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Abstract. In 2012, Ananthnarayan, Avramov and Moore gave a new construction of
Gorenstein rings from two Gorenstein local rings, called their connected sum. In this
article, we investigate conditions on the associated graded ring of a Gorenstein Artin local
ring @), which force it to be a connected sum over its residue field. In particular, we recover
some results regarding short, and stretched, Gorenstein Artin rings. Finally, using these
decompositions, we obtain results about the rationality of the Poincaré series of Q.
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1. INTRODUCTION

Given Gorenstein Artin local rings R and S with common residue field k, and the
natural surjective maps R —% k <=~ S, a connected sum is an appropriate quotient
of the fibre product (or pullback) R xx S = {(a,b) € R x S: wr(a) = 7ws(b)}.
Lescot in [9] proves that the connected sum is also Gorenstein Artin. A more general
version of a connected sum of two Gorenstein local rings having the same dimension
is defined by Ananthnarayan, Avramov and Moore in [2]. They prove that this new
construction is also a Gorenstein local ring of the same dimension.

It is natural to ask when a given Gorenstein Artin local ring () can be decomposed
as a connected sum over its residue field k. In the equicharacteristic case, this ques-
tion was studied by Smith and Stong in [12], Section 4 from a geometric point of
view for projective bundle ideals, and also by using inverse systems by Buczynska et
al. in [5] using polynomials that are direct sums, corresponding to apolar Gorenstein
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algebras. The study of intrinsic properties of the ring, under which it is indecom-
posable as a connected sum, and other conditions on its defining ideal characterizing
decomposability, are given in [3].

In [3], Proposition 4.5, it is shown that if @ is a standard graded k-algebra, the
decomposability of () as a connected sum over k can be characterized in terms of
the quotient of @ by its socle. This leads us to look at the nongraded case, and in
particular to the study of the associated graded ring. The main focus of this paper is
to understand the connections of properties of the associated graded ring of (Q with
the decomposability of () as a connected sum over k.

In Section 3, we study the associated graded ring G of a Gorenstein Artin local
ring @@ which can be decomposed as a connected sum over its residue field k. In
particular, in Proposition 3.1, we see that if the components of ) have different
Loewy lengths, then G can be decomposed as a fibre product over k. As seen in
examples in Section 4, the converse is not necessarily true, i.e., if G decomposes as
a fibre product over k, then @ need not decompose as a connected sum over k.

In light of this, one can ask when the converse is true. In order to study this,
assuming G ~ A Xy B, we impose further conditions on A and B in Setup 4.3, and
investigate properties of () in this case in Theorem 4.6. The motivation for Setup 4.3
comes from the following: In [11], Sally proves a structure theorem for stretched
Gorenstein rings and in [7], Elias and Rossi give a similar structure theorem for
short Gorenstein k-algebras with some assumptions on the residue field. In particular,
these structure theorems show that the ring @) can be written as a connected sum of
a graded Gorenstein Artin ring R with the same Loewy length as ), and a Gorenstein
Artin ring S with Loewy length less than three. In either case, using a construction of
Tarrobino we see in Proposition 6.1 that G ~ A x| B, where A is graded Gorenstein,
and B has Loewy length 1.

In Section 5, assuming Setup 4.3, we look for conditions on G ~ A xy B that
force @ to be a connected sum. Using the characterization of connected sums (The-
orem 2.10), and the results from Section 4, we show that ) is a connected sum, in
general, when the Loewy length of B is one, and in some special cases, when the
Loewy length of B is two. This gives us results regarding the Poincaré series of Q.
See Theorem 5.6, Corollary 5.11, and their corollaries in Section 6. Example 5.12
shows that if the Loewy length of B is at least 2, then ) need not be a connected
sum.

In Section 6, we use Theorem 5.6 to give applications to short and stretched
Gorenstein Artin local rings. In particular, we show that these rings, when they are
not graded, are nontrivial connected sums, and derive some consequences without
any restrictions on the residue field. We also identify some Gorenstein Artin local
rings with rational Poincaré series.
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The first section contains results regarding the main tools used in the rest of the
paper. It also contains results about fibre products and connected sums, including
a characterization of connected sums in terms of a minimal generating set of maximal
ideals (see Theorem 2.10).

2. PRELIMINARIES

2.1. Notation.

(a) Convention: We use “C“ to denote subsets and “C” for proper subsets.

(b) The symbol k denotes a field, @, R, and S are Artinian rings.

(¢) If T is alocal ring and M is a T-module, A(M) and p(M), respectively, denote
the length and the minimal number of generators of M as a T-module.

(d) Let (T, m, k) be an Artinian local ring. Then edim(T") denotes the embedding
dimension of T which is equal to p(m). The socle of T is soc(T') = anny(m).
Moreover, the type of T is type(T') = dimy(soc(T')), and the Loewy length of T is
I(T) = max{n: m™ # 0}.! Observe that T is not a field if and only if 1[(T") > 1.
Furthermore, if T is Gorenstein, then soc(T") C m? if and only if I[/(T) > 2.

(e) If k is a field, a graded k-algebra G is a graded ring G = @ G; with Gy = k. It

i>0
has a unique homogeneous maximal ideal, mg = @G;. We say G is standard
graded if mq is generated by Gi. izl
(f) For positive integers m and n, Y and Z denote the sets of indeterminates
{M1,...,Y} and {Z1,..., Z,}, respectively, and Y - Z denotes {Y;Z;: 1 <i <

m, 1<j<n}

2.2. Associated graded rings.

Definition 2.1. Let (T, m, k) be a Noetherian local ring.
(a) The graded ring associated to the mazimal ideal m of T, denoted gr,,(T") (or

o . .
simply gr(T)), is defined as gr(T') ~ @ m?/mi*1.
i=0

(b) We define the Hilbert function of T as Hp(i) = dimy(m®/m®*1) for i > 0.
(¢) If T is an Artinian ring with [[(T) = s, then we write the Hilbert function of T
as HT = (HT(O), ceey HT(S))
Furthermore, if T' is Gorenstein, we say that T is stretched if Hy = (1,h,1,...,1),
i.e., m2 is principal and T is short if m}. = 0. Note that stretched and short rings
are defined in the literature for local rings not necessarily Gorenstein, see [7], [11].

