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KYBERNETIKA — VOLUME 54 (2018), NUMBER 5, PAGES 1011-1032

SLIDING-MODE PINNING CONTROL
OF COMPLEX NETWORKS

OSCAR J. SUAREZ, CARLOS J. VEGA, SANTIAGO ELVIRA-CEJA, EDGAR N. SANCHEZ
AND DAvID I. RODRIGUEZ

In this paper, a novel approach for controlling complex networks is proposed; it applies
sliding-mode pinning control for a complex network to achieve trajectory tracking. This control
strategy does not require the network to have the same coupling strength on all edges; and
for pinned nodes, the ones with the highest degree are selected. The illustrative example is
composed of a network of 50 nodes; each node dynamics is a Chen chaotic attractor. Two cases
are presented. For the first case the whole network tracks a reference for each one of the states;
afterwards, the second case uses the backstepping technique to track a desired trajectory for
only one state. Tracking performance and dynamical behavior of the controlled network are
illustrated via simulations.

Keywords: complex network, pinning control, sliding mode, backstepping, trajectory
tracking

Classification: 05C82, 93D05, 93C10

1. INTRODUCTION

The study of various complex dynamical networks is currently pervading all kinds of
sciences, such as physics, biology, and social sciences; its impact is significant for science
and technology in different fields [3| [5, B0]. Interest in complex networks has been
increasing since the time of Euler in the sixteenth-century to recent studies. Different
topologies and graphic characteristics in complex networks are described by Erdos and
Rényi (ER) random graph model [9], Watts and Strogatz (WS) small-world model [29]
and Barabési and Albert (BA) scale-free model [I]. Concerning the special structures
of complex networks, a simple and effective control strategy named pinning control is
discussed in [10, 21], which was developed by applying local control to a small fraction
of network nodes. Recent research results propose many quantitative measurements of
complex networks, where three concepts play a key role: average path length, clustering
coefficient and degree distribution [3]. For achieving the best selection of pinned nodes
and a desired behavior, the present paper uses node degrees, and their distribution.
On the other hand, the sliding-mode control is a well-known discontinuous feedback
control technique, which has been reviewed in several books and many journal arti-
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cles. Theoretical analysis are presented by Emelyanov [§], Utkin et al. [11], and Utkin
[27]. Relative simplicity for design, control of independent motion (maintaining slid-
ing conditions), invariance to process dynamics, and external disturbances robustness
are main characteristics of sliding-mode control [IT]. Recently, synchronization has be-
come a subject for study with increasing attention. For most of chaos synchronization
techniques, the master-slave or drive-response approach is used, where the basic idea
is to design a controller to accomplish the slave system states track the master system
ones asymptotically. Different control techniques have been developed for synchroniza-
tion of chaotic systems, among them, sliding-mode control [20, BT}, [32]. For finite-time
synchronization of complex dynamical networks, theoretical analysis are reviewed in
[14, 24, [34]. In [14], fixed-time synchronization of complex dynamical networks with
non-identical nodes in the presence of bounded uncertainties and disturbances using
sliding-mode control technique was developed. Furthermore, [24] applies nonsingular
terminal sliding-mode control technique to realize the novel combination-combination
synchronization between combination of two chaotic systems as drive system and com-
bination of two chaotic systems as response system with unknown parameters in a finite
time. Finally [34], introduces the idea of combination synchronization into complex
networks; based on sliding-mode control principle, the finite-time combination synchro-
nization of four uncertain complex networks is investigated. In this regard, the main
disadvantage to the above works is that all network nodes require a controller.

The novelty of the present paper consists in developing a new controller based on slide
mode combined with pinning control for trajectory tracking of complex networks. The
proposed control strategy allows to achieve trajectory tracking even for chaotic systems,
this control strategy does not require the network to have the same coupling strength
on all edges and these strengths can vary randomly; its application is illustrated via
simulations. Two cases are presented; the first case considers that all network nodes
follows a reference system for each one of the respective states, and the second case uses
backstepping technique to track a desired trajectory for only one state of each network
node.

