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Abstract. Starting by the famous paper by Kirillov, local Lie algebras of functions over
smooth manifolds were studied very intensively by mathematicians and physicists. In the
present paper we study local Lie algebras of pairs of functions which generate infinitesimal
symmetries of almost-cosymplectic-contact structures of odd dimensional manifolds.
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1. INTRODUCTION

The concept of a local Lie algebra over a smooth manifold was defined by Shiga
in [14], as follows. Let p: E — M be a smooth vector bundle over a smooth mani-
fold M. Let us denote by I'(E) the sheaf of (local) sections of E. A local Lie algebra
over M is a Lie algebra in T'(E) given by the bracket (bilinear, antisymmetric and
satisfying the Jacobi identity) [s1, s2], s1, s2 € I'(E), satisfying a continuity condition
and supp([s1, s2]) C supp(s1) N supp(sz).

It is very well known (see [10]) that (1-dimensional) local Lie algebras of functions
on a (2n + 1)-dimensional manifold M are in one-to-one correspondence with Jacobi
structures on M given by a skew symmetric 2-vector field A and a vector field F
such that

[B,A] =0, [AA]=—2EAA,

where [, ] is the Schouten-Nijenhuis bracket (see, for example, [16]) of skew symmetric
multi-vector fields.
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Then the Jacobi bracket
[f,h] ={f,h} — fE.h+ hE.f,

where {f,h} = A(df,dh) is the Poisson bracket, defines on the sheaf of functions
C*°(M) the structure of a local (Jacobi) Lie algebra.

Let us assume the subsheaf C'%°(M) of functions constant on integral curves of
the vector field E, i.e. such that E.f = 0 (conserved functions in the terminology
of [9]). Then the restriction of the above Jacobi bracket defines the Lie subalgebra
(CEM);{,}) C (C°(M);[,]) of conserved functions. Indeed, if f,h € CF (M),
then

E{f,h}={E.f,h}+{f,E.h} =0.

Moreover, the Hamilton-Jacobi lift
Xp=df*— fE

of a function f € CF(M) is an infinitesimal symmetry of (E,A), ie. Lx, E =
[Xy,E] = 0 and Lx,A = [Xy,A] = 0. In what follows we shall use the notation
A¥(a) := aFf = i,A for any 1-form a.

If the pair (F, A) is regular (transitive in the terminology of [10]), i.e. EAA™ # 0,
then there exists the unique 1-form w such that igw = 1 and i,A = 0. Moreover,
w is a contact form, i.e. w A dw™ #Z 0 and F is the Reeb vector field of the contact
structure (w,§) = dw), i.e. igQ = 0. The pairs (w,) and (E,A) are said to be
mutually dual. Tt is easy to see that the Hamilton-Jacobi lift of a conserved function
is an infinitesimal symmetry of the contact pair (w,), i.e. Lx,w = 0and Lx,Q = 0.
The Hamilton-Jacobi lift of conserved functions is a Lie algebra homomorphism
from the Lie algebra (C¥(M),{,}) to the Lie algebra (L(w,),[,]) € (¥(M),[,])
of infinitesimal symmetries of the contact structure (w,$2) (respective to the Lie
algebra (L(E,A),[,]) of infinitesimal symmetries of the Jacobi structure (FE,A)).
Here (X (M), [,]) is the Lie algebra of vector fields.

In [8] dual contact and Jacobi structures were generalized in the following sense.
An almost-cosymplectic-contact (regular) structure (pair) is given by a pair (w, )
such that

d2=0, wAQ"#0.

According to [11] there exists a unique dual almost-coPoisson-Jacobi structure (pair)
given by a pair (F, A) such that

(L tman) ' = Ay, ipw =1, igQ=0, i,A=0,
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where Q°: TM — T*M is given by Q°(X) := X” = ixQ. Then (see [8])
[E,A] = —EAAN(Lpw),  [AA] =2EA (A @ A¥)(dw).

Remark 1.1. The almost-cosymplectic-contact pair and the dual almost-
coPoisson-Jacobi pair generalize not only the contact and the dual Jacobi structures
but also cosymplectic structures. Indeed, if dw = 0, we obtain a cosymplectic pair
(see, for example, [1]). The corresponding dual pair is coPoisson pair (see [8]) given
by the pair (E, A) such that [E,A] =0, [A,A] = 0.

Remark 1.2. For cosymplectic and contact structures we have distinguished
forms w, €2 and vector fields £, A. But for an almost-cosymplectic-contact structure
we have distinguished forms w, Lgw, 2, dw and distinguished vector fields E, (Lgw)*,
A, (A* @ AF)(dw).

In what follows we assume an odd dimensional manifold M with a regular
almost-cosymplectic-contact structure (w, 2). We assume the dual (regular) almost-
coPoisson-Jacobi structure (F,A). Then we have Ker(w) = Im(A*) and Ker(E) =
Im(€°) and we have the splitting

T™M = Im(A*) @ (E), T*M =Im(Q") & (w),
i.e. any vector field X and any 1-form § can be decomposed as
(1.1) X=Xam=a"+hE, B=Pysp=Y" + fu,

where h, f € C°°(M), a is a 1-form and Y is a vector field. Moreover, h = w(X 4 1))
and f = B(y,5)(E). Let us note that the splitting (1.1) is not defined uniquely; indeed
X(ai,h) = X(asz,he) if and only if of = o and by = hy, i.e. of —ak = 0, which means
that a; — ag € (w). Similarly, By, 5,) = Bvs,f) if and only if Y1 — Y5 € (E) and
J1=fa

The projections pa: TM — (E) and p;: TM — Im(A*) = Ker(w) are given by
X — w(X)F and X — X — w(X)E. Equivalently, the projections go: T*M — (w)
and ¢;: T*M — Im(Q°) = Ker(E) are given by 8 — B(E)w and 3 +— 8 — B(E)w.
Moreover, Af 0 Q° = p; and Q° o Af = ¢.

