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1. INTRODUCTION

The Riemann integral is perhaps the most widely known integral. It is the first
integral learned in elementary calculus. However, this integral has several limitations
and the class of Riemann-integrable functions is quite limited. One of the attempts
to solve some of the limitations of the Riemann integral was done by Henri Lebesgue
(1875-1941). He formulated the Lebesgue integral which turns out to be the cor-
rect one for almost all uses and is the one used almost exclusively by professional
mathematicians, see [13]. However, the Lebesgue integral is technically involved es-
pecially for non-mathematicians and requires an extensive study of measure theory.
The Henstock integral, which was studied independently by Henstock and Kurzweil
in the 1950s and later known as the Henstock-Kurzweil integral, is one of the no-
table integrals that were introduced which in some sense is more general than the
Lebesgue integral. Since then, Henstock-Kurzweil integration has been deeply stud-
ied and investigated by numerous authors (see [8], [10], [11], [12], [13], [14]). The
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Henstock-Kurzweil integral is a Riemann-type definition of integral which is more
explicit and minimizes the technicalities in the classical approach of the Lebesgue
integral. This approach to integration is known as the generalized Riemann approach
or Henstock approach.

In stochastic calculus, it is impossible to define stochastic integrals using the Rie-
mann approach since the integrators have paths of unbounded variation and inte-
grands are highly oscillatory, see [22]. The most common integrator is the Brownian
motion. For the same reason, it is not even possible to define the stochastic integral
as a Riemann-Stieltjes integral (see [16]). In the classical approach to stochastic
integration, the stochastic integral of an adapted stochastic process is obtained from
the mean square limit of stochastic integrals for simple processes. This approach is
similar to defining the Lebesgue integral of a measurable function. Hence, to give a
more explicit definition and reduce the technicalities in the classical way of defining
the stochastic integral, Henstock approach to stochastic integration had already been
studied in several papers (see [2], [15], [18], [22], [23]).

The concept of stochastic integral has been extended to infinite-dimensional
spaces, mainly Hilbert and Banach spaces (see [4], [6], [19]). The stochastic integral
in Hilbert spaces is presented in a manner similar to the real-valued case. The
integrand is an operator-valued stochastic process and the integrator is a -Wiener
process, a Hilbert space-valued Wiener process which is dependent on a symmetric
nonnegative definite trace class operator ). However, there seems to be no unify-
ing treatment of stochastic integration in a general Banach space. In [21], Riedle
introduced a stochastic integral with respect to cylindrical Wiener processes and
asserts that this definition is a straightforward extension of the real-valued situation
which results in simple conditions on the integrand. The strength in defining this
stochastic integral is that there is no need to put any geometric constraints on the
Banach space being considered.

One of the highlights in stochastic calculus after defining the stochastic integral
is the formulation of Ité’s formula. This formula is named after the Japanese ma-
thematician Kiyosi It6 and is considered as the stochastic counterpart of the classical
chain rule of differentiation. In 1973, Black and Scholes used It6 formula to find the
price of an option. Different versions and extensions of It6’s formula in Hilbert spaces
can be found in literature (see [3], [4], [6], [19], [24]).

In this paper, we define the It6-Henstock integral of an operator-valued stochastic
process with respect to a Hilbert space-valued Q-Wiener process. We also formulate
a version of Itd’s formula. We do not claim here that the It6-Henstock integral is
equivalent to the classical stochastic integral in Hilbert spaces (see [4]). However,
this will serve as a starting point in giving an alternative definition of stochastic
integrals in infinite-dimensional spaces using Henstock approach.
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2. PRELIMINARIES

Throughout this paper, let (2, 7, P) be a probability space equipped with a se-
quence {F;: 0 < t < T} of o-subfields of F such that 7; C F and F;, C Fy, for
t1 < to, called a filtration. A probability space together with {F;: 0 < t < T}, or
simply {F:}, is called a filtered probability space and is denoted by (2, F,{F:}, P).

Let H be a separable Banach space and B(H) be the Borel o-field of H, i.e., the
smallest o-field containing all closed (or open) subsets of H. A mapping h: Q — H
such that {w € Q: h(w) € A} € F for every A € B(H) is called a measurable mapping
or a random variable. In this case, h is said to be F-measurable. Given a random
variable h: Q — H, consider L(h) defined by L(h)(A) = P{w € Q: h(w) € A}) for
all A € B(H). The probability measure L(h) on (H,B(H)) is called the probability
distribution or the law of h (see [4], page 18).

A stochastic process, or simply a process, on [0,T] is a mapping f: [0,T]xQ — H
such that f(t,-): @ — H is a random variable for every ¢t € [0,T]. More often, we
ignore the dependence of f on w and write f; for f(¢,w). The process f is usually
denoted by {fi}o<i<r- A process f: [0,T] x Q@ — H is said to be adapted to {F,}
if f; is Fy-measurable for all ¢ € [0,7]. When no confusion arises, we may refer to a
process adapted to {F;} as simply an adapted process.

Let (U, ||-||v) and (V, ||||u) be separable Hilbert spaces with respective inner pro-
ducts (-, ")y and (-, -)y. Denote by L(U, V') the space of all bounded linear operators

Q: U — V equipped with the norm ||Q||w,v) = sup  ||Q(u)|lv. For conve-
wel, |lullu=1

nience, we shall write Qu for Q(u) and L(U) for L(U,U). Denote by L*(Q, V) the
space of all square-integrable random variables g: 2 — V equipped with the norm

Il = / lg(@)II% dP(w).

The adjoint or dual Q* of an operator Q) € L(U) is the unique map Q* € L(U) such
that (Q*u, v )y = (u, Qu’)y for all u,u’ € U. An operator Q € L(U) is said to be
self-adjoint or symmetric if for all u,uv’ € U, (Qu, ')y = (u, Qu')y and is said to be
nonnegative definite if for every u € U, (Qu,u)y = 0. If @ € L(U) is nonnegative
definite, by the square-root lemma (see [20], page 196) there exists a unique operator
S € L(U) such that S is nonnegative definite and S? = Q). The operator S is denoted
by Q/2.

Let {e;}72,, or simply {e;}, be an orthonormal basis in U. If Q € L(U) is
nonnegative definite, then we define the trace of @@ by

rQ="> (Qej,e;)u.

J=1
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It is shown in [20], page 206, that tr @) is well-defined and independent of the choice
of orthonormal basis. An operator Q: U — U is said to be trace-class if tr[Q] :=
tr(QQ*)Y/? < co. Denote by L;(U) the class of all trace-class operators on U. It is
known from [20], page 209, that L;(U) equipped with the norm ||Q|; = tr[Q] is a
Banach space. If Q € L(U) is a symmetric nonnegative definite trace-class operator,
then there exists an orthonormal basis {e;} C U and a sequence of positive real
numbers {\;} such that
er = )\jej VjeN

and \; — 0 as j — oo, see [20], page 203. We shall call the sequence of pairs {}\;,e;}
an eigensequence defined by Q.

