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Abstract. This contribution presents the shape optimization problem of the plunger
cooling cavity for the time dependent model of pressing the glass products. The system
of the mould, the glass piece, the plunger and the plunger cavity is considered in four
consecutive time intervals during which the plunger moves between 6 glass moulds.

The state problem is represented by the steady-state Navier-Stokes equations in the
cavity and the doubly periodic energy equation in the whole system, under the assumption
of rotational symmetry, supplemented by suitable boundary conditions.

The cost functional is defined as the squared weighted L? norm of the difference between
a prescribed constant and the temperature of the plunger surface layer at the moment before
separation of the plunger and the glass piece.

The existence and uniqueness of the solution to the state problem and the existence of a
solution to the optimization problem are proved.
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1. INTRODUCTION

1.1. Technical motivation. We are motivated by the industrial production of
the glass vase of height 250 mm and weight 1.9 kg made from lead crystal glassware.
The vase is formed in a three-segment mould which is a part of the carousel press
NOVA [9] where the plunger handles successively 6 moulds. The mould is made
from austenitic nickel steel, while the ring, the plunger, the crown and the glass
mould basket are made from gray cast iron (see Fig. 1 a)). The whole press working
cycle takes 162 seconds while the duty cycle of the plunger lasts 27 seconds. The
glass is dosed into the mould during the first second (see Fig. 1 b), position 1), then
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rotation to position 3 follows. Pressing takes place at the time from 3.5s to 4.5s. In
the period from 4.5s to 13.5s the plunger is in its lower position where it enforces
cooling of the vase by conduction. At the time 13.5s the plunger raises and the
vase is cooled by free convection on the inner side and by forced conduction to the
outer side until the time 88s, when the vase is removed from the mould. Then the
mould is prepared for pressing another piece until the time 162 s, when the mould is

filled again.

ring glass dosage ' l
mould

e

cavity .
removing
plunger the glass
moulding
fill tube .
glass pressing
cooling
a) Scheme of the system. b) Scheme of the carousel press.

Figure 1.

For an ideal surface finish of the moulded piece it is necessary to obtain approx-
imately constant optimal temperature on the outward surface of the plunger at the
moment of plunger removal. If some part of the plunger surface is too hot at the
moment of separation, then the glass melt adheres to the device and deformation of
the moulded piece follows. On the other hand, if the surface of the plunger is too
cold, then small fire cracks appear on the surface of the moulded glass piece. Both
means less quality of production. The temperature of the plunger is controlled by
cooling of the plunger by flowing water, which is forced to the cavity located in the
plunger axis. The goal of the optimization is to find an optimal inner shape of the
cavity, which allows us to cool down the plunger in such a way to attain prescribed
constant temperature on its outward surface.

Glass forming is a complex process involving many challenges from the point of
mathematical modelling. The research topics include the nonisothermal flow of glass,
fibres drawing, radiative heat transfer or glass moulding. Scientific studies usually
focus on detailed analysis of particular component of the system or on a “global”
model with simplified description of components. For a nice overview of state-of-
the-art and list of relevant references we mention the book [2]. The present paper
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deals with a mathematical model of fluid flow and heat transfer in several interacting
components of the carousel press whose dynamics is described by appropriate partial
differential equations.

Compared to the previous work [13], where steady heat transfer and potential flow
was considered, here we deal with the time-dependent energy equation describing
the heat conduction during the working cycle of the carousel press with different
periods in the plunger and in the mould, coupled with the steady-state Navier-Stokes
equations for the flow of cooling water in the plunger cavity. The model is studied
in rotationally symmetric setting. We formulate the optimization problem under
the assumption of nonunique flow field. The target is to reach prescribed optimal
temperature on the outward layer of the plunger at the moment of separation from the
glass moulding. We focus on the rigorous mathematical formulation of the problem
and establish the existence of its solution.

The main challenge in the proof of well-posedness of the flow problem is to obtain
solution bounds that are uniform with respect to the shape of the domain. Due to
the nonhomogeneous Dirichlet boundary condition, it relies on a special extension
of the boundary value that allows an appropriate estimate of the convective term.
Since in the rotationally symmetric case the existence of such an extension is not
known, we overcome this by transforming the problem to the full 3D setting.

The considered heat transfer problem is nonstandard in two aspects: First, it com-
bines an initial-value problem and time-periodic problems with two different periods.
Second, the interface conditions between the four parts of the domain are changing
with time. These properties require suitable function spaces (see e.g. [16], [8] for the-
ory of time-periodic problems). The existence and uniqueness of the weak solution
is shown using the Rothe method [11] and a fixed-point argument. This approach
can also be used for the numerical solution, together with suitable discretization in
space (see e.g. [4], [15]).

The existence of a solution of the optimization problem is proved using the com-
pactness of the set of admissible domains, the continuity of the control-to-state map-
ping in the weak topology of appropriate spaces and the weak lower semicontinuity
of the cost functional. We are able to show only weak convergence of sequences of
minimizers due to the mere boundedness of the coefficients of heat conduction.

1.2. Structure of the paper. The paper is organized as follows. In the rest of
this section we introduce the geometrical setting and definitions of function spaces.
Then, in Section 2 we present the fluid flow model and prove the existence of weak
solutions that are bounded for a class of admissible domains having the uniform
cone property [1]. The main result of this section is the continuous dependence of
the velocity field on the shape of the flow domain. Section 3 deals with the heat
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transfer problem for which we give the weak formulation and establish the existence
and uniqueness result, which is then proved in Section 5. In Section 4 we give the
precise form of the shape optimization problem, allowing for possible nonuniqueness
of the flow field. The existence of an optimal solution is then proved using a continuity
result for the solutions of the heat transfer problem.

1.3. Description of the geometry. Due to the rotational symmetry of the
system we transform the problem to the cylindrical coordinates and reduce the angle
coordinate so that we work with the coordinates (z,r) € U := R x [0,00). Further
we rotate the system to the horizontal position. Let us consider the system of four
adjacent nonempty domains representing a planar cross section of the mould Qy, the
glass piece 2, the plunger Qp and the cavity of the plunger )¢, situated in the left
part of the zr halfplane (see Fig. 2). The part consisting of the cavity and the plunger
will be denoted Qcp := Int Qc U Qp, the part glass-mould Qg = Int Q¢ U Oy and
the whole system 2 := Int Q¢ U Qp U Qg U Q.