LIf T is also Gorenstein, its Loewy length is also referred to as socle degree in the literature.
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Remark 2.2. With notation as above, let G = gr(T) and G5, = é%mi/mi"‘l
for n > 0. i=n
(a) For each n > 0, Gy, is the nth power of the homogeneous maximal ideal mg
of G and a minimal generating set of G, lifts to a minimal generating set of m™.
In particular, if T is Artinian local, then so is G. Furthermore, A\(T) = A(G)
and I[(T) = UI(G).
(b) For each z € T'\ {0}, there exists a unique i € Z such that z € m* \ m**!. The
initial form of x is the element z* € G of degree i, that is, the image of x in
m? /mit1.
(c¢) For an ideal K of T, K* denotes the ideal of G defined by (z*: z € K). Note
that, if R ~ T/K, then gr(R) ~ G/K*.
(d) If T is a regular local ring, m = (z1,...,zq), then z7,...,2); € G are alge-
braically independent, and hence G is isomorphic to a polynomial ring over k
in d variables.

Remark 2.3 (Iarrobino’s construction (see [8])). Let (Q, mg, k) be a Gorenstein
Artin local ring with 11(Q) = s and let G = gr(Q) be its associated graded ring.
Tarrobino showed that

=D

120

OQm )ﬂmég

(0:qm ") Nm!

is an ideal in G. He also proved that @y = G/C is a graded Gorenstein quotient
of G with ll(Qo) = s.
Note that Hg, (i) = Hg(i) for i > s — 1 since C; =0 for i > s — 1.

2.3. Poincaré series.

Definition 2.4. For a local ring (T, m, k), the Poincaré series of T is the formal
power series
PT(t) =Y plt', with ] = dimy(Tor] (k,k)).
i>0
Next we list some properties of the Poincaré series of a Gorenstein Artin local

ring.

Remark 2.5 (Poincaré series of Gorenstein rings). Let (T, m, k) be a Gorenstein
Artin local ring and let T represent the quotient 7'/ soc(T).
(a) If edim(T) < 4, then P7(¢) is rational. See [4], Theorem 6.4.
(b) If edim(T) > 2, then [PT(¢)]* = [PT(¢)]"! + ¢, by [10] Theorem 2.
(c) I U(T) = 2 and edim(T) = n, then PT(t) = (1 —t)~ L if n = 1. If n > 2, then
it is easy to see that PT(t) = (1 — nt)~!, and hence by (b), we get PT(t) =
(1 — nt +t2)~L. In particular, P (¢) is a rational function of t.
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2.4. Connected sums. We first define the fibre product of Artinian local rings
(R,mp, k) and (S, mg, k) over k. If neither of them is a field, then their fibre product
is not Gorenstein. Hence, we define an appropriate quotient called a connected sum
which is Gorenstein. For more details about the contents of this subsection, see [1],
Chapter 4, [2], Section 2, and [3].

Definition 2.6. Let (R,mpg, k) and (S, mg, k) be Artinian local rings. The fibre
product of R and S over k is the ring R xx S = {(a,b) € R x S: wr(a) = 7s(b)},
where mr and 7g are the natural projections from R and S, respectively onto k.

Remark 2.7. A Noetherian local ring (P,mp,k) is decomposable as a fibre

product over k if and only if mp is minimally generated by {y1...,Um, 21, 2n:
m,n > 1}, where y;z; = 0. In this case, we have P ~ R X\ .S, where R ~ P/(z) and
S~ P/{y).

On the other hand, with R and S as in Definition 2.6, if P = R Xy S, then,
by identifying mp with {(a,0): a € mg} and mg with {(0,b): b € mg}, we see
that P is a local ring with maximal ideal mp = mpg X mg. Hence, we see that
edim(P) = edim(R)+edim(S), soc(P) = soc(R) @soc(S) and by [2], (1.0.3), gr(P) ~
gr(R) xx gr(S). This implies that for ¢ > 1, we have Hp(i) = Hpr(i) + Hg(4).
Furthermore, R ~ P/mg and S ~ P/mp.

Definition 2.8. Let (R,mp,k) and (S, mg, k) be Gorenstein Artin local rings
different from k. Let soc(R) = (dg), soc(S) = (ds). Identifying ér with (dg,0)
and dg with (0,0s), a connected sum of R and S over k, denoted R#S, is the ring
R#kS = (R Xk S)/<5R — 5s>.

A connected sum of R and S is Gorenstein, see [9], Proposition 4.4, or [2], Theorem
2.8. Connected sums of R and S also depend on the generators of the socles 0z and dg
chosen. In [2], Example 3.1 it is shown that for R = Q[Y]/(Y3) and S = Q[Z]/(Z3),
the connected sums Q1 = (R xx S)/{y*> — 22) and Q2 = (R xx S)/(y?> — 522) of
are not isomorphic as rings. Finally, observe that every Gorenstein Artin local ring
(Q,mg, k) has a trivial decomposition over k, namely @ ~ Q#xk[Z]/(Z?). Hence
the following is defined in [3].

Definition 2.9. Let (Q, m, k) be a Gorenstein Artin local ring. We say that @
decomposes as a connected sum over k if there exist Gorenstein Artin local rings R
and S such that @ ~ R#S and R 2 @ # S. In this case, we call R and S the
components in a connected sum decomposition of @), and say that Q ~ R#S is
a nontrivial decomposition.

If @ cannot be decomposed as a connected sum over k, we say that @ is indecom-
posable as a connected sum over k.
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Throughout the paper, the quotient T/ I7 denotes a Cohen presentation of a local
ring T" where (T mz, k) is a complete regular local ring and I C m~ is an ideal in T
such that T ~ T /Ip.

The following theorem gives a characterization of connected sums over k which
was proved in [3]; parts (a) through (d) have been established in [2] and [3]. In this
paper we prove part (e) in Proposition 3.1.