The paper is organized as follows: In section 2, mathematical preliminaries are pro-
vided. Section 3 presents the main contribution of this paper, where the control scheme
is proposed. Simulation results are reported in Section 4, using a scale-free network of
chaotic Chen oscillators with the chaotic Lorenz system as the reference for trajectory
tracking. Finally, conclusions are drawn in Section 5.

Notations: diag(...) denotes a block-diagonal matrix. A7 and A~! denote the trans-
pose and the inverse of the matrix A, respectively. Write A > 0 (A < 0) if A is positive
(negative) definite. ||-||; stands for the 1-norm and ||-||, for the Euclidean norm. Amin(-)
(Amax () represents the minimum (maximum) eigenvalue of the corresponding matrix.
sign(-) denotes the signum function that extracts the sign of a real number. A ® B
represents their Kronecker product.

2. MATHEMATICAL PRELIMINARIES

This section presents a brief review on sliding-mode control [23] 28], complex networks
[5], and pinning methodology [33].
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2.1. Sliding-mode control

Consider a multi-variable nonlinear system of the form
x = f(x) + G(x)u+w(x), (1)

where x € R" is the state vector, u € R™ is the input vector, w(x) € R™ characterizes
the unknown disturbances, and f : R™ — R™ and G : R™ — R™*" are smooth nonlinear
functions of x. The design of sliding-mode control consists basically of two stages. The
first stage of design is the selection of the sliding manifold s, obtained as the intersection
of m smooth manifolds:

s={zeR" | sx)=0eR, i=1,2,...,m},

where this manifold represents a desired system dynamics, which is of lower order than
the given system (whose dimension is n—m). The second stage is to find a discontinuous
control law such that it drives the trajectories to the sliding manifold in finite time and
then maintains them on this surface, such that the reaching modes satisfy the reachability
condition

sT's < 0.

There are several methods for describing the dynamics of the sliding mode; one of
them is named as the equivalent control approach. For this method, the conditions in
the sliding mode are analyzed at s = 0 and $ = 0. The equivalent control is obtained
from

500 = o (%) + G0 (%) +(x)) =0,

assuming that 8‘?} G(x) #0, Vx, as

uea) = = 2660|2200+ Lt 2
i loxT oxT axT" ’
The resulting dynamics on the sliding mode is then written as

0s 1 9s

9s o os I-— G(X)|:8XTG(X):| M] w(x). (3)

- G0 5G| aXT] 760 +

X =

According to , the ideal sliding dynamics are invariant with respect to the disturbances
if, and only if, the vector w(x) belongs to the span of G(x) (matched condition), i.e.,

1= G0x)| 5y G| a‘;] w(x) =0.

Then, a non-zero vector function ¥(x)R™ exists, such that
w(x) = G(x)9(x).
A classical control strategy, which achieves the control objective, is to use

u =10, — Kcsign(s), (4)
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where @i, represents the equivalent control (without including 6?(5Tw(x), since the
disturbance is unknown), K. is a control gain, and

sign (s) = [sign(s1), sign(sa), . .., sign(sm)]’ € R™
is a vector input function whose ith component is

1, S; 20
-1, s; <0.

sign(s;) = {

The described sliding-mode methodology can ensure finite-time convergence, as es-
tablished in the following theorem.

Theorem 2.1. (Bhat and Bernstein [2]) Suppose there exists a continuous function
V : D — R, such that the following conditions hold:

(i) V is positive definite.

(ii) There exist real numbers ¢ > 0 and « € (0,1) and an open neighborhood v C D
of the origin, such that

V(z)+c(V(2)* <0,z € v\ {0}. (5)

Then, the origin is a finite-time-stable equilibrium of §(t) = f(y(¢)). Moreover, if N/
is an open neighborhood N/ C D and T is the settling-time function, then

1
BTy

Viz)' ™"z eN, (6)
and T is continuous on N. If in addition D = R", V is proper, and V takes negative
values on R™\ {0}, then the origin is a globally finite-time-stable equilibrium of g(¢) =

fly(®)).

A detailed proof of this theorem is discussed in [2].