I've

I'n

Qp (Plunger)

Tcp Q¢ (Cavity) Lout
I'y

------- A iaang

Figure 2. Scheme of the system mould, glass piece, plunger, cavity of plunger and supply
tube.

V.

Fsym

Furthermore, we denote the following boundary segments (see Fig. 2):

> I'pg the boundary between the plunger 2p and the moulded piece (g,

> I'cp the boundary between the plunger Qp and the plunger cavity Q¢,

> 'y the thermally isolated part of the boundary connecting the system mould,
moulded piece and plunger with the presser, and the part of the boundary formed
by the tube,

> I'sym the part of the axis of symmetry,

> ['gm the boundary between the moulded piece (g and the mould Qyy,

> I'yg the outward boundary of the mould, surrounded by an external environment,
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> Iy, the part of the boundary, where cooling water comes into the cooling cavity
of the plunger,
> oyt the part of the boundary, where water exits.

We denote by G¢ the 3D region created by rotation of 2¢ around the = axis.

3D and 3P

iy o the boundaries created by rotation of

Analogously, we denote by 'SP, T’
the appropriate planar boundary segment around the x axis.

1.4. Formulation of the problem of optimal design. We use the polar coor-
dinate system to describe the shape of the inner surface of the plunger. We assume
that

Fep =Tap(5) i= {(,7) = (5(£) cos &, #() sin§); € € [v/2,7]},

where 7 € U,q is a design function from the admissible set
Una = {6 € CON([n/2,7]); Vaa. €€ [n/2,7]: 2(€) < (6) <FE), 1 (§)] <}

(see Fig. 3).

QFPG AN
Qp (Plunger) \

Q¢ (Cavity) %(gx(\rf

0| «

Figure 3. Scheme of the outer surface layer of the plunger and the design function.

Here C(©):1([n/2,7]) is the space of Lipschitz continuous functions in [r/2, 7],
»,7 € CO:1([n/2,7]) are given functions satisfying x(n/2) = 7(x/2) which real-
ize the constraints for the minimal distance from the supply tube and the minimal
thickness of the plunger wall and v > 0 is a constant. The functions s, > and
the constant v are chosen in such a way that Usq # (). Accordingly, we shall write
Qc = Qc(x), Qp = Qp(x) etc. to emphasize the dependence on the design func-
tion s¢. The interfaces I'pg, I'am as well as 082 are fixed, hence Qcp, Qg, Qp and Q
are independent of .

To represent the plunger outward surface temperature we denote the outer surface
layer of the plunger of the thickness ¢ > 0 as

Qrpe = {(z,7) € Qcp; dist((z,7);Tpg) < €},
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where dist((z,r);T'pg) is the distance of the point (z,r) from the boundary I'pg
and ¢ is sufficiently small so that Qr,., C Qp(32) for all sr € Uyq.

1.5. Function spaces. For any ¢ € [1,00), open set D C U and measurable func-
tion w: D — [0, 00), the space L% (D) is defined as the set of measurable functions

v: D — R such that
1/q
Li(D) = (/ |v|qw) < 0o0.
D

Following [7], we introduce the weighted Sobolev space H}(D) as the subspace of

o]

functions in L2(D) whose first order derivatives are in L2(D). It is a Banach space
endowed with the norm

Il o) = /101220y + 1901220,
see [7]. We shall also need the space
V(D) == H}(D) N L ,(D).
It can be shown [10] that every function from V,!(D) has zero trace on the symmetry
axis {r = 0}.

For any s € U,q we define the spaces

V() == Hy (Qc(3)) x VH(Qc(x)) = {v = (va,0,) € Hy (Qc()); vr € LT, (Qc())},
Vo,div (3¢) :={v € V(50); divo =0 a.e. in Qc(x), v =0 on 0Qc(3¢) \ T'sym},

equipped by the norm

HUHV(%) = \/vanig(gc(z)) + ||U7"H%f/r(Qc(}{))'
For a bounded domain D in R? or R?, the standard Lebesgue and Sobolev spaces
will be denoted by L?(D) and H*(D), respectively. Further, we introduce the space
of functions from H!(D) with vanishing trace and divergence

Hj 4 (D) :={v € H'(D); v|pp =0, divv =0 in D}

and its subspace Cgf’div(D) of smooth and compactly supported solenoidal functions.
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2. FLuiD FLOW

For every s € U,q we consider the stationary flow of an incompressible fluid in
the cavity Q¢ (5) described by the axisymmetric Navier-Stokes equations

—vA,w+ (w-V)w—-VII=g in Q¢(»),

divw =0 in Q¢(»),
(Pr(x)) w=wp on U,
w=0 on I'cp(32) UT'N (),

w, =0 on T'gym (52),

where w = w(») = (wy,w,), II = II(5) is the velocity and the kinematic pressure,
respectively, v > 0 is the (constant) kinematic viscosity, g = (—g,0,0) is the (con-
stant) gravity force and wp the inlet/outlet velocity. We note that the density does
not appear in (Py(sr)) since the kinematic variables are used. By bold symbols we
denote vector-valued functions and corresponding function spaces. The symbol A,
denotes the Laplace operator for axisymetric functions, i.e.

Awim 12 (00 Pw
e or\ or dz?’
Before we give the weak formulation of (Pf(3¢)) we shall introduce some notations.

2.1. Weak formulation. In this subsection we shall fix » € U,q. Therefore, we
shall often omit the symbol s and write e.g. V, Q¢ instead of V(3) and Q¢ (),
respectively. We impose the following assumptions concerning the function wp:

(2.1) wp is a trace of a function from V;
wp =0 on I'cp UT'x;
wp-n =0 on Loug;
wpyr =0 on I'gym;

/ wp -nr=0.
TinUTout

Here n denotes the unit normal vector, outward to the respective domain. It follows
from Lemma 2.3 in [6] that there exists a divergence-free extension of wp to V.. We
shall denote this extension again by wp.

For any w, v,z € V, g € L?(Q¢) we introduce the following forms:

af (w,v) = Z//Q {(Vw : Vo)r + w,«vr% . (w,z,v) = /Q (w-V)z) - or.