Theorem 2.10 (Connected sums over k). Let (Q, mg, k) be a Gorenstein Artin
local ring with 11(Q) > 1. Then @ can be decomposed nontrivially as a connected
sum over k if and only if mg = (Y1, ., Ym, 215+, 2n), Myn =1, withy -z =0.

If Q decomposes as a connected sum over k, then we can write QQ ~ R#S, such
that R = Q/Jgr, S = Q/Js with Jg = Io N (Y) + (Z), and Js = Io N (Z) + (Y),
where @ /Iq is a Cohen presentation of (). Furthermore, the following assertions
hold:

(a) MQ) = AR) + A(S) — 2 and edim(Q) = edim(R) + edim(S).

(b) For0 < i < min{ll(S),ll(R)}, we have Hq (i) = Hg(i)+Hg(i) < (™" 72T +1.

(c) Ig = JrN(Y)+JsN(Z)+(Y -Z)+ (Ar — Ag), where Ag € (Y) and Ag € (Z)
are such that their respective images 6r € R and dg € S generate the respective
socles.

(@) pllo) = u(In/(Z)) + p(Js/(Y)) +mn + g, and 1/PO(E) = 1/PR(t) +
1/PS(t) — 1 — pp.nt?, where oy, is 1 for myn > 2, p11 = —1, and @ = 0
otherwise.

(e) IfUI(R) > UI(S) = 2, then gr(Q) ~ gr(R) X\ gr(S/soc(9)).

Parts (b) and (d) of Theorem 2.10 give us some conditions to determine when

a Gorenstein ring is indecomposable as a connected sum.

Remark 2.11. Let (Q, mg, k) be a Gorenstein Artin local ring with edim(Q)=d.
Then @ is indecomposable over k if one of the following conditions holds:
(a) @ is a complete intersection ring and d > 3 (see [3], Theorem 3.6).
(b) Ho(2) > ( ) + 2, (see [3], Theorem 3.9).

3. ASSOCIATED GRADED RINGS AND INDECOMPOSIBILITY

The following basic property of the associated graded ring is used to obtain con-
ditions for indecomposibility.

Proposition 3.1. For Gorenstein Artin local rings (R, mp, k) and (S, mg, k), let
Q = R#S. Ifli(R) # UI(S), then the associated graded ring of Q is a fibre product
over k.
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Moreover, if R and S are standard graded k-algebras with ll(R),ll(S) > 2, then
the nontrivial connected sum R4S is not standard graded.

Proof. Let P = R xx S, soc(R) = (dr) and soc(S) = (dg). Since Q =~
P/(0r — udg) for some unit u in S, we have gr(Q) ~ gr(P)/(0r — uds)* by Re-
mark 2.2 (c). Recall that, by Remark 2.7, we have gr(P) ~ gr(R) xy gr(95).

Without loss of generality, we may assume that [[(R) > [1(S). Hence (6 —udg)* =
(udg)*. Thus we see that gr(Q) ~ (gr(R) x« gr(5))/(uds)* ~ gr(R) xy gr(S/{ds)).

Now, note that gr(R) # k # gr(S/(ds)) for standard graded k-algebras R and S
with [l(R) > lI(S) > 2. Since gr(Q) is decomposable nontrivially as a fibre product
over k, it is not Gorenstein. Thus @ 7 gr(Q), and hence @ is not standard graded.

O

The condition [[(R) # 1I(S) is necessary in the above proposition. To see this,
observe that if R and S are standard graded k-algebras with lI(R) = lI(S) > 2,
then @ = R#S is a nontrivial connected sum. However, since lI(R) = lI(S), Q is
standard graded (e.g. see Theorem 2.10 (c)), and therefore, gr(Q) ~ Q is Gorenstein
and hence gr(Q) is indecomposable as a fibre product over k.

The following example shows that gr(Q) is indecomposable as a fibre product
over k and gr(Q) is not Gorenstein.

Example 3.2. Let R = Q[Y,Ys]/(Y2Ya, Y3 — Y2, S = Q[Z]/(Z%) and
Q ~ R#0S. Note that gr(Q) ~ Q[Y1,Ys, Z|/(V1Z,YoZ,Y2Ya, Y2, Y — Z%). Set
G = gr(Q). We see that G is not Gorenstein since soc(G) = (Y1Ya, Z%). Note
that R is not standard graded and [I(R) = li(S) = 4. We now show that G is
indecomposable as a fibre product over Q.

Suppose G ~ A xg B is a nontrivial fibre product, for some Q-algebras A
and B. Since edim(G) = 3, by Remark 2.7, we may assume that edim(A) = 2 and
edim(B) = 1. Moreover, 2 = type(G) = type(A4) + type(B) forces A and B to be
Gorenstein, and the fact that soc(G) = soc(A) @ soc(B) implies that 1[(A) = 4 and
ll(B) = 2 or vice versa.

If II(B) = 4, then Hp(i) = 1 for ¢ < 4. Since Hg = (1,3,3,2,1), we get Hy =
(1,2,2,1) by Remark 2.7. This implies that [[(A) = 3 which cannot happen. Thus
we must have l[{(A) =4 and l[(B) =

Thus, if G ~ A Xg B is a nontrivial fibre product, we may assume that A and B
are Gorenstein, edim(A) = 2, l[(A) = 4 and B ~ Q[V]/(V?3). Therefore, we can
write A ~ Q[Uy, Us)/{f1, f2) where Uy, Uz and V are indeterminates over Q and

G~ @[Ul’ U27 V]/<U1V, UQVa V37 fla f2>
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Let lower case letters denote the respective images of the indeterminates in G
and let

©: QUL Us, VI/(ULV, UV, V3, f1, fo) = Q[Y1,Ya, Z) ) (V1 2, Y2 Z,Y2Ys, Y2, Y1 — Z%)

be an isomorphism. Write ¢(u1) = a11y1 +a12y2 + a132, ©(u2) = a21y1 + aznys + assz
and ¢(v) = az1y1 + as2y2 + azzz. The fact that ¢(v3) = 0 forces az; = 0 = ass.
Hence asy # 0 and therefore, aj; = 0 = a9 since p(u1v) = 0 = p(ugv). This gives
us a contradiction as a;; = 0 for all ¢ implies that y; ¢ im(¢). Hence G cannot be
written as a nontrivial fibre product over Q.

