
the estimation steps are identical, with the only change that (14) is replaced by (15).

The contribution of the remaining triangles A* with P = (0,y0), depicted in
Figure 2 on the right and attached to the left boundary of ', is negligible compared
to the leading part in the lower estimate (18). Indeed, we again expand in local
coordinates (¢, s) as

Uz (t,yo+s) = —2t(yo(1—yo) +(1—=2y0)s — %), uy(t,yo+s) = (t—t7)(1—2yo—2s),

where 0 <t < h(1—|s]/k), 0 < s <k for AT, and —k < s < 0 for A~, and compute
with (28) the integrals

2

h2k k k )
[, edady = = (301 = ) & 501 = 20) = ) = OG0),

and, similarly,

/Ai uy da dy = %((1 - 2y0)(1 - g) ¢k(% - g)) = O(h?k).

Combining this with

W = +2h(1 - 2yo + O(h)), Wy = —2k(1 — 2y + O(h)),

see (13), we obtain rough estimates

Y

wj;/ u, dzdy = O(h3k) = O(khk?), wi/ u, dzdy = O(kh?k).
A* Ax

Summing the contributions with respect to all O(m) triangles attached to the bound-
ary © = 0 of 0 (call the result X"), we get

(19) Y = O(kh?).
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Combining (18), (19), and (17), we see that
(20)  (w @) ,7,,, = (f, @)1, = 4 +5") = (f,0)1, = 6(I' + O(h + k*/h?)).
Eventually, by (20) and (16), we get, with an absolute constant C{ > 0,

C/
r > =% min(1,m/n?),
1+k 3

(U” w)HlvﬁL,'m. - (fa ﬁ)/)L2

|0|g 7, ,,

Ec,T,,..(u) > > Cy
if m > n > ng with ng large enough, and n/m < gy with g9 small enough. This
proves (8) in the asymptotic range. For the remaining values m > n, note that for
them tan(a, ,,/2) = m/n < Cg for some absolute Cs depending on ng and ey, i.e.,
these remaining triangulations 7, ,, uniformly satisfy the maximum angle condition.
Thus, in this case 1/n < m/(Cgn?), and the lower bound in (8) is taken care of by
the lower bound (9) for the best discrete H! approximation error of our u. With
the constant C in (8) defined from Cf, Cg, and from the constant in (9) in a proper
way, Theorem 3 is now fully proved.

4. NUMERICAL EXAMPLES AND FURTHER REMARKS

We have conducted a couple of numerical experiments in the pre-asymptotic range
(with relatively small values n, m), for exactly the model problem described in the
previous sections. We have used the standard nodal basis {¢,} for nonconforming
P1 elements associated with the interior edges of 7, ,,, and computed the integrals
defining the entries of the stiffness matrix A and load vector b, as well as the error
measures exactly (within machine accuracy). First we confirmed the result of The-
3/2 5/2

orem 3 by running simulations for values m =n, m =~ n m =n?, and m = n®2,

respectively, for a suitable range of values n. The first two cases shown in Figure 3

< . . 0.07
\\\ 0.06
S 0.05
e 0.04 |
1072t ~. 1
/ . 0.03|
Consistency error \\\
H1 error N 0.02¢
1073 ¢ ‘ ‘
10" 102 10'
Linear convergence: Case m=mn Slowed convergence: Case m=n>/?

Figure 3. Behavior of En,m for m = n (optimal order convergence, on the left) and for
m ~n®? (slowed convergence, on the right).
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illustrate optimal O(n~"') and slowed O(n~'/2) convergence, in agreement with (8).
The latter two cases demonstrate the failure of convergence if m/n? does not con-
verge to zero, see Figure 4. Blue (dark) lines represent the Galerkin error, red (light)
lines the consistency error.

0.1 0.1
0.09 0.09 H1
0.08 0.08 ot

H1 error

0.07 0.07
0.06 0.06 /

=4
0-05 / 0.05 Consistency error
0.04 . 0.04

Consistency error

0.03 0.03
0.02 0.02
0.01 0.01

0 0

5 10 15 20 25 30 2 4 6 8 10 12 14 16 18 20

Non-convergence: Boundary case m= n? Divergence: m=n>/?