C

Then we have the following weak formulation of (Py(s)).
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Definition 2.1. A function w € V is said to be a weak solution of (Py(s)) if

> z:=w—wp € Vydiv;
> for all v € Vj qiv:

(2.2) al (w,v) + ¢/ (w,w,v) = / g-v.
Qc

‘We shall reformulate Definition 2.1 in the three-dimensional Cartesian coordinate
system. For v = (vg,v,) € V we define

O(x) = (vg(x1,7), 00 (21, 7) COS P, v (21,7)sinP), x € G,

where r = /23 + 22, cos ¢ = x3/r, and sin¢ = x3/r. It can be easily verified that
¥ € HY(G¢) and that the following identities hold:

||'5||2L2(Gc) = 27[”””%%(90)’ HV'EH%Q(GC) = 2n||v||%,.

We introduce the following problem in the 3D domain G¢:

Definition 2.2 (Problem (P7P(x))). A function u € H'(Gc) is said to be the
solution of (P?P(s)) if
> u—wp € H g, (Go);
> for all w € Hj 4, (Ge):

(2.3) /G YVu:Vo+ ((u-V)u) -v] = / g-v.

Gc

It is easy to check that w is a weak solution to (Py(s)) if and only if u := w is
the solution of (P7P(s)).

It is known [6] that (Pr(x)) has at least one weak axisymmetric solution provided
that (2.1) holds true. In next subsections we shall study the dependence of solutions
to (Py(sr)) on the design variable s € U,g.

2.2. Uniform bounds and stability of solutions with respect to the do-
main. Our next aim is to show that weak solutions of (Pf(sc)) are bounded in
a suitable norm by a constant that does not depend on s € U,q. For this purpose
we shall rewrite (2.3) to the fixed domain G = Gc(7). Let u(s) := w(s), where
w(x) is a weak solution to (Ps(s)). Then (2.3) is equivalent to

(2.4) /@[uVﬁ(%):V6+((ﬁ(x)-V)ﬁ(%))~f;] :/ag-f;.
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The symbol “~” denotes the zero extension of a function to G. We shall construct
a specific extension of the nonhomogeneous boundary data wp := wp, which is
independent of the design variable s € U,q. Let G = Gc(2). In accordance with
(2.1) we shall assume that

(25)  wupe H/?*(0G), up=0 on 9G\ 3P urd), /qu n=0.
oG

We emphasize that the sets [P and T'2D, are independent of s € U,gq.

out

Lemma 2.1. There exists a function U € H 1(@) with the following properties:

(i) U =up on 4G,

(ii) divU =0 a.e. in G,
(iii) U =0 a.e. in G\ G,
(iv) for every v € Hj dw(@)'

(2.6) L@ v o< Sivolt, g,

Proof. It is known that for any ¢ > 0 there exists a solenoidal extension
U. € H'(G) of up satisfying U. = up on dG and

27) J R AREE AT

see e.g. Lemma II.1.8 in [14] or Lemma VIIL.4.2 in [3]. Due to (2.5),, U. can be
extended by zero to H*(G). Taking U := U, with ¢ = v/2, one can easily verify
properties (i)—(iv). O

Let us note that U is in general not axisymmetric, even though wp is. In fact,
it is not known whether an axisymmetric extension having properties (i)—(iv) of
Lemma 2.1 exists.

To prove the estimate of solutions independent of s € U,q, we use the Sobolev
embedding and the Friedrichs inequality on G. For any ¢ € [1,6] we shall denote by
C1(q) > 0 the constant of the Sobolev embedding

(2.8) ||UHL4(§) < CI(Q)HUHHl(é)a
and by Cg > 0 the constant of the Friedrichs inequality
(2.9) HU”Hl(é) < CFHVUHLz(é)v
which hold in the space {v € H'(G); g = 0}
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Theorem 2.1. There exists a constant Cé > 0 such that for every » € U,q and
every weak solution w() to (P¢(s)) the following estimate holds true:

(2.10) lw(5¢) || v () < CF-

Proof. We shall prove the inequality
(2.11) IVu(s9)|[ 2oy < C,

where C' > 0 is independent of s € U,q and u(s) = w(sr). Then (2.10) holds with
Cé := C'/+/2n. Identity (2.4) is equivalent to

(2.12) /G[VVZ: Vo+ (- V)z)- v+ ((2-V)U)-v+ (U - V)Z) - v]

:/A[g'ﬁ—z/VU:Vﬁ—((U'V)U)-T)],
@

where 2z = u(3) —U|g (). We use v := z as a test function in (2.12). Applying (2.6)
and Green’s theorem we obtain

G((E'V)U) -E+/A((U-V)E) z

G

=0 =0

1
<GUIVEI22 6 )

:/@g'g_’//éVU:Vz—/é((U~V)U).2,

With the help of Holder’s inequality, (2.8) and (2.9), we estimate the right-hand side
of (2.13):

|92 < Crlgllg 19222t

I//@(VU : VE) < VHVUHLz(@)||VZ||L2(GC(%))7
/@«U W) 2| < Ul VU i 210

< 01(4)QC§HVU|@2(@)||VZ||L2(GC(%))-

Putting these estimates back to (2.13) and dividing it by ||V 2| z2(Gc(x)), We obtain:
v ~
5 ||VZ||L2(G(:(%)) < CFQ|G|1/2 + I/HVUHLZ(@) + 01(4)2C%‘||VU”2L2(@)7
which implies (2.11) with
2 ~ 2
Ci= ~CrglGI'* +2|VUl| ) + S CLA)*CRIVU | 2 )
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Having the uniform estimate of solutions, we can prove the following stability
result.

Theorem 2.2. Let {5,} C U, and {w,} be a sequence of weak solutions to
(Pf(5)), n =1,2,... Then there exists a subsequence denoted {,, } and functions
3 € Uga, W € V() such that

(2.14) Hp, = > In [n/2,7,
(2.15) Wy, — w weakly in V (3).

In addition, the function W\q, .. is a weak solution of (Py(s)).

Proof. The existence of a subsequence {ny} and » € U,q satisfying (2.14)
follows from the compactness of U,gq.

Due to estimate (2.10), the sequence {w,} is bounded in V'(3). Thus, one can
choose another subsequence (denoted by the same symbol) and a function w such
that (2.15) is satisfied.