Remark 1.3. Let us consider the pair (w, F'), where F' = Q + dw is a closed
2-form. Then the pair (w, F'), is not generally an almost-cosymplectic-contact pair
because it may not be regular. We shall use the form F' later in Theorem 3.1.
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In [5] we have studied infinitesimal symmetries of tensor fields w, Q, E, A gener-
ating the almost-cosymplectic-contact and the dual almost-coPoisson-Jacobi struc-
tures. Such symmetries are vector fields of the type X n) = af + hE, where o and
h meet certain conditions and the fact that they generate infinitesimal symmetries of
a tensor field defines a Lie algebra structure on some subsheaf of Q'(M) x C° (M)
of generators (o, h) of infinitesimal symmetries.

In this paper we shall study the situation where the 1-form « is locally exact,
ie. a = df for f € C°°(M). This leads to local Lie algebras of pairs of functions
generating infinitesimal symmetries of some tensor fields. Such Lie algebras are
2-dimensional local Lie algebras in the sense of [10], [14].

Generally, we can define local Lie algebra structure in C*° (M) x C*°(M) by a (dou-
ble) bracket [(f1,h1); (f2, he)] in C°°(M) x C°(M) satisfying the following condi-
tions:

(1) it defines a Lie algebra structure in C*°(M) x C*° (M) over R,

(2) [(f1,h1); (f2,h2)] is continuous in f; and h;, i = 1,2,

(3) supp[(f1,h1); (f2,h2)] C supp(fi,h1) N supp(f2, ha) for each (fi,h1) and
(fa, h2), where supp(f;, h;) = supp(fi) N supp(h;).

As a simple example we can consider two Jacobi pairs (E;, A;), i = 1,2, and the
corresponding Jacobi brackets [, ];. Then the bracket

[(f1,h1); (f2, ko)l = ([f1, f2l1; [P, hal2)

defines the Lie algebra structure in C*°(M) x C*°(M). As far as we know, the
classification of local Lie algebras of pairs of functions is not known. In the paper we
shall describe several subsheafs of C°°(M) x C°°(M) with a Lie algebra structure
given by the fact that pairs of functions generate infinitesimal symmetries of basic
tensor fields w, 2, E/, A given by the almost-cosymplectic-contact and the dual almost-
coPoisson-Jacobi structures.

All manifolds and mappings are assumed to be smooth.

2. LoCAL LIE ALGEBRAS OF GENERATORS OF INFINITESIMAL SYMMETRIES

In this section we shall study local Lie algebras of pairs of functions which generate
infinitesimal symmetries of basic tensor fields.

For two functions f,h € C°°(M) we define their pre-Hamiltonian lift to vector
fields on M by

(2.1) X(fny = df* + hE.
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Lemma 2.1. Let (f;, h;) € C°(M) x C*°(M), i = 1,2, be two pairs of functions
on M. Then
(2:2)  [X(p1h0)s KXo b)) = (A f1s fo} + (B-fi)(Lygs + haLp)w
— (B.f2)(Lygs + i Lp)w — had(B-f1) + hid(E. f2))*

+ ({f1,h2} = {fo. b} — dw(dff, df})
+ hl(E.hQ + A(LEW, dfg)) — hQ(E.hl + A(LEW, dfl)))E

Proof. We have (see [8])
(2.3) (B, df*] = (d(B.f) — (B-f)(Lsw))* + A(Lpw, df ),
(2.4) [df*, dh*] = (dA(df,dh) + (E.f)(igp:dw)
— (Bh)(igpedw))’ — dw(df?, dh?)E,
which implies (2.2). O

It is easy to see that the vector field (2.2) is not generally the pre-Hamiltonian lift
of a pair of functions. It is so in the case when the projection p;: TM — Ker(w)
of (2.2) is the Af-lift of the differential of a function. We shall describe several
examples of subsheafs of C*°(M) x C°>°(M) such that the Lie bracket of two pre-
Hamiltonian lifts of pairs of functions from the subsheaf is the pre-Hamiltonian lift
of a pair from the subsheaf. All such subsheafs are given by local generators of
infinitesimal symmetries of basic tensor fields.

2.1. Infinitesimal symmetries of w and () generated by pairs of func-
tions.

Theorem 2.2. The pre-Hamiltonian lift (2.1) is an infinitesimal symmetry of w
if and only if

Proof. From igw =1 and ig:w = 0 we get
LX(NL)(U = idfndw + higdw + dh,

which proves Theorem 2.2. (Il
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Let us denote by LGen(w) C C*°(M) x C*°(M) the subsheaf of pairs of func-
tions (f, h) on M which generate (locally) infinitesimal symmetries of w, i.e. satisfy
condition (2.5).

Theorem 2.3. The Lie bracket of the pre-Hamiltonian lifts of two pairs (f;, h;) €
LGen(w), ¢ = 1,2, is the pre-Hamiltonian lift of a pair of functions from LGen(w).

Proof. 1If (2.5) is satisfied, then dh; = —(iy: + hiip)dw = —(Lyp + hilp)w
and E.h; + A(Lpw,df;) = 0, which follows by evaluating (2.5) on E. Then we can
rewrite (2.2) as

(2.6) (Xt m0)s X(fama)] = (d({ f1, fo} — ha(E.f1) + hl(E.fQ)))“
+ ({f1,ha} — {2, ha} — dw(dff, df})) B,

which is the pre-Hamiltonian lift of the pair

(2.7) ({f1, fo} = ho(B.f1) + ha(E.f2); { f1, ha} — {f2, ha} — dw(dff, df})).