We record our observations from this section in the next remark:

Remark 3.3. Let (Q, mg,k) be a Gorenstein Artin local ring and G = gr(Q).
(a) If G is indecomposable as a fibre product over k, then exactly one of the two
cases occurs:
(i) @ ~ R#«S, where R and S are Gorenstein Artin local rings with I/(R) =
1(S) =2, or
(ii) @ is indecomposable as a connected sum over k.
(b) If G is Gorenstein, then either
(i) @ is standard graded, (i.e., @ ~ G), or
(if) @ is indecomposable as a connected sum over k. This follows from (a),
since, if G is Gorenstein, then it is indecomposable as a fibre product
over k.
(c) The two examples Q = Qly, 21/ (422 — #%) = Qly)/(¥*)#aQle]/ (%), and Q =
Q[x]/(x?), respectively, show that both, (i) and (ii), in (a) and (b) are possible

scenarios.

4. ASSOCIATED GRADED RINGS AS FIBRE PRODUCTS

Given a Gorenstein Artin local ring @ with gr(Q) = G, we identify conditions on G
that are necessary for () to decompose as a connected sum. One such condition arises
out of Proposition 3.1, namely that, with some assumptions, G is a fibre product.
This leads to the following:

Question 4.1. Let Q) be a Gorenstein Artin local ring such that gr(Q) is decom-
posable as a fibre product over k. Is () decomposable as a connected sum over k?

Example 4.2 shows that the above question need not have a positive answer in
general.
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Example 4.2. Let Q = k[X,Y, Z]/I, where I = (X® - YZ, Y3 - XZ 7?).
Then @ is a complete intersection with edim(Q) = 3, and hence @ is inde-

composable as a connected sum over k by Remark 2.11(a). However, gr(Q) ~
K[X,Y]/(X* = Y4 X2V3 X3Y?) %\ k[Z]/(Z?).

In light of the above example, we impose a further restriction on gr(@), and assume
the following setup.

Setup 4.3. Let (Q,mg, k) be a Gorenstein Artin local ring with G = gr(Q) and
1(Q) =s. Assume G ~ A xy B, where A is Gorenstein. Let ll(A) = s and ll(B) =1
with s > [+ 1.

The following remark offers some basic observations, used (often without reference)
throughout this section.

Remark 4.4. With notation as in the above setup, let m4, mp and mg be the
maximal ideals of A, B and G, respectively.

(a) Let K; and K> be ideals in (). Since @) is Gorenstein, (0 :g K1) can be identified
with a canonical module of @/ K7, and hence A\(Q/K1) = A(0 :¢ K;). Moreover,
(0:0 (0:g K1)) = Ky and (0 :¢ (K1 NKy)) = (0:0 K1)+ (0 :g9 K2). The
equality (0 :g (K1 + K2)) = (0:0 K1)N(0 :g K2) holds without the Gorenstein
assumption.

(b) The above properties also hold for ideals in A. Furthermore, since A is graded
Gorenstein and l[(A) = s, we have (0 :4 mj!) =m% " for 0 <i<s—1.

(c) By Remark 2.7, we have a natural projection 7: G — A with ker(7) = mp.
Moreover, ker(r) N (mg)"*! = 0 since m4' = 0. Thus m}, = m’, for i =

[+1,...,s. Finally, (0:¢m’) = (0:4 m%}) +mp = m% "™ + mp for each i.

We begin with some observations that hold under the above setup.

Lemma 4.5. With notation as in Setup 4.3, we have the following:
(a) (0:q mz;_l) =mj +(0:qmg™)
(b) A((0:q mg )/mQ) = edim(B).

Proof. (a) By Remark 4.4(a), it is enough to prove that mg,”

Srl Since s —1 > 1+ 1, WehavemQ C(O:Qmé)ﬂmgl.

1:(0:Qmé)ﬂ

In order to prove the other containment, let 0 # z € mlgl be such that zm?Q 0.
Then 2* € (0:g m%)Nma ! =(0: G(mA+mB))ﬂml+1 (0:gm%)N(0:gm%)Nma L.
Since mi ! € (0:¢ m%), we get 2* € (0:¢ m3)Nma! = ((0:4 m3) +mp) Nmi
Thus, there exist homogeneous elements o € (0 :4 m%), and 8 € mp, such that

z* = a+ [. Since mlB+1 =0, and deg(z*) > 1 + 1, we see that § =0.
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This shows that z* € (0:4 m%) =m® ' =m{ ', by Remark 4.4. Thus, z € mQ ,
which proves (a).
(b) Remark 4.4 implies that

M0 :qmg ") /mg) = MQ/my ") = A(m§)) = ANQ/m§) — A(mg ™)
= MQ/m) — A(m3),

where the last equality follows since s — 1 > [+ 1. Now, A(m% ') = (0 14 m?%) =
A(A/m?), and hence

M(0:q mgy ) /m) = MQ/m) — AM(A/m%) = N(B/m%) —
proving (b), since edim(B) + 1 = A\(B/m%). O

Theorem 4.6. With notation as in Setup 4.3, let J = (z1...,2,) C (0 :g mgl)
Hl) +mg)/mf), and
let I = {y1,...,Ym) be such that m4 is minimally generated by {yi,...,y% }. Then
the following hold:
(a) edim(B) = pu(J) = n, J+mg = (0 :q msQfl), and if | =1, then (0 :q m§,” hc
J+ (0 Q J).
(b) mp and mq are minimally generated by {z7,...,z:} and {y1,...,Ym, 21, -, 2n}

be such that the images of z1,. .., z, form a k-basis of ((0 :g m

respectively. In particular, mg =14 J.
(c) Jle :[SOC(Q) and J' # 0.
(d) 1J Ccwmd), I'J+ J* Csoc(Q), and I*J* =0 fora+b=1+1,2<b< 1.
(e) mQ =TI fori>1+1.

