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KYBERNETIKA — VOLUME 54 (2018), NUMBER 2, PAGES 268-278

ON x- ASSOCIATED COMONOTONE FUNCTIONS

ONDREJ HUTNIK AND JOZEF POcCS

We give a positive answer to two open problems stated by Boczek and Kaluszka in their
paper [1I]. The first one deals with an algebraic characterization of comonotonicity. We show
that the class of binary operations solving this problem contains any strictly monotone right-
continuous operation. More precisely, the comonotonicity of functions is equivalent not only
to +-associatedness of functions (as proved by Boczek and Kaluszka), but also to their -
associatedness with x being an arbitrary strictly monotone and right-continuous binary opera-
tion. The second open problem deals with an existence of a pair of binary operations for which
the generalized upper and lower Sugeno integrals coincide. Using a fairly elementary observa-
tion we show that there are many such operations, for instance binary operations generated by
infima and suprema preserving functions.
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Classification: 26A48, 28E10

1. INTRODUCTION

In this note we deal with measurable spaces (X,.A), where A is a o-algebra of subsets
of a non-empty set X. Two functions f,g: X — Y are called comonotoneﬂ on D CX
if (f(z)— f(y))(g(x) —g(y)) >0 for all z,y € D. In what follows we will consider only
non-negative (real) functions, therefore Y C [0, +00]. Nowadays, comonotonicity is an
important property in analysis, uncertainty theory, economics, financial mathematics,
actuarian science, etc. There are some generalizations of comonotonicity in the available
literature related to different contexts, see for instance [I0] for several multivariate ex-
tensions of comonotonicity, or [3] [6] for a connection with a characterization of Sugeno
integral on bounded distributive lattices. Recently, in [I, Definition 2.1] the following
relation between two functions, having a significant role in the theory of generalized
Sugeno integrals, was introduced.

Definition 1.1. Given a binary operation % : Y2 — Y, we say that f,g: X — Y are
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Lan abbreviation of ”common monotone”; however, comonotonicity was already used under different
names by many authors, see e.g. [9, Chapter IX], [3, Chapter 4] and [4, Chapter 4] for more details as
well as for different characterizations of comonotonicity
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*-associated on D C X if for any non-empty measurable subset A C D,

inf {f(z) x g(2)} = inf f(z)* inf g(z). (1)
In the case D = X we simply say “f, g are comonotone” and “f, g are x-associated”.
Observe that the condition is purely algebraic in its nature and it is based on the
preservation of the (infinitary) operation of infimum. Considering different subsets for
which the infimum have to be preserved, different relations of measurable functions can
be obtained, e. g., if an operation *x preserves all possible infima, then all pairs of functions
are x-associated. It can be easily seen that the operation min represents such a function,
hence any two measurable functions are min-associated. Boczek and Kaluszka proved
in [I] that the comonotonicity of real functions is equivalent to +-associatedness with +
being the standard addition on the real line R. Then they formulated the following

OPEN PROBLEM 1: Is there any non-trivial binary operation x = + on'Y such that
the x-associatedness is equivalent to the comonotonicity condition?

In this note we answer the question in the positive by showing that there are many
such non-trivial binary operations (addition being just one special case). It turns out
that for relating comonotonicity with x-associatedness the property of infimum preser-
vation of downward directed subsets plays a crucial role. In Section [2 we first show that
this condition for the operation * is equivalent to the property that any comonotone
functions are also x-associated. Then we show that any x-associated pair of measur-
able functions is comonotone provided the binary operation x is strictly monotone on
Y. We also provide a sufficient condition for fulfilling the equivalence between the
comonotonicity and x-associatedness of functions. For this reason, injective infimum
preserving functions are characterized. Using a similar method, involving supremum
and infimum preserving mappings, we also positively answer the second open problem
stated by Boczek and Kaluszka in [I] about the existence of a pair of binary operations
such that the generalized upper Sugeno integral equals the generalized lower Sugeno
integral for each measurable function and each monotone measure. All the necessary
notions and the corresponding result are included in Section

2. »-ASSOCIATEDNESS VERSUS COMONOTONICITY

This section deals with a detailed study of relationship between the two notions of
comonotonicity and %-associatedness mainly from an algebraic point of view. During the
way to provide a description of operations x for which x-associatedness implies comono-
tonicity we restate some basic observations from [I] from a more general (algebraic)
point of view.

