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Abstract. We consider two static problems which describe the contact between a piezo-
electric body and an obstacle, the so-called foundation. The constitutive relation of the ma-
terial is assumed to be electro-elastic and involves the nonlinear elastic constitutive Hencky’s
law. In the first problem, the contact is assumed to be frictionless, and the foundation is
nonconductive, while in the second it is supposed to be frictional, and the foundation is
electrically conductive. The contact is modeled with the normal compliance condition with
finite penetration, the regularized Coulomb law, and the regularized electrical conductivity
condition. The existence and uniqueness results are provided using the theory of variational
inequalities and Schauder’s fixed-point theorem. We also prove that the solution of the lat-
ter problem converges towards that of the former as the friction and electrical conductivity
coefficients converge towards zero. The numerical solutions of the problems are achieved by
using a successive iteration technique; their convergence is also established. The numerical
treatment of the contact condition is realized using an Augmented Lagrangian type formu-
lation that leads us to use Uzawa type algorithms. Numerical experiments are performed
to show that the numerical results are consistent with the theoretical analysis.

Keywords: piezoelectric body; nonlinear elastic constitutive Hencky’s law; normal com-
pliance contact condition; Coulomb’s friction law; iteration method; augmented Lagrangian;
Uzawa block relaxation
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1. INTRODUCTION

A piezoelectric material is a material capable of converting mechanical energy
into electrical energy (this is the direct piezoelectric effect) and vice versa. These
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properties are the source of a wide range of applications for these materials, and
therefore they have been extensively studied and modernized. Two applications are
well known for their involvement in daily life and their production at the industrial
stage: electro-acoustic ultrasonic sensors/actuators at the heart of ultrasound sono-
graphers (the same principle is also used in sonars), and quartz resonators for the
manufacture of clocks.

In addition, most structural and mechanical systems admit situations in which
a deformable piezoelectric body comes into contact with other bodies, and this is
a very frequent and important phenomenon in our daily lives and has attracted
attention of human beings since antiquity; this explains why scientists have tried
to study and model it, for example in [6], [5] a linear unilateral contact problem
with Tresca’s and Coulomb’s friction law between an electro-elastic structure and
a conductive foundation has been formulated, analyzed, and then approximated nu-
merically, [6] is concluded by numerical simulations. In [1], [2], [9] a mathematical
model which describes the frictional contact problem between an electro-viscoelastic
body and a conductive foundation has been considered, the contact is modeled with
normal compliance, Coulomb’s law of dry friction, and a regularized electrical con-
ductivity condition. This article discusses a piezoelectric body in contact with an
electrically conductive foundation. The constitutive relation of the material is as-
sumed to be electro-elastic involving the nonlinear elastic constitutive Hencky’s law.
The contact is modeled with the normal compliance condition with finite penetra-
tion, Coulomb’s nonlocal friction law, and the regularized electrical conductivity
condition.

Our interest is to study the problem at the limit verified by the above problem as
the friction and electrical conductivity coefficients converge towards zero, which is
an interesting result from the physical and numerical point of view. In Theorem 4.1,
we prove that the limit solution is the solution of the frictionless contact problem
of a piezoelectric body with a nonconductive foundation. Besides that, an iteration
technique to solve the problems numerically is considered and implemented in nu-
merical codes, and numerical simulations are provided to show that the numerical
results are in accordance with the theoretical analysis.

2. PHYSICAL PROBLEMS AND THEIR VARIATIONAL FORMULATIONS

The physical setting is as follows. An electro-elasto-plastic body occupies, in
its reference configuration, an open and bounded domain Q C R¢, d = 2,3, with
a sufficiently regular boundary I', partitioned into three disjoint measurable parts
Iy, Ty and I's, such that meas(I';) > 0, on one hand, and a partition of I'y UT; into
two open parts I'; and Iy, such that meas(I';) > 0, on the other hand.
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To facilitate the notation, we do not explicitly indicate the dependence of several
functions on the spatial variable £ € Q. Moreover, in the sequel, the indices i, j
run between 1 and d, the summation convention over a repeated index is used and
the index that follows a comma indicates the partial derivative with respect to the
corresponding component of the independent variable, e.g., u; ; = Ou;/0z;.