Proof. (a) By the choice of the z;’s, the images of z1, ..., z, are linearly indepen-
dent in mQ/m?Q, and hence in J/mgJ. Thus pu(J) = n. Moreover, by Lemma 4.5 (a)
we get J + mé =(0:9 mé{l) and hence Lemma 4.5 (b) gives u(J) = edim(B).

Observe that if [ = 1, then (0 : (J—i—mlﬂ)) (0: (J+mg)) = (0:q (0:q m¢y ) =
mé{l. Thus, we have (0 :¢ J)NJ C (0:q J)N(0 g mgl) (0:0 (J—l—mlﬂ)) me,” L
Since @ is Gorenstein, this shows that (0 :g mz)_l) C J+(0:q J), proving (a).

(b) Note that if we prove mp is minimally generated by {z],...,z}}, then m¢ is
minimally generated by {vy7, ..., vy, 2],..., 2"}, and hence mg = (y,z). Thus, in or-
der to prove (b), since edim(B) = n, it is enough to show that {z;+m%, ..., 2% +m%}

is a linearly independent set in mp/m%. Firstly, note that 25 € (0 :g mit) =

m*"' + mp by Remark 4. 4(c). Since deg(z}) =1 and s —1 > 1, we get 2} € mp.
Now, let a = Z a;z}, where a; € k. Then a = 0 or deg(a) = 1. Thus a € m%

i=1
implies @« = 0 in mp, and hence mg. If a; € @ is a lift of «;, this implies that
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n
a;z; € mg. In particular, a; € mg, by the independence of the 1mages of the z;’s
o 1 icul @, by the ind d { the i { the z;’
i=1
modulo m?. This forces o; = 0 for each 4, and hence {2} + m%,...,z: + m%} is
a linearly independent set in mp/m%. This proves (b).

(c) We first show that J! is not contained in mgl. If not, for non-negative integers
i1,...,i, such that iy +...+4, = [, we have (2})% ... (2})» =0, i.e, m} = 0, which
is a contradiction to I[(B) = I. In particular, since J'm 2 = 0, it follows from
Lemma 4.5 that .J! is not contained in mé{l = mlJr1 N0 :q mé) This shows that
JL#£0.

Furthermore, since J! C mf, N (0 :¢ m3), we see that m& ' ¢ mf N (0 :q md).
Hence, by Remark 4.4 (a), we have (0 :q m)) +mg, C (0 :¢ me, ) =J+mg. In
particular, Jle # 0, and hence, soc(Q) C JmQ Since Jml'|r1 = 0, we get the other
containment, proving (c).

(d) Note that G ~ A x\ B implies y; 2} = 0 in G, which forces y;z; € m, for all i
and j. Hence IJ C m3Q. Moreover, Jle = soc(Q) implies that I'.J + J'*1 C soc(Q).
Finally, since a +b = 1 + 1, and 2 < b < I, we have [%J® = J(IJ)(I*"1J"2) C
JQOQ = ngl = 0, proving (d).

(e) It is enough to show that mgl =I"*lasmg =1+ J, and Jm”r1 = 0. Now,
by (d), we have mgl = "1 4 50c(Q). We now claim that I't! 0. This is true
since if I'*1 = 0, then mg'Q = 0, which contradicts the fact that s > k4 1. Since Q is
Gorenstein Artin, and I't! # 0, we have soc(Q) C I'*!, and hence mgl =I*. 0

5. ASSOCIATED GRADED RINGS AND DECOMPOSABILITY

As seen in Example 4.2, given a Gorenstein Artin local ring @Q, if gr(Q) ~ A xx B
for graded rings A and B, then @ need not be decomposable as a connected sum
over k. However, if A is a graded Gorenstein quotient of gr(Q) with I{(A) > lI(B)+1
and one of the following holds:

(i) U(B)y=1or

(ii) edim(A) =1 and li(B) =2
then the converse of Proposition 3.1 holds, as can be seen in Theorem 5.6 and
Corollary 5.11.

Before we head towards the proofs of these theorems, we show that such results
do not hold, without further hypotheses, for [I(B) > 3.

Example 5.1. Let Q = k[X,Y]/(X?+ Y3 + XY, Y*). Then we get gr(Q) ~
AxyB, where A = k[X]/(X?) and B = k[Y]/(Y*). Note that A is graded Gorenstein,
edim(A) =1, lI(A) = 8 > lI(B) + 1 since lI(B) = 3.
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In this example, Hp(2) =3 > (;) +2, so by Remark 2.11 (b), @ is indecomposable
as a connected sum over k.

5.1. The [I/(B) = 1 case. We begin with the following proposition. Note that the
statement is true more generally, in particular, for any standard graded k-algebra G.

Proposition 5.2. Let (), mq, k) be a Gorenstein Artin local ring with [1(Q) > 2

and G = gr(Q). Then the following conditions are equivalent:
(i) G is as in Setup 4.3, with ll(B) = 1.
(ii) There exists a graded Gorenstein ring A and a surjective ring homomorphism
7: G — A such that ker(m) N (mg)? = 0.

(iii) dimg(soc(G) N (mg)?) = 1.

In particular, if (i) holds, then we have A ~ G/{soc(G)NG1), mp = (soc(G)NG1),
AMG) — MA) = edim(G) — edim(A) = type(G) — 1 = edim(B), and lI(A) = lI(G).

Proof. (i) = (ii): By Remark 2.7, A ~ G/mp. Since m% = 0, (ii) holds.

(ii) = (iii): By (ii), we see that 7|y : (mg)" — (ma)’ is an isomorphism for
each 7 > 2. In particular, if soc(A) = (m4)®, then s = lI(A) = II(G) > 2 and
dimk((mg)s) =1.

Suppose z € soc(G) N (mg)2. Then 7(z) € soc(A) = (my4)°. Since s > 2, this
forces 2 € (mg)®. Thus (mg)* C soc(G) N (mg)? C (mg)*, proving (iii).