The pair (2.7) is in LGen(w), which follows from the fact that, according to The-
orem 2.2, the pre-Hamiltonian lifts (2.1) of pairs from LGen(w) are infinitesimal
symmetries of w. Then from Lixy) = LxLy — Ly Lx, the Lie bracket (2.6) of two
pre-Hamiltonian lifts of pairs from LGen(w) is an infinitesimal symmetry of w and,
by Theorem 2.2, the pair (2.7) has to satisfy condition (2.5), i.e. it is in LGen(w). O

As a consequence we obtain the Lie bracket

(2.8) [(f1,h1); (f2,h2)] = ({f1, fo} — ho(E.f1) + hi(E. f2);
{f1, ha} = {fo, ha} — dw(df?, df%)),

which defines the local Lie algebra structure on LGen(w). Moreover, the pre-
Hamiltonian lift (2.1) is the Lie algebra homomorphism from the local Lie algebra
(LGen(w); [,]) to the Lie algebra (L(w);[,]) C (X¥(M);][,]) of infinitesimal symmetries
of w.

Now, we shall define a Lie algebra structure on the subsheaf C% (M) x C*°(M)
of pairs (f, h) of functions, where f is conserved.

Theorem 2.4. The Lie bracket of the pre-Hamiltonian lifts of two pairs (f;, h;) €
C¥ (M) x C>*°(M), i = 1,2, is the pre-Hamiltonian lift of a pair of functions from
CE (M) x C=(M).
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Proof. For E.f; =0 the vector field (2.2) is expressed as

X honys X(gonn)] = (@ f1, fo})F + ({froho} = {fos hn} — dw(df?, dff)
+ hy (E.hg + A(LEW, dfg)) — hQ(E.hl + A(LEOJ, dfl)))E

This vector field is the pre-Hamiltonian lift (2.1) of the pair

({f1, fols {1, ha} — {fo, hu} — dw(df}, df})
+ hl(E.hQ + A(LECU7 dfg)) — hQ(E.hl + A(LECU7 dfl)))

Moreover, the above pair is in Cg’ (M) x C°°(M). Indeed,

E{f1, fo} = {B-fu, fo} + {f1. E-fo} + ifpa)(dfs A df2)
= —ipa(Lpw)t (dft Adf2) =0,

which proves Theorem 2.4. O

As a consequence, by observing A(Lgpw,df) = (Lgw)*.f, we obtained the Lie
bracket

(2.9) [(f1,h); (f2. h2)] = (Lfr, fos {frs ha} — {fa, ha} — dw(dft, df})
+ hl(E.hQ + (LEw)ﬁ.fg) — hQ(Ehl + (LEw)ufl))

of pairs of functions from C% (M) x C*°(M), which defines the local Lie algebra
structure on CF (M) x C*°(M).

In [2], [5] it was proved that all infinitesimal symmetries of Q are vector fields
Xian) = af + hE, where « is a closed 1-form such that a(E) = 0. Hence, locally
a = df for a function f € CF(M) and any infinitesimal symmetry of € is locally
the pre-Hamiltonian lift of a pair of functions from C% (M) x C*°(M). So the
Lie algebra of local generators of infinitesimal symmetries of Q is (LGen(f2),[,]) =
(CF (M) x C*>*(M), [,]) with the Lie bracket (2.9). The pre-Hamiltonian lift (2.1) is
the Lie algebra homomorphism from the local Lie algebra (LGen(Q2);[,]) to the Lie
algebra (L(Q);[,]) € (X(M);[,]) of infinitesimal symmetries of Q.

Theorem 2.5. A vector field X s ) is an infinitesimal symmetry of the almost-
cosymplectic-contact structure (w, ) if and only if f € C (M) and condition (2.5)
is satisfied.

Proof. It follows from Theorems 2.2 and the fact that Xy ) is an infinitesimal
symmetry of Q if and only if f € C%(M). O
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Lemma 2.6. A vector field X ;) is an infinitesimal symmetry of (w,) if and
only if the following conditions are satisfied:
(1) E.f = igdf =0,
(2) igdh +ipigsdw = E.h+ (Lpw)i.f =0,
(3) dw(dft, %) + hdw(E, %) + dh(B*) = 0 for any 1-form f3, especially, if we put
B =dg for a g € C>*(M), we get {g,h} = dw(dg*, df*) + hdw(dg*, E).
Proof. It is a consequence of Theorem 2.5 and Theorem 2.2, where we have
evaluated the 1-form on the left hand side of (2.5) on E (which gives condition (2))
and on % for any 1-form 3 (which gives condition (3)). O

We denote the sheaf of pairs of functions which locally generate infinitesimal
symmetries of the almost-cosymplectic-contact structure (w,{2) as LGen(w,2) =
LGen(w) N LGen(f?). Brackets (2.8) and (2.9) restricted for generators of infinites-
imal symmetries of (w,(2) give the equivalet expressions of the bracket

(2.10) [(f1,h1); (f2o h2)] = ({f1, fo}i {fr B} — {fo. lu} — dw(df}, df}))
= ({f1, fo}sdw(dff, df}) + ha(Lpw)®. f — hi(Lpw)?. fa)
= ({1, fo}; dw(df?, df%) + hi E.hy — hoE.hy),

which defines the Lie algebra structure on LGen(w, 2).

Corollary 2.7. An infinitesimal symmetry of the cosymplectic structure (w, ()
is of local type X s ) = df* + hE, where f € C%°(M) and h is a constant.
Then bracket (2.10) is reduced to

[(f1,h1); (f2, h2)] = ({1, f2},0).

