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Abstract. We discuss dual Ramsey statements for several classes of finite relational
structures (such as finite linearly ordered graphs, finite linearly ordered metric spaces and
finite posets with a linear extension) and conclude the paper with another rendering of the
Nesetfil-Rodl Theorem for relational structures. Instead of embeddings which are crucial for
“direct” Ramsey results, for each class of structures under consideration we propose a special
class of quotient maps and prove a dual Ramsey theorem in such a setting. Although our
methods are based on reinterpreting the (dual) Ramsey property in the language of category
theory, all our results are about classes of finite structures.

Keywords: dual Ramsey property; finite relational structure; category theory

MSC 2020: 05C55, 18A99

1. INTRODUCTION

Generalizing the classical results of Ramsey from the late 1920’s, the structural
Ramsey theory originated at the beginning of the 1970’s in a series of papers, see [8].
We say that a class K of finite structures has the Ramsey property if the following
holds: for any number k£ > 2 of colors and all A,B € K such that 4 embeds
into B there is a C € K such that no matter how we color the copies of A in C
with & colors, there is a monochromatic copy B’ of B in C (that is, all the copies
of A that fall within B’ are colored by the same color). In this parlance the Finite
Ramsey Theorem takes the following form:

Theorem 1.1 (Finite Ramsey Theorem [17]). The class of all finite chains has
the Ramsey property.
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Many natural classes of structures expanded with linear orders have the Ram-
sey property. For example, the class of all finite linearly ordered graphs (V, E, C),
where (V, E) is a finite graph and C is a linear order on the set V' of vertices of the
graph has the Ramsey property, see [1], [10]. The same is true for metric spaces,
see [9]. In case of finite posets we consider the class of all finite linearly ordered
posets (P, =,C), where (P, =) is a finite poset and C is a linear order on P which
extends =, see [10]. One of the cornerstones of the structural Ramsey theory is the
Nesettil-Rodl Theorem.

Theorem 1.2 (Nesettil-Rédl Theorem [1], [10], [12]). The class of all finite lin-
early ordered relational structures all having the same, fixed, relational type has the
Ramsey property.!

The fact that this result has been proved independently by several research teams,
and then reproved in various ways and in various contexts, see [1], [12], [13], [14],
clearly demonstrates the importance and justifies the distinguished status this result
has in discrete mathematics. The search for a dual version of the Nesettil-Rodl
Theorem was and still is an important research direction and several versions of the
dual of the Nesetiil-Rodl Theorem have been published, most notably by Spencer
in [20], Promel in [14], Promel and Voigt in [16], Frankl, Graham, Rsdl in [3] and
recently by Solecki in [19].

In this paper we are interested in dual Ramsey statements for classes of finite
relational structures and our primary source of motivation is the Finite Dual Ramsey
Theorem of Graham and Rothschild, see [4].

Theorem 1.3 (Finite Dual Ramsey Theorem [4], [11]). For all positive inte-
gers k, a, m there is a positive integer n such that for every n-element set C' and
every k-coloring of the set {S} of all partitions of C with exactly a blocks there is

a partition 5 of C' with exactly m blocks such that the set of all partitions from [S}
which are coarser than [ is monochromatic.

Since each partition of a finite linearly ordered set can be uniquely represented by
the rigid surjection which takes each element of the underlying set to the minimum
of the block it belongs to (see Subsection 2.1 for the definition of a rigid surjection),
Finite Dual Ramsey Theorem is a structural Ramsey result about finite chains and
special surjections between them. The major insight here is that instead of embed-
dings which are crucial for “direct” Ramsey results, special classes of surjective maps
play the key role in proving dual Ramsey results.

! Note that this is a restricted version of the Nesetfil-Rodl Theorem which does not account
for subclasses defined by forbidden substructures.
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The basic setup of this paper relates strongly to [14], where the Nesetfil-Rodl The-
orem is interpreted in the language of category theory using the concept of indexed
categories. The main result of [14] is the partition theorem for combinatorial cubes.
In this sense it can be considered as a dual of the NeSettil-Rodl Theorem (without
forbidden substructures): objects are combinatorial cubes with selected combinato-
rial subspaces and morphisms preserve the types of the selected subspaces. In this
paper, however, we consider a dual of the NesSettil-R6dl Theorem spelled out in the
language of relational structures and base our approach on [7] which can be thought
of as a simplified version of the approach taken in [14].

In Section 2 we give a brief overview of standard notions referring to linear orders,
total quasiorders and first order structures, and prove several technical results.

In Section 3 we provide basics of category theory and give a categorical reinterpre-
tation of the Ramsey property. We define the Ramsey property and the dual Ramsey
property for a category and illustrate these notions using some well-known examples.
As our concluding example we prove a dual Ramsey theorem for the category of finite
linearly ordered metric spaces and nonexpansive rigid surjections.

In Section 4 we prove dual Ramsey theorems for the following categories: the
category EDig,, whose objects are finite reflexive digraphs with linear extensions
and morphisms are special rigid quotient maps, the category EPossq whose objects
are finite posets with linear extensions and morphisms are special rigid quotient
maps, the category OHgry,,(r), 7 > 2, whose objects are finite linearly ordered re-
flexive r-uniform hypergraphs and morphisms are special rigid quotient maps, the
category OGrasq whose objects are finite linearly ordered reflexive graphs and mor-
phisms are special rigid quotient maps, and a few more subcategories of OGragq.

In section 5 we prove that the class of all finite linearly ordered relational struc-
tures all having the same, fixed, relational type has the dual Ramsey property with
respect to a special class of rigid quotient maps. Note again that this is a restricted
formulation of the NesSetfil-R6dl Theorem which does not account for subclasses
defined by forbidden “quotients”.

The paper concludes with Section 6, where we prove that the category of finite
linearly ordered reflexive tournaments and rigid surjective homomorphisms does not
have the dual Ramsey property.

2. PRELIMINARIES

In order to fix notation and terminology, in this section we give a brief overview of
standard notions referring to linear orders, total quasiorders, first-order structures
and category theory.
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2.1. Linear orders. A chain is a pair A = (A4,C), where C is a linear order
on A. In case A is finite we simply write A = {a1 C a2 C ... C ay}. Following [15]
we say that a surjection f: {a1 CTas T ... Can}t — {b1 T by C ... C by} between
two finite chains is rigid if

min £~ (z) C min 7' (y) whenever z C y.

Equivalently, a rigid surjection maps each initial segment of {a; C a2 T ... C an}
onto an initial segment of {b; C ba C ... C by }; other than that, a rigid surjection is
not required to respect the linear orders in question.

Let (A4;,;) be finite chains, 1 < ¢ < k. The linear orders ;, 1 < i < k, induce
the anti-lezicographic order Calex 00 Ay X ... X A by

(a1,...,ak) Calex (b1,...,b) if and only if thereis an s € {1,...,k}
such that a, C, bs, and a; = b; for all j > s.

In particular, every finite chain (A, ) induces the anti-lexicographic order [Cajex
on A", n > 2. Moreover, every linear order C on A induces the anti-lexicographic
order Cagex on P(A) as follows. For X € P(A) let X € {0,1}/4l denote the charac-
teristic vector of X. (As A is linearly ordered, we can assign a string of 0’s and 1’s
to each subset of A.) Then for X,Y € P(A) we let

X Calex Y if and only if X <alex 17,
where < is the usual ordering 0 < 1. It is easy to see that for X, Y € P(A):

X Calex Y ifand only if X CY, or mjx(X \Y)C mjx(Y \ X)

in case X and Y are incomparable.

2.2. Total quasiorders. A total quasiorder is a reflexive and transitive binary
relation such that each pair of elements of the underlying set is comparable. Each
total quasiorder o on a set I induces an equivalence relation =, on I and a linear
order <, on I/ =, in a natural way: i =, j if (i,j) € o and (j,i) € o, while
(i) =5) <o (4 =o) if (4,)) € 0 and (j4,1) ¢ 0.

For the considerations that follow we need to linearly order all the total quasiorders
on the same set and have to discuss functions that in a way preserve certain properties
of quasiorders. The rest of this subsection is technical.
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Definition 2.1. Let o and 7 be two distinct total quasiorderson I ={1,2,...,r}.
Let
I/ =5 = {Sl <alex SQ <alex - - - <alex Sk}a
I/ =r = {Tl <alex T2 <alex - - - <alex Tl}

(Here, <alex stands for the anti-lexicographic ordering of P({1,2,...,r}) induced by
the usual ordering of the integers.)

We put o < T if k < l, or k =1 and (51,52, .. ,Sk) (<alex)alex (Tl,TQ, Ce ,Tk).
(Here, (<alex)alex denotes the anti-lexicographic ordering on P({1,2,...,7})* in-
duced by <alex on P({1,2,...,7}).)

Let (A,C) be a linearly ordered set, let r be a positive integer, let I = {1,...,r}
and let a = (a1,...,a,) € A”. Then

tp(a) ={(i,4): ai T a;}

is a total quasiorder on I which we refer to as the type of a. Assume that o = tp(a).
Let s = |I/=,| and let i1,...,is be the representatives of the classes of =, enumer-
ated so that (i1/ =) <o ... <o (is/ =5). Then

mat(a) = (ai,...,a,)

is the matriz of a. Note that a;, C ... C aj,.
For a total quasiorder o on I such that |I/ =,| = s and an arbitrary s-tuple
b= (by,...,bs) € A® define an r-tuple

tup(o, b) = (a1, ...,a,) € A"

as follows. Let iy,...,7s be the representatives of the classes of =, enumerated so
that (i1/ =o) <o ... <o (is/ =5). Then put

ay = be if and only if 1=, .