(iii) = (i): Since G ~ A xx B, where A % k % B, we see that G is not
Gorenstein. Hence (iii) implies that there is a k-basis, say {Zi,...,Zn}, for
(soc(G) + (mg)?)/(mg)?, where n = type(G) — 1 > 1. Extend this to a k-basis
{F1s- s JmsZ15- - - Zn} of mg/(mg)?, and lift it to a minimal generating set {y,z}
of mg in Gp. Since (y) N (z) = 0 and (y) + (z) = m¢g, Remark 2.7 implies that
G ~ A xi B, where A = G/(z) and B = G/(y) are graded k-algebras.

Since z; € soc(@) for each i, their images in B, which are the generators of mp,
are in soc(B), and in particular, mp = soc(B). Thus m% = 0, and type(B) = n.
Therefore, by Remark 2.7, type(A) = 1, i.e., A is a graded Gorenstein k-algebra.

The last part follows from the proof above, Remark 2.7 and the facts that
type(4) = 1 and edim(B) = type(B) = A(B) — 1. O

Remark 5.3. The proof of (iii) = (i) in the above proposition follows from [2],
Lemma 1.6. We reprove it here for the sake of completeness.

We now prove the following proposition, which is crucial in our proof of Theo-
rem 5.6.

Proposition 5.4. With notation as in Setup 4.3, let | = 1 and J = (z1,...,2n)
be as in Theorem 4.6. Then J + (0 :q J) = mg and u(0 :g J) = edim(Q) — n.
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Proof. Let I = (0:q J). Since @ is Gorenstein, in order to prove J + I = mg,
it is enough to show that I N J = soc(Q), and since 0 # J # @, we only need to
prove I N J C soc(Q).

Since s > 3, by Theorem 4.6 (a) it follows that I N J C mgl C mé. Therefore,
the linear independence of z1, ..., 2z, modulo mé shows that if Y a;z; € INJ, then

i=1
a; € mg. Thus, I NJ C Jmg = soc(Q) by Theorem 4.6 (c), proving J + I = mg.

Now Jmg = soc(Q) and p(J) = n imply that A(J) = A(J/Jmg) +1 =n+ 1.
Furthermore, I + J = mg and IJ = 0 show that mé = Img +soc(Q). Since s > 3,
we have Img # 0, and hence m¢, = I'm¢. Thus, A\(0:q J) = A(Q/J) gives

p(l) = A1 /my) = MI) = A(mg) = XN(Q/J) = AM(m§)) = MQ/mg) — A(J)
=(1+edim(Q)) — (n+1) =edim(Q) — n

proving the proposition. (I

Remark 5.5. With notation as above, we see that (soc(G) N G1) = mp =
(27,...,2%) by Theorem 4.6 (b) and Proposition 5.2.

rn

We are now ready to state and prove one of the main theorems of this section.

Theorem 5.6. Let (Q, mg, k) be a Gorenstein Artin local ring, G = gr(Q) and [
as in Setup 4.3. If | = 1, then () decomposes as a connected sum over k. Moreover,
we can write @ ~ R#.S, where (R, mp, k) and (S, mg, k) are Gorenstein Artin local
rings such that:

(a) edim(S) = type(G) — 1 and lI(S) = 2.

(b) gr(R) ~ G/(soc(G) N G1). In particular, lI(R) = s and Hg(i) = Hg(i) for
2<1<s.

(c) If m = edim(R) and n = edim(S), then [PT(t)]~! = [PQ(t)]"! — [PY(t)]"! +
1 — @mnt?, where ¢, is given as in Theorem 2.10(d) and, P°(t) is as in
Remark 2.5 (c).

Thus, P9(t) is rational in t if and only if PT(t) is so.

Proof. By Proposition 5.4, we have mqg = (y1,...,Ym, 21,...,2n) Where n =
type(G) —1>1,y-z=0 and (z)? # 0 = (z)3. Let @/IQ be a Cohen presentation
of Q, where mgz = (Y, Z), (Y -Z) + (Z)* clg C m%, and (Z)? ¢ Ig. Observe that
(z)3 =0 and s > 3 force m > 1.

Now, if Jp = (Ig N(Y)) +(Z) and Js = (Io N (Z)) + (Y), then by Theorem 2.10,
R = @/JR and S = @/JS are Gorenstein Artin such that Q ~ R#,S. Moreover,
Js N (Z) = Ig N (Z). Hence, (Z)> C Js and (Z)? ¢ Js. Thus m} = 0 # m%, ie.,
l1(S) = 2, proving (a).
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Since l1(Q) > 3 > 11(S), we see that [I(R) = 1(Q) # lI(S). Hence, by the proof of
Proposition 3.1, G =~ gr(R) xy gr(S/soc(S)). In particular, gr(R) ~ G/(=}, ..., z).
By Remark 5.5, we get gr(R) ~ G/(soc(G) N G1), proving (b).

The remaining statements follow from Theorem 2.10. O

Remark 5.7. The condition that A is a graded Gorenstein ring is necessary
in the above theorem. Example 4.2 gives a counter-example when A is not graded
Gorenstein.

The next corollary, which gives a sufficient condition for gr(Q) to be Gorenstein,
is an immediate consequence of Proposition 5.2 and the above theorem.

Corollary 5.8. Let (Q, mg, k) be a Gorenstein Artin local ring which is indecom-
posable as a connected sum and let G = gr(Q). IflI(Q) > 3 and dimg(soc(G) N
(mg)?) = 1, then G is Gorenstein.

5.2. The edim(A) = 1 case. We now focus on the case where edim(A4) = 1 in
Setup 4.3. We identify some conditions on the ideals I and J defined in Theorem 4.6,
which force @ to be a connected sum over k. As an immediate consequence, we see
that @ is a connected sum over k, where edim(A) = 1 and lI(B) = 2, assuming
lH(A) > 4.

Proposition 5.9. With the notation as in Setup 4.3, let edim(A) = 1, and let
I ={(y) and J = (z1,...,2,) be the ideals defined in Theorem 4.6. If I.J C mg'l,
then there is an ideal J' in Q such that IJ' =0, I+ J =mg, p(J') = edim(Q) — 1

and (J")*1! = soc(Q).

