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Abstract. This paper is concerned with the oscillatory behavior of the damped half-linear
oscillator (a(t)pp(z')) + b(t)p(x') + c(t)pp(x) = 0, where pp(z) = 2P~ sgnz for z € R
and p > 1. A sufficient condition is established for oscillation of all nontrivial solutions of
the damped half-linear oscillator under the integral averaging conditions. The main result
can be given by using a generalized Young’s inequality and the Riccati type technique.
Some examples are included to illustrate the result. Especially, an example which asserts
that all nontrivial solutions are oscillatory if and only if p # 2 is presented.
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generalized Young inequality; oscillatory solution

MSC 2010: 34C10, 34C15

1. INTRODUCTION

We consider the damped nonlinear oscillator

(1.1) (a(®)ep() +b(t)pp(z") + c(t)pp(x) =0

for t > tp, where the prime denotes d/dt; the coefficients a(t), b(t) and c(t) are
continuous for ¢ > ¢, and a(t) > 0 for ¢ > to; the real-valued function ¢,(x)
is defined by pp(z) = |z[P"lsgna for x € R and p > 1. Note that ¢,(zy) =
vp(x)pp(y) holds for any z,y € R, but p,(x + y) = pp(x) + ©p(y) does not hold for
any z,y € R\ {0} and p # 2. Therefore, the solution space of (1.1) is homogeneous,
but it is not additive in the case p # 2. For this reason, this equation is often
called “half-linear“. For example, half-linear differential equation can be found in
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1], [2], [3], [6], [7], [8], [12], [13], [14], [17]-]26], [30], [31], [35], [37]. Clearly, the
equation (1.1) has a trivial solution z(¢) = 0. It is known that the global existence
and uniqueness of solutions of (1.1) are guaranteed for the initial-value problem
(see [6], page 170, and [7], pages 8-13). Hence, all nontrivial solutions of (1.1) are
divided as follows: a nontrivial solution x(¢) of (1.1) is said to be “oscillatory” if
there exists a sequence {t,,} such that z(¢t,) = 0 and nh_{r;o t, = o0o; otherwise, it is

said to be “non-oscillatory“. Multiplying (1.1) by exp(ftz (b(s)/a(s)) ds), we obtain
an undamped half-linear differential equation

(1.2) <a(t) exp </tt % ds) 4,0,,(3:/))/ e(t) exp </tt % ds> () = 0

for t > ty. It is well known that all nontrivial solutions of second order undamped lin-
ear or half-linear differential equations are oscillatory if a nontrivial solution of them
is oscillatory by virtue of Sturm’s separation theorem (see [1], [5], [6], [7], [11], [29]).
Needless to say, the oscillatory behavior of (1.1) and (1.2) are equivalent. Hence,
if (1.1) has an oscillatory solution, then all nontrivial solutions of (1.1) are oscillatory.
We call the sufficient conditions for all nontrivial solutions of differential equations
to be oscillatory “oscillation theorems”. Many researchers have been interested in
the oscillation theorems for linear or nonlinear differential equations. For example,
the reader is referred to [1], [2], [4]-[13], [15], [16], [21], [22], [23], [26]-[32], [34], [35],
[36], [38]. Our main aim of this paper is to establish conditions on the coefficients
a(t), b(t) and c(t) for all nontrivial solutions to be oscillatory.

Since o () = x, the half-linear differential equation becomes the linear differential
equation. If p = 2, a(t) = 1 and b(t) = 0, then (1.1) corresponds to the linear
oscillator

(Ly) 2 +c(t)z=0

for ¢ > tg. Wintner in [33] established the following oscillation theorem by using an
integral averaging condition.

Theorem A. If

t—oo t

t s
(1.3) lim l/ / c(r)drds = o0
to Jto

holds, then all nontrivial solutions of (L1) are oscillatory.
If p =2 and b(t) =0, then (1.1) becomes the linear oscillator
(Lo) (a(®)z") + c(t)x =0
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for t > to. The following result was presented by Grace and Lalli in [9]. In the
book of Agarwal, Grace and O’Regan, see [1], pages 40-42, it was introduced in the
following form.

Theorem B. If (1.3) and

(1.4) Jim t( /t a(T)dT)l ds = o

hold, then all nontrivial solutions of (Lg) are oscillatory.

Theorems A and B have been extended by many authors to more precise and
general results for nonlinear differential equations (see [1], [2], [4], [9], [10], [15], [16],
30], [31), [32], [34], [36], [38).