Le. we obtain the subalgebra (LGen,,s(w, Q); [,]) = (C¥(M); {, }) & (R;[,]) of local
generators of infinitesimal symmetries of the cosymplectic structure. Here [,] is the
trivial Lie bracket in R.

Proof. It follows from dw = 0. Considering this from (2.5) we get dh =0. O
Corollary 2.8. Any infinitesimal symmetry of the contact structure (w, = dw)

is of local type
X(j—p = dff = fE,

where f € CgP(M).
Then bracket (2.10) is reduced to

[[(fla _fl); (f2a _fQ)]] = ({fla f2}7 _{fla f2})
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Le. we obtain the subalgebra (LGenco, (w); [,]) C (LGen(w,Q);[,]) of local generators
of infinitesimal symmetries of the contact structure. Moreover, (LGencon(w); [;]) =

(CF (M), {, })-

Proof. It follows from dw = €, igQ) = 0 and i4:Q = df. Considering this
from (2.5) we get df = —dh. O

2.2. Infinitesimal symmetries of £ and A generated by pairs of func-
tions.

Theorem 2.9. The pre-Hamiltonian lift (2.1) is an infinitesimal symmetry of the
Reeb vector field E if and only if

(2.11) (d(E.f) — (E.f)Lgw)’ =0,
(2.12) (E.h) + (Lpw)*.f = 0.

Proof. Let us assume that the pre-Hamiltonian lift of a pair (f,h) is an in-
finitesimal symmetry of the Reeb vector field. Then from (2.3)

0= Xy, Bl = —(d(E.f) = (B-f)Lew)* — (B.h) + (Lgw).f)E,

which proves Theorem 2.9. O

If we have two pairs (f;, h;) generating infinitesimal symmetries of E, then the Lie
bracket of the corresponding pre-Hamiltonian lifts is

(213) Xm0y Xfono)] = (@1, fo} + (B f1)L s — (E'fQ)Ldff“)ﬁ
+ ({fisha} = {fo, ha} — dw(dff, df})) E.

The above vector field (2.13) is not generally the pre-Hamiltonian lift of a pair of
functions. So, the sheaf of local generators of infinitesimal symmetries of E is not
a Lie algebra.

Theorem 2.10. The pre-Hamiltonian lift (2.1) is an infinitesimal symmetry of A,

ie. Lx ;A =[Xx., Al =0 if and only if the following condition is satisfied:

)

(2.14) [df*,A] — E A (dh 4+ hLpw)* = 0.
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Proof. We have
LX(f,h,)A = [dfuvA] + [hEvA]

Theorem 2.10 follows from
[hE,A] = h[E,A] — E Adh* = —E A (dh + hLgw)*.
O

Lemma 2.11. A vector field Xy is an infinitesimal symmetry of A if and only
if conditions

(2.15) E.f=0,
(2.16) dw(df?, %) + hdw(E, 5*) + dh(8*) = 0,

are satisfied for any 1-form /3.

Proof. It is sufficient to evaluate the 2-vector field on the left hand side of
(2.14) on w, B and B, vy, where 3, v are closed 1-forms. We get

idfs, A~ EA(dhthLpw)t (W A B) = —A(igpedw + hLpw + dh, B),

which vanishes if and only if (2.16) is satisfied.
On the other hand,

i[aft A= EA(dh+hLpw)t (BAY)

= A(df, dA(B,7)) + A(B, dA(, df)) + A(v, dA(df, B))
— B(E)A(hLpw + dh,~) + v(E)A(hLgw + dh, B),

which, using (2.16), can be rewritten as

idf#,A)— EA(dh+hLpw)t (BAY) = — %i[A,A] (df NBNYy)+ B(E)A(igp:dw, )
— Y(E)A(igprdw, B)
= —ipaateat)dw)(df ABAY)
+ B(E)A(igrsdw, ) — y(E)A(igpedw, B)
— df (B)dw(B*,7") = —(E.f)dw(B*,~*),

which vanishes if and only if (2.15) is satisfied.
On the other hand, if (2.15) and (2.16) are satisfied, then the 2-vector field Lx, , A
is the zero 2-vector field. O
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So, local generators of infinitesimal symmetries of A are from LGen(f2) and generate
also infinitesimal symmetries of 2, i.e. LGen(A) C LGen(f2) and the Lie algebra of
local generators of infinitesimal symmetries of A is the subalgebra (LGen(A);[,]) C
(LGen(Q); [,]) with the bracket

[(F170); (P2, h2)] = ({fr, fos dw(dff, dfS) + haBha — ho Euha),
which we obtain from bracket (2.9) restricted for functions satisfying (2.16).

Corollary 2.12. The Lie algebra of local generators of infinitesimal symmetries
of the almost-coPoisson-Jacobi pair (E,A) coincides with the local Lie algebra of
generators of infinitesimal symmetries of (w, 2).

Proof. From Theorem 2.9 and Lemma 2.11 the pre-Hamiltonian lift (2.1) is an
infinitesimal symmetry of the pair (E, A) if and only if conditions (1), (2) and (3) of
Lemma 2.6 are satisfied, i.e. if and only if it is an infinitesimal symmetry of the pair
(w, Q). O

Remark 2.1. Let us consider subsheaves of C°° (M) x C°°(M) given by conditions
(1), (2) and (3) of Lemma 2.6. The subsheaf LGen(2) is given by condition (1), the
subsheaf LGen(w) is given by conditions (2) and (3) and the subsheaf LGen(A) is
given by conditions (1) and (3). If we assume the subsheaf given by conditions (1)
and (2), then from Theorem 2.9 it is the subsheaf LGen(E, () of local generators
of infinitesimal symmetries of the Reeb vector field £ and 2. The corresponding
bracket will be

[(fisha); (oo ko)l = ({f1, fo}i {frs ha} — {for hn} — dw(dff, dfE)).