We denote by S% the space of second order symmetric tensors on RZ. We define
the inner products and the corresponding norms on R¢ and S? by

UV = UV |v]| = (v-v)'/2 Yu,veRY

oiT=oymy; |rll=(r:m)"? Vorest

Throughout the paper, we adopt the following notation: w: Q@ — R? for the
displacement field, o: @ — S% o = (0;;) for the stress tensor. Moreover, let
e(u) = (g4;(u)) denote the linearized strain tensor given by e;;(u) = 3(u;; + uj;),
D: Q — R? the electric displacements field, E(¢) = —V¢ the electric vector field,
where ¢:  — R is the electrical potential. We also use the notation for the normal
and tangential components of the displacements vector and stress:

V,=V-V, V,=0V—U,V, O,=0V-V, Op=0U—0,U,

where v denotes the unit outward normal vector on I'.

The governing equations consist of the equilibrium equations and the constitutive
relation. Since here the process is assumed to be static, the equilibrium equations
are given by

(2.1) Dive + fo =0, divD=g¢qy in Q,

where Diveo = (0;;) and divD = (D;;), fo and ¢o are the density of the volume
forces and the volume electric charges, respectively. As a description, the constitutive
laws of the material can be written as

(2.2) o =3e(u)— EE(p), D=~Ee(u)+ LE(p) in Q,

in which §: Q x S¢ — S? is the nonlinear elasticity operator that describes the
behavior of Hencky’s materials, see for example [3], [8], [7], given by

(2.3) Fe(u) = ko tr(e(w))I + 2g([E(w)[*)E(w) in

here kg > 0 is a material coefficient, I is the identity tensor of second order, tr(e) = &;;
is the trace of € and £ denotes its deviatoric part
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Also, £: Q2 x S* — R? is a linear piezoelectric operator, £* is its transpose given
by Eov = o&*v for all ¢ € S¢, v € R? and #: Q x R — R? is a linear electric
permittivity operator. To complete the model, we have to prescribe the mechanic
and electric boundary conditions. According to the physical setting, we use

(24) w=0 onTly, ov=4Ffr only, ¢=0 onl,, D-v=g onTy,

where fy and g2 are the density of tractions and surface electric charges, respectively.
On the surface I's, we model the contact with the normal compliance condition with
finite penetration (see [1]), that is

Uy — <O; ag,(u +h - v Uy — <Oa
25) 0 (@, %) + (9 = @0)pu (uy — ) } on T,

(o0 (u, ) + hy, (0 — wo)pu(uy — 0))(u, —0) =0,

In condition (2.5), p, is a prescribed nonnegative function which vanishes when
its argument is negative, h, is a positive function which depends on the difference
between the potential of the foundation and the body’s surface and p is the gap
between the body and the foundation, measured along the outward normal v. When
the tangential stress on I's is supposed to be nil, and the foundation is nonconductive,

ie.,
(2.6) or=0, D-v=0 onlj,

the resulting physical problem is a frictionless contact problem of a nonlinear electro-
elastic body with a nonconductive foundation, and it may be formulated classically
as follows.

Problem (P;). Find a displacement field u:  — R?, a stress field o: Q — S¢,
an electric potential p: 2 — R and an electric displacement field D: Q — R? that
satisfies (2.1)—(2.6).

Otherwise, in the case where the tangential stress is not nil and the foundation is
conductive, we can model the frictional contact with the regularized Coulomb’s law
and the condition of regularized electrical conductivity as follows:

sl < ulRor (w, 9,
o+ |l < ulRo (u, )| = ur =0,
lo+]| = u|Ror (u, 0)| = 3X € RT such that oy = —Au,,

D v =19(u, —0)¢r(e — ¢o),

on Fg.

n (2.7), the tangential stress in norm cannot exceed the frictional resistance’s max-
imum, and when it reaches the limit, the body slips on the foundation while the
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tangential stress opposes the movement. Furthermore, p is the friction coefficient,
R is a regularization operator and ¢y, is the truncation function, used to control the
boundedness of ¢ — g, where g represents the electrical potential of the foundation
and L is a large positive constant; in applications, we chose ¢, (¢ — po) = ¢ — ©o.
A possible choice of the surface electrical conductivity and the truncation functions
is (see [6], [5], [1], [2], [9])