If p =2, then (1.1) becomes the damped linear oscillator

(L3) (a(t)x’) +bt)z’ + c(t)x =0

for t > to. Multiplying (Ls) by exp(ftz (b(s)/a(s)) ds), we obtain

<a(t)exp</t: %ds)x’>/+0(t)exp</t: %ds)x— 0

for t > ty. We can get the following corollary by using Theorem B.

Corollary 1.1. If

w9 ([ ( [ i) =

and

(1.6) tli>r2<> % /t: /t: e(7) exp(/t: % da) drds = o0

hold, then all nontrivial solutions of (Lg) are oscillatory.

Letting z = yexp(— ftt) (b(s)/(2a(s))) ds), we can transform equation (Lj) into
the equation

(1.7 (alt') + (et - 20 VY,
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for ¢t > to. Needless to say, all nontrivial solutions of (Ls) are oscillatory if and only
if all nontrivial solutions of (1.7) are oscillatory. By using Theorem B, we can easily
establish the following corollary.

Corollary 1.2. Suppose that b(t) is continuously differentiable fort > ty. If (1.4)
and

(1.8) tlf&%/t: /t: (c(r)—

hold, then all nontrivial solutions of (Lg) are oscillatory.

b¥(r) V(1)

Ta(7) 5 )des:oo

Now, we give two examples to illustrate the differences between Corollaries 1.1
and 1.2. We consider the damped linear oscillator

1
a:”—l—;x'—i—x:O

for t > 1. In this case, we have

Jim t( /1 " () exp ( /1 ’ % da) dT)_l ds = lim (1og

where ¢ is an arbitrary constant. Hence, condition (1.5) in Corollary 1.1 does not
hold. However, we can show that conditions (1.4) and (1.8) in Corollary 1.2 hold.
Then all nontrivial solutions of this equation are oscillatory. On the other hand, we

t—1+ )_
t+1 c1) = ¢,

consider the damped linear oscillator

(1 ,)’ n 1, n 1 0
- =T + —sx =
t t2 t2

for t > 1. In this case, we can estimate that

1t vi(r) V(1) .1 3 11, 7\ 11
35&2/1/1 () = Gy ~ 57 ) drds = Jim 7 (< logt+ G+t - 3) =5

that is, condition (1.8) in Corollary 1.2 does not hold. However, since conditions (1.5)
and (1.6) in Corollary 1.1 hold, all nontrivial solutions of this equation are oscillatory.
From the above mentioned examples, we conclude that Corollaries 1.1 and 1.2 have no
relation of inclusion. Moreover, they show that the criteria for the damped equation
change according to the transformation to the undamped equation. This means that
we cannot use fully a theory for the undamped equation to analyse the damped
equation.
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If b(t) =0, then (1.1) becomes the undamped half-linear oscillator

(H) (a(t)pp(2"))" + c(t)pp(x) =0

for t > tg. The following result can be found in the book [1], pages 166-167, by
Agarwal, Grace and O’Regan.

Theorem C. Suppose p > 2 is satisfied. If (1.3) and

t s 1/(1-p)
(1.9) lim (/ a(T) dT) ds = o0
to

t—o0

hold, then all nontrivial solutions of (H) are oscillatory.

By using Theorem C and (1.2), we can get the following result immediately.

Corollary 1.3. Suppose p > 2 is satisfied. If (1.6) and

(1.10) Jim t(/t a(r) exp (/t % do) dT)l/(l_p) ds = o

hold, then all nontrivial solutions of (1.1) are oscillatory.

This corollary is a generalization of Theorems A, B, C and Corollary 1.1. On
the other hand, we cannot transform equation (1.1) into the half-linear version of
equation (1.7) since ¢,(z +y) = ¢p(x) + ¢p(y) does not hold for any z,y € R\ {0}
if p # 2. The main purpose of this paper is to give an oscillation theorem which
includes Corollary 1.2 without requiring the transformation for equation (1.1). Our
main result is stated as follows.

Theorem 1.1. Let A\, = max{1l,p— 1}. Suppose that a®> P (t)¢,(b(t)) is continu-
ously differentiable for t > to. If (1.9) and

(1.11) tlgrolo /t /t p(T)‘? " (an(T)gap(?))/}des =00

hold, then all nontrivial solutions of (1.1) are oscillatory.

This theorem is a generalization of Theorems A, B, C and Corollary 1.2. Moreover,
it becomes the following result when b(t) = 0.