So we obtain the following local Lie algebras of generators of infinitesimal symmetries:

(LGen(Q), [, ]) (1), E.f=0
(LGen(w), [,]) (2), BE-h+ (Lgw)®.f =0
(3), dw(df¥, B%) + hdw(E, B*) + dh(B*) =0
(LGen(A), [, ]) (1) and (3)
(LGen(E,Q), [.]) (1) and (2)
(LGen(w,),[,]) = (LGen(E,A),[,]) (1), (2) and (3)

Remark 2.2. In the Lie algebra (LGen(f2);[,]) we have the Abelian subalgebra
formed by pairs of constant functions (M) = R x R C LGen(f2). The centralizer
of the Lie subalgebra (M) in LGen(f2) is the Lie subalgebra (LGen(E,Q);[,]) C
(LGen(Q); [,]) of generators of infinitesimal symmetries of E and (2.
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Indeed, let (¢, k) € KK(M) and (f,h) € LGen(2) such that
(0:0) = [(e; k); (£, h)] = (0; =k(B.h + (Lpw)?.f)).

Then from Theorem 2.9 it follows that the pair (f,h) generates an infinitesimal
symmetry of E.

2.3. Multiplicative algebra (LGen(2),-).
In Section 2.1 we have defined the local Lie algebra structure on LGen((2). We
define the multiplication in LGen(2) by

(f1,h1)(f2, h2) = (f1f2, frhe + fahi),

which defines on LGen(2) the structure of an associative commutative algebra with
the unit (1,0). Indeed, it is easy to see that

(f1,h1)(f2, ha) = (f2, h2)(f1, h1),
((f1,h1)(f2,h2)) (f3, h3) = (f1,h1) ((f2, h2)(f3, h3)),
(1,0)(f,h) = (f,h).

Lemma 2.13. We have

X(f1f27f1h2+f2h1) = le(f27h2) + sz(fhhl)'

Proof. We have

X(frforfrhat fohn) = A(f1f2)* + (fiha + f2h)E
= fu(dfi + h2E) + fo(dff + M E)
= [1X(f2,n2) T F2X (11 h1)-

O

From (2.9) it is easy to see that the bidifferential operator D on LGen(2) given by

D(fl,hl)(f% h2) = [[(fla hl); (f2, h2)]]

is of order 1.
From the Jacobi identity we get

Dp(pnn):(f2.h2)1 (f3573) = (D51 h) D faihn) = D foia) Diginny) (f35 23)
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and
Dg, ny[(f2, h2); (f3,73)] = [Dpy ny) (f25 ha)s (f3, hs)] 4 [(f2, ha); Digy nyy (35 R3)],
i.e. Dy p) is a derivation on (LGen(€2);[,]).
Theorem 2.14. The 1st order differential operator
D ny: LGen(Q2) — LGen(Q)
is a derivation on (LGen({2),-), i.e. for (f;, h;) € LGen(2), i = 1,2,3, we have

Dgy ny ((f2, h2)(f3,h3)) = (fa, h2) Dgy nyy(f3,h3) + (f3, h3) D gy nyy (f2s ha).

Proof. From (2.9) we can prove

[(f1,h1); (f2, h2)(f3, ha)] = (f2, ha)[(f1, h1); (f35 hs)]
+ (f3, h3)[(f1, h1); (f2, ha)],

which proves Theorem 2.14. O

2.4. Lie derivation of pairs of functions. We define the Lie derivation of
pairs of functions (f,h) € C°(M) x C*(M) given by a vector field X on M by
Lx(f,h)=(Lxf,Lxh)=(X.f,X.h). Generally Lx is not an operator on LGen({2).

Lemma 2.15. Let X be a vector field on M such that LxE = [X, E] = 0. Then
for (f,h) € LGen(Q?) the Lie derivation Lx (f,h) € LGen(Q2).

Proof. Wehave Lgf =E.f =0 and [X, E] = 0 which implies
0=Lixpgf=LxLef—-LeLxf=—-E.(Lxf),
ie. Lxf € C¥ (M) and Lx(f,h) € LGen(2). O

Lemma 2.16. If a vector field X is an infinitesimal symmetry of E, then Lx is
a derivation on (LGen(f2),-), i.e.

Lx ((f1,h1)(f2,h2)) = (Lx f1, Lxh1)(f2, h2) + (f1,h1)(Lx fo, Lxhs).
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Proof. By Lemma 2.15, Lx ((f1,h1)(f2, h2)) € LGen(f2) and

Lx ((f1,h1)(f2,h2)) = Lx (f1f2, fihe + f2h1)
= ((Lxfi)fo + filLx f2);
(Lx f1)h2 + fi(Lxh2) + (Lx f2)h1 + f2(Lxhi))
= (Lx f1, Lxh1)(f2, h2) + (f1, h1)(Lx f2, Lx ha).

O

On the other hand, it is easy to see that if X is an infinitesimal symmetry of E,
then Lx is not a derivation on the Lie algebra (LGen(f2),[,]). But we have:

Theorem 2.17. Let X be an infinitesimal symmetry of the almost-coPoisson-
Jacobi structure(E, A). Then X is a Lie derivation on the Lie algebra(LGen(w, Q); [, ])-

Proof. LxFE =0and LxA =0 imply

Lx{fi, f2} ={Lx f1, fo} + {f1, Lx f2},

LELXw = 0, LEfo = LxLEf and Lxdw =0.