Let @Q: U — U be either a symmetric nonnegative definite trace-class operator or
Q@ = 1y, where 1y is the identity operator on U. If @) is a trace-class operator, let
{Aj,e;} be an eigensequence defined by Q). Then the subspace Ug := QY2U of U
equipped with the inner product
1
(u,v)vg =) 1w eiu (v, ei)u

j=1

~

is a separable Hilbert space with {,/);e;} as its orthonormal basis (see [4], page 90,
and [6], page 23).

Let {f;} be an orthonormal basis in Ug. An operator S € L(Ug, V) is said to be
Hilbert-Schmidt if

oo

STUSHIE =D (SFi.Sfiv < .
j=1

j=1

Denote by Lo(Ug, V') the class of all Hilbert-Schmidt operators from Ug to V. It
is known from [19], page 112, that Ly(Ug, V) is a separable Hilbert space equipped
with the norm

15| La(uo, vy =

SIS £l
j=1

The Hilbert-Schmidt operator S € La(Ug, V) and the norm ||S||z,,,v) are inde-
pendent of the choice of the orthonormal basis (see [4], page 418 and [19], page 111).
It is shown in [6], page 25, that L(U, V) is properly contained in Lq(Ug, V).

A real-valued random variable X: Q — R is called normal or Gaussian, with
mean m and variance o2, if its density function is given by

1

oV 2n

(x —m)?
202

f@) = —=exp(~ ), wewr
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In this case, the probability distribution of X is called a Gaussian distribution and
we write £(X) ~ N (m,a?).

Let X be a real-valued random variable defined on a probability space (2, F, P).
The expected value of X, denoted by E[X], is defined as the Lebesgue integral

E[X] = /QX(w)dIP.

Let U be a separable Hilbert space and @: U — U be a symmetric nonnegative
definite trace-class operator. Assume that X: U — L?(£2, R) satisfies the following
conditions:
(i) X is linear on U;
(i) for every u € U, X(u) is a real-valued Gaussian random variable with mean
zero;

(iii) for all u, v’ € U, E[X (u)X(u)] = (Qu,u/)y.

By Kolmogorov’s two series theorem, see [25], page 46, there exists a random variable
X: Q — U such that

(2.1) X(u)(w) = (X(w),u)y P-almost surely (abbrev.as P-a.s.).

We call X a U-valued Gaussian random variable with covariance Q. We remark that
if @ is not assumed to be a symmetric nonnegative definite trace-class operator, then
by the Strong law of large numbers, see [7], page 489, it is not always true that there
exists a random variable X : Q — U satisfying (2.1). A U-valued process {Y: }o<i<r
defined on a probability space (£, F,P) is called Gaussian if for any n € N and
0<ty,ta, .., tn <T, (Ye,,Ys,,...,Y:, ) is a U"-valued Gaussian random variable.
Let B = {B:}o<i<T be an adapted real-valued process. Then B is called a Brow-
nian motion or real-valued Wiener process if the following properties are satisfied:

(i) B(0,w) =0 for all w € €
(if) for 0 < s < t < T, the increment B; — B, is Gaussian with £(B; — B) ~
N(0,t — s);
(iii) for 0 < s <t < T, By — By is independent of Fg;
(iv) B(-,w): [0,T] — R is continuous for almost all w € .

The next defintion extends the concept of a Brownian motion to a Hilbert space-
valued Wiener process.

Definition 2.1 ([6]). Let U be a separable Hilbert space, Q: U — U be a
symmetric nonnegative definite trace-class operator, {)A;,e;} be an eigensequence
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defined by @, and {B,} be a sequence of independent Brownian motions defined on
a filtered probability space (2, F,{F:},P). The process

(2.2) W, = i VA Bj(t)e;

is called a Q-Wiener process in U.

We note that the series (2.2) converges in L?(Q2,U). For each u € U, denote
Wi(u) = /A B;(t){ej, uu,
j=1

with the series converging in L?(£2,R). Similarly, it is not always true that there
exists a U-valued process W such that

(2.3) Wi (u)(w) = (Wi(w),u)y P-as.

However, given a symmetric nonnegative definite trace-class operator @, a U-valued
process satisfying (2.3) can be defined. We call the process W a U-valued Q-Wiener
process. When no confusion arises, we may write W (u)(w) instead of (W (t,w), u)y.
It should be noted that W;(e;)/\/Aj, j = 1,2,..., is a sequence of real-valued
Brownian motions defined on a filtered probability space (Q,F,{F:},P) (see [4],
page 87).

The next theorem enumerates some of the properties of a U-valued Q-Wiener
process.

Theorem 2.2 ([6]). A U-valued Q-Wiener process W = {W, }o<i<r has the follo-
wing properties:
(i) For each w € Q, W(0,w) = Oy, where Oy is the additive identity in U.
(ii) W has P-a.s. continuous trajectories, i.e.,

W(-,w): [0,T] — U is continuous for almost all w € €.

(iii) W is a Gaussian process with covariance operator @, i.e., for any u,u’ € U and
0<s,t<T,
E[Wi(u)Ws(u)] = (£ A s){Qu,u')u-

(iv) W has independent increments, i.e., for 0 < t1 < to < ... < t, < T, n €N,
U-valued random variables

thv Wtz - th Wts - Wtza SERE) th - th—l
are independent.
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(v) For an arbitrary u € U, the law
LWy = We)(u)) ~ N0, (t = $){Qu, u)v)
holds.

Next, we define a (Q-Wiener process with respect to a filtration.
A filtration {F;} on a probability space (£, F,P) is called normal if
(i) Fo contains all elements A € F such that P(A) = 0, and
(il) Fir = Feq := () Fs for all t € [0, T].
s>t

A @Q-Wiener process Wy, t € [0,T] is called a Q-Wiener process with respect to a
filtration if

(i) Wy is adapted to {F:}, t € [0,T] and

(ii) Wy — Wy is independent of F; for all 0 < s <t < T
It is shown in [19], page 16, that any U-valued QQ-Wiener process W (t), t € [0, 7],
is a Q-Wiener process with respect to a normal filtration. From now onwards, a
filtered probability space (2, F,{F:},P) shall mean a probability space equipped
with a normal filtration.