It remains to show that w := Wjq,(.) is a weak solution of (Py(sx)). Clearly
W0 (32)\Qc () = 0 and thus w — wp € Vpaiv(2c(2)). We shall prove that u := w
satisfies (2.4). Let uy := Wy, . Then we have

(2.16) /é[VV'E,k:V1~J+((ﬁk-V)ﬁk)-'E]:/ag-'E

for any v € Hy 45, (Gc (5, ))-

Let v € C§%;,(Ga(%)). Since s, = », there exists an index ko such that suppv C
Gc(s,) for k > ko and hence v is a suitable test function in (2.16). The weak
convergence (2.15) is sufficient to show that

(2.17) /A AVOTIER 2T [ WV : V.
G G

From the compact embedding H'(G) — L4(@) we have that
ur — u strongly in L4(é), k — oo,

passing eventually to a subsequence, which yields:

(2.18) /A((ﬁk-V)ﬁk)~1~;—>/@((ﬁ'V)ﬁ)-6, k — .

G

The density of Cg%;, (Ge(x)) in H&,div(GC(%))7 (2.16), (2.17) and (2.18) imply
that w satisfies (2.4) for any v € Hy 4, (Gc(5)). O
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3. HEAT TRANSFER

The pressing cycle has four important time points 0 < 77 < T < T35 < Ty. In
the interval (0,77) the system is in the process of pressing with the glass in the
mould and the plunger in the lower position. The separation of the plunger from
the glass, which remains in the mould, follows in the time 77 = T4/12 (= 13.5).
In the time Tp = T4/6 (= 27) the plunger goes down to the lower position into
another mould (on a carousel press, the plunger presses sequentially in six moulds).
The separation of the mould and the glass piece follows in the time T3 = (13/24)T}
(= 87.75) and the mould is refilled by the molten glass and the plunger descends at
the time Ty = 675 (= 162).

We consider doubly periodic process with the period T3 in the region Qcp, and with
the period T} in the region ;.

We consider the mixed problem for the energy equation in the form
(Pu (36, w))

%—kVﬂ-w—a(%}Arﬁ:O in (0,7y) x (Qcp U Qg U ),
19(0, ) = 190 in QG;
Vit e [TQ,T4]Z ﬁ(f—TQ,~):19(t,~) in Qcp,
19(0, ) = ﬁ(T4, ) in QM,
Y= '191n in (07T4) X Fim
oY .
% =0 n (07 T4) X (Fout ul'yu Fsym);
oY o .
[GP%} oce [GG%} e P n (0.71) x T'ec,
o = Yjoe  in (0,71) x Tpg,
o .
[ap— + oa?} = alext in (T1,T) X I'pq,
on [Qcp
[GG@ + Oé’l91| = Oﬂgext in (T17T4) X FPGm
on 1Qc
oY o .
[GM%} e [GG%} o P (0, s) x T,
7‘9\91\1 = 19|QG in (07T3) X FGM;
[ac% + oa?} o = aexy in (T3,Ty) X T'am,
2% o] = in (T3.73) x Tear,
on |Qm
{GM@ + Oé'l9i| = Oﬂgext in (07 T4) X FME’
on |Qm
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where w := w(xr) is the solution of (Pf(sr)) and » € U,q. We assume that w(sx) =0
in Qp(5) UQc U Q. Further,

k
ac — © in Qc(%),
occc
k
ap = P in Qp(%),
C
(3.1) a() = Qz F
ag = G in Qg,
0GCG
k
an = M in S)l\/[7
OMCM

is the material constant, where k; > 0 represents the coefficient of thermal conductiv-
ity, o; > 0 the density, ¢; > 0 the specific heat in ;, i = C, P, G, M, ¥q is the initial
distribution of temperature in ¢, ¥, the absolute temperature of water at the inlet,
« > 0 the coefficient of heat-transfer, 5 > 0 the flux density of the modified mass
of the body and eyt > 0 the temperature of environment. The symbol [09/0n]q,
denotes the derivative with respect to the outward unit normal with respect to the
region Q;, ¢ = C,P,G,M. In this section we shall omit the symbol » and write
Qc, Qp instead of Q¢ (32), Qp(3¢), respectively.

3.1. Weak formulation. We define the space
H = {U S Li(Q), ViQcp S Hﬁ(QCP), ViQg S H:(Qc,), VOm S H:(QM)},

endowed by the norm

ol = \/Totece s @romy * 10196 s gy + 1100 By

and its subspace
Hy:={veH, VQep € Hrl,o(QCP)}v

where H}((Qcp) is the closure of the set H := {v € C*(Qcp); vjr,, = 0} in the
norm of H}(Qcp). Further we define the space

Hcwum = {U S Lz(QGM), Vo € H:(Qg), Viay € H;(QM)}

with the norm

ol s = y/lvi2e 3 e + Ivind 3 )

In the weak formulation we shall use the following space of test functions:
So:={v=n(t,-) € LQ(O,T4;H0); Vjaer = Vjog in (0,T1) x I'pg,
VIoe = Viam in (OaT?)) X PGM}
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with the norm
[vllso = llvllL2(0,745110)
and the space
v
W .= {veSo; T eS{;},

where S§ denotes the dual space to the Banach space Sy with the norm

Ov |2
— 2 .
[vllw =4[ llvl%, + H 5 ‘ 5

By standard arguments (see e.g. [12]) one can show that W < C(0, Ty; L(Q)).

Hence, we can define the subspace of time-periodic functions:

Wper = {’U € W; V| (T47 ) = V|au (07 ')7
Ya.a.t € (TQ,T4)I V|Qcp (t, ) = V|Qcp (t - TQ, )},

in which the following by-parts formula holds:

Ju v
Vuv e Woe: (Grv)  + () = /Q (u(Ti,)o(Ta, ) = (0, Jo(0,))r.
0120 0:°0 a
In particular,
ou 1
(32)  VueWour (Grou) o = 5(u@ilan ~ 10 00
0°

We assume the existence of a function 5“, € H!(Q) such that 1;i11‘pin = Yin. In
addition, we shall assume that 9 € H}(Qg).

Definition 3.1. We say that ¥ € L?(0,Ty; H) is a weak solution to the heat
conduction problem (P (s, w)) if

> (0 = Din) € Wer;
> ¥4 (0,-) = Jo;
> for all ¢ € Sy:

83 (W) s [ amaeee = [ REee),
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where the forms M: S§ xSy — R, A: (0,Ty)x HxH — Rand F: (0,74)x H — R
are defined as

29 2, 99 Ta ) 99
M(E’w) ::/0 <E,w>H*,H+/TQ <E,w>HéM,HGM,

Jﬂﬂ&¢%:anﬂﬂ/m (w - V)

Qcp

+ X(07T2)(T)/ a(x) (VO - Vi)r + / a(x) (VY - Vy)r

cp Qcm

+ /F a[X(T1,T2) (T) (ﬁw)lﬂcp + X(T4,Tys) (T) (ﬁw)lﬂc]r

+mMmm/ aWWm+WWmM+/ adr,

TaMm I'me
F(Tv ) = / [X(O,T1)(T)6wlﬂcp + X(T17T2)(T)aﬁextwlﬂcp
Trc
=+ X(T1,Ty) (T)aﬁextw\QG]r

+/ X073y (T)B¥1626 + X7 70y (7)ot (Wi, + Yycans) I

+ / 0ot pr.
T'me

Here xg denotes the characteristic function of a set E.
The following variant of the Friedrichs inequality will be used in the proof of
ellipticity of A.