Corollary 1.4. If (1.3) and (1.9) hold, then all nontrivial solutions of (1.1) are
oscillatory:.
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By using Corollary 1.4 and (1.2), we can obtain a generalization of Corollary 1.3.
Corollary 1.5. If (1.6) and (1.10) hold, then all nontrivial solutions of (1.1) are
oscillatory.

Before we give the proof of the main theorem, we prepare a generalized Young’s
inequality in Section 2. The proof of Theorem 1.1 is given in Section 3, which is
a core of this paper. A Riccati type substitution plays an important role in the
proof. To illustrate the results, we take two concrete examples in Section 4.

2. GENERALIZED YOUNG INEQUALITY

We now define a real-valued function F on R? by

P q
(2.1) F(u,v)zﬁ—uv—l—ﬁ,
q
where ¢ is the positive number satisfying
1 1
-+-=1.
p q

Since p > 1, the number ¢ is also greater than 1. Note thatif 1 <p < 2orl < ¢ <2,
then the number ¢ or p, respectively, is greater than 2, and the function ¢, is the
inverse function of . It is well known that the inequality

F(u,v) 20

holds on R2. This inequality is often called the “Young inequality”. In this section,
we give a generalization of the Young inequality.

Theorem 2.1. Let F(u,v) be the function given by (2.1). Then the following
inequalities hold:

(i) there exists a constant 0 < g9 < 1/q such that
(2.2) F(u,v) = eolep(u) —v|?

for (u,v) € R? and 1 < p < 2;
(ii) there exists a constant 0 < g9 < 1/q such that

—2
(2.3) Fu,v) > eolpp(u) — 0] — E—=[u]?

for (u,v) € R? and p > 2.
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Proof. If p=2, then we have
1 2
F(u,v) = i(u—v)

for any (u,v) € R? when g = 1/2. Clearly, inequalities (2.2) and (2.3) hold. More-
over, if u = 0 holds, then we have
g 1 1 p—2
F(0,v) = — = —|pp(0) —v|? = =|¢p(0) — v]? — ——|0P
(0,v) . q|p() | q|p() | p||

for u € R. This means that inequalities (2.2) and (2.3) hold when v = 0. Thus, we
have only to consider the case that p # 2 and u # 0.

Next, we prove the assertion (i) with 1 < p < 2 and u # 0. We consider two
real-valued functions

[0 1
fo) =Py =L o D and gy = 1 - o
q p
for v € R. Since f(1) =0 and

d
af(v) =pq(v)—1 forveR,

we see that f(v) is decreasing for v < 1 and increasing for v > 1, and f(v) > 0 for
v € R\ {1}. Therefore, the inequality

g9(v)
=< >0 forveR\{1
() W
holds. Since q > 2, we get
_ _ 1|9—2
lim 9(v) = lim aq(v — 1) = lim 7(]'1) 1 =0.

v=1 f(v) 0=l @g(v) —1 v=1 |72
In addition, we have

g(v) : o=t -1}

im =
v—=too f(v)  wotoo N (p;l(v) +p |9
Hence, we see that the function g(v)/f(v) is bounded from above. Let

1 _1
sup{g(v)/f(v): vER} = ¢’

Eo =
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Then we get

v q

)
IS SO
Pp(u) op(u)
Multiplying this inequality by |u|? = |¢p(u)|?, we obtain inequality (2.2).
Next, we prove the assertion (ii) with p > 2 and u # 0. Since p > 2 and f(v) > 0
for v € R, we see that

F(l

g(v)
f)+(p—2)p~*

>0 forveR,

where f and g are the functions given in the previous part. In addition, we obtain

lim 9(v)

N O T

and
g(v) . lv=! = 1]
mm — = lim — — ——— =g
vorkoo f(v) + (p—2)p votoo gL — 7 (v) + g ol e

Hence, we see that the function g(v)/(f(v)+ (p—2)p~!) is bounded from above. Let

1
)/ O+ 2 ) veR) S g

—_

Eo —

Then we have

p—2 v |9

F(l,%) +E= 250‘1—m

Multiplying this inequality by |@,(u)|?, we get inequality (2.3). This completes the
proof of Theorem 2.1. O

3. PROOF OF THE MAIN THEOREM

In this section we present the proof of the main theorem. The method of the proof
is based on the undamped linear case in [1], pages 40—42.