(In other words, we put b; on all the entries in i1/ =,, we put by on all the entries
in ia/ =5, and so on.)

It is a matter of routine to check that for every tuple @ and every tuple b =
(b1,ba,...,bs) such that by C by C ... C bs we have

(2.1) tp(tup(o,b)) = 0, mat(tup(o,b)) =b, and tup(tp(a),mat(a)) = a.

Definition 2.2. Let (A,C) be a finite chain and let n > 2. Define the
linear order [y, on A™ as follows (“sal” in the subscript stands for “special
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anti-lexicographic”). Take any a,b € A", where a = (aj,as,...,a,) and b =
(b1,b2,...,b,).
> If tp(a) < tp(b) then @ Ty b.

> If tp(a) = tp(b) and {ay,as,...,an} # {b1,ba,...,b,} then @ gy b if and only if
{alv az, ..., an} Calex {bla b2a ceey bn}

(Note that tp(a) = tp(b) and {a1,as,...,a,} = {b1,b2,...,b,} imply @ = b.)

Lemma 2.3. Let (A,C) be a finite chain and let n > 2 be an integer.
(a) For all a,b € A" we have that a = b if and only if mat(a) = mat(bh) and

tp(a) = tp(5).

(b) Assume that tp(a) = tp(b) for some a,b € A™. Then a Tsy b if and only if
mat (@) Cgea mat(h).

(c) Assume that tp(a') = tp(a®) = ... = tp(a®) for some a',a?,...,a* € A™.
Then min{mat(a'), mat(a?),...,mat(a*)} = mat(min{a',a?,...,a*}), where
both minima are taken with respect to Cga).

Proof. Case (a) is obvious, and case (c) follows directly from case (b). So, let us
show case (b). Let @ = (a1, az,...,a,) and b = (b1, ba,...,by,). If {a1,as,...,a,} =
{b1,ba,...,b,} then tp(a) = tp(b) implies @ = b. Assume that {ai,as,...,a,} #
{b1,ba,...,bp}. Let mat(a) = (ai,ai,,...,a; ) for some indices i1,ia,...,i..
Then tp(a) = tp(b) implies that mat(b) = (b;,,bsy,...,b; ). Note, also, that
{ai,a2,...,an} = {ai,,aiy,...,0;.} and that {b1,bo,...,bp} = {biy,biy,...,bi, }.
Therefore, @ Cga b if and only if {a1,a2,...,a,} Calex {b1,b2, . .,b,} if and only if

{@iy, Qigy -, @i, } Calex {biq, big, -, bi, } if and only if mat(a) Cga mat(b). O

Lemma 2.4. Let (A,C) and (B, ') be finite chains. For every n > 2 and every
mapping f: A — B define f: A" — B™ by

f(alaa% s '7an) = (f(al)a f(aQ)a R f(an))

(a) For every total quasiorder o such that |A/ =,| = n and every a € A™ we have
that tup(o, f(a)) = f(tup(o,a)).
(b) Take any a = (a1, a2,...,a,) € A™ and assume that a; C a; = f(a;) T’ f(a;)

for all i and j. Then tp(f(a)) = tp(a) and mat(f(a)) = f(mat(a)).

Proof. Both (a) and (b) are straightforward. O

Lemma 2.5. Let (A,C) and (B, ') be finite chains. Let n > 2 be an integer and
let § C A™ and ' C B™ be relations. Let o be a total quasiorder on {1,2,...,n},
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let r=|{1,2,...,n}/ =,| > 2 and let

o={mat(z): €0 and tp(T)=o0} C A",
o ={mat(z): €6 and tp(z)=0}C B".

Furthermore, let f: A — B be a mapping such that
> for every (x1,x2,...,2,) € 0, if flie) 20,...,
zj = f(x;) T f(z;) for all i and j, and
> flg: 0 — 0 is well defined (that is, f(z) € 0’ for all & € 0) and surjective.

z,} 15 N0t a constant map then x; C

Then f[g: 0 — 0 is well defined, surjective, and for all p € 6" such that tp(p) = o

we have that min(ffg_l(mat(ﬁ))) = mat(minf[(,_l(ﬁ)), where both the minima are
taken with respect to Cgal.

Proof. For notational convenience let fg = f[e and fg = f[g. Lemmas 2.3
and 2.4 ensure that f,: 0 — ¢ is well defined and surjective. Take any p € ¢’
such that tp(p) = o and let f, '(p) = {a@',a>...,a*}. Let us first show that
£, H(mat(p)) = {mat(a'), mat(a?),..., mat(a")}.

D: Take any ¢ € {1,2,...,k}. Let us first show that tp(a’) = o for all 4. Since
f@)=pandr >2it follows that fl(4i ai,.. 4} s not a constant map. Then by the
assumption (the first item above) we have that a’ C a! = f(al) T’ f(al) for all s
and ¢. This now yields that tp(a‘) = tp(f(a’)). Since f(a') = fo(a’) = p, it follows
that tp(a’) = tp(p) = 0. Applying Lemma 2.4 (b) once again gives f,(mat(a’)) =
mat(fg(a')) = mat(p).

C: Take any u € f,'(mat(p)). Then @ = mat(z) for some Z € # such that
tp(Z) = o, so mat(p) = fo(a) = f, (mat(‘)) = mat(fy(Z)) (see Lemma 2.4). On

o = tp(z)
t

>

the other hand, tp(p) = = tp(fo(Z)) using Lemma 2.4 once more. So,

mat(p) = mat(fg( )) and tp(p) = tp(fo(Z)) whence, by Lemma 2.3, p = fg(j:). In

other words, € fa (p) whence & = @’ for some i. Then @ = mat(z) = mat(a’) for
some 1.

Let us now show that mln( Ag_ (mat(5))) = mat(min f, (7). Lemma 2.4 yields
that tp(a') = tp(a?) = . tp(a*) so by Lemma 2.3 we have that

min(f, ! (mat(p))) = min{mat(a'), mat(a), ..., mat(a")}

= mat(min{a',a?,...,a"}) = mat(min f;l(ﬁ)).

This concludes the proof. O

2.3. Structures. Let O be a set of relational symbols. A O-structure A= (A, ©4)
is a set A together with a set ©“ of relations on A which are interpretations of the cor-
responding symbols in ©. The interpretation of a symbol § € © in the O-structure A

559



is denoted by 4. The underlying sets of structures A, B,C, ... are always denoted by
the corresponding roman letter A, B, C, ..., respectively. A structure A = (A4, 04)
is finite if A is a finite set. A structure A = (A4, ©4) is reflezive if the following holds
for every 6 € ©, where r = ar(f):

Aa,=1{(a,a,...,a): a € A} C oA
—_———

T

In case of reflexive structures unary relations play no role because every reflexive
unary relation is trivial.

Let A and B be ©-structures. A mapping f: A — B is a homomorphism from A
to B, and we write f: A — B, if

(a1, a,) € 02 = (f(ar),... f(ar) € 6

for each 6 € © and aq,...,a, € A. A homomorphism f: A — B is an embedding
if f is injective and

(f(a1),...f(a,) € 0B < (ar,...,a,) € 64

for each # € © and ay,...,a, € A. A homomorphism f: A — B is a quotient
map if f is surjective and for every § € © and (by,...,b,) € 6% there exists an
(a1,...,a,) € 64 such that f(a;) =b;, 1 <i<r.

Let © be a relational language and let C¢ © be a binary relational symbol. A
linearly ordered ©-structure is a (OU{C})-structure A = (A, 04, C4), where (A4, 04)
is a O-structure and C* is a linear order on A. A linearly ordered ©-structure
A= (A,04,CA) is reflexive if (A, 04) is a reflexive O-structure.

3. CATEGORY THEORY AND THE RAMSEY PROPERTY

In order to specify a category C one has to specify a class of objects Ob(C), a set
of morphisms homg (A, B) for all A, B € Ob(C), the identity morphism id4 for all
A € Ob(C), and the composition of morphisms - so that idg - f = f-ida = f
for all f € homc(A4,B), and (f - g)-h = f-(g-h) whenever the compositions are
defined. A morphism f € homg(B,C) is monic or left cancellable if f-g = f-h
implies g = h for all g, h € homc (A, B), where A € Ob(C) is arbitrary. A morphism
f € home(B, C) is epimorphism or right cancellable if g- f = h- f implies g = h for
all g, h € homc(C, D), where D € Ob(C) is arbitrary. A morphism f € hom¢(A4, B)
is invertible if there exists a morphism g € homg(B, A) such that g - f = ida
and f-g = idg. Let Autc(A) denote the set of all the invertible morphisms in
homg(A4, A). An object A € Ob(C) is rigid if Autc(A) = {ida}.
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Example 3.1. Let Chgy,, denote the category whose objects are finite chains
and whose morphisms are embeddings.

Example 3.2. By Rel(©,C) we denote the category whose objects are finite
linearly ordered ©-structures and whose morphisms are embeddings.

Example 3.3. The composition of two rigid surjections is again a rigid surjec-
tion, so finite chains and rigid surjections constitute a category which we denote
by Chys.

For a category C, the opposite category, denoted by C°P, is the category whose ob-
jects are the objects of C, morphisms are formally reversed so that homcer (A, B) =
home (B, A), and so is the composition f -cer g =g -c f.

A category D is a subcategory of a category C if Ob(D) C Ob(C) and
homp (A, B) € homg(A4, B) for all A,B € Ob(D). A category D is a full sub-
category of a category C if Ob(D) C Ob(C) and homp (4, B) = homc (A, B) for all
A, B € Ob(D).