Lemma 3.1. Let D be a domain in R? and T’ be a nonempty measurable part
of OD. Then there exists a constant ¢(D,I") > 0 such that

(3.4) vy € Hy(D): [IV|Z2p) + 1]

%a(r) > C(DI)WH%I;(D)-

Lemma 3.2. Let » € U,q, and w € V (5c) be the velocity field from Definition 2.1.
Then the bilinear form A is bounded and elliptic in the following sense: There exist
constants C4, K > 0 independent of » € U,q such that

(i) for a.a. 7 € (0,T4) and for all p, ¢ € H:

3:5) A e, ) < Calxom)(Dlellalvlle + Xz (Dol ran 19l Har),

(i) for a.a. T € (0,T4) and for all ¢ € Sy:

(3.6) AT, w(,),0(7,)) = K (x(0,m) (DU ) + xrm,m) (DI, ) i)
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Proof. (i) Let C1,C2 > 0 be the constants of the embedding H}!(Qcp) x
Vi(Qcp) — Li(Qcp), HX(Qcp) < Li(Qcp), respectively. Then we can estimate
the first term in A(7, p, %) as

60 [ (el < fwlusaenl Vel ] o)
CP
< ClCQHwHV(}/)HV50| L?,(Qcp)”w| Hl(Qcp)
< COCElelalv] s,
using also estimate (2.10).
Next two terms in A(7, p, 1)) are estimated as follows:
(3-8) / a(#) (Ve - VY)r < maxa()| @l mllo]
QCP CP
(3.9) / a(#) (Ve - VY)r < maxa(2)|[ ol rou ¥ e
Qam oM

Denoting by Cr(D) the norm of the trace operator in H} (D), where D is a domain
in R%, we can estimate the remaining terms in A(r, o, 1):

o) [ alpW)acer < aliellzoncn Wlizonce < aCHOee) el
gy  alpblnar < ACHEE) el ] s
s [ ale¥agr < aCHRG)Plen Wl
GO el < aCHM ol ¥ en:

Combining (3.7)—(3.13) we obtain (3.5).
(ii) Let ¢ € Sp. Integrating by parts we obtain:

2 2 2
(3.14) / (w - V)yr = w-VMr:/ w-nMr— divwﬂr
Qc Qc 2 0Nc 2 Qc 2
for any 7 € (0,7%), where ¢ := t(7,-). On each part of ¢ at least one of the

following is satisfied: w -n > 0, ¥ = 0, or r = 0, which means that
2
(3.15) w - nMr > 0.
89c 2

The remaining term on the right of (3.14) is zero since divw = 0 in Q¢. Hence, the
term on the left of (3.14) is nonnegative. Let a¢ := min{ac, ap, ag, ap}. We estimate
the term A(7,,1) in particular time intervals using (3.4) as follows:
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> For 7 € (0,Ty): Since ¥(7,-) € H}(Q) N Hy, we obtain
A(r, 1, 1) = QvaH%%(Q) > ac(Q, Fin)HwH?{,},(Q)-
> For 7 € (T1,T>):

A(T,9,v) QvaH%%(Q) + a(HiPmG”QLg(rpG) + W”QLg(rME))

P
> min{a, o} min{c(Qcp, T'in), ¢(Qa, Tra), c(Qm, Tve) HY | % -

> For 7 € (TQ,T4)I

A(Ta 7% w)

al VYl 22 00u) T @106 172 mee) + 19172 (0y))

> 2
= (
> min{ag, a} min{c(Qq,Tpa), c(Qym, Tvme) } H¢||?{GM

The above inequalities together prove (3.6) with the constant
K := min{a, a} min{c(Q2, Tin), ¢(Qcp, Tin), ¢(Qc, Tpa), ¢(OQm, Tme) -

Since the domains Q, Qcp, Qg and Q) as well as the sets I'y,, I'pq and I'yig are
independent of the design variable »r € U,q, so is the constant K. ([

Lemma 3.3. The linear form F' is bounded in the following sense. There exists
a constant Cr > 0 independent of the design variable » € U,q such that for a.a. 7 €
(0,Ty) and for allyp € H:

(3.16) F(r,9) < Crxo,m) (DIYa + Xaw,m) (D] Hen]-

Proof. Lemma 3.3 can be proved using similar arguments as Lemma 3.2. [

Lemma 3.4. There exists a constant C, > 0 such that for every weak solution 9
of (Py(s¢,w)), where » € U,q and w is a weak solution of (Ps(x)), the following
estimate holds:

Ty
(3.17) 19(Ts, ) + / 193 < Cl.
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Proof. We use (3.3) with the test function § := ¢ — 51,1 and the fact that 5113
is constant in time to obtain the identity

(3.18) M(%,5)+ 0 4A(5,5)=/0 (P (8) — A(Din, 5)).

The first term in (3.18) can be estimated with help of (3.2), Holder’s and Young’s
inequality:

06 9 9
M (57:6) = 18(T1 ) 2(q) = 160, )13 2(0)

1
> §H19(T47')||2L3(QG) -

2,7,(0(;) - Hﬁo - ﬁln”%?(ﬂ@)

in

The second term in (3 18) is estimated using ellipticity of A and the fact that

T
Jo 1813 0wy = 3 Jo 160 ey 28

Ty K Ty
(3.19) | awe = [t
0 6 0

The right-hand side of (3.18) can be bounded using (3.5), (3.16), Holder’s and
Young’s inequality:

T. T. T.
o~ ~ 4 K 4 6C2T.
200 | [ G| < Caldulr [ 100 < 5y [ 191+ AT
0 0 0
T T K (™ 6CET:
sa)  [Tre <or [l < g [ 1o+ S5
0 0

Altogether, (3.18)—(3.21) yields the desired estimate with

1 Y ~
Ch = 7< ﬁin 2 + 19 _ ﬁin 2 +
E mm{27 12[(} I ||L3(Qc) 190 HL%(QG)

GCAT4

6C2T,
1Tl + =2,

O

Theorem 3.1 (Existence and uniqueness for (Pj(s,w))). Let w € V(3) be
a weak solution of (Py(s)), where s € Uaq. Then there exists a unique weak solution
of the problem (P, (s, w)), which satisfies (3.17).

