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Abstract. We define and study restricted projective, injective and flat dimensions over
local homomorphisms. Some known results are generalized. As applications, we show that
(almost) Cohen-Macaulay rings can be characterized by restricted homological dimensions
over local homomorphisms.
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1. INTRODUCTION

Throughout this paper, all rings are commutative and noetherian. A local ho-
momorphism ¢: (R,m,k) — (S,n,l) is a homomorphism of local rings such that
p(m) C n. We define and study notions of restricted homological dimensions for
complexes of modules over local homomorphisms.

It is well known that Gorenstein homological dimensions are refinements of the
classical homological dimensions. Christensen, Foxby and Frankild introduced re-
stricted homological dimensions in [7], which are refinements of Gorenstein homolog-
ical dimensions in some sense. Iyengar and Sather-Wagstaff in [10] develop a theory
of Gorenstein dimension over local homomorphisms. More precisely, let p: R — S
be a local homomorphism and X € D{:(S’), and let R -5 R %5 § be a Cohen
factorization of ¢. The Gorenstein dimension of X over ¢ (see [10], (3.3)) is defined
by

G-dim, X := G-dimp X — edim(p),

where G-dimz X denotes the Gorenstein dimension of X over R’ (see [1]). Recall
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that the projective dimension of X over ¢, pd,X (see [10], (4.2)), is defined by
pd,X = de,X’ — edim(¢).

Let ¢: R — S be a local homomorphism and X € D{: (S). Recall that the injective
dimension of X over ¢ (see [4], (8.2)) is the number

id, X =sup{n € Z: py(X) # 0} — edim(p),

where
pop(X) = rank; Extz_edimw)(lﬂ, K[z; X])

is the nth Bass number of X over ¢ (see [4], (4.1)). If p: R — S is a local
homomorphism and X € DI{ (S), then it is known that pd,X = fdpX + depthp X —
depthg X (see [10], Proposition 4.5) and id, X = idgX (see [4], Corollary 8.2.2).

Inspired by this, we define and study notions of restricted homological dimensions
of complexes over local homomorphisms in this paper. The main goal of this paper
is to study the properties of restricted homological dimensions over local homomor-
phisms and to characterize (almost) Cohen-Macaulay rings by restricted homological

dimensions over local homomorphisms.

2. PRELIMINARIES

The derived category is written D(R). Let M be an R-complex

oM, oM
oo — My — M, — M;— 1 — ...
The projective, injective and flat dimensions of M are abbreviated as pdp M, idgp M
and fdgr M, respectively. The symbols sup M and inf M are used for the supremum
and infimum of the set {i € Z: H;(M) # 0}, with the conventions sup () = —co and
inf ) = co. The amplitude of a complex X is defined by amp X = sup X — inf X.
A complex M is called homologically bounded above if sup M < oo, it is called
homologically bounded below if inf M > —oo, and it is called homologically bounded
if it is homologically bounded above and below. The full subcategories D_(R) and
D+ (R) consist of complexes X with, respectively, sup X < oo and inf X > —oo.
We set Dy(R) = D_(R) N D4 (R). The full subcategories P(R), Z(R) and F(R)
of Dy(R) consist of complexes of finite, respectively, projective, injective and flat
dimension. We use the superscript f to denote finite (finitely generated) homology
and the subscript 0 to denote modules. For example, 77({ (R) denotes the category of
finite R-modules of finite projective dimension.
We use the standard notation RHompg(—, —) and — ®@% — for the derived Hom
and derived tensor product of complexes.
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Definition 2.1. Let (R, m, k) be a local ring and M an R-complex. The depth
of M is defined as
depthp M = —sup RHomp(k, M).

By [8], Theorem 1.5. (3), for every R-complex M one has

(2.1) depthp M > —sup M.

If supM = s is finite, then equality holds if and only if m is an associated prime of
the top homology module H,(M).

Lemma 2.2 ([10], (2.8)). Let ¢ : R — S be a local homomorphism and X € D(S).
IfH(X) is degreewise finite over R, then we have the equality

depthg X = depth X.

Definition 2.3. Let (R, m, k) be a local ring. The width of an R-complex M is
defined as
widthg M = inf (k @% M).

By [8], Theorem 1.5. (1), for every R-complex M we have the inequality
(2.2) widthg M > inf M,

and equality holds if H(M) is bounded below and degreewise finite by Nakayama’s
lemma.

Lemma 2.4. Let ¢: R — S be a local homomorphism. If X € Dfr(S), then we
have the equality
inf X = widthgX = widthrX.