A functor F: C — D from a category C to a category D maps Ob(C) to Ob(D)
and maps morphisms of C to morphisms of D so that F'(f) € homp(F(A), F(B))
whenever f € homc(A,B), F(f -g) = F(f) - F(g) whenever f - g is defined, and

Categories C and D are isomorphic if there exist functors F': C — D and G:
D — C which are inverses of one another both on objects and on morphisms.

The product of categories C; and C; is the category C; x C, whose objects are
pairs (Aj, Az), where A; € Ob(C;) and Az € Ob(Cz), morphisms are pairs (f1, f2):
(A1, A3) — (B1, Bz2), where f1: Ay — Bj is a morphism in C; and f3: Ay — Bs
is a morphism in Cs. The composition of morphisms is carried out componentwise:
(f1, f2) - (91,92) = (f1- 91, f2 - g2).

Let C be a category and S a set. We say that S = A;U...UAX}, is a k-coloring of S
if X; N X; = 0 whenever ¢ # j. Equivalently, a k-coloring of S is any map x: S —
{1,2,...,k}. For an integer k > 2 and A, B,C € Ob(C) we write C — (B) to
indicate that for every k-coloring homg (4, C) = A U.. .UX) thereisani € {1,...,k}
and a morphism w € homg (B, C) such that w - homc (A, B) C A&;.

Definition 3.4. A category C has the Ramsey property if for every integer k > 2
and all A, B € Ob(C) such that homc (A, B) # 0 there is a C' € Ob(C) such that
C — (B){. A category C has the dual Ramsey property if C°P has the Ramsey
property.

Clearly, if C and D are isomorphic categories and one of them has the (dual)
Ramsey property, then so does the other. Actually, even more is true: if C and D
are equivalent categories and one of them has the (dual) Ramsey property, then
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so does the other. We refrain from providing the definition of (the fairly standard
notion of) categorical equivalence as we will have no use for it in this paper, and for
the proof we refer the reader to [7]. Nevertheless, this fact is important because it
demonstrates that the Ramsey property is a genuine categorical property.

Example 3.5. The category Cheyy, of finite chains and embeddings has the
Ramsey property. This is just a reformulation of the Finite Ramsey Theorem (see
Theorem 1.1).

Example 3.6. The category Rel(©,C) has the Ramsey property. This is the
Nesetfil-Rodl Theorem (see Theorem 1.2).

Example 3.7. The category Ch,s of finite chains and rigid surjections has the
dual Ramsey property. This is just a reformulation of the Finite Dual Ramsey
Theorem (see Theorem 1.3; see also the discussion in the Introduction.)

One of the main benefits of considering the Ramsey property in the setting of
category theory is the Duality Principle which is a metatheorem of category theory.

The Duality Principle. If a statement ¢ is true in a category C, then the opposite
statement ¢°P is true in C°P.

For a detailed technical discussion and the precise definition of ¢°P we refer the
reader to [2]. Here, however, we would like to stress that the Duality Principle
saves quite a lot of work, in particular in situations, where we want to reuse the
existing Ramsey-type results to infer dual Ramsey-type results. For example, in [7],
Proposition 2.3 we proved that if C is a category, where morphisms are monic and C
has the Ramsey property then all the objects in C are rigid. As an immediate
consequence of the Duality Principle we have the following corollary (bearing in
mind that rigidity is a self-dual notion).

Corollary 3.8. Let C be a category, where morphisms are epimorphisms. If C
has the dual Ramsey property then all the objects in C are rigid.
As another example, the following result is a categorical rendering of the Product

Ramsey Theorem for Finite Structures of Sokié, see [18].

Theorem 3.9 ([5]). Let Cy and Cz be categories such that homc, (A, B) is finite
for all A,B € Ob(C;), i € {1,2}. If C; and Cy both have the Ramsey property
then C; x Cy has the Ramsey property.

The following result now follows for free by The Duality Principle.

Corollary 3.10. Let Cy and Cz be categories such that homg, (A4, B) is finite for
all A,B € Ob(C;), i € {1,2}. If Cy and Cy both have the dual Ramsey property
then C; x Csy has the dual Ramsey property.

562



We will need this corollary in the proof of Proposition 5.3. We will also need the
following simple technical result (actually its categorical dual).

Lemma 3.11. Let C be a category, let A, B,C, D € Ob(C) be arbitrary and let
k > 2 be an integer. If C — (B)# and hom(C, D) # () then D — (B)#.

As our concluding example we prove the dual Ramsey theorem for linearly ordered
metric spaces. A linearly ordered metric space is a triple M = (M,d,C), where
d: M? — R is a metric on M and C is a linear order on M. For a positive integer n
and a positive real number § let

Mn,& = ({17 2,... TL}, dfw <)

be the linearly ordered metric space, where < is the usual ordering of the integers
and d°(z,y) = 0 whenever x # y. A mapping f: M — M’ is a nonezpansive rigid
surjection from (M,d,C) to (M',d’,C’) if
> f: (M,d) — (M’',d’) is nonexpansive, that is, d'(f(z), f(y)) < d(z,y) for all
z,y € M, and
> f: (M,C) = (M',C) is a rigid surjection.
Let OMetyes be the category whose objects are finite linearly ordered metric spaces
and morphisms are nonexpansive rigid surjections.
For a linearly ordered metric space M = (M,d,C) let Spec(M) = {d(z,y):
x,y € M and x # y}. For a subcategory C of OMetyes let

Spec(C) = U{Spec(./\/l): M € Ob(C)}.

Lemma 3.12. Let C be a full subcategory of OMet,s such that for every positive
integer m and every 0 € Spec(C) there is an integer n > m such that M,, s € Ob(C).
Then C has the dual Ramsey property. In particular, the following categories have
the dual Ramsey property:
> the category OMetyeys;
> the category OMetyers(S), S C R, which stands for the full subcategory of

OMetyers spanned by all those finite linearly ordered metric spaces M such that
Spec(M) C S.

Proof. Take any k > 2, any A = (A,d*,CA) and B = (B, d?,c5) in C such
that there is a nonexpansive rigid surjection B — A, and let (C, =) be a finite chain
such that (C,C¢) — (B, EB),(CA’EA) in Ch{P. Such a chain exists because Ch;? has
the Ramsey property (see Example 3.7). Let § = max{d®(x,y): =,y € B}. By the
assumption, there is an integer n > |C| such that M,, s € Ob(C).

563



Since n > |C|, there is a rigid surjection ({1,2,...,n},<) — (C,C°), so
Lemma 3.11 yields that ({1,2,...,n},<) — (B,EB),EA’EA) in Ch;?. Then it is
easy to show that M, s — (B)A* in C°P because f: M, s — A is a nonexpansive
rigid surjection if and only if f: ({1,2,...,n},<) — (A,C*) is a rigid surjection.

O

What is an acceptable kind of objects? Having in mind Corollary 3.8, a neces-
sary requirement for a category to have the dual Ramsey property is that all of
its objects be rigid. In this paper we consider categories of finite linearly ordered
relational structures, as adding linear orders to finite structures turns out to be
technically the easiest way of achieving rigidity. The morphisms we will be work-
ing with will be surjective so all the structures in the paper will necessarily be
reflexive.

What is an acceptable kind of morphisms? Embeddings have established them-
selves as the only kind of morphisms of interest when considering “direct” Ramsey
results in structural Ramsey theory. For dual Ramsey results, though, there
is no obvious notion that parallels in full the notion of embedding. For exam-
ple, fix a relational language © and consider a category C whose objects are
some finite linearly ordered ©-structures A = (A,04 <#4) and morphisms are
just rigid surjections f: (A4,<?) — (B,<®). Then C has the dual Ramsey
property provided it contains arbitrarily large finite structures (see Example 3.7
and Lemma 3.11). This is clearly far from satisfactory. The same holds if we
require each morphism f: (4,04 <4) — (B,058,<5) to be a surjective ho-
momorphism f: (4,04) — (B,05) and at the same time a rigid surjection
f: (A, <) — (B, <P): the dual Ramsey property follows as soon as the category
has arbitrarily large empty structures.

Therefore, when dealing with surjective homomorphisms quotient maps are usually
seen as the more appropriate structure maps. Our main results shall be, therefore,
spelled in the context, where each morphism f: (A, 04, <4) — (B, 08, <B) under
consideration is a quotient map f: (4,04) — (B,0%) and at the same time a rigid
surjection f: (A, <?) — (B, <B).

4. DUuAL RAMSEY THEOREMS FOR STRUCTURES AND SPECIAL QUOTIENT MAPS

In this section we turn to the main goal of the paper, which is to prove dual
Ramsey theorems for various categories of structures and special quotient maps. We
first prove our main technical result (see Theorem 4.4), and as a consequence derive
dual Ramsey theorems for acyclic digraphs with linear extensions, posets with linear
extensions, linearly ordered uniform hypergraphs and linearly ordered graphs.
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For an integer r > 2, a reflexive r-structure with a linear extension (or r-erst for
short) is a linearly ordered reflexive structure A = (A, o, C) such that C is a linear
extension of o in the sense that

if (a1,a2,...,a;) €\ Aa, thenas Cax C...C ap,

where r = ar(p).

Definition 4.1. Let A = (4,0,C) and A = (A4, 0,C’) be two linearly
ordered relational structures, where ar(p) = ar(¢’) = r. Then each homomor-
phism f: (A,0) — (A’,¢) induces a mapping f: o — o by f(ai,as,...,a,) =
(f(a1), f(az),..., f(ar)). A homomorphism f: (A,p) — (4’,0') is a strong rigid
quotient map from A to A’ if f: (0, Ceal) — (¢,

La1) is a rigid surjection.