Proof of Theorem 1.1. The proof is by contradiction. Suppose that (1.1)
has a nontrivial non-oscillatory solution z(t). We may assume without loss of
generality that there exists a ¢t; > max{0,%p} such that x(¢t) > 0 for t > t,
because the function —z(t) is also a solution of (1.1). Define a function r(t) =
a(t)pp (' (t)/x(t)). Note that the function ¢, is the inverse function of ¢,. Since
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Z'(t)/z(t) = pu(r(t)/a(t)) and 1/p+1/q = 1, we have

r(t) = —(p = Da(t) J;((f)) - b(t)“"p(a;((f))) )
——tp - 1al)]| S3|" - 00 28 — et
- —pal_q(t)(|r(2)|q & 2;) Wrt)) - ett
= —patp (O ) et MO e

for ¢t > t1, where F'(u,v) is the function given by (2.1). Let

_ b(t)

— ,2-p \Y) .
wlt) = a2 (O, (%) + (0
it follows from Theorem 2.1 that

10) < ~peoa =0 oo (“— 2D r0)]" 4 200 L2 et

= —peoa’ (1) |w(t)|? + /\Pal_p(t)‘?

p

—c(t)

for t > t;. Therefore, we get a generalized Riccati inequality

w(®) =0+ (@7 0e(M2)) < —peoat OOl - 010

for t > t;, where

b(t)

U0) = elt) = Npa P(0)] 7

"~ 0 (42))'

Integrating twice the above inequality from t; to ¢ > t1, we obtain

/ w(s)ds —w(t1)(t —t1) —pao// T)|w(T |dads—/ P(r)drds
t1Jt1 t1Jt1
for t > t,. Hence, we have
t t s
(3.1) /w(s)ds—l—pao// a' = (1) |Jw(T)|? dr ds
ty t1Jt

< —tiw(t) +t<w(t1) - %/tt :wm de8>
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for t > t;. Taking into account that

1 t S 1 t S t1 ps
E/tl ; Y(r)drds = ¥</to ) Q/J(T)des—/tO /t1 Q/J(T)deS)
—to

1 t S t t1 1 t1 S
= —/ Y(1)drds — Y(1)dr — —/ Y(1)drds
t toJto to t to Jt1

for t > t1, from (1.11) and (3.1) we can choose a tz > t; such that

/ ds—i—pao// T)|?drds <0 fort>
t1Jty
p&o// 9drds >0 fort>
t1Jt,

Let

Then we have

¢
< [ |w(s)|ds for t > ts.
t1

0 < R(%) <—/tw(s)ds<

t1

Using Holder’s inequality, we obtain

() < {([g5e) " (L)}
(o)

for ¢t > tp. Since (f:l a(s) ds)qi1 is positive for t > to, we see that R'(t) is also

positive for ¢ > to. For this reason, we can find a ¢35 > to such that R(t) is positive
for t > t3. Thus, we get

(3.2) /t: (/: a(T) dT>1q ds < L/ R (s)R/(s)ds < ileq(tg)

PE0 Jig gco

for ¢ > t3. From (1.9) it follows that the left-hand side of (3.2) diverges to infinity
as t — oo, which contradicts the fact that the right-hand side of (3.2) is finite. This
completes the proof of Theorem 1.1. O
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4. EXAMPLES

To illustrate our main theorem, we give two examples. For the sake of simplicity,

let ) b(E) 1
- (srom ().

Example 4.1. Consider the damped half-linear oscillator

(1) = oft) = pa' (0] 22

(11) (p— 1) 20y (")) + 1p(a") + () =0

for ¢ > 1. Then all nontrivial solutions of (4.1) are oscillatory. Moreover, in the case
that p = 2, we cannot use Corollaries 1.1, 1.3 and 1.5.
Since p > 1 and a(t) = (p — 1) t?~2, we have

t 1/(1-p) 1
(/ a(s) ds) =@t -1/ 5 2
1

t

for t > 1. From this inequality, we can estimate that

t s 1/(1-p)
lim (/ a(T) d’T) ds = 0.
t—oo [o 1

Hence, condition (1.9) holds. Since p > 1, a(t) = (p—1)tP=2, b(t) = 1/t and c(t) = 1,

we have

A\ t(1=p)(p=2)—p _9)2 1) (p—1)2 P (2P
V() =1-22 +{(P C+p—1ip-1) 1A
pp(p — 1)1’)—1 pp_l t
for t > 1, where ¢ is a positive number satisfying
Ap
1 = pp(p — 1)p_1.