Proof. By Theorem 4.6 (c), we have I'J C soc(Q) = (y®). Thus for each j =

1,...,n, there exists u; € Q, such that y'z; = u;y*. Define z§ = z; —u;y* ! and set
Jl = <Zi, e ,Z;L>
Observe that ngrl = 0 implies Jlmgl = 0. Moreover, J—i—mé =J; —|—mg2 implies,

by the choice of J, that the images of #,..., 2/ form a k-basis for ((0 :g mgl) +

mé) / mé. Thus J; satisfies the same hypotheses, and hence the same conclusions, of
Theorem 4.6 as J. Furthermore, we also have I'J; = 0.

We now claim that I'"1J; C soc(Q). In order to see this, since mg = I + J; and
I'J, =0, it is enough to show that Il_l.]12 = 0. Now, Il_l.]12 C Il_l(J—l— Is_l)Jl C
mlglJl by the given hypotheses, since s > 1+ 1 and [ > 2. But, by Theorem 4.6 (c)
applied to Jy, we have Jlmgrl = 0, proving I'"1.J; C soc(Q).

The same argument shows that there exists an ideal Jo satisfying the same hy-
potheses, and conclusions, as J in Theorem 4.6, such that I'~'.J, = 0. Repeating
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this process [ times, we get ideals J, ..., J;, each satisfying the same conclusions of
Theorem 4.6 as .J, and further satisfying I'=**1J; = 0 for 1 < i < I.

Thus, we have I.J; = 0. Moreover, Theorem 4.6 applied to J' = J; gives I + J' =
mg and u(J') = n = edim(Q) — 1 > 1. Finally, soc(Q) = J'm, = J'(I +J')! =
(J")+1, proving the result. O

The following important theorem is a consequence of Proposition 5.9 and Theo-
rem 2.10:

Theorem 5.10. With the notation as in Setup 4.3, let edim(A) = 1, and let I
and J be the ideals defined in Theorem 4.6. If IJ C mg'l, then there are Gorenstein
Artin local rings (R, mg, k) and (S, mg, k) such that QQ ~ R#S, where

(a) R is a hypersurface, with ll(R) = s, gr(R) ~ A and Hg(i) = Hg(i) = 1 for
I+1<i<s,

(b) 1(S) =1+ 1 and 1/P9(t) = 1/PS(t) — t. Thus, P9(t) is rational in t if and
only if P9(t) is so.

Proof. By Proposition 5.9, letting I = (y), there exists an ideal J' = (z1,..., z,)
with n = edim(Q) — 1 > 1, such that mg = (y, 21,...,2,), where y -z = 0 and
()1 £ 0 = (z)!*2. Let Q/Ig be a Cohen presentation of @, where ms = (Y, Z),
where Y and Z are lifts of y and z, respectively. Then (Y - Z) + (Z)*2 C I C m%
and (Z)'*! ¢ Ip.

Now, if Jp = (I N(Y)) +(Z) and Jg = (Io N (Z)) + (Y), then by Theorem 2.10,
R = @/JR and S = @/JS are Gorenstein Artin such that Q ~ R#,S. Moreover,
Js N (Z) = Ig N (Z). Hence, (Z)!*? C Js and (Z)!*! ¢ Js. Thus m52 = 0 # mi™,
fe, U(S) =1+ 1.

Note that edim(R) = 1 and R is Gorenstein Artin, hence R is a hypersurface. Since
Q) =s>1+1=1(5), we see that lI(R) = s # lI(S). Hence, by Theorem 2.10 (e),
we get G ~ gr(R) xk gr(S/soc(S)). In particular, gr(R) ~ G/(z},...,z%) ~ A, since
mp = (z7,...,2}) by Theorem 4.6.

rn

The other conclusions follow from Theorem 2.10 (b) and (d). O

By Theorem 4.6 (d), IJ C m3Q. Hence, with [ = 2 in the above theorem, the
following corollary is immediate.

Corollary 5.11. Let (Q, mg, k) be a Gorenstein Artin ring with lI(Q) = s > 4.
Suppose G = gr(Q) ~ A xyx B with edim(A) = 1 and ll(B) = 2. Then there
are Gorenstein Artin local rings (R, mpg,k) and (S,mg,k) such that Q ~ R#S,
where R is a hypersurface and S is a short Gorenstein ring. Moreover, PC(t) is
rational in t if and only if P®(t) is so.
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With notation as in Setup 4.3, the conditions IJ C m'*! and edim(A4) = 1 are
both necessary in Theorem 5.10, as can be seen below. In both of the following
examples, we denote x, y, z as images of X, Y, Z respectively in (. Note that @ is
indecomposable as a connected sum over @ by Remark 2.11 (a), since it is complete
intersection.

Example 5.12.

(a) In this example, we have s = 5, [ = 3 and edim(A) = 1, but I.J ¢ m{,. Let
Q=0Q[X,Y,Z]/(X*-YZ Y3 XZ,7%— XY). Then gr(Q) ~ A x, B, where
A~ Q[X]/(X%) and B ~ Q[Y, Z]/(Y*,Y Z, Z*). Furthermore, we have I = (z),
J = (y,z), and hence I.J ¢ (x,y,2)*.

(b) In this example, we have s = 5, | = 3, IJ C m{, and edim(A) = 2. Let
Q=0[X,Y,Z|(X*-YZ Y*~XZ, 73— X?). Then gr(Q) = A x B, where
A= Q[X,Y]/(X2, Y% and B = Q[Z]/(Z*). In this case, we have I = (z,y),
J={(z) and IJ C (z,y, z)*.

6. SOME APPLICATIONS

6.1. Short and stretched Gorenstein rings. In her paper on stretched Goren-
stein rings, Sally proved a structure theorem (see [11], Corollary 1.2) for a stretched
Gorenstein local ring (@), mg, k) when char(k) # 2. The description of the defining
ideal of @@ shows that () can be decomposed as a connected sum over k.

Elias and Rossi proved a similar structure theorem (see [7], Theorem 4.1) for
a short Gorenstein local k-algebra (Q,mg, k) when k is algebraically closed and
char(k) = 0, which shows that () decomposes as a connected sum over k.