Proof. Nakayama’s lemma explains the first two equalities in the next display:
widthg X = inf X = widthg(mpS; X) = widthp X.

For the third equality, use the Koszul characterization of width: if x € mp is a gen-
erating sequence of mp, then one has S ®% K% (x) ~ K9(x) and so

X 0t K9(x) ~ X 9% (S ok Kf(x)) ~ X @% KE(x).

743



We proceed by recalling the definition of Cohen factorizations of local homomor-
phisms from [3].
Let ¢: (R,m, k) — (S,n,1) be a local homomorphism. The embedding dimension
of ¢ is
edim(p) := edim(S/mS).

A regular factorization of ¢ is a diagram of local homomorphisms, R R i) S,
where ¢ = ¢, with ¢ flat, the closed fibre R'/mR’ regular and ¢’: R’ — S surjec-
tive.

Let S denote the completion of S at its maximal ideal and let ¢: S — S be
the canonical inclusion. By [3], (1.1), the composition ¢ = tp admits a regular
factorization R — R’ — § with R’ complete. Such a regular factorization is said to
be a Cohen factorization of .

Note that edim(p) < edim(p) = edim(R/mR’). When equality holds the Cohen
factorization is said to be minimal. It is proved in [3], (1.5), that the homomor-
phism ¢ always has a minimal Cohen factorization.

3. RESTRICTED FLAT DIMENSIONS

Recall that the small restricted flat dimension (see [7], Definition 2.9), rfdg X, of
X € D, (R) is
rfdpX = sup{sup(T @% X)|T € P! (R)},
and the large restricted flat dimension (see [7], Definition 2.1), Rfdg X, of X € D, (R)

1S

Rfdp X = sup{sup(T @% X)|T € Fo(R)}.

Note that if R is local (more generally, if R has finite Krull dimension) and
X € Dy(R), then one has rfdp X < oo and RfdgX < oo by [7], (2.2) and (2.10).

Now we introduce the concepts of restricted flat dimensions over local homomor-
phisms.

Definition 3.1. Let ¢: (R,m, k) — (S,n,l) be a local homomorphism and X €
D1 (S). We define the small restricted flat dimension of X over ¢ to be the number

rfd, X = rfdp X + depthp X — depthg.X;
the large restricted flat dimension of X over ¢ to be the number

Rfd,X = RfdgX + depthX — depthgX.
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Remark 3.2. Since depthz X < depthgX by [9], (5.2), one has rfd, X < rfdgpX
and Rfd, X < RfdgX. If X € Dy(5), then it follows from [7], (2.2), (2.12) and
(2.10), and [8], (2.5), that

depth R — depthg X < rfd, X < Rfd,X < oco.

Remark 3.3. The two restricted flat dimensions defined over R may differ, even
for finite modules over local rings. The same also holds for the two restricted flat
dimensions over local homomorphisms. Let R be a local ring with dim R = 2 and
depth R = 0 (see [7], Example 2.13). Choose q € Spec R with depth Ry = 1 and pick
x € q such that the fraction z/1 is Rq-regular. Let S = R/(x), ¢: R — S be the nat-
ural map and M = R/(z). Then rfd, M = rfdgM = 0 and Rfd,M = RfdgM > 1.

Recall that a local ring R is called a Cohen-Macaulay ring if dim R = depth R

(see for example [5]).

Proposition 3.4. Let R be a Cohen-Macaulay ring, ¢: R — S a module-finite

local homomorphism and X € D,{ (8). fR % R % S is a minimal Cohen
factorization of ¢, then we have the equalities

rfd, X = rfdp X — edim(p) and Rfd,X = Rfdp X — edim(yp),

where X = X®§ S,

Proof. Since R is a Cohen-Macaulay ring, by [3], Proposition 2.8, R’ is a

Cohen-Macaulay ring. Now we have

rfd, X = rfdg X + depthr X — depthg X
= depth R — depthg X
= depth R — depthg)?
= depth R — depthR,)?
= depth R — depthp X — depth R’ + depth R
= rfdg X — depth R’ + depth R
= rfdp X — edim().

The second equality in the computation above follows from [7], Corollary 3.5, as ¢
is module-finite, the fourth holds by Lemma 2.2, the sixth follows from X € Dg (R)

and [7], Corollary 3.5, and the last equality holds since R PR i’> S is a minimal

Cohen factorization of ¢.
Similarly, one has Rfd,X = Rfdr/ X — edim(¢p). O

745



The next result shows that the large restricted flat dimension is a refinement of
the projective dimension over a local homomorphism.