Consequently, we get

%/j/:wmdfds > {15 - atost -4

SO (L )

for t > 1. From this inequality we can easily see that condition (1.11) holds. Thus, by

using Theorem 1.1, we conclude that all nontrivial solutions of (4.1) are oscillatory.
In the case that p = 2, (4.1) becomes the damped linear oscillator

1
a:"—l—;x'—i—x:O.
We have already shown that condition (1.5) does not hold in Section 1.
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Finally, we take the other example which is very delicate.
Example 4.2. Consider the damped half-linear oscillator

42) (0= D)) + ot T @)+ (3= LYo =0

for ¢ > 1. Then all nontrivial solutions of (4.2) are oscillatory if and only if p # 2.
Moreover, in the case that 1 < p < %(3—1— \/5), we cannot use Corollaries 1.3 and 1.5.

If p = 2, then equation (4.2) becomes the damped linear oscillator

x”—i—zx'—f—(l ! )x—O
Vi too2uvi/)

for t > 1. It is easy to see that the function z(t) = e~2V% is a nontrivial solution of
this equation. That is, (4.2) has a non-oscillatory solution when p = 2.

Since a(t) is the same as in Example 4.1, condition (1.9) holds. From p > 1,
a(t) = (p — 1)tP=2, b(t) = pt—P"+5P=T+1/p and ¢(t) =t~ — 1173/2 we have

t=3/2 ) P21

2
—(p—1)27P~ (P D=2)"=1/py
2 (p—1)r-t

P(t) =t

Integrating both sides of this equality from 1 to ¢t > 1 and using p # 2, we obtain

t B 1 Ap(t7P(P=27 _ 1)
/1 P(s)ds = logt + N 1+ pp—2)2(p — 1) 1

—(p— 1)27p(t7(p71)(p*2)2*1/1’ —1)>logt—co

for t > 1, where co is a positive number satisfying

Ap

co =1+ .
2 p(p —2)2(p — 1)p1

Therefore, we get

1+co

[t 1
E// Y(r)drds > ;(tlogt—t—CQt‘f‘l"‘CQ) =logt—1—co+
1J1
for ¢t > 1. From this inequality, we can estimate that

. 1 t S
tlgrolog/l/l P(r)drds = o0.

Hence, condition (1.11) holds. Thus, by virtue of Theorem 1.1, we conclude that all
nontrivial solutions of (4.2) are oscillatory.
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Next, we will show that condition (1.10) in Corollaries 1.3 and 1.5 does not hold
when 1 < p < 2(3+ V5). Suppose that 1 < p < 2(3+/5). From p > 1, a(t) =
(p— 1)t?~2 and b( ) = pt=P*+5P=T+1/P e have

P _pPrap—s5+1 P -1
4.3 2 P yptapS+l/p . E yh(p)/p
(+3) a@) T P ’
where h(p) = —p(p — 2)? + 1. Note here that the equation h(p) = 0 has three real

roots
3+V5
5

Moreover, we can easily see that h(p) is increasing for 1 < p < 2 and decreasing for
2 < p < 2(3++/5). Thus, we obtain

p=1,

3 5
(4.4) 0<h(p)<1 forl<p< +2\/_.
From this inequality and p > 1 we get
1\2 3 3+V5
2
_(p— > _ = e
p°—(p l)h(p)/<p 2)—|—4>0 forl<p< 5
and - )
/ ﬂda = pi(Th(p)/p —1)>0 for7>1.
1 a(o) (p— 1h(p)

Using these inequalities, (4.4) and the Taylor series expansion of the exponential
function, we can estimate that

T 2
exp(/ b(O’) d0'> 2 1+ pi(,rh(p)/p _ 1)
1

a(o) (p — 1)h(p)
- L{Th(p)/p _ }M}
(p — Dh(p) p2
p? B p?—(p— 1)h(p)7_7h(p)/p ~h(®)/p ~ Th(p)/p
= =i P2 frhir

for 7 > 1. Multiplying this inequality by a(7) and integrating both sides from 1 to
> 1, we have

/1 " () exp (/1 % da) dr>(p-1) /1 /e gy

(p — 1)(sP~1HR@)/P _ 1)
p—1+h(p)p~!
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for

1/

for

s = 1. Since the right-hand side of this inequality is positive for s > 2 and
1 — p) is negative, it follows that

(/15 a(7) exp (/j 2((2; da) )1/(1 P) { — 1_ ip+1;(fb(;9)/p ~1) },1/@71)

< H(p)s~ - hw)/{pp-1}

s = 2, where

(= 1)1 — 27D/ -1/ (-1)
H(p)i{ p—1+h(p)p~! } =Y

Therefore, we obtain

for

- T R

t > 2. This means that (1.10) in Corollaries 1.3 and 1.5 does not hold when

1<p<i(3+Vh).