3. ITO-HENSTOCK INTEGRAL

In [2], Chew et al. introduced the Ito-Henstock integral of a real-valued process
with respect to a Brownian motion. We shall use the same definition of belated
partial division employed by the authors in [2] to define the Itd-Henstock integral of
an L(U,V)-valued stochastic process with respect to a U-valued Q-Wiener process.

Definition 3.1 ([2]). Let ¢ be a positive function on [0,T7]. A finite collection D
of interval-point pairs {((&,v:], &)}, is a d-fine belated partial division of [0, T] if
(1) (&,vi],i=1,2,...,n, are disjoint left-open subintervals of [0, T]; and

(ii) each (&;,v;] is d-fine belated, that is, (&;,v;] C [&, & + 0(&;)).

The term partial is used in Definition 3.1 since the finite collection of disjoint left-
open subintervals of [0,7] may not cover the entire interval [0,7]. Using the Vitali
covering lemma, the following concept can be defined.

Definition 3.2 ([2]). Given n > 0, a given J-fine belated partial division D =
{((&,v],€)} is said to be a (8, n)-fine belated partial division of [0, T if it fails to cover
[0,T] by at most length 7, that is,

T- ()Y w-9)| <n.
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This type of partial division is the basis to which we define the It6-Henstock
integral.

Throughout the following discussions, assume that U and V' are separable Hilberts
spaces, @Q: U — U is a symmetric nonnegative definite trace-class operator, {);,e;}
is an eigensequence defined by @, and W is a U-valued QQ-Wiener process.

Definition 3.3. Let f: [0,T7]xQ — L(U,V) be an adapted process on a filtered
probability space (2, F,{F:},P). Then f is said to be I[to-Henstock integrable, or
TH-integrable, on [0, 7] with respect to W if there exists A € L?(2,V) such that
for every € > 0, there is a positive function ¢ on [0,7] and a positive number 7 > 0
such that for any (d,n)-fine belated partial division D = {((&,vi], &)}, of [0,T],
we have

[E[||S(faD557 77) - A”%/] <e

where

S(f,D,6,m) = (D)) fe(W, — We) : Zfs, Wo, = We,).

In this case, f is ZH-integrable to A on [0,7] and A is called the ZH-integral of f
which will be denoted by (ZH) [ f, dW, or (ZH) [, fdW.

Before giving an example of an ZH-integrable process, we need to present
Lemma 3.5 and Lemma 3.6 first. To prove these two lemmas, we shall use the
following proposition.

Proposition 3.4 ([19]). Let (E1,&1) and (E2,&2) be two measurable spaces and
U: F; x Es — R be a bounded measurable function. Let X; and X5 be two random
variables on a probability space (2, F,P) with values in (E1,&1) and (Ez, &), re-
spectively, and let G C F be a fixed o-field. Assume that X1 is G-measurable and Xo
is independent of G. Then

E[¥(X1, X2)|G] = T(X1),

where U (z1) = E[U(z1, X2)], 21 € Ei.

When we speak of a subinterval of [0,7], we shall mean that the subinterval is
either a closed interval [£,v] or half-open interval (&, v].

Lemma 3.5. Let f: [0,7] x Q@ — L(U,V) be an adapted process on a filtered
probability space (2, F,{F},P) and {[&,v:|}?_, be a finite collection of disjoint
subintervals of [0,T]. Then

E [Z<f5i<wvi W) fe, (W, — We v | = 0.

1<j
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Proof. It is enough to show that
El{fe;(Wo, = We,), fe, Wy, = We,))y] =0 fori < j.
By Proposition 3.4,

E[(fE fes W, = We,), W, = We, )u | Fe,l(w)
= [E[<f§*J (w)ffi (w)(an (w) - Wfa‘, (w))a WUj - W§j>U]
hence
E[(fe, (W) fe: (@) (W, (w) = We, (w)), W, = Wej)u] =0,
since E[(Wy — W5, u)y] =0 for all w € U. Thus,

EK.fEaﬁ(Ww - Wfi)a ffj (ij - Wij»\/]
= E[E[(f¢, fe.(Wo, = We,), Wy, — We,)u|Fe, ] = 0.

This completes the proof. ([

Lemma 3.6. Let f: [0,7] x Q@ — L(U,V) be an adapted process on a filtered
probability space (2, F,{F},P) and {[&,v:|}?_, be a finite collection of disjoint
subintervals of [0,T]. Then

2
1=

| >

Z ffi (sz - WEL) [E[”fiz(WvL - Wiz)
i=1

vl

-

i=1

I
NE

(vi = &)E[|| fe,

2
L2(UQ,V)]'

<.
Il
i

Proof. By Lemma 3.5,

| >

n 2 n
Z f&(an - W&) V:| =E |:Z<f§7(WU1 - Wfi)a fEa(WUa - WEa‘,»V
=1

i=1

+ 22<.f€1‘,(WU1‘, - Wfi)a fﬁj (ij - ij)>V

i<y
n
= Z [E[HfEL(sz - WEL) %/]
i=1
Let Sy = > (fe, (Wy, — We,), b))%, where {;} is an orthonormal basis in V. Note
=1
that -
S =Y (fe (Wo, = We,),bi)3 := S as m — o0
=1
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and Sy (w) < Spm41(w) for all m € N. By the monotone convergence theorem, we

have
/ S(w)dP = lim S (w) dP,
Q m—o0 Q
so that
E LZ% (s, = We) bt | = fim LZ% (W, — We )b}
-1 =1

[E[<f§7 (W% - W&)a bl>%/]

N
Il
ah

o

E[E[(fe; (W, = We), bV | Fe]]

N
I
—

M

E[E[(Wo, = We,, fe.b) i1 Fe]l-

N
I
—

Using Proposition 3.4,
E[(Wo, = We,, f&,0051Fe ] (w) = E[Wo, — We,, fe, (@) bi)E]-
Since E[(W; — Wy, u)3] = (¢ — 5)(Qu, ) for all u € U,
E[(Wo, = We,, fe. (W) b)E] = (vi — &)(Q fe, (W) b, fe, (w) " br)ur-

It follows that

(31 E [Z<fg,-<wm W), b»%] = (01— E)ENQFE b 2 b0,
=1 =1

Let {\;,e;} be an eigensequence defined by (). Then

(3:2)  E[QfLbu, fEb)u —E[ZA ffbl,e]} [ifs;(\/yjej),b%]-

Thus, using (3.1) and (3.2), we have

n

E[Z(f&(Wv,; = We,), fe, (W, — We,)) ] =

i=1

i:: >[E[§:°jl<f&<ﬁjej>,bz>%}
[EE; ”.f&(\//\_jejﬂ%/]

EM: i M:

I
M:

(v; — §z‘)[E[Hf£7:H%2(UQ,V)]a

<.
Il
i

which completes the proof. ([
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Example 3.7. Let g:  — L(U,V) be arandom variable bounded in Ly (Ug, V),
that is, there exists M > 0 such that |[g(w)||L,w,,v) < M for all w € Q, and let
0: Q — L(U,V) be arandom variable such that for all w € €2, 6(w) is the zero opera-
tor in L(U, V), that is, §(w): U — V defined by §(w)(k) = Oy for all k € U, where 0y
is the additive identity of V. Let s € [0,T] be fixed. Let f: [0,T] x & — L(U,V)
be an adapted process on a filtered probability space (Q, F, {F:},P) such that for

te€0,7],
g ift=s,
fi=9, .
0 ift#s.
Then f is ZH-integrable to the zero random variable 6§ € L?(Q, V) on [0,T], i.e.,

T
(TH) / Jodw; =0,

where 0: @ — V is defined by 6(w) = 0y for all w € Q.
Proof. Given € > 0, choose §(¢) = 2eM~2 > 0 for all £ € [0,7]. Let D =

{((&,vi], &)}, be any J-fine belated partial division of [0,T]. If s # &; for all 4,
then we are done. Suppose that s = £; for some i. Then by Lemma 3.6,

| >

foL(sz - WEL) -0
=1

2 n
V} =S (0 - )ENN e B

i=1

o 2 _& a2
= (05 = Ellgl s < o M? <

The above inequality holds for any J-fine belated partial division of [0,7]. Hence,
it also holds for any (4, 7n)-fine belated partial division of [0,7]. Thus, f is ZH-
integrable to 6 on [0, T7. O

The following statements show that the Ito-Henstock integral posseses the stan-
dard properties of an integral. The proofs are analogous to the proofs in [12].

(1) The Ité-Henstock integral is uniquely determined, in the sense that if A; and A,
are two Ito-Henstock integrals of f in Definition 3.3, then ||A; — Az|[z2(0,v) = 0.
(2) Let o € R. If f and g are ZH-integrable on [0, T, then
(i) f+ g is ZH-integrable on [0, 7], and

T T T
(IH)/O (f+g)dW:(IH)/O de+(IH)/O gdIW:

(ii) af is TH-integrable on [0, 7], and

T

(IH)/O (af)dW:a(IH)/O FAW.
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(3) If f: [0,T] x @ — L(U,V) is TH-integrable on [0, c| and [c, T'] where ¢ € (0,7,
then f is ZH-integrable on [0,7] and

(IH)/OdeW:(IH)/OCde+(IH)/CdeW.

(4) If f: [0,T)xQ — L(U, V) is TH-integrable on [0, T], then f is also ZH-integrable
on every subinterval [c, d] of [0, T].

(5) A process f: [0,T] x Q — L(U,V) is TH-integrable on [0, T if and only if there
exist A € L?(Q,V), a decreasing sequence {d,,} of positive functions defined on
[0,7T], and a decreasing sequence of positive numbers {7,} such that for any
(On, nn)-fine belated partial division D,, of [0, 7], we have

Jim E[IS(f, D, bnsn) = Al = 0.

In this case,

T

(6) Cauchy criterion. A process f: [0,T] x Q — L(U,V) is TH-integrable on [0, T]
if and only if for every e > 0, there exist a positive function § on [0,7] and a
positive number 1 such that for any two (4, n)-fine belated partial divisions D
and D’ of [0, 7], we have

[E[||S(faD55777) _S(faDl755n)||%/] <Ee.

(7) Henstock lemma. Let f be TH-integrable on [0,T] and F(u,v) := (ZH) [ f; dW,
for any (uw,v] C [0,T]. Then for every ¢ > 0, there exist a positive function ¢
on [0,7T] and a positive number 7 such that for any (d,n)-fine belated partial
division D of [0,T], we have

2
| <

\%4

E [Hw) S e (W, — We) — F(6.0))
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4. ITO’S FORMULA

In this section, we present a version of Itd’s formula (for Q-Wiener process) which
involves the Ito6-Henstock integral. We begin defining the first and second Fréchet
derivatives, regulated mapping, primitive, and bilinear mapping. Refer to [1] and [5]
for more details.

Definition 4.1. Let K and H be Banach spaces, O be an open subset of K,
and xg be a particular point in K. A continuous linear operator g: K — H is called
the Fréchet derivative of a mapping f: O — H at xzq if

lig 1 @0+ ) — f(zo) — g(@) ||

=0.
r 0 lellx

(4.1)

The Fréchet derivative of f at xq is usually denoted by f’(xg) or Df(xp). A map-
ping f is called Fréchet differentiable on O if f'(xq) exists at every zg € O.

The following definitions describe a regulated mapping on a closed interval and
its primitive.

Definition 4.2. Let [a, b] be a closed interval of R and let H be a Banach space.
We say that a mapping f: [a,b] — H is a step function if there exists an increasing
finite sequence {z;}"_, of points in [a, b], where zg = a, 2, = b, and [ is constant in
each of the open intervals (z;,z;41), 0 <i<n—1.

Definition 4.3. Let f: [a,b] = H be a mapping and « € [a,b). We say that f

has a limit on the right or right limit if

flz+):= lim
y€la,b], y>x
y—z

exists. Similarly, given = € (a, b], we say that f has a limit on the left or left limit if

f(z=):= lim
y€la,b], y<wz
y—=z
exists.

Definition 4.4. A mapping f: [a,b] — H is said to be regulated if for all
t € [a,b], both the right and left limits f(¢t+) and f(t—) exist.

It was established in [5] that a mapping f: [a,b] — H is regulated if and only
if f is a limit of a uniformly convergent sequence of step functions. Moreover, a
continuous mapping is also regulated.
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Definition 4.5. Let H be a Banach space and let f: [a,b] — H be a mapping.
We say that a continuous mapping ¢: [a,b] — H is a primitive of f in [a,b] if there
exists a denumerable set D C [a,b] such that for all ¢t € [a,b] \ D, g is Fréchet
differentiable at t and ¢'(t) = f(t).

We remark that a primitive is not unique and if g; and g2 are two primitives of f
in [a, b], then g1 — g2 is constant in [a, b] (see [5], page 165).
Theorem 4.6 ([5]). Any regulated function f: [a,b] — H has a primitive in [a, b].

Definition 4.7. Let f: [a,b] — H be a regulated function and let g be a prim-
itive of f. The integral of f between o and B is defined by

B
/ f(B)dt = g() - g(a).

The definition of [ aﬁ f(t)dt is independent of the choice of the primitive (see [5],
page 166).