Theorem 5.6 generalizes these two results, which can be seen as follows:

Proposition 6.1. Let (Q, mg, k) be either a short or a stretched Gorenstein Artin
ring and G = gr(Q). Setll(Q) = s. If s > 3, then edim(Q) = Hg(s—1)+type(G)—1
and dimg (soc(G) Nm%) = 1. In particular, G is as in Setup 4.3 with ll(B) = 1.

Proof. Let Qo = G/C be the quotient of G as defined by Iarrobino (see Re-
mark 2.3). Note that C? = 0. Since Hg (i) = Hg, (i) for i = s — 1, s by Remark 2.3,
the fact that the Hilbert function of a graded Gorenstein k-algebra is palindromic
gives us the following statements:

(i) Let @ be a short Gorenstein ring with Hg = (1, h,n,1). Then Hg, = (1,n,n,1).
(ii) If @ is stretched with Hg = (1,h,1,...,1), then Hg, = (1,1,1,...,1).

Thus if we take A to be Qo in Proposition 5.2 (iii), we see that dimg(soc(G) N
m%) = 1, and the formula for edim(Q) holds since edim(A) = Hg(s — 1). Finally,
by Proposition 5.2, G is as in Setup 4.3 with {I/(B) = 1. O
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Theorem 6.2. Let (Q, mg, k) be Gorenstein Artin with G = gr(Q) and l1(Q) > 3.
Then Q is stretched if and only if dimy (soc(G)Nm%) = 1 and type(G) = edim(Q). In
particular, Q decomposes as a connected sum over k and [P? (¢)] 7! = 1—edim(Q)t+t>
when edim(Q) > 2.

Proof. Note that if @ is stretched, the required properties of G hold by Propo-
sition 6.1. For the converse, assume that dimy(soc(G) Nm%) = 1 with edim(Q) =
type(G). Then by Proposition 5.2, we have G ~ A xy B with edim(B) = edim(Q)—1
and edim(A4) = 1. Since lI(Q) > 3, Theorem 5.6 (b) and (c) show that @ is stretched,
and give the formula for P9(t). O

Remark 6.3. It is shown in [6] that if (Q, mg,k) is a short Gorenstein Artin
k-algebra with Hilbert function Hg = (1,h,n, 1), then PQ(t) is rational when n < 4,
with the assumption that k is an algebraically closed field of characteristic zero. In
Theorem 6.4, we show the same is true for all Gorenstein Artin local rings with n < 4.

Theorem 6.4. Let (Q, mg, k) be a short Gorenstein Artin local ring with Hilbert
function Hg = (1, h,n,1). Then Q is a connected sum. Furthermore, if n < 4, then
P®(t) is rational.

Proof. By Proposition 6.1 and Theorem 5.6, there exist Gorenstein Artin local
rings R and S such that @ ~ R#S, where [I(S) < 2 and edim(R) = n < 4. Thus,
Remark 2.5 (a) shows that P (#) is rational, and therefore, by Theorem 5.6 (c), P?(t)
is rational. O

6.2. Rationality of Poincaré series. In this subsection, we see some conditions
which force the rationality of P%(¢). We begin with the following consequence of
Theorem 5.6.

Proposition 6.5. Let (Q, mg, k) be a Gorenstein Artin local ring. If G = gr(Q)
and | are as in Setup 4.3 with | = 1, then P9(t) is a rational function of t in the
following situations:

(i) edim(Q) — type(G) < 3.
(if) M@Q) — type(G) < 10.

Proof. By Theorem 5.6(a), @ ~ R#S for Gorenstein Artin local rings
(R,mp, k) and (S, mg, k) with {I(S) < 2 and gr(R) ~ A = G/(soc(G) N Gy).

Now, by Proposition 5.2, A is a graded Gorenstein Artin k-algebra such that
1(A) =1(Q), edim(A) = edim(Q) — type(G) + 1 and A(4) = A(Q) — type(G) + 1.

(ii) The assumption that A\(Q) — type(G) < 10 implies that A(A) < 11. Since A
is graded Gorenstein, and hence has a palindromic Hilbert function, the hypothesis
that [1(Q) > 3 forces edim(A) < 4. Thus (ii) reduces to (i).
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(i) In this case, edim(R) = edim(A) < 4. Hence, by Remark 2.5 (a), Pf(¢) is
rational. Thus, by Theorem 5.6 (c), P%(t) is rational. O

Corollary 6.6. Let (Q,mg,k) be a Gorenstein Artin local ring with l1(Q) > 4.
Suppose gr(Q) ~ A xx B with edim(A) = 1 and lI(A) > l[(B) = 2. If Hp(2) < 5,
then P9(t) is rational.

Proof. By Corollary 5.11 we have li(S) = 3 < s = lI(R). It then follows from
Theorem 2.10 (b) that Hg(2) = Hr(2)+ Hg(2). Since Hr(2) = 1, we get Hg(2) < 4.
Now applying Theorem 6.4 for S, we get P(t) is rational. Thus, P9(t) is rational
by Corollary 5.11. O

We end this article by exhibiting another class of rings which are connected sums.
This is a natural extension of the case of stretched rings.

Proposition 6.7. Let (Q,mq, k) be Gorenstein Artin and let G = gr(Q) be as
in Setup 4.3. Further, assume that [1(Q) > 4 and p(m}) = 1, i.e., Hq is of the
form (1,h,n,1,1,...,1). Then @ can be decomposed as a connected sum over k. In
particular, if Hg(2) = n < 5, then P?(t) is rational.

Proof. We see that l{(B) = 2, since Hg(i) =1 = Hu(i) + Hp(i) for i > 3, and
ll(A) > ll(B). Thus, we have

Ho(s—1)=Hg(s—1) = Ha(s — 1) = edim(A),

where the last equality holds because A is graded Gorenstein. So, edim(A) = 1
because Hg(s—1) =1 as s —1 > 3. Thus, by Corollary 5.11, @ is a connected sum.
If n < 5, the rationality of P?(t) follows from the previous corollary. O
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