Proposition 3.5. Let ¢: R — S be a local homomorphism and X € Dg(S).
Then we have the inequality
Rfd, X < pd, X,

and equality holds if pd, X < oc.
Proof. It follows from [7], Theorem 2.5, and [10], Proposition 4.5. O

The following result is an extension of the Bass formula for the restricted flat
dimensions (see [7], Corollary 3.5), which is a special case by putting ¢ = idg.

Lemma 3.6. Let R be a Cohen-Macaulay ring and ¢: R — S a module-finite
local homomorphism and X € D,{ (S). Then

rfd, X = Rfd, X = depth R — depthgX.

Proof. It follows from Lemma 2.2 and [7], Corollary 3.5. O

Recall that a local ring R is called an almost Cohen-Macaulay ring if cmd R =
dim R — depth R < 1.

Proposition 3.7. Let R be a local ring. The following conditions are equivalent.

(i) R is almost Cohen-Macaulay.
(ii) For every local homomorphism ¢: R — S and for every X € D, (5), rfd, X =
Rfd,X.
(iii) For every local homomorphism ¢: R — S and for every finite S-module M,
rfd, M = Rfd,M.

Proof. It follows from [7], Theorem 3.2. O

Theorem 3.8. Let R be a local ring. The following conditions are equivalent.

(i) R is Cohen-Macaulay.
(ii) For every module-finite local homomorphism ¢: R — S and for every X €
D/ (S), Rfd,X = depth R — depthg X .
(iii) For every module-finite local homomorphism ¢: R — S and for every finite
S-module M, rfd,M = depth R — depthgM.
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Proof. It follows from Lemma 3.6 and [7], Theorem 3.4. O

Lemma 3.9. Let ¢: R — S be a local homomorphism and X € D, (S).

(i) (See [10],(8.6)) We have the inequality REdrX > depth R — depthg X ; equality
holds if X is homologically finite over R and G-dimgX is finite.

(ii) We have the inequality rfdrX > depth R — depthgX; equality holds if X is
homologically finite over R and G-dimpX is finite.

Proof. (ii) Note that depthp X < depthgX. Hence the inequality follows by [7],
(2.12). If X is homologically finite over R and G-dimpX is finite, then equality holds
by (i) and [7], (2.10). O

Theorem 3.10. Let ¢: R — S be a local homomorphism and X € DI{(S). If
G-dim, X is finite, then

rfdp X — edim(p) < rfd, X < rfdpX.

Proof. By Remark 3.2, one has depth R —depthg X < rfd, X < rfdrX. There-
fore, we only need to show that

(%) rfdgp X — edim(p) < depth R — depthg X.
Let S be the completion of S at its maximal ideal and set X=9 ®s X. We have

rfdr X = sup{sup(T ®% X): T € Pg(R)}
= sup{sup((T @% X) ©5 5): T € P{(R)}
= sup{sup(T @% )?) Te Pg(R)}
= rde)/(\'.

Since S is faithfully flat as an S-module, the second equality holds in the computation
above. The third equality is by the isomorphism

(T % X)®s S =Tk (S®s X).

Consider the other quantities in the desired inequality (*). Since we have edim (@) =
edim(y) and depthgX = depthgX, it suffices to show that

rfdg X — edim(¢) < depth R — depthgX.
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Hence without loss of generality, we may assume that S is complete. With R —
R’ — S a minimal Cohen factorization of ¢, one has

rfdp X = sup{sup(T ®I§ X): Te ’Pg(R)}
= sup{sup((T'®r R') ®% X): T e P/(R)}
< sup{sup((T @ R') @% X): Tor R € P{(R)}
=ridp X
= depth R’ — depthp, X
= depth R + edim(p) — depthp X
= depth R + edim(p) — depthgX.

Since T € P/ (R), one has T @ R’ € P{(R’) and so the inequality in the computa-
tion above holds. Since G-dim, X is finite, the fourth equality follows by Lemma 3.9,
the fifth holds as R — R’ is flat and R//mR’ is regular and the last follows by
Lemma 2.2. This completes the proof. ([

Similarly, one has the following result.

Proposition 3.11. Let ¢: R — S be a local homomorphism and X € D,{(S). If
G-dim, X is finite, then

RfdgX — edim(p) < Rfd,X < RfdpX.

4. RESTRICTED INJECTIVE DIMENSIONS

Recall that the small restricted injective dimension ridgY (see [7], Definition 5.1)
of Y e D_(R) is

ridgY = sup{— inf RHomg(T,Y): T € P{(R)},

and the large restricted injective dimension RidgY (see [7], Definition 5.10) of
Y € D_(R) is

RidrY = sup{— inf RHomg(T,Y): T € Pyo(R)}.