The following lemma justifies the name for these morphisms: it shows that a strong
rigid quotient map is a rigid surjection and a quotient map. The converse is not true,

JicfoYoXofoXo

see Figure 1.
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Figure 1. A rigid surjection and a quotient map which is not strong.
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Lemma 4.2. Let A = (A,0,C) and A = (A, ¢,C’) be two linearly or-
dered reflexive relational structures, where ar(p) = ar(o’) = r > 2, and let
f: (4,0) = (A, 0") be a homomorphism.

(a) Foranyu e A, iff_l(u,u, ...,u) # () then minf_l(u,u7 coou) = (zyx,. . T),
where x = min f~!(u).
(b) Assume that f (0,Csal) — (0',CL,) is a rigid surjection. Then f is a rigid

surjection (A,C) — (A’,C’) and a quotient map (A, o) — (4, o).
Proof. (a) Assume that f~1(u,u,...,u) # 0 and let
minfil(uauv" .,’LL) = (xlax%" '75[:7");

565



where |{z1,z2,...,2,}| = 2. Then f(xl,xg,...,x,,) = (u,u,...,u). So, f(z1) = u,

whence f(xl,xl,...,xl) = (u,u,...,u). But (z1,21,...,21) Csal (z1,22,...,2,)
because tp(xi,1,...,21) < tp(x1,x2,...,2,). This contradicts the fact that
min Y (u,u,...,u) = (z1,22,...,7,).

Thus, minffl(u,u,...,u) = (z,z,...,z) for some v € A. Then f(z) = u
whence min f~!(u) C z. Assume that min f~'(u) = ¢t © x. Then (¢,¢,...,t) Csal
(z,z,...,2) = min f‘l(u, U,...,u), which contradicts the fact that (¢,¢,...,t) €
fﬁl(u,u, ...,u). Therefore, min f~*(u) = x.

(b) Let us start by showing that f is surjective. Take any u € A’. Then
(u,u,...,u) € ¢ because ¢’ is reflexive, so there is an (x1,z9,...,2,) € o such
that f(a:l, Ta,...,Tr) = (u,u,...,u) because f is surjective. But then f(z1) = u.

Since f is a homomorphism and f : 0 — ¢ is a surjective map it immediately
follows that f is a quotient map.

Finally, let us prove that f is a rigid surjection. Take any u,v € A’ such that
u C' v and let us show that min f~!(u) C min f~*(v). From u C’ v it follows that

(u,u,...,u)C!

! (0,0, ,v), whence min f~(u,u,...,u) Cea minf~ (v,v,...,v)

because f is a rigid surjection. The conclusion now follows from (a). O

For r > 2, let ERstgq(7) be the category whose objects are finite r-erst’s and whose
morphisms are strong rigid quotient maps. Our goal in this section is to prove that
ERstgrq(r) has the dual Ramsey property for every r > 2. In order to do so, we use
the main idea of [6]. A pair of maps

F: Ob(D) = Ob(C): G

is a pre-adjunction between the categories C and D provided there is a family of
maps
Oy x: homg(F(Y), X) = homp (Y, G(X))
indexed by the family {(Y, X) € Ob(D) x Ob(C): homc(F(Y), X) # (0} and satis-
fying the following:
(PA) For every C € Ob(C), every D,E € Ob(D), every v € homc(F(D),C)
and every f € homp(F, D) there is a v € home(F(E), F(D)) satisfying
‘I)D,C('Uf) . f = ¢E7c(u . U).

®p c(u)

F(D) — c D G(C)
F(E) E

(Note that in a pre-adjunction F' and G are not required to be functors, just maps
from the class of objects of one of the two categories into the class of objects of
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the other category; also ® is just a family of maps between hom-sets satisfying the
requirement above.)

Theorem 4.3 ([6]). Let C and D be categories such that C has the Ramsey
property and there is a pre-adjunction F': Ob(D) & Ob(C): G. Then D has the
Ramsey property.

For a finite chain L={l; Clo T ... C iy} let

7"®£: ({1,2,...,7‘} X{ll,lg,...,lN},Qr®£,'<)

denote an r-erst on r - N elements (written ¢/ instead of (4,1)), where

OrL = A{I,Q ..... rix{li,l2,....In},7 U {(]—lv 217 SRR Tl): le ‘C}a

and < is the anti-lexicographic ordering of {1,2,...,7} x {l1,l2,...,Inx} induced by
the respective linear orderings: ik < jl if and only if K C [, or k =1 and i < j.

Theorem 4.4. Let r > 2 be an integer. Let C be a full subcategory of ERstgq(r)
such that for every finite chain L there is an object in Ob(C) isomorphic to r ® L.
Then C has the dual Ramsey property. In particular, ERstg.q(r) has the dual Ramsey

property.

Proof. Without loss of generality we may assume that r ® £ € Ob(C) for every
finite chain £. In order to prove the theorem we are going to show that there is
a pre-adjunction

F: Ob(C°?) 2 Ob(Ch?): G.

The result then follows from Theorem 4.3 and the fact that the category Chy} has
the Ramsey property (see Example 3.7). Explicitly, unpacking the definition of pre-
adjunction in case of opposite categories, we have to show the following:

(PA) For every finite chain £ € Ob(Chy), all A, B € Ob(C) for every

u € homcn, (L, F(A)) and every f € homg(A,B) there is a v €
homcn,, (F(A), F(B)) satisfying f o ®4 c(u) = g c(vou).

FA) "¢ A=—2E Gp)
U\L vou fl Mu)
F(B) B

Take a finite chain £ and a finite r-erst A. Without loss of generality we can
assume that £ = {1 < 2 < ... < N} and A = ({1,2,...,n},04,<), where <
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is the usual ordering of the integers and g4 = {e1<saie2<sal--- <saleq(A)}' For
each i let e; = (p},p?,...,p"), where, as stipulated by the definition of r-erst, either
pr=pi=...=plorpl <p?<...<pl.

Define F' and G by F(A) = (04, <sa) and G(L£) = r ® L. Next, let us define
® 4, .: homen,, (£, F(A)) — homc(G(L), A). For a rigid surjection

(4.1) u: {1<2<... <N} = {e1<aarea<sal - - - <sal€q(A) }

define ¢, : 7 ® L — A by ¢, (is) = m; ou(s) and put ® 4 ,(u) = ¢,. Here, m; stands
for the ith projection m;(x1,x2, ..., 2,) = x;.
To show that the definition of ® is correct we have to show that for every rigid
surjection w as in (4.1) the mapping ¢, is a strong rigid quotient map r ® £ — A.
Let us first show that ¢, : ({1,2,...,7} x{1,2,...,N}, 0r0r) — (4,04) is a ho-
momorphism. Take any (z1,29,...,2,) € orgc. The case 1 = ... = x, is trivial, so
let us consider the case, where (z1,2,...,z,) = (1s,2s,...,7s) for some s € L:

(wu(xl)a Sou(x2)a EER @u(xr)) = (wu(ls)a Qﬁu(28), sy Lpu(rs))

— (mou(s), ma o u(s),...,m ouls)) = uls) € oa.

Let us now show that @y: (0rer, <sal) = (04, <sal) is a rigid surjection. Note
that ©,(i18,128,...,ir8) = (M, ou(s), m, o u(s),...,m, ou(s)).

Claim 1. Take any e; = (p},p3,...,p5) € o4, 1 < k < F(A), and let t =
minu~!(ex). Then the following holds:
1° if p} < p? < ... < p} then min 3, (ex)

(1t,2t,...,rt),
(1t,1¢, ..., 1t).

2° if pp = pf = ... = p}, then min @, ' (ey)

Proof. 1° Assume that p; < p? < ... < p;. From
Gu((1,2¢,...,7t)) = u(t) = ex
it follows that (1t,2t,...,rt) € @, '(ex), so it suffices to show that

(1, 2t, ..., 1) <sa1 (118,128, ...,1r8)

for every (iys,ias,...,irs) € §,'(ex). Take any (i18,i28,...,i,8) € 0, such that
Pu(i18,128,...,1i,5) = eg. Then
(4.2) (i, 0 u(s), Ty 0 u(s), ..., mi, ou(s)) = (pr, P, ..., 0%)
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Let u(s) = ey,. Since pi < pi < ... < pk, the only possibility to achieve (4.2) is
iy = 1,ip = 2,...,4, = r and m = k. Therefore, u(s) = e, whence s € u~1(ey), so
t <s. Now
(1t,2t, ..., 7t) <sa1 (18,28,...,78) = (i18,92S, ..., 1rS).
2° Assume that p} = p7 = ... = p}. From
Gu(1t,1t, ..., 1t) = (pr,Dr, - -, P2) = €k

it follows that (1t,1t,...,1t) € §, ' (ex), so it suffices to show that

(].t, 1t, ..., 1t) <sal (ils, 128, ..., i,,s)

for every (iys,ias,...,irs) € §, " (ex). Take any (i18,i28,...,i,8) € o, such that
©u(i18,128,...,14,5) = eg. Then

(4.3) (15, ou(s), iy ou(s), ..., m, ou(s)) = (PrsPrs---»DL),s

whence

(4.4) Ti, ou(s) =, ou(s) for all o and f3.