2.1. Comonotonicity implies x-associatedness

We say that a binary operation x: Y2 — Y is <-monotone (or, order-preserving) if for
all a,b,c € Y the condition a < b implies axc < bxc and cxa < ¢*b. It is said to be
strictly monotone if a < b implies axc < bxcand cxa < c*bforany ce Y.
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For i = 1,2 let m;: Y2 — Y be the ith projection, i.e., 7 (z,y) =  and ma(z,y) =y
for all z,y € Y. A subset T C Y2 is said to be downward directed, if for any (x1,31) € T
and (z9,y2) € T there is (x,y) € T such that z < z1,z2 and y < y1,y2. Let us note,
that the notion of downward directnessﬂ can be defined in any partially ordered set.
From this point of view the introduced notion coincides with that on the direct product
Y XY of posets.

A binary operation x: Y2 — Y preserves downward directed infima if

inf {zx*xy}= inf x] % inf
(zyy)GT{ v} <zem (T) > (yEﬂz(T) y)
for any non-empty downward directed subset 7 C Y2. First we show the important

property concerning downward directed subsets of Y2. Hereafter, ¢, \, ¢ means that

lim ¢, = c and ¢, > c,41 for all n € N. Recall that in this case lim ¢, = inf c,.
n—oo n—o00 neN

Lemma 2.1. Let T C Y? be a downward directed subset and a = infm(T), b =
inf mo(T). Then there is a sequence {(an,b,) : n € N} C T such that a, \, a and

by \ b.

Proof. Asa = infm(T), there is a), \, a such that a,, € m1(T) for all n € N. Note
that such a sequence can be found inductively, e.g., we choose a} € m(T) arbitrarily,
and for n > 1 we put a;,,; = min{a;,,c, }, where ¢, € m(T) satisfies a < ¢, <a+27".
Similarly one can find b)) N\, b with b)) € mo(T) for all n € N, thus we have two sequences
{(al,,b},) :n €N} CT and {(a]],b)) :n e N} CT.

Using these two sequences we define a sequence (ay, b,) inductively as follows: choose
(a1,b1) € T arbitrarily, and for n > 1 we put (an41,bn4+1) € T an element satisfying
an+1 < min{an,a,,ar} and byy1 < min{b,,b),b'}. Note that the existence of such a

pair follows from the fact that T is a downward directed subset of Y2. O

Given a binary operation on Y2, the infimum preservation of downward directed sets
represents an algebraic property commonly used in the theory of partially ordered sets.
We provide a characterization of such property also in terms of mathematical analysis.
Recall that a binary operation  : Y2 — Y is right-continuous if nh_)rlgo (an *xby) =axb

for all a,,b,,a,b €Y such that a,, \,a and b, \ 0.

Lemma 2.2. A binary operation x: Y2 — Y preserves downward directed infima if and
only if it is right-continuous and monotone.

Proof. Assume that * preserves downward directed infima. If a1 < as and by < bo,
then the set {(a1,b1), (a2,b2)} is downward directed, hence

inf{a1 * bl, ag * b2} = inf{al, ag} * inf{bl, bg} = ai * bl,

i.e., ai *bl S (lg*bg.

2non-empty subset D C P of a partially ordered set P is said to be downward directed if for any two

elements x,y € D there is z € D satisfying z <z and z < y.
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If a, \( @ and b, \, b, then the set T' = {(an,b,) : n € N} is a downward directed
subset of Y2. As x is monotone, the sequence (a,,  b,)%%, is non-increasing and we
obtain

lim (a, *b,) = inf {a, xb,} = (inf an> * (inf bn> = lim a, * lim b,,
n— 00 neN neN neN n— 00 n—oo

thus the operation « is right-continuous.

Conversely, we assume that 7' C Y? is downward directed, denote a = inf m(T)
and b = inf mo(T). According to Lemma there are a,, \, @ and b,, \, b such that
{(an,by) :n € N} CT. As  is monotone, we have axb < zxy for all (z,y) € T. Hence

b< inf < inf {a, * by},
GOS etV S Jlen xbn}

where the second inequality follows from {(an,b,) : n € N} C T. Consequently we
obtain

axb < inf {xxy} < inf{a,xb,} = lim (a,*xb,) = axb = inf z)x inf .
7(z,y)eT{ y}ineN{ } n—><>o( ) (xEm(T) ) (yem(T)y)

Hence the right-continuity and monotonicity imply that x preserves downward directed
infima. O

Using this characterization we now prove that x-associatedness is a necessary con-
dition for comonotonicity for any binary operation x : Y2 — Y preserving downward
directed infima. For a measurable space (X,.A) we denote by .7-"(’;(, 4y the set of all
A-measurable functions f: X — Y. We also use the notation

Cix,a) = {(f, 9):f,9¢€ ]:();(,A) are comonotone

Clx ) = {(f, g9): f,g¢€ f&’A) are*—associated}.