Definition 4.8. If f: K — H is Fréchet differentiable on an open set O C K
and the first Fréchet derivative f’ at z¢ € O is Fréchet differentiable at xg, then the
Fréchet derivative of f’ at x¢ is called the second Fréchet derivative of f at xy and is
denoted by f”(z¢) or D?f(z0). A mapping f is said to be twice Fréchet differentiable
on O if f"(x) exists at every zg € O.

Observe that if the second Fréchet derivative f”(xo) exists, then f”(zg) €
L(K,L(K,H)). If " exists at every point in O, then

/"t OC K — L(K,L(K,H)).

Definition 4.9. A mapping f: K x K — H is said to be a bilinear mapping if
it is linear in each of the two variables, that is, for any «, 8 € R,

flaxy + By, x2) = af (x1,x2) + B (2], 22)

and
[z, axg + Bah) = af (z1,22) + Bf (w1, x5).

A bilinear mapping f: K x K — H is said to be bounded or continuous if there
exists M > 0 such that

[f (1, w2) | < M|z ||k |22l

for all (z1,22) € K x K. The vector space of all continuous bilinear mappings
f+ K x K — H is denoted by L(K x K, H).
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It is known (see [17], page 64) that L(K x K, H) is a normed space with

Iflorexre.my = nf{M: |[f (21, 22) [ < M| |||z 5, (21, 22) € K x K}

Moreover, L(K,L(K,H)) = L(K x K,H) (see [17], page 65). Hence the second
Fréchet derivative f”/(zg), if it exists, is an element of L(K x K, H).

Theorem 4.10 ([5]). If f is twice Fréchet differentiable at x¢, then the bilinear
mapping f"(x¢) is symmetric, that is,

J (o) (z1,22) = f"(x0) (22, 21)
for all x1,z5 € K.

Next, we define a Hilbert-Schmidt bilinear mapping.

Lemma 4.11 ([1]). Let K and H be separable Hilbert spaces and f: K xK — H
be a bilinear mapping. If the series

e e)lE =Y (flej e, flej, e < oo

jil=1 jil=1

for the orthonormal basis {e;}, then

oo oo
js €l %{: (flej,er),b H* ||9 €j ||L2KH
lI.f(ej, el
jl=1 jlm=1

no matter what orthonormal bases {e;} C K and {b,} C H are chosen, where
g € Lo(K, Lo(K, H)) is defined by

(g(x1))(22) = f(w1,22) V1,22 € K.

Definition 4.12. A bilinear mapping f: K x K — H is said to be Hilbert-
Schmidt if

Z (ej,€1),bm)% < o0

7,l,m=1

for arbitrary orthonormal bases {e;} and {b,,} of K and H, respectively. The space
of all Hilbert-Schmidt bilinear mappings is denoted by Lo(K x K, H), which is a
normed space (see [1], page 294) with norm

Il 2o x i, ) = Z (€j,€1),bm)%.

7 l,m=1
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It is also known (see [1], page 294) that Lo(K, Lo(K, H)) = Lo(K x K, H).

Theorem 4.13 (Taylor’s formula [5]). Let K and H be Banach spaces, O be an
open subset of K, and f: O — H be twice continuously Fréchet differentiable. If
the segment joining x and x + h is in O, then we have

flx+h) = f(x)+ f(x)(h) +/O (1 —t)f"(x +th)(h, h)dt.

We note that in a normed space F, the segment joining two points a and b is
defined as the set of points a + ¢(b— a) with 0 <t < 1.

We next define the Riemann integral of a bounded Banach-valued function
on [0,7]. Note that the given closed interval [0,7] in the following definition
can be replaced with any closed interval [a, b].

Definition 4.14. Cousider a bounded function f: [0,7] — H, where H is a
Banach space. Let P: 0 =a; < by =ag <by =... <b, =T be a partition of [0, T].
Take a set of points T = {t;}_q, t; € [ai,b;). The Riemann sum of the function f
is defined by

n

S(faPaT) = Zf(t’t)(bt _ai)'

i=1
Call d(P) = max (b; — a;) the diameter of the partition P. As in the usual real-
<ign

valued case, we will say that f is Riemann integrable if the sums S(f, P, T) tend to
some limit when d(P) — 0. The limit is called the Riemann integral of the function f
and is denoted by (R) fOT f(t)dt or (R) fOT fde.

In Definition 4.14, the limit is taken in the sense that, for every € > 0, there exists
a positive number ¢ such that for any partition P with d(P) < 4,

HS(f, PT) = (R) /OT £(1) dtHH <e.

The Riemann integral is equivalent to the Henstock-Kurzweil integral provided
that the positive function § on [0,7] is a constant function. It also adopts the
standard properties of an integral in the real-valued case. The reader may refer
to [9] for the proof and discussions of the other properties.

We shall now derive a version of It6’s formula for the Ito6-Henstock integral.
Throughout the discussion, assume that U and V are separable Hilbert spaces and
{Aj,e;} is an eigensequence defined by a symmetric nonnegative definite trace class
operator () in Definition 2.1. We also introduce the following concept.
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Definition 4.15. A function f: [0,7] — R is said to be AC*[0,T] if for every
€ > 0, there exists a § > 0 such that for any finite collection D = {[{,v]} of disjoint
subintervals of [0, 7] with

(D)) (v=8) <3,
we have

(D) 1Ol -8 <e.

Next, we consider several lemmas involving limits of sums over full or partial

divisions.

Lemma 4.16. Let f: [0,T]xQ — L(U,V) be an TH-integrable process and sup-
pose that [E[HftH%Q(UQ,V)] is AC*[0,T)]. Givene > 0, there exist a positive function ¢
on [0,T] and a positive number 1 such that if D = {((§,v],£)} is a (0, n)-fine belated
partial division of [0, T], then

2
| <=

T
[E[HS(f,Du D%5.0) — @) [ feaws
1%

where {(&,v]: ((§,v],€) € D} is the collection of all subintervals of [0, T] which are
not included in the set {(&,v]: ((§,v],€) € D}, and

S(f,DUDC,8,n) :=(DUD)Y_ fe(W, — W).