We shall prove Theorem 3.1 in Section 5.
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4. OPTIMIZATION PROBLEM

For every s € U,q and w a weak solution of (Ps(x)), we denote by ¥(s, w) the
unique weak solution to the heat conduction problem (P, (3, w)).
Let

A= {0, w,0); s € Upg, w is a weak solution of (Py(s)), ¥ =95, w)}.

Given a constant target surface temperature ¥op; > 0, we introduce the cost func-
tional J: L?(0,Ty; H) — R as follows:

(4.1) JO) = [ 19T = Do

i e

The optimization problem reads:

Find (»¢*, w*,9*) € A such that
(4.2)

TW0*) < TW0) ¥ Go,w, ) € A.

In what follows we show that the map (s, w) — J(5, w) is in certain sense con-
tinuous. Combining this with the continuity of J and the closedness of A we will be
able to prove the existence of a solution to (4.2).

Lemma 4.1. Let »™ = s in [n/2,n] and {w"} be weak solutions of (Ps(s")),
n € N. Then there exist a subsequence {ny} and a weak solution w of (Py(sr)) such
that

(4.3) w" =~ w  weakly in V (3),
9" =9 weakly in L*(0,Ty; H),
DA v

(4.5) 0 L weakly in S§, k — oo,

ot ot

where U™ is the weak solution of (Pp(s" ,w™)) and 1 is the weak solution of
(P (52, w)).

Proof. The existence of w satisfying (4.3) for an appropriate subsequence
follows from Theorem 2.2. Variational formulation of (P (5%, w™)) has the form

ao)  u(%E )+ [ A= [CRe) vees,

where A, denotes the bilinear form A from Definition 3.1 with »™* and w™* in the
place of s and w, respectively.
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From (3.17) it follows that {¢"*} is bounded in L?(0,Ty; H). Consequently, (4.6)
implies that also {0U™* /0t} is bounded in S;. Hence, there exists a subsequence (de-
noted by the same symbol) and a function ¥ € L?(0, Ty; H) such that 9 — ¥in € Wper,

(4.7) 9™ —~ 9 weakly in L(0,Ty; H),
oY™x .
(4.8) % ot weakly in Sy, k — oo.

To show that 9 solves (Pp (5, w)), we need to pass to the limit in (4.6).
Clearly, (4.8) implies that

(aﬁnk,w) (813,@@) Y € So, k — oo,

It remains to show that

Ty Ty R
(4.9) / A (97, 00) = / A@,9) Y € So.

To prove it, we write:

T4 T4 ~ T2
/ A 07, 0) — [ A@ ) = / / VO — w - VI)pr
0 0 Qcp

T> .
+/ / (a("*)VI™ — a(3)VY) - Vipr
Qcp
Ty ¢ -
/ / V(@™ — ) - Vipr
QGM
/ / (9™ =) IQCP7”+/ / (™ — D))jaqr
FPG FPG
S = [ a5
FGM I—‘GM
Ty R
+// a(™ —r =1L + ...+ Is.
0 JI'me

From (4.3) it follows that
(4.10) w™ — w (strongly) in L(Qcp),
hence,
T> T> —~
I1:/ / (w"’“—w)'Vﬁ”’“wr—i—/ w- V("™ —d)Yr -0, k— oo,
0 JQcp 0 JQcp
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where the first term vanishes due to (4.10) and the second one due to (4.7).
Further, we decompose

I = / T/ (a(2"™) = a(5)) V9™ - Vi

T> -
+/ / ()Y (O™ — D) - Vobr =: Ty + Ina.
0 JQcp

Assume for a while that ¢ € L>°(0,Ts; H). Since a(>"*) — a(s) strongly in LY (Qcp)
for any ¢ € [1,00), we have

(4.11) || < aGe™) — a(o2) 3 o0
T, ) 1/2 ; Ty , 1/2
(/ |Wk||Lg<Qcp>> (/ |vw|L¢(Qcp>) S0, ko

If ¢ € Sy, then clearly | r)x0cr € L2(0,TQ;H,’,1.7O(QCP)). From the density of
simple functions in this space and the density of H in H}7O(Qcp) we infer that 1 can
be approximated by a sequence of functions in L>°(0,T5;H) and thus (4.11) holds
true. Terms Iog, I3, ..., s vanish for k — oo due to (4.7).
This completes the proof of (4.9) and thus 3 is the weak solution of (P (52, w)).
(I

Remark 4.1. Let X be a Banach space. We call ¢: [0,T5] — X simple if it
n

has the form ¢¥(t) = > xg, (t)x;, where E; C [0,T5] is measurable and z; € X,
i=1

t=1,...,n. See e.g. [12].

Theorem 4.1 (Existence of a solution to (4.2)). The optimal design problem (4.2)
has at least one solution.

Proof. We use classical arguments of calculus of variations (see e.g. [5], Theo-
rem 2.1). The set Uy,q is bounded and closed in C([r/2, n]) and, moreover, consists of
uniformly continuous functions. The theorem of Arzela-Ascoli implies the compact-
ness of Upq in C([r/2,7]). Let (3", w™,9™) be a sequence of functions minimizing
J: (r,w,¥) — J(¥). Then there exists a subsequence »™ and s € U,q such that
»" = 3¢ uniformly in [r/2, 7] and due to Theorem 2.2 also w™ — w in V (),
where w solves (Py(x)).

From Lemma 4.1 we get that (3", w™) — (3, w) weakly in L%(0,Ty; H).
Since the cost functional 7 is weak lower semicontinuous with respect to the above
convergence, we have that

J (o, w, 95, w)) < liminf J (2™, w™, 9(3"*, w™)) = inf J.
n—oo

Thus (3¢, w,¥(5, w)) is an optimal triplet for (4.2). O
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5. TIME DISCRETIZATION

The state problem (P, (s, w)) is solved by the Rothe method with the following
time discretization.

For any n € N we set the time step At,, := T4/(24n) and the times ¢} := kAt,,
k = 0,...,24n, so that the four important time moments become: T; = 2nAt,,
Ty = 4nAt,, T3 = 13nAt,, T, = 24nAt,.