)

Theorem 2.3. Let x: Y2 — Y be a binary operation. Then the following assertions
are equivalent:

(i) Cix,4) € Cx 4) for any measurable space (X, A);

(ii) the operation * preserves downward directed infima.
Proof. (i)=(ii) First we show that x is monotone. For this consider the two-element
space X = {1,2} with A = P(X), i.e., all subsets being measurable. For any elements
a,b,c € Y such that a < b the functions f,g: X — Y (given as vectors) f = (a,b) and

g = (c,c) are comonotone. Since C(x, 4y € C(x,) for any measurable space (X, A), the
functions f, g are also x-associated, and particularly for the set X from we obtain

inf{a x ¢,bxc} = inf{a, b} xinf{c,c} = a*c,

which yields a x ¢ < b* c. The inequality cxa < ¢* b can be proved analogously. Thus,
* is a monotone binary operation.
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Further consider the space N with A = P(N). For any a, \, a and b, N\ b, the
functions f,g: N — Y given by f(n) = a, and g(n) = b, for all n € N are comonotone.
Consequently, since x is monotone, we obtain

nl;rr;o ap, % by, = égg{a"*b7L} = <;r€11fwan) * <71LI€1£Ibn> =axb,

which shows that x is right-continuous. Thus, by Lemma the binary operation x
preserves downward directed infima.

(ii)=(i) Suppose that f,g: X — Y are comonotone and A € A is non-empty. Then
the set of pairs {(f(z),g(x)) : * € A} forms a chain in Y2, i.e., for any two elements

(f(x),9(x)), (f(y),9(y)) with z,y € A, we have at once f(z) < f(y) and g(z) < g(y), or
f(y) < f(x) and g(y) < g(z), respectively. Since * preserves downward directed infima,

we get

Inf {f(z) x g(2)} = inf f(z)* inf g(z),

which yields that f, g are x-associated. O

Note that Theorem gives a full explanation for [I, Example 2.3] providing a
characterization of inclusion C(x 4y C CE‘X A) for any measurable space (X,.A) in terms
of properties of *.

2.2. x-associatedness implies comonotonicity

Now we show that each strictly monotone binary operation is a good candidate for
solving the open problem.

Theorem 2.4. Let x: Y2 — Y be a strictly monotone binary operation. Then C(*X a €
C(x,4) for any measurable space (X, .A).

Proof. If (X,.A) is a trivial measurable space, i.e., it admits only constant measurable
functions, then any pair of measurable functions is comonotone as well as x-associated,
thus the assertion is valid.

Further assume that (X,.A) is non-trivial. We show that if f,g € ]-'(YX7 A) are not
comonotone, then f, g are not x-associated. Indeed, let z,y € X be elements satisfying
(f(z) = f(y)) - (9(x) = g(y)) < 0. Put ay = f(z), az = f(y), b1 = g(x), bz = g(y) and
Al = f_l(al), As = f_l(ag), B, = g_l(bl), By = g_l(bg). Then A; N B; € A and
Ay N By € A are non-empty disjoint subsets and for the values of the function f, and g
respectively, on the set A = (A1 N By) U (A2 N By) we obtain:

ai, ifZEAl ﬂBh
f(z) = .
as, if z € Ay N Bsy,

bl, iszAlﬁBl,
9(z) = .
bo, if z € Ao N Bs.
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Since (a1 — az) - (by — b2) < 0, we may assume without loss of generality that a; > as
and b; < by. From this assumption we obtain

zlrelg{f(z) *g(2)} = inf{as * by, as *ba}

and
erelgf(z) *zlggg(z) = ag x by.

However, the strict monotonicity of x implies that asxb; < a1%xb; as well as asxb; < ag*ba,
which yields

leelgf(z) *erelgg(z) =agx by <inf{a; xby,as by} = Zlgg{f(z) *g(2)},

i.e., the functions f and g are not x-associated. a

Example 2.5. Typical examples of operations x fitting Theorem [2.4] are strict pseudo-
additions @ on Y = [0, +o0], see e. g. [I2]. In that case there exists an increasing bijection
g : [0,400] — [0, 4+00] such that

zoy=g"(9(z)+g()).

For example, with an arbitrary p € (0,400) the operation @, given by = @,y = («? +
yP)/P is appropriate. Also the operation (x + €) - (x 4 §) for €,§ > 0 is an example of
strictly monotone binary operation on Y = [0,400). If Y = [a,4+00) with a > 0, then
the standard product - is strictly monotone on Y as well.