Note that if R is local (more generally, if R has finite Krull dimension), and
X € Dy(R), then one has ridg X < co and RidgX < oo by [7], (5.2) and (5.11).

Next we introduce the concepts of restricted injective dimensions over local homo-
morphisms.
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Definition 4.1. Let ¢: (R,m, k) — (S,n,l) be a local homomorphism and X €
D_(S). We define the small restricted injective dimension of X over ¢ to be the
number

rid, X = ridgX + widthg X — widthsX;
the large restricted injective dimension of X over ¢ to be the number

Rid, X = RidgX + widthgp X — widthgX.

Note that if X € D,{(S), then rid,X = ridgX by Lemma 2.4 and so it follows
from [7], (5.2) and (5.11) that —inf X <rid,X < Rid,X < oo.

Lemma 4.2. Let ¢: R — S be a local homomorphism. For X € DI{(S), we have
the equalities

rid, X = ridgX = depth R —inf X; Rid,X = RidrX.

Proof. We have

ridg X = sup{depthp(p, X) — widthr(p, X)|p € Spec R}
= sup{depthy(p, X) — widthg(pS, X)|p € Spec R}
= depth R — inf X.

The first equality in the computation above follows by [7], Proposition 5.3, the second
by [11], Proposition 2.5, and the third holds by [7], (4.3.2). Now the result follows
from Lemma 2.4. O

Proposition 4.3. Let ¢: R — S be a module-finite local homomorphism and
X e D,{ (S). If R is Cohen-Macaulay, then we have the equality

Ridy, X = depth R — inf X.

Proof. It follows from [12], Theorem 2.2. O

Theorem 4.4. Let ¢: R — S be a local homomorphism and X € DI{(S). If

R %s R' *% § is a minimal Cohen factorization of @, then we have the equality
rid, X = ridp X — edim(yp), where X = X @& S.
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Proof. We have

rid, X = depth R — widthgX

= depth R — widthgX

= depth R — widthp X

= depth R’ — widthg X — depth R’ 4 depth R

= ridp X — depth R’ 4 depth R

=ridp X — edim(yp).
The first equality in the computation above follows by Lemma 4.2, the second by [11],
Proposition 2.3, the third by Lemma 2.4, the fifth follows from Xe D,{(R’) and [7],

Corollary 3.5, and the last equality holds since R %4 R" % § is a minimal Cohen
factorization of ¢. O

By analogy with the proof of Theorem 4.4 and [12], Theorem 2.2, we have the

following result.

Proposition 4.5. Let R be a Cohen- Macaulay ring, P R — S a module-finite

local homomorphism and X € Df (S). If R % R - S is a minimal Cohen
factorization of ¢, then we have the equality Rid,X = Ridp' X — edim(yp).

The following result shows that the restricted injective dimensions are refinements
of the injective dimension over a local homomorphism, at least over almost Cohen-
Macaulay rings.

Proposition 4.6. Let ¢: R — S be a local homomorphism. For X € D{:(S), we
have the inequalities

rid, X <idy, X and Ridy,X <idpX
and equalities hold if id, X < oo andcmd R < 1

Proof. It follows from [4], Corollary 8.2.2, and [7], Propositions 5.8 and 5.13.
O

For the small restricted injective dimension over local homomorphisms, we have
some stability results.

Proposition 4.7. Let ¢: R — S be a local homomorphism and P € be(S). For
each X € D{(S) we have an equality

rid,, (P @5 X) = rid, X — inf P.
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Proof. Note that P®% X € DI{(S). We have

rid, (P ®% X) = depth R — widthg(P @% X)
= depth R — widthg P — widthg X
=rid, X — inf P,

where the first and third equalities follow by Lemma 4.2 and the second holds by [8],
Proposition 4.6. O

Corollary 4.8. Let ¢: R — S be a local homomorphism and P € Pg(S). For
each X € D{(S) we have the equality

rid,RHomg (P, X) = rid, X + pdgP.

Proof. Note that RHomg(P, X) € Dg(S) by assumption. Since pdgP is finite,
one has

RHomg (P, X) = RHomg(P, S @5 X) = RHomg(P, S) ®% X,

where the second isomorphism follows from [2], Lemma 4.4. It follows from [6],
Theorem 2.13, that pd¢gRHomg (P, S) = —inf P is finite and inf RHomg (P, S) =
—pdgP. Thus we have the following equalities.

rid, RHomg (P, X) = rid,(RHomg (P, ) @% X)
rid, X — inf RHomg(P, S)
=ridy, X + pdgP.

The second equality above follows from Proposition 4.7. (]

For any faithfully injective R-module F we use the notation —¥ = RHompg(—, F).