We define discretization of the function spaces:

Hy ={y e H; ifke{l,...,2n}, then o, = Yo, on I'pq,
if ke {1, RN 13%}, then ’meG = w\QM on FGM};
H(?,k = H}' N Hy,

24n 24n
n .__ n n .__ n
sm= ] Hp, 8§ =[] Hix-
k=0 k=1

Definition 5.1 (Time discretized problem (T,)). For n € N, find (J,97,...
9%4,,) € S™ such that:

> (V7 — Oiny ..o, U5y — Pin) € ST

> 9¢ = Yo in Qg;

> U5 = 9%y, in Ou;

> for all k=0,...,20n: J) =Jy,,, in Qcp;
> for all (¢1,...,%24,) € ST:

/ﬁzwkr"'AtnA( Za wak)
Q
:AtnF( Z,lpk)+/19271wk7“, k=1,...,4n,
Q
/ ﬁzwkr + AtnA( Za wak)
QewMm

:AtnF(tZ,wk)—l-/ Ve qkr, E=4n+1,...,24n.

QcMm

This problem will be solved by a fixed-point argument. Let us define an auxiliary
problem:

Definition 5.2 (Auxiliary problem (A, ,)). Givenn € N, ¢ € L%(Qcp U Q).

Set
in Qcp U Oy,
gl =q
190—19111 inﬂg.
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Find (27(®), ..., 25,(¢)) € ST such that:

> forall k=1,...,20n: 2 (@) = 214, (®) in Qcp;
> for all (¢1,...,%un) € ST:

(5.1) ‘AZKwW%W+AmA($2ﬂ¢%ww
= At  F(87, 0n) — Aty ALY, i, 1)
+/QZ]ZL,1(()O)’¢]§7", k:17"'a4n7
(5.2) /ﬁ P (o)nr + At AL 22 (0), )
Qam
= At F(t2,101) — Aty At Oin, 1)

+/ zp_1(@)rr, k=4n+1,...,24n.
Qam

Lemma 5.1. For anyn € N and ¢ € L2(QcpUQw), problem (A, ;) has a unique
solution (z(¢),...,258,(p)). In addition, there exists ¢ € (0,1) such that for all
n €N and 1,2 € L2(Qcp U Q) it holds:

(5.3) 254, (01) = 2540 (P2) | 22(2) < aller — P2l L2 (QepUon) -

Proof. Existence and uniqueness is a consequence of the Lax-Milgram theorem,
boundedness and ellipticity of forms in (5.1) and (5.2).

To show (5.3) we subtract (5.1) for ¢1 and @9, and take ¢y, := dft, where d} :=
2P (1) — 2p(p2), k=1,...,4n:

130y + At AR o) = [ @1 < 1R ey + 1R

We use the fact that A is Ho-elliptic with the constant K, subtract 1||d}||%. 2 and
multiply it by two to get

||dZ||2L$,(Q) + 208, K ||d} |7 < || d} 1”%3(Q)~
Further we use the estimate ||d2||2Lg(Q) < ||dR||3; to get

1
;11720 < m” P12
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We substitute At,, = Ty/(24n) and apply the above inequality recurrently to get the
estimate on the last time layer 4n:
€5 2y € T Iz < -
T 1+ mT4K r
1 2
< (1+ LT4K)4n ller = ¢2|‘L$(QCPUQLI)'
12n

Thus, for all n € N it holds:
5.4 di ||% < 1 2
( . ) H 4n||L$,(Q) X WH% - 502HL$,(QCPUQM)-

Similarly for k =4n+1,...,24n we get from (5.2):

I ey + At AR i) = [

Qcm

1 mn 1 mn
< §Hdk71|‘%$(QGM) + §Hdk|\%g(QGM)~

Analogously to the first part we get

1
4112 () < 1T oMLK i1 l72 ey, k=4n+1,...,24n
and then
1
dn 2 < dn 2 < dn 2 .
1530l 202000 < g 1 oo < ey il 2o

Thus, for all n € N it holds that

1

(5.5) 1d54n 122 (0601) < W—TM)QOHCZ%H%E(QGM)-

Together we have

(5.6) 1 d5anl172(0) = 19540 172 0n) T 1080 ]I T2 (000
1
< 1+ LT,K)» 2122 0n) + 1440 T2 ()
12
" 1
< d3, 720 < m”% — ©2ll72(@0puam)-
12
Since
71 <1
q:= ,
(1+ LTuK)?
(5.3) is proved. O
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Lemma 5.2. For any n € N, problem (T,,) has a unique solution.

Proof. Let us define the map ¥": L2(Qcp U Q) — L2(Qcp U Qy):

U™ (p) = 2pan(#)-

From Lemma 5.1 we have

[ (") = T (0?)]

L2(QcpUim) — ||Zg4n(<p1) - Zg4n(502)| L2(QcpUQim)

< dgller = 2ll72opuon)-

Banach fixed-point theorem implies that U™ has a unique fixed point % € L?(Qcp U
Qm). In fact, 254, (9) € Hi'sy, and thus Po., € H} (Qcp) and P, € H}(Qu).
Setting ¥} = 21(P) + 1A9'in, k=0,...,24n, we can easily verify that (J,...,95,)
solves (T,,). O

Lemma 5.3. There exists a constant C' = C(||Yo] £2(0c)» | 9in]| 12, T4) (indepen-
dent of ») such that for all n € N:

24n 24n
(5.7) W&n”%g(ﬂc) + Z 9% — Z—l”sz,(Q) + Aty Z 19713 < C.
k=1 k=1

Proof. Let (93,97,...,9%,,) be the solution of (T,). For k = 1,...,4n we
have

(5.8) /wg Ok Aty AL O ) = At F (8, gr) Yy € HE
Q

Setting ¥y := ¥} — Vin, we obtain
(5.9) 0% — IR 1llZ2() + Ata AR, 95, 95) = /9(192 — 07 1) 0 + 197 )lI72(0)
- /Qﬁwg,lr + At AR O7 D) + Aty F(E7, 97 — Oin).
By a different manipulation we get from (5.8) using the same test function:
(5.10) - / R / O (Vi — O )1 — / O it
Q Q Q

— At At 97,97 — Din) + At F (7,07 — Orn).
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Inserting (5.10) into (5.9), we obtain