Acknowledgement. The authors would like to thank Professor Satoshi Tanaka

for

our

1]

2]

3]

[4]
[5]
[6]
(7]
8]

[9]

768

useful suggestions. We also would like to thank the referee for carefully reading
manuscript and for giving useful comments.

References

R. P. Agarwal, S.R. Grace, D. O’Regan: Oscillation Theory for Second Order Linear,
Half-Linear, Superlinear and Sublinear Dynamic Equations. Kluwer Academic Publish-
ers, Dordrecht, 2002. MR
D. Cakmak: Integral averaging technique for the interval oscillation criteria of certain
second-order nonlinear differential equations. J. Math. Anal. Appl. 300 (2004), 408-425. IMR]
M. Cecchi, Z. Dosld, O. Dosly, M. Marini: On the integral characterization of principal
solutions for half-linear ODE. Electron. J. Qual. Theory Differ. Equ. 2013 (2013), Paper

No. 12, 14 pages. IMR]
W. J. Coles: A simple proof of a well-known oscillation theorem. Proc. Am. Math. Soc.
19 (1968), 507. IMR]

W. A. Coppel: Disconjugacy. Lecture Notes in Mathematics 220, Springer, Berlin, 1971. MR]
O. Dosly: Half-linear differential equations. Handbook of Differential Equations: Ordi-
nary Differential Equations. Vol. I. (A.Canada et al., eds.). Elsevier/North-Holland,

Amsterdam, 2004, pp. 161-357. zb] MR}

O. Doslyj, P. Rehdk: Half-Linear Differential Equations. North-Holland Mathematics

Studies 202, Elsevier Science, Amsterdam, 2005. IMR]
S. Fisnarovda, R. Marik: On constants in nonoscillation criteria for half-linear differential

equations. Abstr. Appl. Anal. 2011 (2011), Article ID 638271, 15 pages. MR]
S. R. Grace, B. S. Lalli: Integral averaging and the oscillation of second order nonlinear

differential equations. Ann. Mat. Pura Appl., IV. Ser. 151 (1988), 149-159. MR


https://zbmath.org/?q=an:1073.34002
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2091751
http://dx.doi.org/10.1007/978-94-017-2515-6
https://zbmath.org/?q=an:1082.34030
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2098218
http://dx.doi.org/10.1016/j.jmaa.2004.06.046
https://zbmath.org/?q=an:1340.34125
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3019662
http://dx.doi.org/10.14232/ejqtde.2013.1.12
https://zbmath.org/?q=an:0155.12802
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0223644
http://dx.doi.org/10.2307/2035563
https://zbmath.org/?q=an:0224.34003
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0460785
http://dx.doi.org/10.1007/BFb0058618
https://zbmath.org/?q=an:1090.34027
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2166491
https://zbmath.org/?q=an:1090.34001
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2158903
http://dx.doi.org/10.1016/S0304-0208(13)72439-3
https://zbmath.org/?q=an:1232.34052
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2846243
http://dx.doi.org/10.1155/2011/638271
https://zbmath.org/?q=an:0648.34039
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0964507
http://dx.doi.org/10.1007/BF01762792

[10]
[11]
[12]
[13]
[14]

[15]

[16]

[17]

18]

[19]

[20]

[21]

[22]
23]
[24]
[25]
[26]
[27]

28]

[29]

[30]

S. R. Grace, B. S. Lalli: Integral averaging techniques for the oscillation of second order

nonlinear differential equations. J. Math. Anal. Appl. 149 (1990), 277-311. MR
P. Hartman: Ordinary Differential Equations. John Wiley and Sons, New York, 1964. MR

P. Hasil, M. Vesely: Conditional oscillation of Riemann-Weber half-linear differential

equations with asymptotically almost periodic coefficients. Stud. Sci. Math. Hung. 51

(2014), 303-321. MR
P. Hasil, M. Vesely: Non-oscillation of perturbed half-linear differential equations with

sums of periodic coefficients. Adv. Difference Equ. 2015 (2015), Article No. 190, 17 pages. Wi§l