Let u(s) = em = (pL,, 02, D).
(a) Assume that pl, = p2, = ... =p",. Then

(pinapinv S 7p}n) = (mi, o u(s), mi, ou(s), ..., m, ou(s)) = (pllcvpllw s apllc)
whence u(s) = e, = ex. Then s € u=1(ex), so t < s. Hence,
(].t, 1t, ..., ].t) <sal (ils, 128, ..., i,,s)

for any choice (i1,i2,...,4,) € {(1,1,...,1),...,(r,r,...,7),(1,2,...,7)}.

(b) Assume now that p., < p2, < ... < pl,. Then (4.4) implies that i; =
io =...=14,. Let iy =... =14, = . Since tp(p}, pi,...,p}) <tp(pL,, P2, ..., ph,) it
follows that

_ 11 1 1,2 Yy _
€k = (pkvpka s apk).<sal(pmapmv ce 7pm) = €m.-

Therefore,
t =minu"t(ex) < minu(e,) < s
whence (1t,1t, ..., 1t)<sa(as, as, ..., as) = (i18,128,...,ir8).
This concludes the proof of Claim 1. 0
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We are now ready to show that @, : (0rgr, <sal) = (04, <sa1) is a rigid surjection.
Take any e; = (p},p?,...,pi),ej = (pjl,pi, ..+, P}) € o4 such that e;<sae;. Then
minu~!(e;) < minu~!(e;) because u is a rigid surjection. Let s = minu~'(e;) and
t = minu~*(ej).

2
K3

> Ifpl =p? =...=pl and pjl = p? = ... = pj then, by Claim 1, ming, " (e;) =
(1s,1s,...,18)<sar(1t, 1¢, ..., 1t) = min &, (e;).
> If p} =p; = ... = pj and p; < p} < ... < pj then, by Claim 1, ming, " (e;) =

(1s,18,...,18)<sal(1¢,2t,...,7t) = min §;  (e;).
> If pl < p? <...<pl and pjl < p? < ... < pj then, by Claim 1, min @, H(e;) =

(18,28,...,78)<sa1(1t,2,...,7t) = min @, (e;).

This proves that @, is a rigid surjection and the definition of ® is correct.

We still have to show that this family of maps satisfies the requirement (PA).
But this is easy. Let B = ({1,2,...,1l},08,<) be a finite r-erst, where < is the
usual ordering of the integers, and let f: A — B be a strong rigid quotient map.
Then f: (04, <sal) = (08, <sal) is a rigid surjection by definition. Let us show that
fovu=¢f,

fopulis) = fomou(s)=m o fou(s) =g, (is).

This calculation relies on the fact that fom = m o f, which is clearly true:

fomi(zr, @z, ... x0) = fla;) = m(f(21), f(x2), ..., fl2r) =m0 flar, 22, .., 27).
O

Specializing the above result for » = 2 we get the following corollary.

Corollary 4.5. The following categories have the dual Ramsey property:

> the category EDigg,, whose objects are finite reflexive digraphs with linear exten-
sions and morphisms are strong rigid quotient maps,

> the category EPossq whose objects are finite posets with linear extensions and
morphisms are strong rigid quotient maps.

Proof. For the first item it suffices to note that EDig,, = ERstg4(2). For the
second item it suffices to note that EPosg is a full subcategory of EDig,,, such that
2® L € Ob(EPosgq) for every finite chain £. O

As another corollary of Theorem 4.4 we now prove a dual Ramsey theorem for
reflexive graphs and hypergraphs together with special quotient maps.

Definition 4.6. For a chain A = (A,C) let us define Cgy on P(A) as fol-
lows (“sal” in the subscript stands for “special anti-lexicographic”). Take any
X, Y e P(A).
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> () is the least element of P(A) with respect to Cgal,

> if X ={z} and Y = {y} then X Csy Y if and only if x C y,

> if [ X|=1and |[Y]|>1then X Cqu Y,

> if |[X| > 1and |Y| > 1then X Cyy Y if and only if X Caex Y.

For a set A and an integer k let (‘2) denote the set of all the k-element subsets
of A. Let r > 2 be an integer. A linearly ordered reflexive r-uniform hypergraph
is a triple (V, E,C), where F = (‘1/) U S for some S C (Z) and [ is a linear order
on V. A mapping f: V — V' between (unordered) reflexive r-uniform hypergraphs
G = (V,E) and G’ = (V',E') is a hypergraph homomorphism if e € E implies
{f(z): x€e} e P

Definition 4.7. Let § = (V,E,C) and ¢’ = (V/,E’,C’) be linearly ordered
reflexive r-uniform hypergraphs. Each hypergraph homomorphism f: (V,E) —
(V',E') induces a mapping f: E — E’ straightforwardly: f(e) = {f(x): = € e}.
A hypergraph homomorphism f: (V, E) — (V', E') is a strong rigid quotient map of
hypergraphs if
> f: (B, Cen) = (E, C..) is a rigid surjection and
> for every e = {z1,...,2,} € E, if f], is not a constant map then z; C x; =

f(z:) T f(z;) for all ¢ and j.

Example 4.8. Let C5 = ({1,2,3}, E3,<) and Cy = ({1, 2, 3,4}, E4, <) be the re-
flexive 3-cycle and the reflexive 4-cycle, respectively, where E5 = {1,2,3,12,23,31},
E, =1{1,2,3,4,12,23,34,14}, and < is the usual ordering of the integers. Let

(123 /12 3 4
“\1123) 971 2 3 3

be two quotient maps ({1,2,3,4}, F4) — ({1,2,3}, E3). Then f is a strong rigid
quotient map and g is not. Namely,

(1 2 3 4 12 23 14 34 (1 2 3 4 12 23 14 34
“\1 123 1 12 13 23)° 97\1 2 3 3 12 23 13 3

and we can now easily see that f: (B4, <sal) — (F3,<sa) is rigid while g:
(E4, <sa1) — (Eg, <sa1) is not.

Let OHgrg,,(r) be the category whose objects are finite linearly ordered reflex-
ive r-uniform hypergraphs and whose morphisms are strong rigid quotient maps of
hypergraphs. Note that OHgr,,(2) is the category whose objects are finite linearly
ordered reflexive graphs and whose morphisms are strong rigid quotient maps of
graphs. Let us denote this category by OGrag..
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For a finite chain L={lh Clo T ... CIn} and r > 2 let
T&EZ({LZ,...,T} X {11,12,...,ZN},ET|XE,-<)

denote a linearly ordered reflexive r-uniform hypergraph on r - N vertices (written il
instead of (4,1)), where

Ege ={{il;}: 1<i<r, 1<j<NYU{{1;,2l;,...,7l;}: 1<j <N}

and < is the anti-lexicographic ordering of {1,2,...,7} x {l1,l2,...,In} induced by
the respective linear orderings: il < jk if and only if [ C k, or | = k and 7 < j.

Corollary 4.9. Let C be a full subcategory of OHgr,,(r), r > 2, such that for
every finite chain L there is an object in Ob(C) isomorphic to r® L. Then C has the
dual Ramsey property. In particular, the following categories have the dual Ramsey
property:
> the category OHgrg, (r) for every r > 2,
> the category OGragq,
> the full subcategory of OGras.q spanned by bipartite graphs,
> the full subcategory of OGragq spanned by K,-free graphs (where n > 3 is fixed).

Proof. Let us start by proving that OHgr,,, () and ERsteq(r) are isomorphic.

srq
Define a functor

F: OHgr,, (r) = ERstaq(r): (V.E,C)— (V,0,C): f+f,

srq

where
o0=Ayv,U{(z1,22,...,2,) €EV": 21 C 2o C...C x and {z1,22,...,2,} € E}.
On the other hand, define a functor
G: ERstgq(r) — OHgrg(7): (A,0,C) = (A, E,C): f—f,

where

E={{z1,22,...,2.}: (z1,22,...,2,) € 0}.
By construction, F' and G are mutually inverse functors, so the categories OHgry, ()
and ERstgq(r) are isomorphic. However, we still have to show that the functors F

and G are well defined. It is easy to see that both F' and G are well defined on
objects. Let us show that both F' and G are well defined on morphisms.
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Let f: (V,E,C) — (V', E',C’) be a morphism in OHgry,(r) and let us show that
f: (Vo) = (V',¢) is a homomorphism. Take any (z1,2,...,2,) € 0\ Ay,. Then

{r1,22,...,2,} €E and z Ca2C...LC Z.

If f(z1) = f(z2) = ... = f(z,) we are done. Assume, therefore, that fly, .. .1
is not a constant map. Then, by the definition of morphisms in OHgry,(r) it follows
that

{f(@1), f(22), ... . flz)} €E and  f(z1) T flaz) & ... C fan).

Therefore, (f(z1), f(z2),..., f(z,)) € 0.

Conversely, let f: (V,o,C) — (V’,¢,C’) be a morphism in ERstyq(r) and let
us show that f: (V,E) — (V’, E’) is a homomorphism of hypergraphs. Take any
{z1,22,..., 27} € E. If f(x1) = f(x2) = ... = f(z,) we are done. Assume, therefore,
that f] {z1,72,...,z,} 1S nOt a constant map. Without loss of generality we may assume
that z1 C 22 C ... C . Then (z1,%2,...,2,) € g, s0 (f(z1), f(x2),..., f(z,)) € ¢
because f is a morphism in ERstgq (7). Therefore, {f(z1), f(z2),..., f(z+)} € E' and
f(z) T f(ze) /... 7 f(zr). So, f is a homomorphism satisfying the additional
requirement that for every e = {z1,...,2,} € E, if f[, is not a constant map then
x; Cxj = f(z;) T f(z;) for all ¢ and j.