We have to prove that (Lxf,Lxh) € LGen(w,() for any (f,h) € LGen(w, ).
First, from Lemma 2.15, Lx f € C%(M). Further, we have to prove conditions (2)
and (3) of Lemma 2.6 for the pair of functions (Lx f, Lxh). Condition (2) can be
expressed as

0 = dh(E) + A(Lgw, df).

If we apply Lx on the above identity, we get from Lxdf = dLx f,

0= (Lxdh)(E) + dh(LxE) + (LX{\)(LELU, df) + A(LxLEw, df) + A(LEw, Lxdf)
= (deh)(E) + A(LEw, def)7

which is condition (2) for the pair (Lx f, Lxh).
Further, applying Lx on condition (3) we get

0= (Lxdw)(df*, B%) + dw(Lxdf*, B¥) + dw(df*, Lx ")
+ (Lxh)dw(E, %) + hdw(Lx E, 8*) + hdw(E, Lx %)
+ (Lxdh)(B%) + dh(Lx ")
= dw(d(Lx [)*, B%) + (Lxh)dw(E, B*) + (dLxh)(6*),

which follows from Lxdf* = d(Lx f)* (see [4], Lemma 2.15), and condition (3) for
the pair (Lx f, Lxh) is satisfied. Hence (Lx f, Lxh) € LGen(w, §2).
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Finally, we assume bracket (2.10) in the form

[(f1,h1); (fo, ha)l = ({f1, fo}s dw(dff, df}) + hiE.ha — haE.hy).

Then

Lx[(f1.7); (fa h2)] = ({Lx f1, fo} + {1, Lx o} dw(Lxdff, dff) + dw(dff, Lxdf5)
+ LxhiLghs + hiLxLghs — LxhaLghy — hoLxLghy).

On the other hand,

[(Lx f1, Lxha); (f2, ho)] + [(f1, ha); (Lx f2, Lxha)]
= ({Lxf1. o} dw(d(Lx f1)*, dfﬁ) + LxhiLghy — hoLgLxhy)
+ ({1, Lx fo} dw(dff, d(Lx f2)*) + hi LpLxhs — LxhaLghy)

and from Lxdf* = d(Lx f)* we get
Lx[(f1,h1); (f2, h2)] = [(Lx f1, Lxh1); (f2, h2)] + [(f1, h1); (Lx f2, Lxh2)],

i.e. Lx is a derivation on the Lie algebra (LGen(w, Q);[,]). O

Remark 2.3. We have
1
(2.17) [[(flv h1); (f2, hQ)]] = 9 (LX(fl,h,l) (f2,h2) — LX(f2,h2) (f1, hl))'
Indeed,

LX(f1:h1)(f2’h2) - LX(fQ,hQ)(flvhl)
= (2{f17 f2)a {flv h2} - {f27 hl} + hlE-hQ - hQE.hl)

and from (2) and (3) of Lemma 2.6 we have
{f1,hat — {fo, b} = 2dw(df?, df}) + hyE.hy — hoE.hy,

which implies (2.17).
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3. LIE ALGEBROID AND INFINITESIMAL SYMMETRIES

Let us assume a closed 2-form F on M and the vector bundle E = T M &M R — M.
Then sections of E are pairs (X, f) of vector fields on M and functions on M. We
define a bracket of sections of E by (see [6])

(3.1) [(X1, f1); (Xo, f2)lp = ([X1, Xo]; X1.fo — Xo. 1 + F(X1, X2)).

This bracket defines an F-Lie algebroid structure (see, for instance, [12]) on E with
the anchor given by the projection on the first component.

Indeed, bracket (3.1) is antisymmetric and from the closure of F the Jacobi identity
is satisfied. Moreover, for any h € C°°(M) we get

[[(lefl);h(X%fQ)]]F = [[(lefl); (hX27hf2)]]F
= h[(X1, f1); (X2, f2)[F + (X1.2) (X2, fo)

and the Leibniz-type formula is satisfied.

Now, let us assume the sheaf mapping from the local Lie algebra (LGen(w, Q);[,])
to sections of the F-Lie algebroid given by pairs of vector fields on M and functions
on M given by

(3.2) s: (fih) = (X(pn), [ —h).
Theorem 3.1. For the closed 2-form
F=Q+ dw,

the sheaf mapping
s: LGen(w, ) = X(M) x C*(M)
given by (3.2) is a Lie algebra morphism.
Proof. For (f;, h;) € LGen(w, ), i = 1,2, we have

[(fiyh); (fo, h2)] = ({frs fo}s {f1s B} — {fo, ha} — dw(dff, dff))
= (d{f1, o+ ({1 hat = {fas hn} — duw(dff, dfS)) E;
{f1, o} = {f1, ha} + {fo. ha} + dw(dff, df})).

On the other hand, we have

[8(f1.h1);8(f2, ha)lp = (d{fr, fo}F + ({f1, ha} — { fo, b} — dw(dff, dfS)) E;
2{f1, fo} — {f1, he} +{f2, hi} — hiE.hg + hoE.hy
+ F(dff + b E, dfs + hoE)).
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The first parts of the above pairs are equal. The second parts are equal if and only if
0= {f1, fo} = dw(dff,dff) — maE-hy + hoEuhy + F(dff + ME, dff + haE),
which can be rewritten, using Q(df?, dff) = —A(df1,dfs) = —{f1, f2} (see [§]), as
0= —hy(BE.hy — F(E,df})) + ha(E.hy — F(E,df?)) + (F — dw — Q)(df?, df?).
From Q(FE, dff) =0, E.h; —dw(E, dff) =0 (see Lemma 2.6) it is equivalent to
0= (F —dw—(X(f,h1)> X(fa,ha))s
which is satisfied for F' = Q + dw. O

Lemma 3.2. Let us consider the F-Lie algebroid given by the closed 2-form
F = Q+dw. Let (X;, fi) € X(M) x C>®°(M), i = 1,2, be pairs such that X; are
infinitesimal symmetries of (w,Q) and E.f; = —E.(w(X;)). Then the bracket [,]r
of these pairs satisfies the same conditions.