S. Hata, J. Sugie: A necessary and sufficient condition for the global asymptotic stability

of damped half-linear oscillators. Acta Math. Hung. 138 (2013), 156-172. IMR]
I. V. Kamenev: An integral criterion for oscillation of linear differential equations of sec-

ond order. Math. Notes 23 (1978), 136-138. (In English. Russian original.); translation

from Mat. Zametki 23 (1978), 249-251. MR
T.Li, Y.V.Rogovchenko, S.Tang: Oscillation of second-order nonlinear differential
equations with damping. Math. Slovaca 64 (2014), 1227-1236. MR

J. D. Mirzov: Asymptotic Properties of Solutions of Systems of Nonlinear Nonau-
tonomous Ordinary Differential Equations. vol. 14, Folia Facultatis Scientiarum Nat-
uralium Universitatis Masarykianae Brunensis. Mathematica 14, Masaryk University,
Brno, 2004. IMR]
M. Onitsuka, T.Soeda: Uniform asymptotic stability implies exponential stability for
nonautonomous half-linear differential systems. Adv. Difference Equ. 2015 (2015), Ar-
ticle No. 158, 24 pages. MR
M. Onitsuka, J.Sugie: Uniform global asymptotic stability for half-linear differential
systems with time-varying coefficients. Proc. R. Soc. Edinb., Sect. A, Math. 141 (2011),

1083-1101. MR]
M. Onitsuka, S. Tanaka: Characteristic equation for autonomous planar half-linear dif-
ferential systems. Acta Math. Hung. 152 (2017), 336-364. MR

M. Pasié: Fite-Wintner-Leighton-type oscillation criteria for second-order differential
equations with nonlinear damping. Abstr. Appl. Anal. 2013 (2013), Article ID 852180,

10 pages. IMR]
P. Rehdk: A Riccati technique for proving oscillation of a half-linear equation. Electron.

J. Differ. Equ. 2008 (2008), Article No. 105, 8 pages. MR]

P. Rehdk: Comparison of nonlinearities in oscillation theory of half-linear differential

equations. Acta Math. Hung. 121 (2008), 93-105. MR
P. Rehdk: Exponential estimates for solutions of half-linear differential equations. Acta

Math. Hung. 147 (2015), 158-171. | zblJMR] doi|
J. Sugie: Global asymptotic stability for damped half-linear oscillators. Nonlinear Anal.,

Theory Methods Appl., Ser. A, Theory Methods 7/ (2011), 7151-7167. IMR]
J. Sugie, K. Matsumura: A nonoscillation theorem for half-linear differential equations

with periodic coefficients. Appl. Math. Comput. 199 (2008), 447-455. IMR]
J. Sugie, M. Onitsuka: Global asymptotic stability for damped half-linear differential

equations. Acta Sci. Math. 73 (2007), 613-636. MR]

J. Sugie, M. Onitsuka: Growth conditions for uniform asymptotic stability of damped
oscillators. Nonlinear Anal., Theory Methods Appl., Ser. A, Theory Methods 98 (2014),

83-103. DI dor
C. A. Swanson: Comparison and Oscillation Theory of Linear Differential Equations.
Mathematics in Science and Engineering 48. Academic Press, New York, 1968. IMR]

A. Tiryaki: Oscillation criteria for a certain second-order nonlinear differential equations
with deviating arguments. Electron. J. Qual. Theory Differ. Equ. 2009 (2009), Article