2.2. Complex networks

Consider a weighted network consisting of N linearly and diffusively coupled identical
nodes, with each node being an n-dimensional dynamical system. The state equations
of this network are given by

N
x; = f(x;) + Z cijaijT(xj —X;), 1=1,2,..., N, (7)
=1, j#i
where x; = [xil,xi2,...7xin]T € R" are the state vectors of node i, ¢;; > 0 are
constants representing the coupling strengths between node ¢ and node j, and T =
diag{m1,T2,...,Tn} is the inner coupling matrix describing the connections among dif-
ferent components of a state vector.
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In (7), the coupling matrix A = [a;;] € RV*N represents the coupling configuration
of the network. If there is a connection between node i and node j for i # j, then
aij = aj; = 1; otherwise, a;; = aj; = 0 for ¢ # j. If the degree k; of node i is defined to
be the number of its outreaching connections, then

N N
Z Qi3 = Z aﬁ:ki, Z:].,Q,,N

=1, j=1j#i

Let the diagonal elements of A be a;; = —k;, i=1,2,...,N.

2.2.1. Pining control strategy

For network , the objective of control is to stabilize it onto a homogeneous stationary
state Z, which satisfies f(z) = 0:

|1 =T =:++=2ITN =T.

This objective is achieved by applying local linear feedback injections to a small fraction
of the nodes in the network, which are called pinned, for notational simplicity, these
nodes be labeled as 1,2,...,l, where 1 <[ < N, and [ can actually be as small as one.
Thus, the controlled network can be written as

N
Xi :f(xi)+zcijaiijj+uiv 1= 1a2;~"alv

j=1

- ®)
% = f(xi) + Y cijai Tx;, i=1+1...,N.

j=1

Using the local linear negative feedback control law
u; = —C“‘diT(Xi - Lf), (9)

where d; > 0 is the feedback control gain, u; € R is the local linear single-state feedback
control law, i = 1,2, ...,[, and the coupling strengths c¢;; satisfy

N
CiiQii + Z CijQi5 = 0.
=1,
Define the following matrices:

D = diag (dy,ds, .. .,dy,0,--- ,0) € RNXN
D' = dlag (ClldlchQan cee 7Clldl,07 e 70) € RNXN'

Moreover, using the Kronecker notation, one can write

X=Iy® f(x;)—(G+D)®T| X+ (D'®T)X, (10)
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where X = [x7,... x%]|7, X = [zT,...,2T)T, G = (g;;) € RV*N is a symmetric and
semi-positive definite matrix, with g;; = —c;5a45, 4,5 = 1,2,..., N, and G+ D is positive

definite [6] with the minimal eigenvalue

/\min(G + D) > 0.

Lemma 2.2. (Li, Wang, and Chen [I8]) Assume that the node ; = f(x;) is chaotic
for all ¢ = 1,2,..., N, with the maximum positive Lyapunov exponent hpa > 0. If
¢ij = ¢, d; = cd and T = I,,, then the controlled network is locally asymptotically
stable about the homogeneous state z, provided that

h‘nlax
1
©Z Nom(—A + diag(d,...,d,0,...,0)) (11)

where Apin is the minimal non-zero eigenvalue of the matrix.

3. SLIDING-MODE PINNING CONTROL

Reference Xs(t) & Sliding Mode
System - Control Ciy

C:
Pinned iz
Nodei
=izl .
Cin

Fig. 1. The proposed control scheme.

This section develops the main contributions of the paper. Sliding-mode pinning
control is proposed for trajectory tracking of complex networks. This scheme is visualized
in Figure [1} To establish a control law, based on the sliding-mode technique consider a
general complex network with pining control as in . Define x, as the desired nonlinear
reference system given by

X5 = fs(xs), x5 €R"™. (12)

For trajectory tracking, suppose that the pinned node dynamics are known. On the
other hand, the tracking error is defined as es; = x; — X;.

The following theorem is established to guarantee trajectory tracking using sliding-
mode pinning control.
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Theorem 3.1. Consider the general complex network with pinning control as in ,
with T = I,,, a reference system defined by with fs(xs) being a chaotic system,
hmax being the maximum positive Lyapunov exponent of f;(x;) — fs(xs). If ¢min, the
minimal coupling strength of the whole network, fulfills

hlnax
Cmin > = s (13)
Amin (—Ao + Do)

where Ay is obtained from the coupling matrix A = [a;;] € R¥*Y by removing those
rows and columns that correspond to the controlled nodes ¢ = 1,2,...,[, and Dy =
diag(doHl,...,(ioN) with do, = 23:1 a;;, then the sliding-mode pinning control law
given by

w; = Ueq, — K, sign (oi(x;)), i=1,2,...,1, (14)
with Geq, = fs(xs) — f(x:), K5, € R is a control gain, and o; = e, = 0 € R” the

desired sliding manifold, ensures the tracking error, along the trajectories of , is
locally asymptotically stable.