(5.11) IIﬁZIIig(m + 195 — z—1||%g(9) + 2At, A(ty, 9y, %)

97 By + 2 / (07— 0F_)Trar

20, AL, 97, i) + 2L, F(£7, 07 — Oin).
Ellipticity of A and boundedness of A, F' yields

At 9%, 9%) = K9¢I5,
n n 9 n 9 K ni2 C.»24 9 2
A(th, V%, Vin) < Call9g] ul|dmlla < Z”ﬁk”H + f”ﬂin”m

Ci

C gin )
7 T Crllmllm

n n iy n Y K n
F(t5, 95 = V) < Ce([9Ella + 19ll) < 9% 117 +
which together with (5.11) leads to the inequality
[0R117 20 + 197 = D51l 20y + KAL|9R]F

C? ~
<10l +2 [ O = 0 2) T + 25850 Tl

~ 02
=+ QCFAtn||19m||H -+ 2?F‘Atn

Summing the above inequality over k = 1,...,4n, we obtain
an 4n

(5.12) 1951720y + D 197 = 9511720y + KA Y 197 1%
k=1 k=1

<9312 +2 /Q (9, — 9 Drar

Car iz 12 = Ci
+ 2?T2||19in||H + 205 T ||Vl + Z?TQ-

Using the fact that 9%, = 9§ in Qcp, we can simplify (5.12) into

4n 4n
(5.13) 192172000 + 2 108 = i1l 2g) + KA D 19R11%
k=1 k=1

- o2 -
<10 s oen +2 [ O = 0T + 2 ATl
Qam
~ CI%
+ 2C T ||Yinl| 5 + ZFTQ-
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For k =4n+1,...,24n we obtain analogously

24n 24n
614 ualZaoen + 2 0~ a0 + K0 > 191
k=4n+1 k=4n+1
2 9 (7% 9112
<15 +2 | P = 05+ 2 (T2 = Ty
GM

_ C2
+2C%(Ty — T2) ||Vl + 2%(T4 —T3).

From (5.13) and (5.14) and the fact that 9%,,, = 9§ in Qu it follows that

4n 24n
||195L4n||%g(ng) + Z 9% — ZqHQLg(Q) + Z 9% — Zq”%g(ﬂm)
k=1 k=4n+1
4n 24n
+ KA 0015 + KA, > 197 e
k=1 k=4n+1
< 912 2 n gy Tr + 2 AT T2
< N6 172 (00) + (V54, — V) Vinr + 4| in ||
; Qe K

~ 02
+ 2(7F211”§in”11 +’2-}§?7h.

Holder’s and Young’s inequality then yield

24n

1 1

5”%@”%3(%) + 6 Z 9% — Zﬂ”%ﬁ(ﬂcp)
k=1

24n 24n

n n K n
+ E 9% — k—1||2L$,(QGM) + FAtn E 9% 113
=1 =1

n 3 Chim i
< 2095122 () + 210l T2 00) + 27AT4||191n||§{
~ CFQ‘
+’2(7F7h|h%n”1¥'+ 2ig?21.

O

Proof of Theorem 3.1.  Let (Jy,97,...,95,,) € S™ be the solution of (T,),
n € N. We define the piecewise constant and piecewise linear interpolations:

(5.15) 0" (t,z) ;= 0p(z) forte (£ ,,t}],
t— 1ty

P (1) = 02 (@) +

(g (z) =1 (x)) fort € [tf_y, ti].
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Then (T,,) reads:

8{9% . Ty Ty

(5.16) V(W1 taun) € S5 M(F= ) + AT 00 = [ FCD),

where ) is defined analogously as in (5.15).
From Lemma 5.3 it follows that

Ty A% T
An 4 8,l9n 2 4 —n
R I T A L e A CA Py
0 t ) Jo

L2(Qa

hence the sequence {J"} is bounded in L2(0, Ty; H).
We shall also need uniform bounds for {09"/0t}. We observe that for k =
1,...,2n, the spaces Hg, are identical (we shall denote them by Ho 7, ). Then

/T1 a@n 2 /T1( a{g\nw )2
= su ——r
0 ot Hy o 0 VJEH(FTl q Ot
[l =1
T .
= s [ (FC) - AT 0.0
YeHo 1 JO
Il =1

T —n
< [ (Ce+CalT <
0

Thus {8@” /Ot} is bounded in L2(0, Ty; H{ 7, ). Similarly we obtain boundedness on
the intervals (T1,7T3) and (15, T4), concluding that {8@” /0t} is bounded in S§.
Now we can pass to a subsequence (denoted by the same symbol) such that

9" =9  weakly in L(0,Ty; H),

aomdv -
T e weakly in S5, n — oo,

where ¥ € L?(0,Ty; H) satisfies ¢ — gin € Whper- Passing to the limit n — oo in (5.16)
and using the density of simple functions in Sy, we obtain that ¢ is a weak solution
of (P (32, w)).

To prove the uniqueness, we assume that ¥; and 9 are two weak solutions to
(P (2, w)) and denote § := ¥ — J3. Subtracting the integral identities (3.3) for ¥,
and ¥ and using § as the test function, we obtain

06

(5.18) M(E,é) +/OT4 A(8,5) = 0.
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Due to (3.2) and the fact that 6(0,-) = 0 in Qg, the first term in (5.18) is nonnegative.
From the ellipticity of A and (5.18) we obtain

T> Ty
2 2
/0 18113, + /T 1811210, <0,
2

which implies that ¢ = . O

6. CONCLUSION

In this paper we studied a shape optimization problem governed by a heat transfer
model for a carousel press system consisting of four parts with different dynamics
and regimes of mutual interaction. One part of the system is cooled by flowing
water, whose dynamics is described by the steady-state Navier-Stokes equations with
nontrivial boundary conditions. We formulated an optimization problem whose aim
is to govern the cooling of the glass product by means of the shape of the plunger
cavity and thus help improve the design of the components of the press.

We have proved the existence of weak solutions to the Navier-Stokes equations
that are bounded in a class of admissible domains. The set of admissible domains
is chosen so that it is compact with respect to uniform convergence while being
sufficiently rich for practical purposes of design of industrial devices. For a given
admissible domain and velocity field we have proved the existence of a unique weak
solution to the heat transfer problem, using a time discretization and a fixed-point
argument. Further, the existence of a solution of the optimization problem was
proved using direct method of calculus of variations.

In a forthcoming paper we plan to present a numerical approximation of the op-

timization problem.
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