Proof. Let ¢ > 0 be given. Then there exist a positive function § on [0, 7]
and a positive number 7, such that for any (4, n;)-fine belated partial division D; =

{((g)v 7§)} Of 071 9 we lla:\/e
<

Since [E[||ft||2L2(UQ vyl is AC*[0,T7], then for the given ¢, there exists 72 > 0 such
that for any collection of disjoint subintervals Dy = {((£,v],€)} of [0,7] with

(D2)°> (v =€) < 12, we have

(D2)* Z [E[Hsz%Z(UQ,V)](U —§) <

T
E [HS(ﬁDh& m) — (IH)/ JidW;
0

= M

W | o

Let n = min{n,n2}. Then for any (4, n)-fine belated partial division D = {((&,v], &)}
of [0,T], we have
2
] <
1%

=~ ™

T
[E[HS(f,D,(S,n)—(IH)/O £ AW,
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Moreover, it follows that
DY (=& <n<m,
hence by Lemma 3.6,
€
| = 0 S Ellfel o -9 < 5

2
14

[E[H(DC)Zfs(Wv - We)

Thus, we have

]

} 2 |09 Y getw, - i)

T
E[HS(ﬂDuDC,M) —m [ paw
0

T 2
<oF H’S(f,D,& 0 — (TH) / fodw; } <e.
0 1%

1%
This completes the proof of the lemma. O
Lemma 4.17. Let f: [0,T] xQ — L(U x U, V) be an adapted process such that

ft(w) is symmetric, [E[||ft||2L2(UQxUQ,V)] is bounded on [0, T] and M, := 3\, fi(ej, ;)
j=1

is Riemann integrable on [0,T]. Then for any partition P = {[&;,v;]}7, of [0,T]

[EH’(P)ZfE(WU W Wy — We) - (R) /OT aar]|

]—>0
1%

as d(P) = 1rélza<xn(vi — &) —0.

Proof. Let (WU—Wg)(Q) = (W, —We, W,—We). Since M, is Riemann integrable
on [0,T7,

2

ef| e -o - [

]—)0 as d(P) — 0.
v

Hence, it is enough to show that

2

E H’(p) D SeWy = We)® — Me(v - €)}

]—)0 as d(P) — 0.
1%
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Observe that

)

(E[(fe; (W, = We,)®), fe, (W, = We, )]

[H S = Wo)® — Me(o — €))

M:

i=1

— 2E[(fe,(Wo, — We,)®), Me, (vi — &))v] + E[(M, (v; — &), Me, (v — &))v])
+22( [(fee(Wa, = We )P, fe,(Wa, = We,)P)v]

— Elfe (W, — We ) Me, (1 — €] — E[(Me, (41 — &), fe, (W, — We, )@
+ E[(Me, (vi — &), Mg, (vp — &))v])-

Then consider the following claims.
Claim 1:

E[(fe: (Wo, — We, )@, fe,(Wa, — We,) )y
= 2(vi — &) E[ fe 70 (v xvo.v)) + (vi — &) E[(Me,, Mg, )v].
E[(fe: (Wo, — W)@, fe,(Wa, — We,)P)y/]

= Z E[(fe, (e),€5), fe, (eqr e))VE[(Wo, — We,, €)1 | Fe,]

+ Y E[fe(es e, fe, (e e ) VE[(Wa, — We,, €08 (Wa, — We,, e) 5| Fe,]
+ Z [E[<f§1 (ejv el), f§i (€1, ej)>V[E[<in - W§i76j>2U<in - W§i7el>2U|fEi]]

=l i=5’
J#l

+ Z [E[<f§1 (ejv ej)a fii (ejlvej'»V[EKin - W§i76j>2U<in - Wfivej'>2U|]:§i]]'
Since (W, e;)u/+/A; is a Brownian motion,
W, — W&%?U)T a2 [<<Wv - W&a€j>U>2} o
[E[( vy =3w—-¢° and E vy =v—¢.
Hence,
E[(fe,(Wo, = We)®), fe. (Wa, = We,)P)v]
= 2(vi — &) Elllfe oo xvgv)] + (vi — &) E[(Me,, Me,)v].

This proves the first claim.
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Similarly, the following claims hold:
Claim 2: For i < p,

E[(fe, Wy, = We)@, fe, Wa, — We,)P)v] = E[(fe, (Wo, — We, ), Me, (v, — &,))v].

Claim 3: [E[<f§1(W'U1 - ng)(2)7 Mfi (vi - fz)>V] = (vi - fi)2|E[<MEi’M§i>V]'
Claim 4: For i < p,

E[(Me, (vi — &), fe,(Wa, — We, )@ )] = E[(Me, (vi — &), Me, (vp — &))v]-

Using the four claims, we have

2
E[H(P) S (W, — Wo)® — Mo — £)) V] < 2d(P)TE[| fs,

2
Lz(UQXUQ,V)]'

Since E[|f,

2 .
Ta(Uo xUq, v 18 bounded,

2

E H’aa) S e (Wy = We)® — Me(v — €))

]—>O
1%

as d(P) — 0. O

Let F; and F> be normed spaces. A function f: E; — FEs is said to be uniformly
continuous if for every € > 0, there exists § > 0 such that for all z,y € E; with
= —ylle, <90, we have [|f(x) — f(y)llz, <e.

Lemma 4.18. Let f: U — L(U x U,V) be a uniformly continuous function.
Then for every € > 0, there exists a 6 > 0 such that for any partition P = {[{,v]} of
[0,T) with d(P) < 0,

IS(f, P, o)l 2 vy <&,

where
J— 1 —
S(f.P.6) = (P) Z{ / (1= )(F(W) = FWe)) (W, — We)® dt},

W= We +t(W, — W) and t € [0,1].
Proof. Let £ > 0 be given. For any [£,v] € [0,T],

E[IWy — Wellt) = Y E[(Wo = We,e)t] + Y ELWy — We, )5 (W, — We, e)]
i=1 j#l
=) BNw-9*+> NAaw-¢’= (v—g)2<2ZA§ +p2trQ>.
Jj=1 J#l Jj=1
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Since tr @ < oo, let M be a positive real number such that 2 3> A\ + (tr Q)* < M.
j=1

Since f is uniformly continuous on U, there exists n > 0 such that if ||u — u/|| < 7,

we have )
, €

- < —.

[l f(uw) = f(u )||L(U><U,V) TVl

For this 7, there exists § > 0 such that whenever |[v — £| < §, {,v € [0,T], we have
W, — Welly < n. But this implies that |[W — We|lp = t|W, — Welly < 7 for
t €[0,1]. It follows that

= 2
Wﬂ”@‘rﬂ”@”wauvy<ii%ﬁ.

Let P = {[¢,v]} of [0,T] be a partition of [0, T] with d(P) < §. Then

Hg(fa Pa 5)”L2(Q,V)

1 o~
«HZAO—MWW%ﬂMMM—MWWmm&

«mzéa4wmwm—mwmwwwm—m%w

12e

<3Py (%)Q(v—ﬁ)w <o (PN - < 2T =x

This completes the proof. (I

The following lemmas are respective consequences of the previous lemmas.

Lemma 4.19. Let f: [0,7] x Q — L(U,V) be an TH-integrable process and
suppose that [E[||ft||2L2(UQ V)] is AC*[0,T). Then there exist a sequence of positive
functions {0, } on [0,T] and a sequence of positive numbers {n,} such that

T
lim S(f, D, UD:;,0pn,mm) = (I’H)/ f+dW; in probability,
0

n—oo

where D, is any (8, n,)-fine belated partial division of [0, T].