Proof. [X;,X5] is an infinitesimal symmetry of (w,(?), so it is sufficient to
prove that
E.(Xl.fg - Xg.fl + F(Xl,XQ)) = —E.(w([Xl,Xg])),

which can be rewritten as

X1.(E.f5) — Xou.(E.f1) + E.(F(X1,X3))
= — E.(Xl(w(Xg)) - XQ.(M(Xl) - dw(Xl,Xg)).

From the condition E.f; = —E.(w(X;)) this equation is satisfied if and only if
E.(F(Xl, XQ)) = E.(dw(Xl,Xg)),
which is satisfied for F' = 2 4 dw because LgQ) =0 and LgX; = [E, X;] = 0. O

Theorem 3.3. Let us consider the F-Lie algebroid given by the closed 2-form
F = Q+dw. Let (X;,f;) € X(M) x C*>°(M), ¢ = 1,2, be pairs such that X; are
infinitesimal symmetries of (w,Q) and E.f; = —E.(w(X;)). Then the sheaf mapping

r: X(M) x C*(M) — C>*(M) x C>*(M)
given by
(3.3) re (X, f) = (@(X) + fLw(X))

has values in LGen(w,)) and it is a Lie algebra morphism inverse to s.
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Proof. First we have to prove that mapping (3.3) has values in LGen(w, Q).
Let us assume that X is an infinitesimal symmetry of (w,2). By Theorem 2.5,
X = df* + hE, where E.f = 0 and condition (2.5) is satisfied. It is easy to see that
h =w(X). Then

o

f=wX)+f

is a conserved function. So we have

(3.4) X =dw(X)+ ) +w(X)E

v

and the pair (w(X) + f,w(X)) is in LGen(w, 2).
Now we have

(X1, f1): (X2, fo)l P = (w([X1, X2]) + X1 fo — Xoufi + Q(X1, X>)
+d(U(X1,X2);w([X1,X2])).

On the other hand,

[r(X1, fi)ir(Xa, fo)] = ({w(X1) + fr,w(X2) + fo)s {w(X1) + fi,w(X2)}
—{w(X2) + fo, w(X1)} — dw(d(w(X1) + f1)*, d(w(X2) + f2)")).

These expressions are equal if and only if the following two equations are satisfied:

(3.5) w([X1,Xa]) + X1.fo — X1.fo + Q(X1, Xo) + dw(X1, X>)
= {w(X1) + fi,w(X2) + fo},
(3.6) w([X1, Xa]) = {w(X1) + fi,w(X2)} = {w(Xa) + fo,w(X1)}
— dw(d(w(X1) + f1)f, d(w(X2) + f2)F).

Using (3.4) and (A* ® A%)(Q) = —A, we can rewrite the left hand side of (3.5) as

X1.(w(X2) + fo) = Xou(w(X1) + f1) + Q(X1, X2)
- id(W(Xl)+f1)ﬁ+w(X1)Ed(w(X2) + fz)
~ g eo(Xa)+ o) (X2 B (X1) + f)
+ Qd(w(X1) + fi)f, dw(X2) + f2))
= {w(X1) + f1,w(X2) + fo} — {w(X2) + fo,w(X1) + f1}
—{w(X1) + fi,w(Xa) + fo}
= {w(X1) + fr,w(X2) + fo}.
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Similarly, using igd(w(X)) = dw(E, X), we can rewrite the left hand side of (3.6) as

Xl.(o.)(Xg)) — XQ((JJ(Xl)) — do.)(Xl,XQ)

= L)+ F () U@ (X2)
~ g (Xa)+ fo )t (Xa) EA@(X1)) — dw (X1, X3)

= {w(X1) + fr,w(X2)} = {w(Xa) + fo,w(X1)}
—dw(X; —w(X1)E, X2 —w(X2)E)

= {w(X1) + f1,w(X2)} = {w(X2) + fo,w(X1)}
— dw(d(w(X1) + f1)f, d(w(X2) + f2)%),

which proves that (3.3) is a Lie algebra morphism.
Finally, it is easy to see that (ros)(f,h) = (f,h) for all (f,h) € LGen(w, ). O

4. EXAMPLES

In this section we recall results obtained for structures of the classical phase space.
These results were the motivation of the paper.

We assume classtical space-time to be an oriented and time oriented 4-dimensional
manifold E equipped with a Lorentzian metric g with signature (1,3) (see [7]). We
denote by (z*) = (2% 2%), A = 0,1,2,3, local coordinates on E such that Jy is
time-like and 0; are space-like. A motion is defined to be a 1-dimensional time-
like submanifold of space-time. We define the classical (Einsteinian) phase space
to be the open subspace J1E C Ji(E, 1) consisting of all 1-jets (1st order contact
elements) of motions. So elements of Ji,E are classes of non-parametrized curves
which have in a point € E the same tangent line lying inside the light cone. Further,
7r(1): J1E — E is a fibred manifold but not an affine bundle! We have the induced
coordinate chart (z7, z).

The metric g gives naturally the unscaled horizontal time form

7: HE - T*E, 7="ndz.