Let us note that it is quite possible that also other than strictly monotone binary
operations * satisfy the condition CE‘X a4 € C(x,a) for any measurable space (X,A).
However, currently we are not able to give an example of such operation.

Remark 2.6. If (X, .A) is a nontrivial measurable space and x: Y2 — Y is a binary
operation with an annihilator element, i.e., there is an element ¢ € Y such that cxa =
a*c = cfor all a € Y, then there is a pair of functions which are x-associated, but not
comonotone. Indeed, let ¢ be an annihilator element and ) # A C X be a measurable

subset. Put
c, ifx e A,
f(z) = .
c+1, ifxe X\ A,

c+1, ifxeA,
glx) =4 .
c, ifxe X\ A

Obviously, f and g are not comonotone, whereas it can be easily seen that f and g are
x-associated. Note that [, Example 2.5] is a special case of this observation. From this
viewpoint, the triangular normsﬂ cannot be used as operations x on [0, 1] in order to get
the equivalence between comonotonicity and x-associatedness.

3a function T : [0,1]2 — [0,1] is a triangular norm if and only if the triple ([0,1],7T, <) is a fully
ordered commutative semigroup with neutral element 1 and annihilator 0, see [8]



274 O. HUTNIK AND J. POCS

Summarizing the results of this section we get the solution to Open problem 1: there
are many non-trivial binary operations x on Y such that comonotonicity is equivalent
to x-associatedness on each measurable space (X,.A). More precisely, combining Theo-
rem 2.3] and Theorem 2.4] we conclude

Theorem 2.7. Let x: Y2 — Y be a strictly monotone right-continuous binary opera-
tion. Then C(*X A= C(x,4) for any measurable space (X, .A).

2.3. x-associatedness-comonotonicity preserving operations

Now we provide a sufficient condition for fulfilling the property of equivalence between
the comonotonicity and x-associatedness. We say that a binary operation x: Y2 — Y
fulfills the property (E) if

(E) C(x,4) = C(x,4) for any measurable space (X, A).

In the previous subsection we have shown that any strictly monotone and right con-
tinuous operation on Y fulfills the property (E). In what follows we prove that this
property is ”hereditary” in some sense. First we recall that a function ¢ is infimum
preserving if

v <inf t) = inf{p(t)}

teT teT

forany 0 £#T CY.

Theorem 2.8. Let x: Y2 — Y be a binary operation satisfying the property (E) and
@:Y — Y be an injective infimum preserving function. Then the binary operation ¢
given by

zoy :=gp(xxy), x,y€Y, (2)

fulfills the property (E).

Proof. Let (X,.A) be a measurable space and f, g € f&,A)‘ Assume that f and g are
comonotone. Then for any non-empty measurable subset A C X, the x-associatedness
of f and g yields

Inf {f(z) x g(2)} = inf f(z)* inf g(z).

Consequently,
inf (09} = int {o(7(0) * 90D} = ¢  f (1) ()

— ¢ (1nf 7(0) iut 9()) = it 7(0) o iut g(0)

hence, f and g are ¢-associated.
Conversely, suppose that f and g are not comonotone. Then

Inf {f(z) x g(2)} # inf f(x) x inf g(2),
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for some non-empty A € A. Since ¢ is injective, we obtain

z€A

int o) = p (101,170 = a(o)} ) # 0 (inf 7o) inf 0(0)) = inf F(0) o Inf o),
i.e., f and g are not ¢-associated. O

Observe that if an operation * is right-continuous and strictly monotone, then the
operation ¢ in , determined by an injective infimum preserving function ¢, has the
same properties as the former one. However, if there is an operation, which violates
the assumptions of Theorem but fulfills the condition (E), using the described con-
struction one may obtain a lot of new operations (parametrized by infimum preserving
functions) violating the mentioned assumptions and fulfilling (E). From this point of
view, the method described in Theorem [2.8] can be seen as a fundamental process of
generating new operations satisfying (E) and having certain properties invariant with
respect to infimum preserving functions.

Since infimum preserving functions on a set Y play an important role in Theorem [2.8
we can give their easy algebraic-analytic characterization. The proof is very similar to
the proof of Lemma [2.2] and therefore we omit it.

Theorem 2.9. A function ¢: Y — Y is infimum preserving if and only if it is order-
preserving and right-continuous.

Remark 2.10. Note that an analogous version of Theorem [2.9] holds for supremum
preserving functions: a function preserves existing suprema if and only if it is order-
preserving and left-continuous. Hence, functions which preserve existing suprema and
infima are precisely order-preserving continuous functions. We use this characterization
in the next section.