—L ifs<-—L,
(2.8) P(s) = ketbo(s), or(s)=4q s if —L<s<L,
L ifs>1,
in which
0 if s <0,
Po(s) =4 0s if0<s<1/6,
1 ifs>1/6,

with k. > 0 being the electrical conductivity coefficient, 6 > 0 a small parameter,
and L a large positive constant. It is easy to verify that ¢ satisfies (hy) which will
be introduced later.

The classical formulation of the physical problem of frictional contact of a nonlinear
electro-elastic body with a conductive foundation is as follows:

Problem (P3). Find a displacement field u:  — R?, a stress field o: Q — S¢,
an electric potential p: Q — R and an electric displacement field D: Q — R?
satisfying (2.1)—(2.5) and (2.7).

Next, we present the notation and recall some definitions needed in the sequel.
The necessary functional spaces are

H = LQ(Q)d, H1 = Hl(Q)d, H= {O‘ = (O’ij); Oij = 0ji c LQ(Q)},
Hi={oc €M oi;; € H}, W={D=(D;) € L*(Q)% divD € L*(Q)}.

These are real Hilbert spaces endowed with the inner products
(u,v)g = / uv;de, (o, 7))y = / oi;Tijdz, (u,v)m, = (u,v)g + (e(u),e(v))n,
Q Q
(0, 7)n, = (0,7) + (Dive,Divr)y, (D,E)w = (D,E)y + (divD,divE);2q),

with the associated norms |||z, |||, [I-ll7¢; [l , and [|-lw, respectively.
Let Hr = (H%/Q)d and let v: H; — Hrp be the trace map. For every element
v € Hj, we also use the notation v to note the trace yv of v on I'. Keeping in
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mind the boundary conditions, we introduce the spaces of the displacements and the
electric potential

V={veH;v=00onTy}, W={cH(Q); £E=0o0nT,},
and let K be the set of admissible displacements
K={veV; (v, —p) <0onTjs}.
Since meas(I';) > 0 and meas(I'y) > 0, Korn’s and the Friedrichs-Poincaré inequali-

ties hold: There exist cx > 0 and cp > 0 which depend only on €2, I';, and I';, such
that

CKH'UHHl Yo e V,
crlléllm@ VEEW.

lle ()l
(2.9) IVl

VoV

Therefore, the space V' endowed with the inner product (u,v)y = (e(u),e(v))y is
a real Hilbert space, and its associated norm |v||y = ||e(v)|| is equivalent on V
to the usual norm ||-||z,. On W we consider the inner product given by (¢, &{)w =
(Ve, V&) . It follows from (2.9) that ||-|| 71 (o) and ||-[|w are equivalent norms on W
and thus (W, ||-|lw) is a real Hilbert space. By Sobolev’s trace theorem, there exist
two positive constants ¢y and ¢y which depend only on 2, I'3, I'1, and I', such that

(2.10) lvll 2 rya
(2.11) €1l 2 (rs)

oollvlly Vv e,

<
<Glléllw VEeW.

To study the problems (P7) and (P3), we make the following assumptions on the
data:

(h1) The function g is continuously differentiable in [0, 00) and satisfies
(a) 0 < go < g(t) < 5dko,
(b) 0<ar <g(t) +2¢' (1)t < as,
where gg, a1 and as are given positive constants.
(he) The piezoelectric tensor & = (e;;x) satisfies e, = e;x; € L2(Q).
(hg) The electric permittivity tensor is satisfies
(a) Bij = Bji € L=().
(b) There exists mg > 0 such that 3;;£;£; = mgl/€|? for all € € R% ae. x € Q.
(hy) The function t: I's x R — R, satisfies
(a) There exists My > 0 such that |(z,u)| < My, for all u € R, a.e. z € T's.
(b) The mapping x +— 1 (z,u) is measurable on I's for all u € R.
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(¢) The mapping z +— 1 (z,u) = 0 for all u < 0.
(d) There exists Ly > 0 such that |[¢(z,u1) — ¥(x,us)| < Lylus — ug| for all
uy,us € R, a.e. x €I's.
(hs) The functions p,: T's x R — R satisfies
(a) There exists M, > 0 such that |p,(z,u)| < M,, forallu € R, a.e. z €.
(b) The mapping = +— p,(z,u) is measurable on I's for all u € R.
(¢) The mapping x +— p,(z,u) =0 for all u < 0.
(d) There exists L,, > 0 such that |p,(z,u1) — pu(z,u2)| < Ly,
all up,us € R, a.e. x €T'3.
(hg) The functions h,: I's x R — R satisfy
(a) There exists Mp, > 0 such that |h, (z,u)| < M}, forallu € R, a.e. z € T's.
(b) The mapping x — h,(z,u) is measurable on I's for all u € R.
(c) There exists Ly, > 0 such that |h,(z,u1) — hy(x,u2)| < Lp, |ur — ugl for
all up,us € R, a.e. x €T'3.

uy — ug| for

(h7) The coefficient of friction p satisfies

*

weL*s), p>=0 and ||:LL||L°°(F3) SH

(hg) The mapping R: H;;/Q

(hg) The densities of the body force, surface traction, volume electric charge, surface

— L?(T'3) is linear and continuous with ||R|| = cg.
electric charge and the potential of the foundation have the regularity

foe LX) foe LA(T2)4, q € L*(Q), ¢ € L*(Ty), and ¢ € L*(T3).

Next, using Riesz’s representation theorem, we define f € V and ¢ € W for all
veVand £ e W by

(2.12) <f,v>v=/9fo-vdx+ [ fovda (q,f>W:/qufdx—/r 426 da,

and we define the mappings I: V. x W x W — R, j1: VxW xV — R,
Jo: VXWXV =Randj: VxW xV — R, respectively, by

(2.13) Wu, ¢,§) = g P(uy = 0)¢L(p — po)€ da,
(2'14) Ji (u7 ®, ’U) = - hv(@ - SOO)pu(uu - Q)Uz/ da,
(2.15) jaluse0) = [ ulRo (o)l lor] da.

I's
(216) j(ua%”) :jl(uawvv) +j2(ua507v)'
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By virtue of the assumptions (hys)(b), (hs)(b), (he)(b), (h7)—(hg) it follows that the
integrals in (2.13)—(2.16) are well-defined. Thus, with these notation and a stan-
dard procedure based on Green’s formula, we can derive the following variational
formulation of the physical problems (P1) and (Ps).

Problem (PV;). Find a displacement field w € K and an electric potential
@ € W such that for all v € K and £ € W we have

(217)  (e(u),e(v) —e(u))y + (E"Ve,e(v) —e(u))n
+j1(ua 507’0) - jl(u7 2 u) = (fa v — U)Va
(218)  (BVe, V&n — (Ee(u), V) n = (¢, w-

Problem (PV;). Find a displacement field w € K and an electric potential
@ € W such that for all v € K and £ € W we have

(219)  (Se(u),e(v) —e(u))y + (£7V,e(v) —e(u))u
+j(ua307v) —j(ua%u) = (fav _U)V7

3. EXISTENCE AND UNIQUENESS RESULTS

The unique solvability of problems (PV;) and (PVy) follows from the following
results.

Theorem 3.1. Assume that (hi)—(hs), (hs)(a)—(c), (he)(a)—(b), and (hg) hold.
Then

(1) Problem (PVy) has at least one solution.
(2) Under the assumptions (hs)(d) and (he)(c) there exists LT > 0, such that if
My, Ly, + Lp, M,, < Lj the solution is unique.