Lemma 4.20. Let f: [0,T] x Q@ — L(U x U,V) be an adapted process such
that such that fi(w) Is symmetric, [E[HftH%Z(UQxUQ,v)] is bounded on [0,T] and

M, := 3" X\jfi(ej,e;) is Riemann integrable on [0, T]. Then there exists a sequence
j=1
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of positive numbers {0,} such that for any partition P, = {[¢,v]} of [0,T] with
d(Py) < On,

lim S(f,Pn,(S / M, dt in probability,

n—oo

where

§(fvpn76n) = (Pn)ZfE(Wv _WE)W’U - Wi)

Lemma 4.21. Let f: U — L(U x U,V) be a uniformly continuous function.
Then there exists a sequence of positive numbers {d,,} such that for any partition

P, ={[¢,v]} of [0, T] with d(P,,) < dy,

lim S(f, P,,0,) =0 in probability,

n—oo

where

1 —
S(f,P.6) = (P) Z{ / (1= )(F(W) — F(We)) (W, — We)® dt},

W = We + t(W, — We) and t € [0, 1].

We now state Itd’s formula and give its proof using the above-mentioned lemmas.

Theorem 4.22 (Ité’s formula). Let f: U — V be a function such that the first
Fréchet derivative of f is continuous on U and the second Fréchet derivative of f is
uniformly continuous on U. Suppose that

(i) f'(Wy) is TH-integrable on [0,T7;

i) ElLFOVDIZ, 0o 1] i5 AC*[0,T);

(iii) [E[Hf”(Wt)||%2(UQXUQy)] is bounded on [0, T};
)

(oo}
iv) M, = X f"(Wy)(e;,e;) is Riemann integrable on [0,T).
J j» €5
=1
Then

F(Wr) — f(Wo) = (TH) / F(W,) dW, + / M, dt

for almost all w € (.
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Proof. By Taylor’s formula (Theorem 4.13), for any v > &,

FW) = f(We) = f'(We) (W, — We) + /0 W W, - We)® dt
= f'(We)(Wy — We) + /O ()T, — W)
+ f"(Wg)(W — We)® — f”(Wg)(W — We)®
= f'(We)(Wy = We) + af”(WgXWU - We)®
+ /0 (= () — F W)W, — W dr,
where W := We + t(W, — W) and ¢ € [0,1]. By Lemma 4.19, there exist a sequence

of positive functions {4/} on [0,7] and a sequence of positive numbers {7} such
that for any (d/,, 1}, )-fine belated partial division D}, of [0, T

T
(DL, U D) S F1(We) (Wy — We) — (TH) / £(Wy) aw,

in probability. By Lemma 4.20, there exists a sequence of positive numbers {07}
such that for any partition P, = {[¢,v]} of [0,T] with d(P,,) < §;,

Po) Y (W) (W, — We, W, — We) — /Mtdt

in probability. Moreover, by Lemma 4.21, there exists a sequence of positive numbers
{6} such that for any partition P, = {[¢,v]} of [0, T] with d( ) < O,

o~ 1 o~
<Pn)Z{ /0 (1= t)(f" (W) — f"(We)) (W, — We)P dt} 50

in probability. Choose 8,(¢) = min{d,(€),d%,8,} for all & € [0,7] and 7, =
min{7/,,0%,0,}. Then any (6,,n,)-fine belated partial division of [0,7] is also a
(81, m},)-fine belated partial division of [0,7T]. Let D,, = {(§, (&, v])} be a (0, nn)-
fine belated partial division of [0,7]. Then (D, U D) is a partition of [0,7] with

7n7
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d(D, UDS) < &%, d(D, UDS) < 6,. Hence,

(DU D) £ W)W, = We) = @) [ vy aws
(D2 UD5) 3 1 W)W, = We W, = We) = (®) | e
and
o0 S [ (L () — POV (W, — We)® atf -0
in probability. Moreover,

(DnUDS) > {f(Wy) = fF(We)} — f(Wr) — f(Wh).

Thus, the assertion holds for some subsequence. (I

5. CONCLUSION AND RECOMMENDATIONS

In this paper, we use the generalized Riemann approach to define the integral of an
operator-valued stochastic process with respect to a Hilbert space-valued @-Wiener
process. This newly defined integral, called It6-Henstock integral, is more direct
and minimizes the technicalities in the classical approach to stochastic integration
in Hilbert spaces. We also establish the standard properties of the It6-Henstock
integral and formulate a version of It6’s formula. A worthwhile direction for further
investigation is to verify the equivalence of the Itd-Henstock integral and the classical
stochastic integral in Hilbert spaces defined in [4]. Another way of extending Ito’s
formula established in this paper is by considering functions of the form f(¢, X),
where X; is an Itd process.

Acknowledgment. The authors would like to thank the referee for his helpful
comments for the improvement of this paper.

References

[1] J.-P. Aubin: Applied Functional Analysis. Exercises by Bernard Cornet and Jean-Michel
Lasry. Pure and Applied Mathematics. A Wiley-Interscience Series of Texts, Mono-

graphs, and Tracts, New York, 2000. IMR]
[2] T.-S.Chew, J.-Y. Tay, T.-L. Toh: The non-uniform Riemann approach to Itd’s integral.
Real Anal. Exch. 27 (2001-2002), 495-514. MR]

[3] G.Da Prato: Introduction to Stochastic Analysis and Malliavin Calculus. Appunti.
Scuola Normale Superiore di Pisa (Nuova Series) 13. Edizioni della Normale, Pisa, 2014. MR

158


https://zbmath.org/?q=an:0946.46001
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1782330
http://dx.doi.org/10.1002/9781118032725
https://zbmath.org/?q=an:1067.60025
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1922665
https://zbmath.org/?q=an:06276062
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3186829
http://dx.doi.org/10.1007/978-88-7642-499-1

[4]
[5]

[6]

[7]
8]
[9]
[10]
[11]
[12]

[13]

[14]
[15]

[16]

[17]

18]
[19]
[20]

[21]

22]
23]

[24]

G. Da Prato, J. Zabczyk: Stochastic Equations in Infinite Dimensions. Encyclopedia of
Mathematics and Its Applications 152. Cambridge University Press, Cambridge, 2014. MR
J. Dieudonné: Grundziige der modernen Analysis. Band 9. Logik und Grundlagen der
Mathematik, Bd. 25. Friedr. Vieweg & Sohn, Braunschweig, 1987. MR
L. Gawarecki, V. Mandrekar: Stochastic Differential Equations in Infinite Dimensions
with Applications to Stochastic Partial Differential Equations. Probability and Its Ap-

plications. Springer, Heidelberg, 2011. MR
S. Ghahramani: Fundamentals of Probability with Stochastic Processes. Chapman and

Hall/CRC Press, Boca Raton, 2016.