Proof. Substitute the control law into to get

N
dizzcijaiijj_Ksi S’LgTL(O'z(XZ)), 1= 1,27...,1,
j=1

2f(x) + G(x)u + w(x),

where f(x) = 0, G(x) = I, and w(x) = Z;Vﬂ ¢;ja;;Tx; are the influence of other

network nodes, which are considered as a disturbance.
Assume now that the following bound is satisfied:

N
Zcijaiijj <q, ¢>0, 1=1,2,...,1 (15)
j=1

1

Select the controller with K, chosen as

T
K, >q; —, TZ>O7 ‘:1,2,...,1.
7,_‘]+\/ﬁ ?

Defining the Lyapunov function candidate as

7

1
Vi) = 50'Tai =2V = O'ZTO'i = V2V = |log,,
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and taking the time derivative, one gets

N
V(e;) = of Zcijaiijj—Ksi sign (o;)
j=1
V(ie:) < HV(Ui) .
N
< loally | Y eai Tx; | — Ko llolly || sign (o) 11
i=1 .
N
< lailly | D cias Tx; | = Ko, ol -
=1 .

Using and || - ]l2 < |l llh < /71 - |2 [13} p. 648], one obtains

Vie:) < —(Ki, —aq)vnloil,
< =Ty |‘7iH2
< -TNV2(V(e)'? <o. (16)

V() > 0 is positive definite, the real number ¢ = Y;v/2 > 0 for K,, > ¢;, and o = %
such that

V() +TiV2(V(a:)'/? <0.

is satisfied. According to the Theorem the control law guarantees the conver-
gence of pinned nodes motion to the manifold o; = 0 in a finite time defined by the
settling time function

2 1/2
T g; S —V g; .
(00 < 575V (@)
In order to analyze the sliding modes dynamics stability (o; = x; — x5 =0, 6; = 0),
the sliding mode equation is written as

Xi:XS) 7;:172,...7l,
. N L . (17)
X; :f(X7)+ Z cijaiijjJr Z cijaiijs, Z:l+1,...,N.
=41 j=1
Considering
N N l
== 3, ag=—| >, ay+) ay], (18)
J=lg#i J=l41,5 j=1
network can be rewritten as
X; = Xs, 1=1,2,...,1,
. N L , (19)
X; :f(Xi)—f— Z cijaoiijj — E cijaijT(xi—xS), i=1l+1,...,N,
j=l+1 =1
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where Ay = [ag,,] € RV=D*(N=U i5 obtained from the coupling matrix A by removing

those rows and columns that correspond to the controlled nodes : = 1,2,...,[, i.e.,

aoij:aij, j;é’L7 j:l—Fl,,l, Z:l+1,,l,

N
ap;; = — Z Qij, t=10+1,...,N,
J=lHL g
The proof follows the same procedure as in [I8, 25]. The controlled network is
linearized for the unpinned nodes ¢ =1+ 1,..., N, so that
és = es [Dfis (x5)] — Bes, (20)

where D f;s (x5) € R"*" is the Jacobian of (f; — fs) at xs,
T —Li)n
€s = [€5,1,€500- €5y ] € RO

with eg;(t) = x;(t) — x4(t), i =1+ 1,1+2,...,N, and B = (Go + D) € RIN-Dx(N=D)
where Gy = [—c;ja0,,] € RVN-DXWN=D "D = diag(dy41,...,dn) with d; = Zézl ijCij.
According to [22], one has

0 < Oumin (Cmin {—Ao + ZA)OD < Omin (Go + IA)) ;

where Dy = dz’ag(czolﬂ, ... doy) with dy, = 22:1 a;;. The above inequality is obtained
based on the fact that c;; > cmin > 0 for all ¢;; in Gg. Then, the coupling strengths can
be different for different nodes.