Theorem 3.2. Assume that (hy)—(hs)(c), (hs)(a)—(c), (he)(a)—(b) and (h7)—(hg)
hold. Then

(1) Problem (PV3) has at least one solution.
(2) Under the assumptions (hs)(d), (hs)(d) and (he)(c) there exists L5 > 0, such
that if My, Ly, + Lp, Mp, + p* + Ly L + My < L3 the solution is unique.
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Proof of Theorems 3.1 and 3.2. Let us consider the product space X =V x W
endowed with the inner product

(3'1) (way)X - (U’U)V + (Spvg)W Va = (’U,,QO), Y= (’Uaf) € X,

and the associated norms ||| x. Let U = K x W be a nonempty closed convex subset
of X. We define the operator A: X — X, the functions j and lon X x X and the
element f3 € X by

(3.2) (Az,y)x = (Je(u),e(v))n+(E"Vep,e(v))u+(BVe, Ve —(Ee(u), V&) n,

(33) 51(:1:7:'!) :jl(’uﬂ(pav)v 52(w,y):j2(u,so,'v), j(way) :j(ua%v);

(34) l(wvy) :l(u7¢a£)v f3= (faQ) €X

for all x = (u, ) and y = (v,€) in X. With the above notation, we get the following
equivalent problems.

Problem (ﬁl) Find & = (u,¢) € U such that
(35) (vay_w)x +51(w7y)_31(w7w)2 (.f?,,y_w)X Vy:(vag) evl.

Problem (ﬁg) Find & = (u,¢) € U such that

(36) (vay_w)x+5(w7y)_j(waw)—’_[(wvy_w) = (.f?ny_w)X Vy = (’U,f) evl.

Lemma 3.3. The couple x = (u, ) € U is a solution to Problem (PVy) if and
only if it is a solution of Problem (PV7y).

Lemma 3.4. The couple x = (u, ) € U is a solution to Problem (PV,) if and
only if it is a solution of Problem (PVy).

The proof of Lemmas 3.3 and 3.4 can be obtained in a way similar to that in [6].

Next, we make sure that the operator A is strongly monotone and Lipschitz con-
tinuous. For this we can show, using an algebraic manipulation, that the nonlinear
operator of elasticity §, defined in (2.3), is strongly monotone and Lipschitz contin-
uous, i.e.,

(Fe(ur) — Fe(uz),e(ur) — e(uz))u = mgllur —uzlly, Vur,uz €V,

[Fe(ur) — Fe(ua)|ln < Mzl|lur —uallvy Vur,uz €V,

with mgz = 2a; and Mz = 2d%ko (see [3]). Then, we study the properties of the
operator A. By algebraic manipulations similar to those used in [5], we can easily
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demonstrate that there exists m 4 > 0 depending only on §, 5, 2, ', and there exists
M4 > 0 depending only on §, 8 and £ such that

(3.7) (Axy — Axo, @1 — 2)x = mallx — w2||§( Vi, xo € X,

(38) ||A£l!1—A:132||X<MAH:131—£132||X le,wQEX.

The continuation of the proof is obtained by using Schauder’s fixed-point theorem
combined with arguments of abstract variational inequalities [4], in a way similar to
that in [5]. O

4. A CONVERGENCE RESULT

We are now interested in the problem of the limit verified by

T (ko) = (Wiuke) Pluke))

(solution to Problem (ﬁg) with p and k. being, respectively, the friction and elec-
trical conductivity coefficients). When we take y = 0 and k. = 0 in the conditions
for the limits given by (2.7), we obtain o =0 and D - v = 0 on I's. We are then in
the presence of a frictionless contact problem with a nonconductive foundation. The
next theorem shows that x(, 1) = (W(u k) P(uk.)) converges towards the solution
to Problem (ﬁfl)

Theorem 4.1. Assume that the assumptions of Theorems 3.1 and 3.2 hold. Let
us denote by © = (u,p) and ®, ) = (Wi k) P(uk.)) the respective solutions to
problems (PVy) and (PVy). Then we have

Z(uk) = (W(uke) Pluke)) = T = (u, ) as (||l p=(rs), ke) = (0,0).