3. ON GENERALIZED UPPER AND LOWER SUGENO INTEGRAL

In this section we use the results in the context of non-additive integrals. We continue
considering a measurable space (X,.4). A monotone measure on A is a non-decreasing
set function g : A — [0, +00] with (@) = 0. We also put p(A) = {u(A) : A € A}. The
generalized upper Sugeno integral of a measurable function f: X — Y onaset D € A
with respect to a monotone measure p and a non-decreasing operation o : Y x p(A) —
[0, 4+00] is defined as

/ fdp=sup{top(DN{f =1t})}.
o,D tey

Here {f >t} = {z € X : f(x) >t} is the weak upper level set of f for the level ¢t € Y.
Note that for comonotone functions f, g € ]:();(, 4) on D and for any level ¢t € Y we have
cither (DN {f > 1}) € (DN {g >t} or (DN {g>1}) C (DN{S = 1}).

On the other hand, the generalized lower Sugeno integral of a measurable function
f: X =Y onaset D e A with respect to a monotone measure ;1 and a non-decreasing
operation ¢ : Y x u(A) — [0, +o0] is defined as

]£ = mitouDO(S > 1)
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where {f >t} = {z € X : f(x) > t} is the strict upper level set of f for the level t € Y.
It is well-known that for any ¥ = [0, m] C [0, +00] and a pair (min, max) the generalized
upper and lower integrals coincide with the Sugeno integra]El7 see e.g. [7]. Therefore,
Boczek and Kaluszka in [I] stated the following

OPEN PROBLEM 2: [s there any pair of operations (A, V) # (min, max) such that
fdu= fdu (3)
A,D v,D

for all measurable functions f: X — Y and all monotone measures pu?

Recently, in [2 Corollary 1] authors partially answer the problem in the negative for
the class of seminormed and semiconormed fuzzy integrals, see [11]. More precisely, the
equality with A= S (a semicopula) and Vv = S* (a dual semicopula) is satisfied for
all measurable functions f : X — [0,1] and all capacities {7|if and only if S = min and
S5* = max. Knowing that the equality holds for the Sugeno integral, i.e.,

(S) [ faps=sup min{t,p(DOV{F > )} = jof max{t.u(DO{F > D} (@)

we apply the idea of infima and suprema preserving functions to get the following positive
answer to the problem.

Theorem 3.1. Let ¢: [0,4+00] — [0, 400] be an order-preserving continuous function.
Then the pair (V, A) of operators V,A: Y x [0, +oc] — [0, +00], where

xVy = p(max{z,y}),
x Ay = @(min{z,y}), forallz €Y, y € [0, +o0],

fulfills the equality for all measurable functions and all monotone measures.
Proof. According to Remark the function ¢ preserves existing suprema and
infima of non-empty subsets, i.e., ¢(supT) = sup ¢(T') and (inf T') = inf p(T') for any
() £ T C [0, +00]. Hence, using these equalities and we obtain

][v Fau= T u(D O > 1)} = inf e (max{t.u(DN{S > 1h))
=g (gg)f; max{t,u(DN{f > t}}) = (?&B min{t, u(DN{f > t}})
= fgypw(min{tu(D n{f=th}) = sup{t & u(D N {f > 1})}
= Jdu,

A,D

which completes the proof. O

4it is enough to realize that in both formulas the value of the Sugeno integral (Su) fD f du is obtained
by the intersection point of the decumulative function p(D N {f > ¢}) and the diagonal, no matter
whether > or > is taken

5capacity is a normalized monotone measure pu, i.e., u(X) =1
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Remark 3.2. Due to the fact that the mapping ¢ is suprema and infima preserving,
the following can easily be seen

= i p(max{t.u(D LS > ) = jnf (max{ielt). oD O S > D)D)

Indeed, it means that f fdp is the Sugeno integral of ¢ o f with respect to ¢ o p.
Similarly, using the dual expresswn for the Sugeno integrals, we obtain the equality

/A,Dfd”:@“)/D(@Of)d(wou).

Theorem provides an easy way how to generate pairs of operators for which the
equality holds for all measurable functions and all monotone measures. However,
we do not have any example of operations, which are not generated by a continuous
suprema and infima preserving function from the operations max and min respectively,
but the generalized upper and lower Sugeno integrals coincide. As a consequence, a
characterization of all the pairs of operations (A, V) on Y for which the equality

/A,Dfdu=][v7Dfdu

is fulfilled for all measurable functions f : X — Y and all monotone measures p is still
unknown to us.
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