In order to complete the proof that F' and G are well defined on morphisms we
still have to show that f: (o, Cea) — (0/,C.,) is a rigid surjection if and only if

sal

f: (E,Csal) — (E',CL,)) is a rigid surjection. But this follows straightforwardly

sal
from the following facts:

> the mapping &: 0 — E: (r1,22,...,%,) — {21,22,...,2,} is an isomorphism
from (g, Csa1) to (E, Csal),

> the mapping ¢': o — E': (x1,22,...,2,) — {21,22,...,2,} is an isomorphism
from (o', CL,) to (E',CL,), and

> f:f'ofof_l.

Therefore, F' and G are well defined functors.

The first item in the statement of the theorem now follows immediately from
Theorem 4.4, having in mind that F(r K £) = r ® L for every chain £. As for
the remaining items, note that OGrasq = OHgr,,(2) and that both subcategories
of OGrag;q mentioned in the third and the fourth item contain 2X £ for every finite
chain L. (]
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5. THE DuAL NESETRIL-RODL THEOREM

In this section we prove a dual form of the Nesetfil-R6dl Theorem, in its restricted
form which does not account for subclasses defined by forbidden “quotients”. Let ©
be a relational language and let C¢ © be a new binary relational symbol. A reflexive
O-structure with a linear extension (or ©-erst for short) is a linearly ordered reflexive
O-structure A = (A, 04, C4) such that (4,604, CA) is an ar(6)-erst for every 6 € ©.

Definition 5.1. Let A = (4,04 ,C4) and B = (B,05,C?) be two O-erst’s.
A homomorphism f: (A,04) — (B, 05) is a strong rigid quotient map from A to B
if f: (0A,CA) — (5,C58) is a rigid surjection for every 6 € ©.

sal sal

Let ERstgq(©, ) be the category whose objects are all finite ©-erst’s and whose
morphisms are strong rigid quotient maps. In order to prove that ERsteq(©, ) has
the dual Ramsey property we employ a strategy devised in [5]. Let us recall two
technical statements from [5].

A diagram in a category C is a functor F': A — C, where the category A is
referred to as the shape of the diagram. We say that a diagram F: A — C is
consistent in C if there exist a C' € Ob(C) and a family of morphisms (hs: F(§) —
C)scob(a) such that for every morphism g: J — v in A we have h, - F(g) = hs:

C
hs hy
F (5)/14(>g)\F ()

We say that C together with the family of morphisms (hs)scon(a) forms a compatible
cone in C over the diagram F.

A binary category is a finite, acyclic, bipartite digraph with loops, where all the
arrows go from one class of vertices into the other and the out-degree of all the
vertices in the first class is 2 (modulo loops):

OO O O

(e]

XA

le) le) le)

(OERW, O

A binary diagram in a category C is a functor F': A — C, where A is a binary

O—>0

category, F' takes the bottom row of A onto the same object and takes the top row
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of A onto the same object, see Figure 2. A subcategory D of a category C is closed
for binary diagrams if every binary diagram F': A — D which is consistent in C is
also consistent in D.

o o o B B B

SO e

o o o A f2 A fs A
A 4 C

Figure 2. A binary diagram in C (of shape A)

Theorem 5.2 ([5]). Let C be a category such that every morphism in C is monic
and such that homg(A4, B) is finite for all A;B € Ob(C), and let D be a (not
necessarily full) subcategory of C. If C has the Ramsey property and D is closed
for binary diagrams, then D has the Ramsey property.

We are now ready to prove the main technical result of this section.

Proposition 5.3. The category ERstgq(©, C) has the dual Ramsey property for
every relational language ©.

Proof. Part I. Assume, first, that © = {601,0,,...,0,} is a finite rela-
tional language and let r;, = ar(f;), 1 < ¢ < n. Let C; denote the category
ERsterq({6:},C), 1 < i < n. For each i we have that ERsteq({0;}, C) = ERsterq(r:),
so ERstgrq({0;}, C) has the dual Ramsey property (see Theorem 4.4).

For an object A = (A,07,....0,C4) € Ob(ERstyq(0,C)) let A =

rYm

(A,04,C4) € Ob(C;). As we have just seen each C; has the dual Ramsey

property, so the product category C; X ... x C,, has the dual Ramsey property by

Corollary 3.10. Let D be the following subcategory of C; x ... x C,,:

> every A = (A,04,...,0:4,CA4) € Ob(ERsteq(©,C)) gives rise to an object A =
(AM ..., A™) of D, and these are the only objects in D,

> every morphism f: A — B in ERstsq(0,C) gives rise to a morphism f =
(f,...,f): A— Bin D, and these are the only morphisms in D.

Clearly, the categories D and ERstgq(©O, ) are isomorphic, so in order to complete
the proof of the lemma it suffices to show that D has the dual Ramsey property.

As D is a subcategory of C; x ... x C,, and the latter one has the dual Ramsey
property, following Theorem 5.2 it suffices to show that D°P is closed for binary
diagrams in (Cy x ... x C,,)°P.
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Let F: A — D°P be a binary diagram in D°P, where the top row consists of
copies of B € Ob(D) and the bottom row consists of copies of A € Ob(D) for some
A= (A0,...,06ACA) and B = (B,65,...,05,C5). Assume that F is consistent

in (Cy x...xC,)° and let (Cq,...,C,) together with the morphisms ¢, ..., q; be
a compatible cone in (C; X ... x C,)°P over F

(C1,...,Cp)

qi aj

o]
o\

n<~—l
Ol
S
]

A A D

Let C; = (Ci,ﬂic"’, C?) and ¢; = (¢},...,q}), where ¢¢: C; — B is a strong rigid
quotient map. Without loss of generality we can assume that Cy,Cs,...,C), are
pairwise disjoint sets. Let D = (D, 6P, ...,0P CP), where
> D=CiUCU...UCy,
> 9? =Ap UOS"', 1<i<n,and
> CP is the linear order on D obtained by concatenating the linear orders
C!',c2?,...,C" in other words, C? is the unique linear order on D such that
cP [Ci:Ei,lgién,andifxECi and y € C;, where i < j then x CP y.
Clearly, D € Ob(ERstsq(©,C)), so D € Ob(D).
For each morphism ¢; = (¢}, ...,q") let p;: D — B be the mapping

qil(x), x € (Cy,

qf(x), x € (s,
pi(T) =

' (x), z€Cy.

Let us show that ¢,: D — B is a strong rigid quotient map, 1 < i < k. It is easy
to see that each ¢; is a homomorphism (D,6P,... 6P) — (B,0%, ..., 05). Take
any s and any (z1,%2,...,%.,) € 02\ Ap,,. Then (x1,2s,...,7,,) € 65 whence
{z1,22,...,2,,} C Cs. But then

(901‘(5[51)7 @i(xZ)v RN @i(xrs)) = (Qf(xl)v Qf(xQ)a s a%‘s(xrs)) € 9?
because ¢f: Cs — B®) is a homomorphism.
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Next, take any s € {1,2,...,n} and let us show that @;: (07,C2)) — (65,C5))
is a rigid surjection.

Case 1°: s = 1. The construction of P then ensures that

min@;l(xl,xg, ey Xy ) = min((jil)_l(xl,xg, ey X))
for every (r1,z2,...,2,,) € 65, s0
min@;1($17$27 cee 7337"1) = min(inl)_l(xlam27 cee 7x7"1) Egl min(inl)_l(ylayQa DRI )yTl)

= min@iil(yhyQa' .. ayTl)

for all (z1,22,...,%0), (Y1,Y2,--.,Yyr) € 0OF satisfying (w1,22,...,2,,) C5B;
(y1,92,...,Yr, ) because qi1 is a strong rigid quotient map.
Case 2°: s > 1. Take (x1,72,...,%.),(Y1,Y2,...,yr.) € 60F such that
(1[,'1,1[52, .. 'asz) Efal (y17y2a e 7yr5)'
Case 2.1°: (z1,72,...,7,) € Ap,.. Then, by the construction of C7,
min@;l(xl,xg, cooxe) = min(gH) My, w2 ),

min@i_l(ylvy%' .- ayTs) = min((jﬁ)il(ylvy%" '7y7"5)a

where t = 1 if (y1,92,...,Yr,) € A, or t = s if (y1,y2,...,yr.) € 05 \ Ap,,. If
t = 1 we are done because ¢ is a strong rigid quotient map. If, however, ¢t = s, we
are done by the definition of CZ,.

Case 2.2°: (z1,22,...,2r,) ¢ Ap,r,. Then (y1,y2,...,¥yr,) ¢ Ap,, by definition
of =P |. Therefore,

sal*

min@_l(xl,xg, ceyTp,) = min((jf)*l(xl,xg, ces Try),

min{o\i_l(ylay% .- 'ayT’s) = min(qu)il(ylay% .- 'ayT’s)v

and the claim follows because ¢; is a strong rigid quotient map.

Therefore, p;: D — B is a strong rigid quotient map for each i, whence follows
that @;: D — B is a morphism in D for each i. To complete the proof we still have
to show that % o ¢; = U o ¢; whenever o g; = Uo g;. Assume that gogq; = vog;.
Take any « € D. Then = € C; for some s, so

wo i(z) = uog;(r) =vogj(r) =vop;(r),

because o ¢; = Tog;j means that uog! =vo q§ for each t. Therefore, wop; = To ;.
This concludes the proof in case O is a finite relational language.
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Part II. Assume now that © is an arbitrary relational language satisfying C¢ O,
and take any k£ > 2 and A, B € Ob(ERsts(©, C)) such that there is a strong rigid
quotient map B — A.