Proof. Let¢: I's x R — R4 be the application given in (2.8).
Taking y = (0,0) in (3.6), by using the facts that jQ(w(mke)vw(u,ke)) > 0 and
SL(P(u k) — P0)(P(uk) — P0) > 0, we get

(AT (k) () )X < (3 (k) X = 11 (@ (ko) Buke) = W (k) s Pk P0)-
Taking into account the boundedness of h,, p, and ¢r,, (h1) and (hs)—(hg), we get

mglwge) I+ mallee) v
< Flvllegreo v + llalw k.
+ My, M,, meaS(I‘g)l/QcoHu(mm)

w

v + kecoLy, Lol L2 (rs) 1t k) v
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Thus,

x < 010(2Hf3||x =+ Mh,/M;Du meaS(F3)1/200 —+ keCOMLz/)oL”SOOHLz(Fg) )

[EPR)

—0 as ke—0

with ¢; = 1/ma and ¢ being a constant independent of p and k.. This shows
that the sequence (z(,x.)) = (W(uk.)> P(uk.)) is bounded in X, hence there exist
Z = (u, ) € X and a subsequence, denoted again ((, x.)) = (W(uk.)> P(uk.)), Such
that (x(,x.)) converge weakly to £ € X as (||u| po(ry), k) — (0,0). Since U is
a closed convex set in a real Hilbert space X, therefore U is weakly closed, hence
& € U. Moreover, using the compactness of the trace map v: X — L2(I'3)¢x L?(T'3),
we conclude from the weak convergence of (x(, ,)) that x(, ) — @ strongly in
L*(T3)? x L*(T3) as ([|ullzee(rs), ke) — (0,0).

Next, let us prove that & = (@, ¢) is the solution to Problem (PV;). Using (3.3)
and keeping in mind the proprieties of u, R, ¥, ¢r, h, and p,, we get

(4.1) 171(Z (ko) T (b)) — J1(F, Z)]
< co(Ln, My, + My, Ly, )@ (ko) [ x 18 k0) — @l 220y
—+ MhuMp,, meas(Fg)l/QH'u(u’ke) — ’El,”Lz(pg).

(42) 172 (2 (k) T (k) )| < iall oo gy crEG 2 ot -
Moreover,
(4.3) U@ (ko) Y = T(h))| < keMy, Lmeas(T3)' (1€ = (k)| 22(rg)-

Since @(,, ) — @ strongly in L*(T'3)? x L?(T'3), it follows from the boundedness of
(T (ko)) in X, (4.1)-(4.3) that

jl (w(u,ke)a w(u,ke)) - jl (jv j)?
J2(@ (k) (k) = 0, as ([lull Lo (rs)s ke) — (0,0).

W&k Y — T(uk.)) =0,

We deduce from (3.6) that for all y = (v,&) € U

lim sup (Aw(u,ke)v L(p,ke) — y)X < (f37 T — y)X + jl (d}v y) - 51 (d}v j)
(lell Loo (rg).ke)—(0,0)
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On the other hand, for all y = (v,£) € U we have

limsup (A:z:(uyke),a:(uyke) —i)x
(Il oo (rg) ke )—(0,0)
= lim sup (AZ (ko) k) — Y)x + (AT (k) Y — ) x]
(lell Loo (rg).ke)—(0,0)
< lim sup (AZ (ko) T (k) — Y x + 1Az llx |y — 2] x]
([l oo (rg) k) —(0,0)
< (fs,2—y)x + 11 (&, y) — 1 (&,2) + lim sup Az (e x|y — 2| x-

(Il oo (rg) ske)—(0,0)

Note that ||Az(, )| x is bounded on X, hence we may substitute y = & into the
last inequality to obtain

lim sup (Az (i), Tk — €)x < 0.
(Il oo (g ke)—(0,0)

Therefore, by pseudo-monotonicity of A, we get

4.4 Az, & — < lim inf Az v (k) — .
(4.4) ( y)x <||u||Loo(F3>,ke>a<o,o>( (k) k) ~ Y)X

Combining (3.6) and (4.3), we deduce
(A£7y - i:)X +31(iay) _31(£7£) = (f3ay - j)X7

which means that € € U is a solution to Problem (ﬁfl), and from the uniqueness
of the solution for this variational inequality we obtain & = x. Since x is the
unique weak limit of any subsequence of ((, x.)), we deduce that the whole sequence
(% (y,k.)) is weakly convergent in X to @.

Let us now prove that

2 (ko) = 2l x =0 as ([plle(ra)s ke) = (0,0).