Furthermore, the Transversal Lyapunov Exponents (TLEs) denoted by p(A;), for
each eigenvalue \;, i =1+ 1,14+ 2,..., N, is given by [I7]

,u;g()\i)th—Ciin, k=1,2,...,n,

where hy, is the respective Lyapunov exponent. The TLEs determine the stability of
the controlled states [25], hence the local stability of the controlled network , ensures
negative TLEs. Thus, the following condition must be satisfied:

Mmax()\min) - hmax - Crnin)\min(*AAO + DO) < 07 (21)
is equivalent to condition . Then, with the proposed control law , trajectory
tracking is achieved. O

On the other hand, consider to control the network , to track a reference output
xs € R™ (m < n) with pinning control u, € R™. Assume that the pinned node
dynamics are known. The tracking error is defined as es, = x; — xs. In this case,
the backstepping technique is used to design a sliding manifold such that the resulting
sliding mode dynamics is described by a desired linear system. Next, one can synthesize
a discontinuous control law which enforce sliding-mode motion into the sliding manifold
designed by using backstepping control. For more details about backstepping control
see [15].

This approach is feasible if the nonlinear system can be transformed into a special
state-space form named as block feedback form given by the following definition
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Definition 3.2. (Block-feedback form BFF, Krstic et al. [I5]) The system

X, = fix)+9iF)rj+wit), Jj=1,2,...,r—1,
X = fr(%) + gr(X)u+w(t), (22)
X1 = frea(X) + grpr(X)u + wrpa (0),
Yy = X
where x = [x1,X2,...,X,+1]7, X,+1 represents the zero dynamics of the system, X; =
[x1,%2,...,%;]T, 5 = 1,2,...,7, x; € R™, r is the number of blocks, w(t) € R™ is

the bounded unknown disturbance vector, then there exists a constant @; such that
lw;(t)]] < @j, for 0 < ¢t < o0, system has the block-feedback form with Zero
Dynamics, if

rank [g;] =n; VxeR"Ate[0,00), j=1,2,...,r
The numbers nq,no,...,n, are the controllability indexes and satisfies

n<ng<...<n. <m,

. 1
with Z;L n; =n.

It is easy to see that the relative degree of system isr.
The following Lemma is established to guarantee output tracking for the whole net-
work, using sliding-mode pinning control.

Lemma 3.3. Assume that the complex network with pinning control law defined
as

w; = Ueq, — K, 5190 (20, (%)) €R™, i=1,2,...,1, (23)

where T4, is the equivalent control, K,, a control gain, and z,, € R™ the desired sliding
manifold, can be transformed to BFF, its zero dynamics is stable, and condition
is fulfilled, then the tracking error, along the trajectories of x;, is locally ultimately
bounded.

Proof. Consider system transformed in BFF form

Xi; = fii (%) + 965X )X, Fwi(t), =12 r—1Ai=12,... 1,
Xi, = fir(%i) + gir(Xi)u + wir (1), 1=12,...,1
Kippr = Jirr1 (%) + girpr (%)u + wira (), i=1,2,...,1,
N
5 = o0+ E e SRS
=
(24)

where wij(t) = Zjvzl cijaiijj, and of)ij > |wij(t)|, Vi = ].,27. .. ,N /\j = 1,2,. .o, n,
are considered disturbances. Initially, the sliding manifold is designed for each pinned
node (¢ = 1,2,...,1) using the backstepping technique, which is described step-by-step
as follows.



Sliding-mode pinning control of complex networks 1021

Step 1:

Step j:

Let z; be the error between x; and its desired value x:
21 = X1 — Xg-

Define the Lyapunov function candidate as

1
V(a) = 3 1] > 0,

V(z1) = 2{ 41 = 2] (fi(%1) + g1(X1)z2 + wi(t) — %s). (25)

The objective is to design a virtual control xo = a; which forces z; — 0. This
control is proposed as

o] = gf1(>_<1)(—f1(>_<1) + x, — klzl) with ky > 0.
Then, becomes

V(z1) = —k1 ||21))* + 2T w1 + g1(%1) 2T 2.