R. A. Gordon: The Integrals of Lebesgue, Denjoy, Perron, and Henstock. Graduate Stud-

ies in Mathematics 4. AMS, Providence, 1994. MR
L. M. Graves: Riemann integration and Taylor’s theorem in general analysis. Transac-

tions AMS 29 (1927), 163-177. MR]
R. Henstock: Lectures on the Theory of Integration. Series in Real Analysis 1. World

Scientific Publishing, Singapore, 1988. MR
J. Kurzweil: Henstock-Kurzweil Integration: Its Relation to Topological Vector Spaces.

Series in Real Analysis 7. World Scientific Publishing, River Edge, 2000. IMR]
P. Y. Lee: Lanzhou Lectures on Henstock Integration. Series in Real Analysis 2. World

Scientific Publishing, London, 1989. MR]

P.Y. Lee, R. Vyborny: The Integral: An Easy Approach after Kurzweil and Henstock.
Australian Mathematical Society Lecture Series 14. Cambridge University Press, Cam-

bridge, 2000. MR

T. Y. Lee: Henstock-Kurzweil Integration on Euclidean Spaces. Series in Real Analy-

sis 12. World Scientific Publishing, Hackensack, 2011. MR]
E. J. McShane: Stochastic integrals and stochastic functional equations. STAM J. Appl.

Math. 17 (1969), 287-306. MR

T. Mikosch: Elementary Stochastic Calculus—With Finance in View. Advanced Series
on Statistical Science & Applied Probability 6. World Scientific Publishing, Singapore,
1998. MR]
M. Z. Nashed: Differentiability and related properties of nonlinear operators: Some as-
pects of the role of differentials in nonlinear functional analysis. Nonlinear Functional
Analysis Appl., Proc. Adv. Sem. Math. Res. Center, Univ. Wisconsin 1970. Publ. 26

Math. Res. Center Univ. Wisconsin, 1971, pp. 103-309. zb] MR}

Z. R. Pop-Stojanovic: On McShane’s belated stochastic integral. STAM J. Appl. Math. 22

(1972), 87-92. MR
C. Prévot, M. Riockner: A Concise Course on Stochastic Partial Differential Equations.

Lecture Notes in Mathematics 1905. Springer, Berlin, 2007. IMR]
M. Reed, B.Simon: Methods of Modern Mathematical Physics I. Functional Analysis.

Academic Press, New York-London, 1972. MR

M. Riedle: Cylindrical Wiener processes. Séminaire de Probabilités XLIII (C. Donati-
Martin et al., eds.). Lecture Notes in Mathematics 2006. Springer, Berlin, 2011,

pp. 191-214. IMR]
T.-L. Toh, T.-S. Chew: The Riemann approach to stochastic integration using non-

uniform meshes. J. Math. Anal. Appl. 280 (2003), 133-147. MR
T.-L. Toh, T.-S. Chew: On the Henstock-Fubini theorem for multiple stochastic inte-

grals. Real Anal. Exch. 30 (2005), 295-310. IMR]
T.-L. Toh, T.-S. Chew: Henstock’s version of Itd’s formula. Real Anal. Exch. 35 (2010),

375-390. IMR]

159


https://zbmath.org/?q=an:1317.60077
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3236753
http://dx.doi.org/10.1017/CBO9781107295513
https://zbmath.org/?q=an:0646.58001
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0936838
http://dx.doi.org/10.1007/978-3-322-90009-8
https://zbmath.org/?q=an:1228.60002
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2560625
http://dx.doi.org/10.1007/978-3-642-16194-0
https://zbmath.org/?q=an:1336.60001
https://zbmath.org/?q=an:0807.26004
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1288751
http://dx.doi.org/10.1090/gsm/004
https://zbmath.org/?q=an:53.0234.03
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1501382
http://dx.doi.org/10.2307/1989284
https://zbmath.org/?q=an:0668.28001
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0963249
http://dx.doi.org/10.1142/0510
https://zbmath.org/?q=an:0954.28001
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1763305
http://dx.doi.org/10.1142/4333
https://zbmath.org/?q=an:0699.26004
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1050957
http://dx.doi.org/10.1142/0845
https://zbmath.org/?q=an:0941.26003
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1756319
https://zbmath.org/?q=an:1246.26002
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2789724
http://dx.doi.org/10.1142/7933
https://zbmath.org/?q=an:0182.51001
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0246387
http://dx.doi.org/10.1137/0117029
https://zbmath.org/?q=an:0934.60002
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1728093
http://dx.doi.org/10.1142/3856
https://zbmath.org/?q=an:0224.00015
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0276840
https://zbmath.org/?q=an:0243.60035
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0322954
http://dx.doi.org/10.1137/0122010
https://zbmath.org/?q=an:1123.60001
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2329435
http://dx.doi.org/10.1007/978-3-540-70781-3
https://zbmath.org/?q=an:0242.46001
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0493419
https://zbmath.org/?q=an:1228.60049
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2790373
http://dx.doi.org/10.1007/978-3-642-15217-7_7
https://zbmath.org/?q=an:1022.60055
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1972197
http://dx.doi.org/10.1016/S0022-247X(03)00059-3
https://zbmath.org/?q=an:1068.60076
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2127534
https://zbmath.org/?q=an:1221.26015
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2683604

[25] S.R.S. Varadhan: Probability Theory. Courant Lecture Notes in Mathematics 7. Amer-
ican Mathematical Society, Providence; New York Univ., Courant Institute of Mathe-
matical Sciences, New York, 2001. M REdoi

Authors’ addresses:  Mhelmar A. Labendia, Department of Mathematics & Statis-
tic, Mindanao State University-Iligan Institute of Technology, Andres Bonifacio Avenue,
Tibanga, 9200 Iligan City, Philippines, e-mail: mhelmar.labendia@g.msuiit.edu.ph; Tim-
othy Robin Y. Teng, Elvira P. de Lara-Tuprio, Department of Mathematics, School of Sci-
ence and Engineering, Katipunan Ave, Ateneo de Manila University, 1108 Quezon City,
Philippines, e-mail: tteng@ateneo.edu, edelara-tuprio@ateneo.edu.

160


https://zbmath.org/?q=an:0980.60002
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1852999
http://dx.doi.org/10.1090/cln/007

		webmaster@dml.cz
	2020-07-01T19:42:31+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