Proposition 4.9. Let ¢: R — S be a local homomorphism and X € D,{ (9).
(i) rid,X =rfd, X".
(i) If ¢ is module-finite, then rid, X" = rfd,X.
(iii) If ¢ is module-finite, then Rid, X" = Rfd,X.
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Proof. (i) We have

rfd, X" = rfdg X" + depthp XV — depthg X'V
=1fdgp X" + widthg X + depthpx E — widthg X — depthp E
= rfdp X"V
=ridgX
=rid, X.
The second equality in the computation above follows from [8], Proposition 4.6,
and [11], Proposition 2.3, the third by Lemma 2.4 and the fourth by [7], Proposi-
tion 5.3.
(ii) We have
rid¢XV = ridg X" 4 widthg X" — widthg X"
=rfdgX + depthzp X — depthg X
=rfd,X.
The second equality in the computation above follows from [12], Proposition 2.1,

and [7], Proposition 4.8.
(iii) Similarly. O
Remark 4.10. The two restricted injective dimensions over local homomor-
phisms may also differ. Let R be a local ring with dim R = 2 and depth R = 0 (see [7],
Example 2.13). Choose q € Spec R with depth Ry = 1 and pick = € q such that the

fraction z/1 is Rq-regular. Let S = R/(x), let ¢: R — S be the natural map and
M = R/(x). Then rid, M" = rfd,M = 0 and Rid,M" = Rfd,M = RfdgM > 1.

Theorem 4.11. Let R be a local ring. The following conditions are equivalent.

(i) R is almost Cohen-Macaulay.
(ii) For every module-finite local homomorphism ¢: R — S and for every X €
DI (8), Rfd, X" = depth R — inf X.
(iii) For every module-finite local homomorphism ¢: R — S and for every finite
S-module M, Rfd,M = depth R.

Proof. (i) = (ii): We have
Rfd, X" = rfd, X" = rid, X = depth R — inf X.

The first equality in the computation above holds by Proposition 3.7, the second by
Proposition 4.9 and the last follows by Lemma 4.2.

(if) = (iii): It is clear.

(iii) = (i): By [12], Theorem 3.1. O
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5. RESTRICTED PROJECTIVE DIMENSIONS

Recall that the small restricted projective dimension rpdpX (see [7], Defini-
tion 5.19) of X € D, (R) is

rpdp X = sup{inf U — inf RHomp(X,U): U € IZ{(R) ANH(U) # 0},
and the large restricted projective dimension RpdpX (see [7], Definition 5.14) of
X € D, (R) is
Rpdz X =sup{—inf RHomg(X,T): T € Zy(R)}.
Note that if R is local (more generally, if R has finite Krull dimension) and
X € Dy(R), then one has rpdp X < 0o and RpdpX < 0.

Next we introduce the concepts of restricted projective dimensions over local ho-
momorphisms.

Definition 5.1. Let ¢: (R,m, k) — (S,n,1) be a local homomorphism and X €
D1 (S). We define the small restricted projective dimension of X over ¢ to be the
number

rpd, X =rpdzX + depthp X — depthg X;

the large restricted projective dimension of X over ¢ to be the number
Rpd,X = RpdpX + depthz X — depthg X.

Proposition 5. 2 Let <p R — S be a module-finite local homomorphism and

X e D,{ (9). If R %4 R" * § is a minimal Cohen factorization of ¢ @, then we have
the equality rpd,, X = rde,X — edim(yp), where X=X ®L S.

Proof. By analogy with the proof of Proposition 3.4 and [7], Lemma 5.20. O
Similarly, we have the following result by [7], Theorem 5.22.

Proposition 5.3. Let R be a Cohen- Macaulay ring, P R — S a module-finite

local homomorphism and X € Df (S). If R % R ' § is a minimal Cohen
factorization of p, then we have the equality Rpd,X = Rpd R,X — edim(yp).

The next result is an extension of the Bass formula to the restricted projective
dimension (see [7], Corollary 5.23), which is a special case by putting ¢ = idg.

Proposition 5.4. Let ¢: R — S be a module-finite local homomorphism. If
X e D,{ (S), then we have the equality

rpdp X =rpd, X = depth R — depthg X.
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Proof. It follows from [7], Lemma 5.20, and Lemma 2.2. O

Proposition 5.5. Let ¢: R — S be a module-finite local homomorphism and
X e D,{ (S). If R is Cohen-Macaulay, then we have the equality

Rpd,X = depth R — depthg X.

Proof. Tt follows from [7], Corollary 5.23, and Lemma 2.2. d
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