The error dynamics for z; is derived

which represents the error between the actual and virtual controls. Select the
augmented Lyapunov function candidate as

1 2 1 2 1 9
Vianz) =g ol + o g Il = Vi 5o + 5 2,
and its derivative
Vizi,..y25) = ZlTé1+'~-+ijz"j (26)

= Vi(z.zim) 427 (&) + g5(%5)wj01 + w;(t) — é-1).

Analogously, the objective at jth step is to design a virtual control ;41 =
in order to stabilize the error z; = 0, which is proposed as

aj =g; (%) (—15(%;) — &1 — gj-1(Rj-1)zj-1 — k;z5) , with  k; > 0. (27)

Replacing in then

J J
. 2 _
V(Zl,...,Zj) = — E kksz” + E Zgwk+gj(Xj)Zij+1.
k=1 k=1
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Step r: The sliding manifold is selected as z, = x; — a,,—1. The dynamics for pinned
nodes in z-variables is

2 = —kiz+01(X1)2e +wi,

o= —gi1Xi)z1— kg +gi(X)zi e, =23, -1
Zr_1 = _gr72()_(7’72)zr72 — k121 + grfl(irfl)zr + wr—1,

Ze = [r(x) + g (X)u+w(t) — dpo,
Xpp1 = frp1(X) + grpr(X)u + wrpa ().

Now, defining u as a discontinuous feedback control

= g7 (%) (—fr(x) + dr1) — g (X sign ()
= TUeqg — K, sign (2-(xi)),
where Geq = g, (%) (= (%) + dr—1 — gr—1(Xr—1)2,-1), and K, = g7 (%)ky,
a candidate Lyapunov function is selected as V(z,) = %zz zr, the derivative of
V(z,) is computed as
Vizy) = 2%z,
zr(—ky sign (zr) + wr)

_ Uo _
< _kr r T T 9 k'r Z T
< kel + @l Tt
< —uglz 2 < —uoV2(V(z,))% <0.

Then, control law guarantees the convergence to the manifold z, = 0 in
a finite time.

To analyze the stability on sliding modes, the sliding-mode equation for the whole net-
work is rewritten as

$i = A+ Ei(() +wi, C_
x Fir (%3) + Gir41(x,)0 Pt
i = ir+1\Xq ir+1\X¢)Ueq,
+1 ]"l\} + ) q (28)
Xi = f(Xi) + Z cijaoiijj — Z cijaijT(xi — Oé), 1=1 + ]., e ,N,
j=l+1 j=1
where ¢, = [zi(l), e ,zi(r_l)]T, A= diag(—kil), ce —ky_l)), w; = [wgl), e 7(,‘)Z(T_l)]T,
_ 2 _ 1 _ 3 _ r—2
Ei(¢;) = [Qil(Xil)Zg )7_gi1(xi1)z'§ )+gi2(xi2)2§ )7 - '7_gir72(xir_2)zi( )]7

correspond to the crossed terms, x;, ., correspond to zero dynamics of pinned nodes,
o = [XS, Apy. .. ,Ozrfl]T.

¢; can be consider as a linear stable one, perturbed by the last terms. Since, these
terms are bounded, we can conclude that the trajectories of ¢ are ultimately bounded.
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Moreover, it is assumed that the zero dynamics for pinned nodes is stable. For stability
of unpinned nodes (i =14 1,...,N), first, it is defined z; = x; — a; the dynamics of
these nodes are linearized on an outer neighborhood of the ultimate bound, so that

i =n[Dfi ()] = Bn, (29)
where , Df; (a) € R™*™ is the Jacobian of f; at a,

n= [nl+17’r}l+27 e 777N]T c IR(IV*Z)TL7

with n;(t) = z;(t), ¢ = I+ 1,1+ 2,...,N. From this point, the same procedure of
Theorem [3.I] can be applied in the linear region, which implies that the tracking error
for whole network is ultimately bounded. O

80
70
60

50

30

Fig. 2. Phase portrait of Chen’s oscillator for different parameters:
black line (ac = 35, bc = 3 and cc = 28), blue line (ac = 30, be = 3
and cc = 20), and red line (ac = 50, be = 4 and cc = 40).