Figure 4. Failure of convergence for m = n? (on the left) and for m ~ n°/2 (on the right).

We also needed some intuition on how an appropriate candidate w for maximizing
the consistency error should look like. Since the constrained problem

(U,@)H177'mm — (f,w)r, —» max  subject to |{D|,np77—mm =1

is easy to solve, the coefficient vector of the maximizer w and the value of Ec 7, ,, (u)
can be found from the formulas

F=+A7(c=0)/y/(c—bTA e —b), Ecr,,(u)=/(c—bTAL(c—b)

where ¢ has entries c. = (u,¢c)m1,7, ,,- The result is visualized in Figure 5 by
depicting the nodal values of the Galerkin solution w,, ,,, given by = A~'b (upper
row), and of the maximizer of the consistency error given by z (lower row) at the
midpoints of edges with slope +n/m. We show two cases: n = m = 10 (on the left),
and n = 10, m = n? = 100 (on the right). The graphs suggested a distinct oscillation
behavior for w which we slightly simplified to the choice for w used in the proofs of
the previous section (it took us a while to realize that for the deterioration of the
consistency error the non-oscillating part of w visible in Figure 5 is not essential).
It also looks as if u, ., is still close to u in Ly and L, distance, even in cases
when the discrete H' error does not converge to zero. This is in contrast to the
counterexamples for conforming P1 elements used in [14].
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0.07 5 0.07 5

0.04

0.02 4 Eh

-0.04 4
-0.06 4

-0.08 4

-0.1+4

NCP1 Consistency maximizers (short edges)

Figure 5. Solutions (upper row) and maximizers for the consistency error (lower row) for
n =10 and m = n (on the left) and m = n? (on the right).

Our example automatically provides similar matching lower bounds for lowest-
order Raviart-Thomas elements [15] if the mixed formulation of (1) is used. Indeed,
due to [13], on each triangle A € Ty, ,,, the discrete flux oy, ., of the mixed method
belonging to the lowest-order Raviart-Thomas space on 7, ,, and the gradient of
the nonconforming P1 Galerkin solution %, ,, of a modified Poisson problem with
a solution @ and piecewise constant right-hand side f defined by

(-ﬂA)(xvy) = 7A7 (l’,y) € Av A€ 7;7,,’”17
are related by
(@) Vim(ey) - onm(ey) = 5Fally) - Ma), () € A

Here Ma denotes the barycenter of A, and fa is the average value of f on A as
defined before. See also [4], [7], [8], where the connections between the energy norm
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errors for conforming and nonconforming P1 elements as well as lowest-order Raviart-
Thomas elements have been examined in order to obtain sharp a posteriori estimates
for the Poisson problem. For our model problem (6), since on each triangle A of 7,

Vun,m —On,m = (Vun,m - van,'m) + (van,m - Un,m);

the error of the lowest order mixed Raviart-Thomas method, i.e., the Ly vector norm
of Vu—o0p, m, and the Galerkin error of the nonconforming P1 method are bounded by
the sum of two terms, namely ||V m—0nm| L, and ||Viy m—Vun ml L,- Using (21),
the first can be estimated by

1 _ 1/2 1
3( 2 7 [l - MaPasay) = 00m,fl1.) = O luls)

AETn,m

while for the other
N ~ ~ 1
IVinm = Vunmllz, <IV@=u)lL, < Crllf = fllz. < Cr—

due to the orthogonality properties of the nonconforming P1 Galerkin projection,
elliptic regularity, and the fact that our f is smooth. Thus, from (8) we conclude
that

(22) Cymin(1,m/n?) < |Vu — op.m|lL, < Cgmin(1,m/n?)

with some positive constants C, Cs, where the lower bound is guaranteed to hold if
n/m is small enough, i.e., when the maximum angle condition fails.

What we did not consider in this note are extensions along the lines of [12] where
it was observed that long chains of distorted triangles are the reason for convergence
deterioration in the conforming P1 case. For higher-order elements, similar effects
are to be expected, even though there are differences (e.g., the critical exponent
for which m/n® £ 0 implies convergence failure grows with polynomial degree).