To this end, let @, 1) = (W(uk. ) P(u.k.)) € U be a solution to Problem (ﬁg) and

x = (u,p) € U a solution to Problem (PV}), thus we have

(AZ (k) Tk —Y)X < (F35 (k) — Y)x
+ (@ k), Y) = T @k k) + UEGED) Y~ Bk,
(Az,z — y)x < (f3,@ — y)x + j1(z,y) — ji(z,2).
Taking y = x in the former inequality, y = @, 1,) in the latter and adding the two
resulting inequalities, we get

(45) (Aw(u,ke) - ACI!, L(p,ke) — w)X <G+ l(w(u,ke)aw - w(u,ke))
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with
G =@k ) = I (@) Tlke)) + 1T T k) — g1 (@, 2).
From (2.14)—(2.16), it is straightforward to show that

(4.6) G =j1(® () ®) — J1( (k) T(uke) + I1(T, T k) — J1 (2, T)
+ J2(X (ko) ) = J2(E (k) Tpuske))

< M, Ly, il k) — wlly + L, My, ocollo(uk) — ellw g — ullv

+ 1l oo oy R W (o) 1V [0 i) — wllv
< (Mp, Ly, + Ly, My, coco) | T ur,) — =%
+ el o ) R 2 ok [ X |12 k) — ]| x-

So, we combine (4.5), (4.6) and the strong monotonicity of the operator A to deduce

that
mall k) — ®lx < (Mp, Ly, c§ + Ln, My, éoco) @) — =%

+ [l Lo rgy R N2 ko) | x 2 k) — 2l x
+ ke My, Lég meas(Fg)l/QHw(M’ke) — x| x.
Thus,
12 (k) — 2lx <l pll oo (rg) + Ke)

with ¢ being a constant independent of 4 and k.. This proves that (x(, x,.)) converges
strongly to  in X as p and k. converge towards zero. O

5. ITERATION METHOD

The iteration method for problems (PV;) and (PV3) consists of the following
procedures, respectively,
Given an initial guess xg = (ug, po) € U,
(5.1) < find ©p+1 = (Unt1, Ynt1) € U such that

B(@p; ®n1,Y = Ts1) + 5120, Y) — J1(®n, Tng1) = (F5,9 — Togr)x.
Given an initial guess xg = (ug, po) € U,
(5.2) find 41 = (un+1,<pn+1)~€ U such t~hat )
B(xn;@nt1,Y — Tnt1) + (@0, Y) — 5 (@0, Tns1) + U0, Y — Tntr)
2 (f3,9 — Tnt1)x

for all y = (v,&) in U, where the operator B: U x X x X — R is defined by

B(zyy, z) = (ko tr(e(v))] + 2g(|[E(w)[|*)E(v), e(w))
+ (E°Vn,e(w))u + (BVN, V& — (Ee(v), VE)n
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for all x = (u, ), y = (v,n) and z = (w, &) € X. For a fixed x = (u,p) € X, it is
clear that (y, z) — B(x;y, z) is a bilinear form and arguments similar to those used
in Section 3 show that

B(z;y,y) = malyll% Vy = (v,n) € X,
|B(x;y, 2)| < Mallylxllzllx Yy=(v,n),z=(w,§) € X.

We have the following convergence results.

Theorem 5.1. Under the assumptions of Theorem 3.1, the iteration method (5.1)
converges to the solution of Problem (PV,), i.e.,

|z, —x||x =0 asn — oo,
where @ is the unique solution to Problem (PVy).

Theorem 5.2. Under the assumptions of Theorem 3.2, the iteration method (5.2)
converges to the solution of Problem (PVy), i.e.,

|z, —x||lx =0 asn — oo,

where @ is the unique solution to Problem (PVy).

Proof of Theorem 5.1. Let &, = (&n, ¢n) € U the solution of the problem (5.1),
thus we have for all y = (v,&) € U

(5.3) B(@n—1:Tn, Y — &p) + j1(@n-1,Y) — 1 (@n-1,20) = (f5,9 — Tn)x.
Taking y = (0,0) in (5.3), we get
B(@n—15%n, ) < (f3,20)x = j1(€n-1,%n)-
It follows from the properties of B, the boundedness of h, and p, and (2.10) that
lznllx < el £3llx + coMn, My, meas(T'3)'/?).