4. SIMULATION RESULTS

To illustrate tracking performance and dynamical behavior of the controlled network, two
cases are included. For the first one, the whole network tracks a reference for each one of
the states by means of the control inputs for pinned nodes (u;(t) € R, i=1,2,...,1);
on the other hand, the second case uses the backstepping technique to track a desired
trajectory for only one state; in this case the control is scalar for each pinned nodes
(u;(t) eR, i=1,2,...,1).
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4.1. Case 1

Consider a scale-free network of chaotic Chen’s oscillators [4] with degree distribution
§(K;) ~ k; % and N = 50 nodes. The Chen’s oscillator is described by

& = acly—x)
= (cc—ac)r—2x2+coy (30)
z = xy—beoz,

where ac = 35, b = 3 and ¢¢c = 28. Then, the maximum positive Lyapunov exponent
iS hmax &~ 2.018, which renders a chaotic behavior. Figure [2] presents phase portrait of
Chen’s oscillator for different parameters: black line (ac = 35, bo = 3 and cc = 28),
blue line (ac = 30, be = 3 and ¢¢ = 20), and red line (ac = 50, be = 4 and ¢ = 40).

T T T T T
I I I I I I I ]
6 8 10 12 14 16 18 20
T T T T T
WV\/\/\/W
I I I I I I I ]
6 8 10 12 14 16 18 20
T T T T T
I I I I I I I Bl
6 8 10 12 14 16 18 20

time (seconds)

Fig. 3. Network states evolutions.

Suppose that T = diag(1,1,1). We want the network to track a desired reference
system applying the sliding-mode pinning control only to the node with the highest
degree (I = 1). Defining the state variables as: x1 = x, x9 = y, 3 = 2, the equation of
the pinned node x; is

50
b1, = ac(r, — o)+ Y eyay Ty, +u,
j=1
50
{1.712 = (CC — ac):cll — T1, %14 + CcT, + E Cljale{L'j2 + U1, (31)
Jj=1
50
jl‘13 = X1,%1, — bc'$13 + E cljaleij + U1,
Jj=1

where uy = fs(xs) — f(x1) — K, sign (o1(x1)), with o1(x1) = x1 — Xs.
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Fig. 4. Control input signals for the pinned node.

Simulations are done using MATLAB [[] Simulink with the Euler solver and a fixed
step size of 0.5x 10~%. Simulations are performed as follows. From ¢ = 0s to t = 4.8s, the
network runs without any connection (¢;; = 0). From ¢ = 4.8s, the coupling strengths
are a random set that it is time-variant, chosen with ¢;; > 20. Then, at t = 5s, the
proposed control law is applied; the network is stabilized at a constant reference, which
is selected as the unstable equilibrium point, x, = [7.9373,7.9373,21]7. Afterwards, at
t = 10s, a reference selected as a the chaotic Lorenz attractor [19] is incepted to generate
the desired trajectory x4(t), which is defined as

jjsl = aL('rsz - ms1)
jjsz = Ts (bL - 3383) — Tsy (32)
Ts3 = Ts,Ts2 — CLTsy,

where ay, = 10, by, = 28 and ¢, = 8/3. From ¢ = 15s, plant parameters changes are
done for the network odd nodes as follows:

30, 15<t<16 and 19<t<20
ac = 35, 0<t<15, 16<t<17 and 18<t<19
50, 17<t<18

b {3, 0<t<17 and 18 <t<20
o=

4, 17 <t <18

20, 15<t<16 and 19<t<20
cc=1 28, 0<t<15, 16<t<17 and 18<t<19

40, 17 <t < 18.

IMATLAB & Simulink are registered trademarks of MathWorks Inc.,Natick, Massachusetts, U.S.A.
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Fig. 5. Average trajectory error &, (t), i = 1,2, 3.
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Fig. 6. Coupling strengths c;;, i =1,2,...,50.