No. 61, 11 pages. zb] MRl doi

769


https://zbmath.org/?q=an:0697.34040
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1054809
http://dx.doi.org/10.1016/0022-247X(90)90301-U
https://zbmath.org/?q=an:0125.32102
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0171038
https://zbmath.org/?q=an:1340.34127
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3254918
http://dx.doi.org/10.1556/SScMath.51.2014.3.1283
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3358100
http://dx.doi.org/10.1186/s13662-015-0533-4
https://zbmath.org/?q=an:1299.34193
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3015969
http://dx.doi.org/10.1007/s10474-012-0259-7
https://zbmath.org/?q=an:0408.34031
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0486798
http://dx.doi.org/10.1007/BF01153154
https://zbmath.org/?q=an:1349.34111
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3277849
http://dx.doi.org/10.2478/s12175-014-0271-1
https://zbmath.org/?q=an:1154.34300
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2144761
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3359784
http://dx.doi.org/10.1186/s13662-015-0494-7
https://zbmath.org/?q=an:1232.34081
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2838369
http://dx.doi.org/10.1017/S0308210510000326
https://zbmath.org/?q=an:06806136
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3682888
http://dx.doi.org/10.1007/s10474-017-0722-6
https://zbmath.org/?q=an:1308.34043
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3034985
http://dx.doi.org/10.1155/2013/852180
https://zbmath.org/?q=an:1170.34317
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2430902
https://zbmath.org/?q=an:1199.34167
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2463252
http://dx.doi.org/10.1007/s10474-008-7181-z
https://zbmath.org/?q=an:1374.34102
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3391519
http://dx.doi.org/10.1007/s10474-015-0522-9
https://zbmath.org/?q=an:1243.34073
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2833701
http://dx.doi.org/10.1016/j.na.2011.07.028
https://zbmath.org/?q=an:1217.34056
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2420574
http://dx.doi.org/10.1016/j.amc.2007.10.007
https://zbmath.org/?q=an:1265.34199
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2380068
https://zbmath.org/?q=an:1291.34096
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3158447
http://dx.doi.org/10.1016/j.na.2013.12.005
https://zbmath.org/?q=an:0191.09904
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0463570
http://dx.doi.org/10.1016/s0076-5392(08)x6131-4
https://zbmath.org/?q=an:1195.34100
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2558636
http://dx.doi.org/10.14232/ejqtde.2009.1.61

[31] A. Tiryaki, D. Cakmak, B. Ayanlar: On the oscillation of certain second-order nonlinear
differential equations. J. Math. Anal. Appl. 281 (2003), 565-574.

[32] E. Tung, H. Avci: New oscillation theorems for a class of second-order damped nonlin-
ear differential equations. Ukr. Math. J. 63 (2012), 1441-1457. (In English. Russian
original.); translation from Ukr. Mat. Zh. 63 (2011), 1263-1278.

[33] A. Wintner: A criterion of oscillatory stability. Q. Appl. Math. 7 (1949), 115-117.

[34] J.S. W. Wong: On Kamenev-type oscillation theorems for second-order differential equa-
tions with damping. J. Math. Anal. Appl. 258 (2001), 244-257.

[35] N. Yamaoka: Oscillation criteria for second-order damped nonlinear differential equa-
tions with p-Laplacian. J. Math. Anal. Appl. 325 (2007), 932-948.

[36] Q. Zhang, L. Wang: Oscillatory behavior of solutions for a class of second order nonlinear
differential equation with perturbation. Acta Appl. Math. 110 (2010), 885-893.

[37] W.Zheng, J.Sugie: Parameter diagram for global asymptotic stability of damped
half-linear oscillators. Monatsh. Math. 179 (2016), 149-160.

[38] Z. Zheng: Note on Wong’s paper. J. Math. Anal. Appl. 274 (2002), 466-473.

Authors’ address: Yukihide Enaka, Masakazu Onitsuka (corresponding au-
thor), Department of Applied Mathematics, Okayama University of Science, 1-1 Ridaicho,
Kita-ku, Okayama-shi 700-0005, Japan, e-mail: onitsuka@xmath.ous.ac. jp.

770

ZbIMR]doi
zblIMRJdoi
ZoIMEdor
ZbIME]doi
zbIMR]do
ZbIMR]doi

zblMRJdoi
ZoIME]dor


https://zbmath.org/?q=an:1030.34033
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1982674
http://dx.doi.org/10.1016/S0022-247X(03)00145-8
https://zbmath.org/?q=an:1256.34023
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3109665
http://dx.doi.org/10.1007/s11253-012-0590-8
https://zbmath.org/?q=an:0032.34801
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0028499
http://dx.doi.org/10.1090/qam/28499
https://zbmath.org/?q=an:0987.34024
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1828103
http://dx.doi.org/10.1006/jmaa.2000.7376
https://zbmath.org/?q=an:1108.34027
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2270061
http://dx.doi.org/10.1016/j.jmaa.2006.02.021
https://zbmath.org/?q=an:1197.34050
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2610598
http://dx.doi.org/10.1007/s10440-009-9483-8
https://zbmath.org/?q=an:1344.34066
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3439277
http://dx.doi.org/10.1007/s00605-014-0695-2
https://zbmath.org/?q=an:1025.34030
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1936709
http://dx.doi.org/10.1016/S0022-247X(02)00297-4

		webmaster@dml.cz
	2020-07-03T23:14:18+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