Since B is a finite O-erst, 5 = () for every § € © such that ar(f) > |B|. Moreover,
on a finite set there are only finitely many relations whose arities do not exceed |B].
Therefore, there exists a finite ¥ C © such that for every § € © \ ¥ we have 68 =0
or §8 = o8 for some o € . Since there is a strong rigid quotient map B — A, we
have the following;:
> if 98 = () for some 6 € © \ ¥ then 64 = 0),
> if 98 = o8 for some # € ©\ ¥ and o € ¥ then 44 = o4,

The category ERstsq(X,C) has the dual Ramsey property because ¥ is finite
(Part T), so there is a C = (C, %€, =€) € Ob(ERstgq(3, C)) such that

Alsu
C— (B|ZU{E})k e

in ERsterq (X, £)°P. Define C* = (C,0¢, ") € Ob(ERsteq(0,C)) as follows:
> ¢ =C,

> if o € ¥let 0¢ =o€,

> if @ € ©\ X and 68 = 0 let 6" = 0,

> if € ©\ ¥ and 08 = o8 for some o € ¥, let € = 0.

Clearly, C* is a ©-erst and C* — (B){* in ERstgq (O, C)°P because

homggst,,,(2,0)(C, Als U{C}) = homggs,,,0,0)(C*, A),
homggst,,, (=,0)(C, Bly U{C}) = homggrst,,0,0)(C", B).

This concludes the proof. Il

Definition 5.4. Let A = (A,04,C4) and B = (B,05,C5) be two linearly
ordered reflexive ©-structures. A homomorphism f: (4,04) — (B, 05) is a strong
rigid quotient map of structures if the following holds for every 6 € O:

> f: (04, C4) — (08,C8)) is a rigid surjection; and
> for every (x1,z9,...,2,) € 64, if fl{21,20,...0,} 1S Dot a constant map then

z; T x; = f(2;) CB f(z;) for all i and j.

Let Relsq (0, C) be the category whose objects are all finite linearly ordered reflex-
ive ©-structures and whose morphisms are strong rigid quotient maps of structures.
Our final result is a dual version of the Nesetfil-R6dl Theorem.

Theorem 5.5 (Dual Nesetfil-Rodl Theorem (restricted form)). Let © be a rela-
tional language and let T ¢ © be a binary relational symbol. Then Rels,(©,C) has
the dual Ramsey property.
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Proof. Fix a relational language O such that C ¢ ©. Let
Xo ={0/0: 0 € © and o is a total quasiorder on {1,2,...,ar(d)}}

be a relational language where 6/c is a new relational symbol (formally, a pair (6, o))
such that

ar(0/0) = [{1,2,...,ar(0)}/ =,

We are going to show that the categories Relgq(0, C) and ERstgq(Xe,C) are iso-
morphic. The dual Ramsey property for Relgyq(©,C) then follows directly from
Proposition 5.3.

For A = (A,04,C4) € Ob(Relyq (O, C)) define an AT = (A4, X“@‘”, CA") as follows:
AT

cA =4,

(0/0)* = A ar(o)o) U {mat(a): a € 6 and tp(a) = o}.
On the other hand, take any B = (B, X5,C5) € Ob(ERstyq(Xe,C)) and define
B* = (B,08 ,C8") € Ob(Relyq(O,C)) as follows:
B _ B

08" = {tup(o,a): o is a total quasiorder on {1,2,...,ar(0)} and a € (§/0)"}.

C

Consider the functors

F: Relyq(©,C) = ERstgq(Xo,0): A AT f o f,
G: ERsteq(Xe,C) = Relgq(©,0): B— B*: f— f.

Because of (2.1) we have that (A")* = A and (B*)" = B for all A € Ob(Relyq(©,C))
and all B € Ob(ERstgq(Xe,)). Hence, F' and G are mutually inverse functors, so
Relyq(©,C) and ERstgq(Xe, ) are isomorphic categories. However, we still have
to show that F and G are well defined. Clearly, both functors are well defined on
objects.

Let us show that F' is well defined on morphisms. Take any morphism f: A — B
in Relyq(0,C), where A = (A,04,C4) and B = (B, 08, C5).

To see that f: (A,Xé‘“) — (B,XST) is a homomorphism, take any 6§ € O, any
total quasiorder o on {1,2,...,ar(A)} and any (z1,22,...,2,) € (9/0)““T \ Aar,
where r = ar(f/c). Then there exists an @ € 64 such that ¢ = tp(a) and
(x1,22,...,2,) = mat(a). If f(x1) = f(z2) = ... = f(z,) we are done. Assume,
therefore, that fl¢,, . . 5} IS not a constant map. Because f is a homomor-
phism of ©-structures, f(a) € 68. We also know that tp(f(a)) = tp(a) = o (see
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Lemma 2.4), so mat(f(d)) € (H/U)BT. By using Lemma 2.4 again we have that
mat(f(a)) = f(mat(a)) = f(z1,22,...,2,) = (f(ffl) f(w2),. "7f(x7"))‘

Next, let us show that f[(e/a),ﬂ : ((19/0)“4T Esal) ((L‘)/U)BT [Sal) is a rigid sur-
jection for every 6 € © and every total quasiorder o on {1,2,...,ar(f)}. For nota-
tional convenience we let fg = f[aA and fg/g = fr(e/a)«“' Take any 6 € ©, any total
quasiorder ¢ on {1,2,...,ar(#)} and let r = ar(6/0). Note, first, that fy,, is sur-
jective because f is a quotient map (see Lemma 4.2) and tp(a) = tp(f(a)) whenever
a=(ay,as,...,a,) € 64 and I, .} is not a constant map (see Lemma 2.4).
Take any (z1,%2,...,%r), (Y1,Y2,---,Yr) € (49/0)8T such that (z1,22,...,2,) IZSB;
(Y1,92,- -, Yr)-

Case 1°: |{z1,22,..., 2+ } = {y1,¥2, - .,y,,}| =1.

az,...,a

By Lemma 4.2(a) we have that mmfe/ (x1,21,...,21) = (s,8,...,8), where
s = min f~!(z1), and mmfe/g(yl,yl, coy1) = (t,t,...,t), where t = min f~1(yy).
Since (z1,21,...,21) C Sﬂ (Y1, Y1, --,41), we know that z; T8 yy, so s C4 t be-

cause f is a rigid surjection (A, C4) — (B,C5). But then

. t .
mmfe/i(xl,xl,...,xl) =(8,8,...,8) [;il (t,t,...,t)= mlnfg/}j(yl,yl,...,yl).
Case 2°: [{x1,x2,...,2.}| =1 and |{y1,y2,...,yr}| > 1.

Then minfa_/}’(xl,ml,...,xl) = (s,8,...,8) and minfa_/i(yl,yg,...,yr) =

(t1,ta,...,t.), where |{t1,t2,...,t:}| > 1, so

tp(mln f0710_($1,$1, s axl)) < tp(mln fe?%,(?h;?h; s ayT))a

whence min fe_/i(xl,xl, cee, 1) E;i; min fe_/}j(yl,yg, ces Yr)

Case 3°: {x1,x2,...,2,}| > 1 and {y1,y2,...,yr}| > L.

Let (z1,72,...,7,) = mat(p) and (y1,¥2, .. .,y,) = mat(g) for some p, g € 6% such
that tp(p) = tp(q) = o. Since

mat(p) = (z1,x2,...,2,) C Sal (y1,y2,-..,yr) = mat(q)

and tp(p) = tp(g) we have that p C5, ¢ (see Lemma 2.3). Since fo: (64,C2)) —
(08,C8)) is a rigid surjection, we know that min f; *(5) T2, min f,; (7). On the
other hand, tp(min fi'(®) = tp(a) = to(p) = tp(q) = tp(b) = tp(min f; (7)) for
some a € fa Y(p) and b € fe 1(g), where the minimum is achieved, so by Lemma 2.3
we conclude that

mat(min fe_l(ﬁ)) E;ﬂ mat(min fg_l(q)).
By Lemma 2.5 we finally get min f;/i(mat(ﬁ)) [;‘5 min f;/i(mat((j)), that is,
min fa_/}j(arl, X2y ey Xy) [g‘g min fe_/i(yl, Y2,...,Yr). This concludes the proof of
Case 3° and the proof that the functor F' is well defined on morphisms.
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Let us show that G is well defined on morphisms. Take any morphism f: A — B
in ERstgq(Xo, ), where A = (A, X4, C4) and B = (B, X§,=5).

Let us first show that f: (4,04") — (B,08) is a homomorphism. Take any

6 €O andany Z = (x1,29,...,2,) € 04, If iz a0,

done. Assume, therefore, that this is not the case. Then z = tup(o,a) for some o

€ (0/0)",

(@) € 6%,

..,z,} 18 @ constant map we are

and some a € (/0)*. Because f: A — B is a homomorphism, f(
whence tup(o, f(a)) € 85, Therefore, f(z) = f(tup(o,a)) = tup(o,
using Lemma 2.4 for the second equality.