For all the described events ¢;; always fulfill equation (13). Figure [3| displays the
states evolutions of the entire network. Before ¢ = 5s, trajectory evolves freely without
control action; when the proposed control law is applied, the complex network tracks
the desired trajectory. As can be seen, tracking is achieved for both a constant reference
and a chaotic one even in presence of plant parameters changes, with 0.75% as the
mean square error (MSE), illustrating robustness of the proposed controller. Figure @
control input signal u;(¢) applied to the pinned node, displaying the typical chattering
characteristic for discontinuous control actions based on sliding modes. To eliminate or
at least reduce chattering, boundary layer, observer-based, regular form, and disturbance
rejection techniques can be used as in [12], [16] 26]. Moreover, Figuredisplay simulation
results for the avera%;a trajectory error. Figure resents the values of the coupling
strengths ¢;; = k% =1, Cig i Finally, FigumlaﬁllﬂD displays plant parameters changes
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Fig. 7. Time evolution of Chen’s oscillator parameters (ac, bc, and

cc).
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associated with the values presented in Figure[2] The effects of the interconnected nodes
and the coupling strengths variations can be seen as unmodeled dynamics and external
disturbances.

Based on theoretical and simulation results, it is concluded that one main advantage
of the proposed controller is to achieve trajectory tracking successfully even in presence
of plant parameters changes, unmodeled dynamics, and bounded external disturbances.

4.2. Case 2

Consider a scalar control u; € R, which is applied to only one state of the whole network.
Then, the equation of the pinned node is

le

21,

Z1

50
#1, = ac(er, —m1,)+ Y crjar;Tay,
Jj=1
50
1, = (cc—ac)ry, — 21,215 +ccr1, + E cijaijTxj,
j=1
50
.@13 = X1,71, — bcIL'13 -+ E cljalexj3 + Uy,
Jj=1
where w1 = Ueq — k3, sign(zs,), with
1'11 — Tg
(E12 —Qq, o] = 7(&0.’511 =+ :clr — klzll)
ac
1 .
T, —az, ay=— ((cc —ac)r1, +cx1, — &1 +acz, +kaz1,),

3

3?11
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Fig. 8. Time response for only one state of the whole network.
and ﬂeq = —I122 + bcl‘g + éég —+ x1292.

For simulations, z;,, the changes, and other characteristics are same as for Case 1.
From t = 0s to t = 4.8s, the network runs without any connection (¢;; = 0). From
t = 4.8s, the coupling strengths are set constant, randomly chosen with ¢;; > 30. Then,
at t = 5s, the proposed control law is applied; the state x; of the whole network is
stabilized at a constant reference, which is selected as, x, = 7.9373. Afterwards, at
t = 10s, chaotic Lorenz system (xs = x5, (1)) is selected as reference; furthermore,
at t = 15s, the value of coupling strengths ¢;; changes for 25% of nodes of the entire
network.

For all the described events c;; always fulfill equation . Figure[§| displays the time
response for the output y = 1 (only one state of the whole network). As can be seen,
tracking is achieved for both a constant reference and a chaotic one. Figure [9] shows
the control input signal uz applied to the pinned node; due that the whole network (50
nodes) track a desired trajectory controlling only one node, the required energy is large
and depends on the number and location of the pinned nodes. Moreover, Figure
shows simulation results for the state evolutions. Before ¢t = 5s, trajectory evolutes
freely without control; when the proposed control law is applied, the state x; tracks
the desired trajectory, note that x9 and z3 track the trajectory given by Chen oscillator
one. Furthermore, at t = 15s, the perturbations are incepted that in case 1, validating
robustness properties of the proposed controller with 0.6921% MSE. The effects of the
interconnected nodes and the coupling strengths variations can be seen as unmodeled
dynamics and external disturbances.

Differing from previously published results, our controller fulfills output tracking using
pinning control strategy ensuring ultimately bounded tracking errors even in presence
of unmodeled dynamics and bounded external disturbances.
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Fig. 10. Network state evolutions.

5. CONCLUSIONS

This paper presents a new control strategy for trajectory tracking on complex networks,
based on pinning control and the sliding-mode technique. Simulation results illustrate
that trajectory tracking for the scale-free network of chaotic nodes can be effectively
achieved by using the proposed control scheme. Two cases are presented; the first case
presents sliding-mode pinning control for the whole network to follow a reference for each
one of the states, this controller is applied on the pinned node to control 50 nodes(150
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states). It is easy to see that trajectory tracking is achieved. The second case considers
the control for only one state, applying backstepping technique; desired output tracking
is also achieved.
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