We conclude with a sketch of the argument for a statement made in the introduc-
tion of this paper. Consider the model Poisson problem

—Au(z,y) =1, (z,y)€[0,1]%

satisfying the boundary conditions «(0,y) = u(1,y) = 0 in z-direction and periodic
boundary conditions in y-direction, whose solution is given by the univariate poly-
nomial u(z) = $z(1 — z). In [14], we showed that for this problem the conforming
P1 element Galerkin solutions %, ,, on the triangulations 7y, ,, satisfy

|4 — Ul g ~ min(1,m/n?), m=n>1.
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Le., for conforming P1 elements the H' energy norm convergence rate may degener-
ate with the mesh distortion even for an essentially one-dimensional solution. Inter-
estingly enough, for this problem the nonconforming P1 Galerkin solutions converge
at optimal speed:

(23) |u—unm|H17— :(’)(%), m>=n> 1.

This also shows that the convergence behavior of conforming and nonconforming
P1 Galerkin solutions may be drastically different if the triangulations violate the
maximum angle condition.

To prove (23), it is sufficient to bound the consistency error. In this case, it is
convenient to use (4) and we will give the estimate for any C? smooth u = u(x)
depending only on x. Indeed, all integrals in (4) with respect to horizontal edges
of the triangulations 7y, ,, automatically vanish, since Vu = (v/(x),0) and in this
case n. = (0,£1). Integrals with respect to the vertical boundary edges on the line
x = 0 also vanish, since Vu - ne = £u/(0) is constant and [w] has zero average on e;
similarly for the vertical boundary edges on the line £ = 1. On all remaining edges,

we have i
Vu-ne = £——1/(2),
Vi
while

] =+ 22 mh i),

where z. is the 2-coordinate of the midpoint M, of the edge e, and wF denotes the

constant derivatives in direction e of the restrictions of w € V,, ;,, to the two triangles
Aét attached to e, respectively. These formulas can be checked by elementary cal-
culus, the signs in them depend on the ordering of triangles and the choice of edge
normals but are irrelevant for the subsequent estimates. What is important is that
[w] has average zero on e, thus

/(Vune)[w] ds Sinf% /(u'(x) — o)z —z)(wh —w)ds
%h o hlel .
< 2 2 o+

< CEI?(|V (w]p+)| + [V (wp-)])

with a constant C' depending on u(z) only. Now apply the Cauchy-Schwarz inequality
to the sum of these upper estimates. This gives

s w) s 7 — () < (Z & (g’hkqwmm #IVws)P))

C/

< zlvling, .
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where "' is the sum over the O(nm) edges with nontrivial edge integrals in (4),
and C’ is a new absolute constant. This is the desired bound for the consistency
error, and together with Theorem 1 implies (23).

5. APPENDIX

5.1. Proof of (11). First of all, since nonconforming P1 element functions w €
V7 are piecewise linear, and can be parametrized by their edge midpoint values
w(M,), e € £, we can explicitly estimate their discrete H' and Ly norm:

(24) T |A|<Z |D6,Aw|2) < 3lwln 7

AET eCA

where the constant directional derivative D, aw of the linear function w|a along the
edge e equals 2(w(M. ) —w(M.))/|e|, where €', e are the other two edges of A. In
the opposite direction, the inequality holds only with a constant depending on 7.

Moreover,
1
(25) fuly, = 5 3 181 X o))
AeT ecA
Consider all 2n + 1 triangles in the strip ; = [0, 1] x [2—m1, ﬁ], and enumerate

them consecutively starting from the left. Each A; € Q;, ¢ =0,...,2n, has exactly
one edge (denoted by e;) parallel to the x-axis, and two edge midpoints (denoted by
M; and M;;1) on the line y = 2J . Obviously, for i =1,...,2n — 1, we have

w(M,,)| < §|w<Mi+1) Fw(M)| + Jw(M,,) - %(W(Miﬂ) (M)
< (0 (Men) + (L)) + 71wl )y

with the obvious modification

[w(Me,)| < [w(Mo)] + [w(Me,) — w(Mo)| = |w(Mo)| + ﬁmeo)yl

for ¢ = 0, and similarly for i = 2n. Thus, taking squares and using the inequality
(a +b)? < 2(a® + b?) the appropriate number of times, we get

ZIA [[w(M,

2n
1
2nm2| D+ o D A
=0
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and substitution gives

2n
1 2 1 2 1 2
@ g XD RO0R) < g 3 st g Sl

ACQJ' eCA

It remains to estimate the second term in (26). Since w(My) = 0, we have

i

D (w(My) = w(Mi—)

=1

n

\Z Z|w M) — w(M;_1)?

i=1

Z; lw(M;)? = Z

i=1

n—|—1 ~
Z w(Mi)[.