4.1. Infinitesimal symmetries of the gravitational contact structure. The
pair (—7,Q8%), where
2
08 = —d7: KE - \T*JE,

is the contact (gravitational) regular structure on JiE. The dual Jacobi structure
is given by a pair (—59, A%), where % and A? are naturally given by the metric field
(for details see [7]).
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By Corollary 2.8 infinitesimal symmetries of the gravitational contact phase struc-
ture are Hamilton-Jacobi lifts of conserved functions, i.e. they are of the type X =
df* + 7%, where 39.f = 0 and, moreover, f = 7(X) = 7(X). Here X = T'w}(X):
J1E — TE is a generalized vector field in the terminology of [13]. So infinitesimal
symmetries are of the type

(4.1) X = d(F(X))* +T(X)7°,

where the following conditions are satisfied:
(1) (Projectability.) The Hamilton-Jacobi lift (4.1) projects on X.
(2) (Conservation.) 7(X) is conserved, i.e. v9.(7(X)) = 0.
The following results were proved in [3].

k
Lemma 4.1. A symmetric k-vector field K, k > 1, on E admits the generalized
vector field satisfying the projectability condition. Such generalized vector fields are

given by

k k k
X[K] = kP ... s70K — (k—1)K(7,...,?)i: JiE — TE,

(k—1)—times

where 1 = T 7} (7%). Then we obtain the induced phase function

k
F(X[K]) = K(7) = K(7,...,7) = KM M5y L7,

0 0
Lemma 4.2. Let K be a space-time function. Then 7%.K = 0 if and only if

0 k
K is a constant. The phase function K(7), k > 1, is conserved with respect to the

k k
gravitational Reeb vector field, i.e. 9. K (7) = 0, if and only if K is a Killing k-vector
field.

Theorem 4.3. The Hamilton-Jacobi lift of a phase function

0 k
(4.2) K=K+)Y K(7)
k>1
is an infinitesimal symmetry of the gravitational contact phase structure (—7,9)

0 k
if and only if K is a constant and K, k > 1, are Killing k-vector fields. Moreover,
for k = 1 the corresponding infinitesimal symmetry coincides with the jet flow lift

1
J1K and is projectable on space-time. For k > 2 the corresponding infinitesimal
symmetry is hidden.
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Remark 4.1. It is very well known that Killing multivector fields generate on T*E
functions constant of motion (functions constant on lifts of geodesic curves), (see,
for instance, [15]). In [4] it was proved that if we consider the mapping —7: JLE —
T*E, then a conserved phase function of type (4.2) is obtained as the pull-back
K = —7*(K) of a function K constant of motion.

4.2. Infinitesimal symmetries of the total almost-cosymplectic-contact
phase structure. Let us assume an electromagnetic (Mazwell) field which is
a closed 2-form F': E — A2T*E. Then we can consider the total phase 2-form

Q=004+ 0° :—d?+%ﬁ,

and the pair (=7, ) turns out to be an almost-cosymplectic-contact structure of
the phase space, i.e. ¥ is closed and 7 A Q) A QU A O is a volume form.

The dual almost-coPoisson-Jacobi pair is then given by the total Reeb vector field
A =A% +7° and the total phase 2-vector AJ = A% + A®, where 7¢ and A° are
E-vertical given by g and F, see [7].

In [4] it was proved that all phase infinitesimal symmetries of the total phase
structure are vector fields of the type

X =d(7(X)+ /)P +7(X)7

where X is a generalized vector field and f € C>° (E) such that:
(1) df = X L F.
(2) (Projectability.) The vector field X projects on X.
(3) (Conservation.) 7.(7(X) + f) = 0.
The projectability condition is the same as in the case of the contact gravitational
structure, which follows from the fact that the fields ¢ and A¢ are E-vertical. So

. 0
it is sufficient to describe conditions under which function (4.2), where f = K, is
conserved.

Theorem 4.4 ([4]). A phase function (4.2) is conserved, i.e. /. K = 0, if and
only if

0 1
(4.3) gg)‘agK + KQFQ)‘ =0,
k k+1 ~
A FAa. A Ak BArat)
(4.4) v A2 k+1)+(k+1)KQ( kFQk+1) =0,
for k > 1.
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0 1
Corollary 4.5. Let us assume a special phase function K = K + K (7). Then
conditions (4.3) and (4.4) are reduced to

0 1 < 1
0,K —K°F,, =0, VMK =0

1 0 1
and we obtain the result of [9], i.e. K is a Killing vector field and K and K are related

by
the

0 1.
the formula dK = K J F. Moreover, the corresponding infinitesimal symmetry is

1 1
jet flow lift J, K, which projects on K.

k
Remark 4.2. Let us assume a phase function K = K(7), k > 2. Then condi-
tion (4.4) gives

V(’\I}'k{)‘2~~~)\k+l) =0, Ik{Q(/\lu)\k—lﬁg)\k) -0

k
and we obtain that K is a Killing-Mazwell k-vector field. But the corresponding

lift

has to satisfy also condition (1), which is of the form X [K] o F = 0. This

condition implies 1 L F = 0, which implies F = 0 and the structure is reduced

to the gravitational case. This implies that there are no non-projectable (hidden)

infinitesimal symmetries generated by Killing-Maxwell k-vector fields for k£ > 2.

So all infinitesimal symmetries of (—7, Q) are projectable and can be generated by
pairs (X, f) of Killing vector fields and spacetime functions such that d f =X F.
Such pairs are sections of the Lie algebroid TE @ R — E with the bracket [;]z
(see Section 3 and [9]). The sections of the Lie algebroid described in Section 3 are

obt

1]

2]

3]

ained as the 1-jet flow lifts of X and the pull-backs of f .
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