2
f

Next, let us show that for every § € © and every (z1,z2,...,2,) € 64, if
f1{e1,20,...,2,y i DOt a constant map then w; cA 2, = f(w) 8 f(z;) for
all ¢ and j. Take any 6 € O, any T = (21,%2,...,%,) € 04" and assume that
f1{e1,20,...,z,} 15 DOt & constant map. By definition of 64" we have that z = tup(o, a)
for some ¢ and some a € (0/0)*. Clearly, mat(Z) = a. Assume that x; C*" z;.
Then x; C4 z;, so

a=mat(T) = (..., x4,...,75...) € (0/)"
Because f: A — B is a homomorphism,
(. ..,f(l‘i),. ..,f(l‘j),.. ) c (9/0’)6,

S0 f(2:) =8 [(z3), or, equivalently, f(zs) =5 f(z;).
Finally, let us show that flya-: (64, C4)) — (05 ,C8)) is aArigid surjection
for every 8 € ©. For notational convenience, this time we let fy = f[gax and

f&/a = ff(e/a)A' . .
Note, first, that fy: 64 — 05 is surjective because so is fojot (8/0)A — (6/0)8

B*
sa.

for every o. Take any Z,7 € 6% such that Z C
y= (y17y27" 7yn)

Case 1°: {z1,x2,..., 20} = |{y1,y2,;..,yn}| =1.
By Lemma 4.2 (a) we have that minfe_l(xl,xl, ooy x1) = (8,8,...,8), where s =

y. Let & = (x1,22,...,%,) and

min £~ (), and min f; ' (y1,91,--.,91) = (t,t,...,t), where t = min f~*(y;). Since
(x1,21,...,21) [fa* (y1,91,---,91), we know that z1 C7 y;, so s C* t because f is
a rigid surjection (A4, C4) — (B, 7). But then

minf;l(xl,xl,...,ml) = (5,8,...,8) 2 (t,t,...,t) :minf;l(yl,yl,...,yl).

Case 2°: [{x1,29,...,2,}| =1 and [{y1,92,..-,yn}| > 1.
Then minfe_l(ml,xl,...,xl) = (s,8,...,8) and minfe_l(yl,yg,...,yn) =
(t1,ta,...,ty), where |{t1,t2,...,tn}| > 1, so
tp(min fe_l(xl,xl, cey 1)) qtp(minf‘g_l(yl,yg, cesYn)),

whence min fe_l(xl, T1,...,21) CZ2 min fe_l(yl, Y2y ey Yn)-
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Case 3°: |{z1,29,...,25}| > 1 and [{y1,v2,..-,yn}| > 1.

By the definition of 6% we have that & = tup(o,a) for some o, and some
a € (/o) and 7 = tup(r,b) for some 7 and some b € (8/7)5.

Assume, first, that o # 7. Then # C5 7 actually means that tp(z) < tp(7). Let
min fg_l(jr) = 4 € 64 and min f;l(y) =7 € 6*. Lemma 2.4 then yields that
tp(a) = tp(#) < tp(y) = tp(v), so u £, T.

Assume, now, that ¢ = 7. Then tp(zZ) = tp(y), so Lemma 2.3 implies that
a = mat(z) C5; mat(g) = b. Since fg/g: (0/0)A,=8) — ((8/0)B,C8)) is a rigid
surjection, it follows that min f(;/}j(mat(i)) CZ4) min f;ﬁ, (mat(y)). Lemma 2.5 yields
that

min f;/i (mat(z)) = mat(min f;l(f)) and min f(;/}j(mat(y)) = mat(min f(;l(y)).

sal

implies that tp(min f(;l Z)) = tp(min f;l(y)). Lemma 2.3 then ensures that
min f, ' () CZ; min f; (7). This concludes the proof of Case 3°, the proof that the
functor G is well defined on morphisms, and the proof of the theorem. O

Therefore, mat(min f;l(f ) 2, mat(min f(;l(y)). On the other hand, tp(Z)=tp(y)
(

6. TOURNAMENTS — A NON-EXAMPLE

In this section we prove that the category whose objects are finite linearly ordered
reflexive tournaments and whose morphisms are rigid surjective homomorphisms
does not have the dual Ramsey property.

A linearly ordered reflexive tournament is a structure (A, —, ), where C is a linear
order on A and — C A? is a reflexive relation such that for all x # y, either
r —yory — x. A mapping f: A — A’ is a rigid surjective homomorphism from
A= (A4, =, C)to A = (A, =",C)if f: (4,—) = (4',—') is a homomorphism and
f: (A,C) — (A, ) is a rigid surjection.

A reflexive tournament (7, —) is an inflation of a reflexive tournament (S, —) if
there exists a surjective homomorphism (7, —) — (5, —). Finite reflexive tourna-
ments (S1,—) and (S2, —) are siblings if there exists a finite reflexive tournament
(T, —) which is an inflation of (S1,—) and an inflation of (S3, —). Let C3 denote
the reflexive tournament ({1,2,3}, —) whose nontrivial edges are 1 — 2, 2 — 3
and 3 — 1, and let Cf denote the reflexive tournament ({1,2,3,4}, —) whose non-
trivial edges are 1 -+ 2,2 —+3,3 - 1,1 —>4,2 -4 and 3 — 4.

Lemma 6.1. C3 and C5 are not siblings.
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Suppose, to the contrary, that there is a finite reflexive tournament 7' and sur-
jective homomorphisms f: T — C3 and g: T — C5. Let A; = f~1(i), 1 <i < 3,
and B; = f71(j), 1 < j < 4. Let D;j = A;,NBj, 1 <i<3,1<j<4 For
each j, it is not possible that all of the sets D1;, Do; and Ds; are empty because
Bj = D1 U Dy; U D3; is nonempty. Analogously, for each ¢, it is not possible that
all of the sets D;1, D;2, D;s and D,y are empty.

Now, consider D;; and D,, for some 1 < ¢, v < 3 and 1 < j, v < 4, and note
that if i - w in C3 and v — j in Cgf then D;; = (0 or Dy, = 0. (If this is not the
case, take arbitrary € D;; and y € Dy,. If z — y in T then g(z) — g(y) in C5.
But g(z) = j because x € D;; C B; and g(y) = v because y € Dy, C B,. Hence,
j — v, which contradicts the assumption. The other possibility, y — = in T, leads
analogously to the contradiction with ¢ — u in C3.) We say that (ij,uv) is a critical
pair if i — v in C3 and v — j in C;'. It is easy to list all the critical pairs:

(11,23), (11,32), (11,34), (12,21), (12,33), (12,34),
(13,22), (13,31), (13,34), (14,21), (14,22), (14,23),
(21,33), (22,31), (23,32), (24,31), (24,32), (24,33).

Let M = [m;;]3xa be a 01-matrix such that

0) D’L] :®7
mij =
]-a Dij ¢®7

where 1 <4 < 3 and 1 < j < 4. Then, as we have just seen, M has the following
properties:
(i) each row contains at least one occurrence of 1,
(ii) each column contains at least one occurrence of 1,
(iii) for every critical pair (ij, uv) we have that m;; = 0 or my, = 0 (or both).

Let us show that no 0l-matrix M = [m;j]sx4 satisfies all the three properties.
There are only seven possibilities to fill the first column by 0’s and 1’s (the option 000
is excluded by (ii)). Let us consider only the case 100, see Figure 3 (a), as the other
cases follow by analogous arguments. The entries 23, 32 and 34 have to be 0 because
of (iii), and the critical pairs (11,23), (11,32) and (11, 34), see Figure 3 (b).

1 1 0 1 [0] Jo 1]0] JoO

0 0] Jo 0 0]0 0 [1]0]0

0 0ojo] o 0 JoJ1]o 0 Jo]1]o0
(a) (b) () (d)

Figure 3. C3 and C;r are not siblings.
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Then the entry 33 has to be 1 because of (i), so (iii), and the critical pairs (12, 33)
and (24, 33) force the entries 12 and 24 to be 0, see Figure 3 (c). Using (i) once more,
the entry 22 has to be 1, and the critical pair (14, 22) forces the entry 14 to be 0, see
Figure 3 (d). Now, the last column of the matrix is 000, which contradicts (ii).

Therefore, the assumption that there are a finite reflexive tournament 7" and sur-
jective homomorphisms f: T — C3 and g: T — C3 leads to a contradiction. O

Theorem 6.2. Let T' be a category whose objects are finite linearly ordered
reflexive tournaments and whose morphisms are rigid surjective homomorphisms.
Then T does not have the dual Ramsey property:.

Proof. Let A= (A,—,<) and B = (B, —, <) be linearly ordered tournaments
depicted in Figure 4, where A = {1,2}, B ={1,2,3,4,5,6,7} and < is the ordering
of the integers. Let us show that no finite linearly ordered reflexive tournament 7

satisfies 7 — (B)“2 in T°P. Take any finite linearly ordered reflexive tournament
T = (T,—,C) and define the coloring x: homy (T, A) — {1,2} as

) 1, the subtournament of (7, —) induced by f~!(1) is an inflation of Cs3,
A= 2, otherwise.

Let p,¢: {1,2,3,4,5,6,7} — {1,2} be the maps

1 2 3 45 6 7 1 23 45 6 7
= and ¢ = .
111 2 2 2 2 1111 2 2 2

A 3 B 6

Figure 4. The tournaments in the proof of Theorem 6.2.
Clearly, ¢, % € homr(B,.A). Now, take any w € homy (7, B). Since

(pow) (1) =w (7' (1)) =w ' ({1,2,3}),

it follows that (¢ o w)~! induces an inflation of C3 in (T, —), so x(p ow) = 1. Let
us show that x(¢ o w) = 2. Suppose this is not the case. Then x(¢ o w) = 1,
whence follows that () o w)™! = w™1({1,2,3,4}) induces a subtournament (S, —)
of (T,—) which is an inflation of C5. But the subtournament of (B, —) induced
by {1,2,3,4} is Cy, whence follows that (S,—) is at the same time an inflation
of C3—contradiction with Lemma 6.1. Il
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