Now, taking into account that

1 m
(M) = wMi1)? = L5 lwla el < Dol a, s 1=200m,

and
m

1
(M) = (M) = T l(wla el < oo ful} a,

we see that
1
m(n+1) 5
S )P < MEELS g o
1=0

In a similar fashion we also obtain

2n 2n
m(n —|— 1)
Yo oMy < —5— Z wlf A,

i=n+1 l=n+1

Substitution into (26) gives

3 S I WP < (g + ) S fwlia <y 3 lulia

ACQ eCA ACQ; ACQ;

and, after summing up with respect to ;, j = 1,...,2m, according to (24) and (25)
we arrive at (11).

5.2. Proof of Lemma 1. We start with establishing (14) for all triangles interior
to Q' depicted in Figure 2 on the left. By definition of the nodal values of w, and

452



the fact that s, is the product of two univariate linear polynomials, we compute

(o b))

2 2 2
= —((2330 + h)uxy(xo + g,yo + g) + (2z9 — h)uxy(xo — g,yo + g))
= —4$ny(x0;y0+ g) —h(uxy(mo + %yo-i- g) —uxy(a?o _ ;yo—l- g))

k k
= _4x0uxy ($07y0 + 5) - hzuxxy (J?oﬁyo + 5)
= —(4ao(1 — 220) — 2R*)(1 — 2yo — k),

and, similarly,

- k k
Wy, = 4ToUszy (mo, Yo — 5) + h2umy (xo, Yo — 5) = (4zo(1 —2z9) — 2h2)(1 —2yo+ k).

Moreover,
h k h k
~+ _ —1
wy =4 (oo G0+ ) + (v -G+ 3))
h k h k
= — hk ! ((2x0 + h)ugy (xo + §,yo + 5) — (2z0 — h)ugy (CUO - 57:’/0 + 5))
h k h k
= — hk ! (2xo(umy<$o + 5’y0 + 5) — Uzy<$o - 57:’/0 + 5))

k
+ 2humy <x07y0 + 5))

k k
- - 2h2k(uxy (x07y0 + 5) + ToUggy ((Eo, Yo + 5)) = 5(45[;0 - 1)(]— - 22/0 - k)a

and

k k
w, = —2h2k(uxy (mo,yo — 5) + ToUzay (xo, Yo — 5)) = k(4o — 1)(1 — 2yo + k).

This shows (14). The contribution of these triangles to the value of Wlf‘ll,ﬁ,,m
(see (24) for the formula) is of the order O(1 + x?).

For the triangles shown in Figure 2 on the right, we have w(M.) = 0 for the
horizontal and vertical edges, which immediately leads to (13) if one substitutes
the value for the remaining edge midpoint from (12). This yields an O(h? + k?)
contribution to |f[[)|§{17- from the triangles with sides on the vertical boundaries
of Q.

It remains to check the triangles crossing the symmetry line z = 1/2. Obviously,
by the extension rule w = 0 for all those triangles while

1 h

k
~+ —1 - b _ _
@ =tk w(z 2,y0i2) +2k(1 — h)(1 — 2y F k).
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This gives (15). Consequently, we have to add another O(k?) term to W@II.TH o
which altogether yields the desired estimate (16) for the discrete H' norm of w.
Lemma 1 is proved.

5.3. Proof of Lemma 2. We give a bit more detail on the computations of the
integrals involved than absolutely necessary. For triangles A* depicted in Figure 2

+

on the left, in local coordinates, the linear function w* := w|p+ equals

W (w0 +t,yo + 8) = Wit +wrs, —h(l—k 's|) <t <h(l—k's]),

where 0 < s < k for AT, and —k < s < 0 for A~. Therefore, we can use symmetries
for triangle pairs AT when evaluating their contributions to (f,w)r,. To do the
calculations, we will use the following elementary formulas. For integers o, 8 > 0
and the triangles A* depicted in Figure 2 on the left, we have

0, «a odd,
(27) IF ::/ t*sP dtds = 201!
s ABE (il)ﬁmha+lkﬂ+l, Q. even,
while for the triangles A* depicted in Figure 2 on the right
~ lﬂl
28 TF, = t*sfdtds = (k1)) — 7 potlpAHL
@) of /Ai s =

(4]

Since, in local coordinates,
Fxo+t,y0 +5) = 2(wo(1 — x0) + y0(1 — yo) + (1 — 2m0)t + (1 — 2y0)s — t* — s?),

using (27) we compute

/i fwdrdy = 2w (1 - 2:50)I2jf0
A

+ 2w ((zo(1 — 20) + yo(1 — yo))loa + (1 — 2y0) 15 — I35 — I3y)

3 2 2
=R eyt + (i UL

(xo(1 —x0) + yo(1 — yo))

hk3 (h_k‘1 h3k2))~i.

—(1 -2
+ 3( Yo) F 3 + T

Thus, the integral over AT U A~ equals
2 k2

. h ~ . ~ -
/ fwdedy = hk| — (1 = 2z0) (@) +w; ) + — (1 — 2y0) (@, + @)
A+UA- 3 3

2
+ (oot = au) + a0t = o)) - 51 = )@ - ) ).
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Using (14) for w and f[[)ét, we have
w4+ w, = 2(4xo(1 — 2x0) — 201k = O(k),
and

)+, = 2k(4x0 —1)(1-2y0) = O(R°k™Y), w} —w, = —2k(4zo — 1)k = O(R?),

and after substitution we see that each such integral is of order O(h3k?). It is not
hard to see that similar estimates hold for all triangles having an edge on one of
the horizontal sides y = 0, y = 1/2 of ', or crossing the symmetry line x = 1/2.
Consequently, the integral over the union of all such triangle pairs contained in ' is
at most of order O(h%k).

For the triangles with P = (0,yo) depicted in Figure 2 on the right, we have the
following representations in local coordinates:

fltyo+5) = 2(yo(1 — yo) +t + (1 — 2yo)s — t* — s?)

and

w(t,yo +5) = 0F + Wyt +w, s, 0<t<h(l—k"s)),
where 0 < s < k for AT, and —k < s < 0 for A~. Here, the absolute terms @+ can
be computed from the definition of w as

@F = +h*(1 = h)(1 —2yo F k) = £h*(1 — h)(1 — 2y0) — K*(1 — h)k,

while the derivatives 1)F and w;t are given by (13). Using (28) for the integrals foﬂf 5
we obtain

~ . h2k  hk? h3k + hk3
fodedy = ot (hk‘yo(l — o) + = + T(l —2y0) — T)
AE
h2k h3k  h2k? 3hik + h2k3
o (—yo(1 — — 4+ 1—2yy) - ————
+wx( 3 Yo(1 —yo) + 5 D ( Yo) 30 )
hk? h2k?  hE3 h3k? + 3hk*
oF (+—yo(l —yo) £ — + —(1—2 LR TORR N
+ w; ( 3 Yo(1 — vo) TR ( Yo) F 30 )

Due to (13) we have

@t + @y = 4hk(1— h) = O(hk), @F — @5 = 4h(1 — h)(1 — 2yo) = O(h),

wy +w, =—4k(1—2yo)(1 — h) = O(R*k™"), w} —w, =4rk(1 —h) = O(h?).
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Together with the formula for @* this yields

/ fwdzdy
A+UA-

hk? ho R4k
= S5 (1=290)(1 = W)(1 = 20) = KR (1 = 1) (o (L = o) + 5 — ———)
h2k Wk 3hk+ RPN\,
+ (T?Jo(l —Yo) + 5 T)(wz +w,)
h2k? . hkS o
+ 5 (1= 2p0) (@ — @) + == (1= 2y0) (@ + )
hk? h*k? L 31.2 4 ~4 ~_
+ (T(yo(l o)+ " = 5o (WK 4 3K (@) - @, ))
= O(h*K?).

Summation with respect to all O(k~!) triangle pairs of this type gives an additional
term of order O(h3k). All in all we arrive at the statement of Lemma 2.
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