Thereafter, as the sequence (,),>1 is bounded in X, there exist & = (4, 9) € X
and a subsequence, denoted again (@, )n>1, such that (z,),>1 converges weakly to
& € X. Since U is a closed convex set in a real Hilbert space X, therefore U is
weakly closed, and hence & € U. Moreover, due to the compactness of the trace map
v: X — L2%(I'3)% x L%(T'3), it follows from the weak convergence of (z,),>1 that
x, — & strongly in L?(T'3)¢ x L%(T3).
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Next, let us prove that & is the solution of Problem (ﬁ/'l) Using (3.3)—(3.4) and
keeping in mind the properties of h, and p,, we get

(5.4) (@1, Tn) — 1 (&, 8)| < M, Lp, ||un—1 — @l| p2(ry)alltnll L2(ry)e
+ My, My, meas(T'3)"/?||u, — @l g2y )a
+ Ln, My, [pn—1 — @llL2(rs) |2l 2 (ry)a-

Since x,, — & strongly in L?(I'3)? x L?(T'3), it follows from (5.4) that
J1( @1, ) = J1(&, &), asn — oo,
We deduce from (5.1) that for all y = (v,&) € U

limsup B(@n—1; T, n —y) < (F3,2 —y)x +1(2,9) — 1 (&, 2).

n—oo

On the other hand, we have for all y = (v,§) € U

limsup B(xy—1; Tpn, Ty — )
n— oo

= limsup[B(wn,l; Ly Lp — y) + B(wnfl; Tn, Y — j)]

n—oo

< limsup[B(@n—15 Un, Tn — ) + Ma|zal x|y — [ x]

n—oo

< (f3, & —y)x +51(&,y) — j1(&, &) + limsup Ma||z, | x|y — & x.
n—oo

Note that ||z, ||x is bounded on X, so we may then substitute y = & into the last
inequality to obtain

limsup B(xy—1; Tn, Tn — ) < 0.
n—oo

Therefore, by pseudo-monotonicity of B, we get

(5.5) B(z;&,& —y) < liminf B(x,_1; @, T, — Y).

n—oo

Combining (5.1) and (5.5), we deduce

This means that £ € U is a solution of Problem (ﬁ/'l), and from the uniqueness of the
solution for this variational inequality we obtain & = x. Since « is the unique weak
limit of any subsequence of (x,),>1, we deduce that the whole sequence (x,)n>1 is
weakly convergent in X to x.
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Let us now prove that
|z, —z||x -0 asn— .

To this end, let «,, € U be a solution of (5.1), and & € U a solution of the prob-
lem (PV;). By using the strong monotonicity of A, we get

mallx, — z||% < (Az, — Az, x, — x)x = (Ax,,x, — x)x — (Ax, T, — x)x.

Using (3.5) with y = «,, and the fact that (Ax,y)x = B(x;x,y) for all z, y in X,
we obtain

mAHCBn - wH%{ < B(mmwmmn - il:) - (f37$n - w)X +31($7$n) _jl(w,w)-

We conclude by using the boundedness of h, and p,, the fact that (xy),>1 is
bounded, weakly convergent to @ in X, and the continuity properties of B, j; and
(fs,")x, that @,, — @ strongly in X. O

Proof of Theorem 5.2. To show that the solution of (5.2) converges strongly
towards that of Problem (ﬁ/g), we will follow the same steps as above. We start by
the weak convergence, for this reason, we show that the solution is bounded.

By taking y = (0,0) in (5.2), and using the fact that jo(,_1,2,) > 0, the
properties of B, the boundedness of h,, p,, ¥ and ¢r,, (2.10)—(2.11), we get

|2nllx < i F3llx + coMp, M, meas(T's)'/? + M, L& meas(I'3)'/?).

Subsequently, there exists a subsequence (&,),>1 such that (x,),>1 converges
weakly to € = (u,9) € X. By taking advantage of the properties of U (weakly
closed), we get & € U. Moreover, from the compactness of the trace map
v: X — L2%(T3)% x L*(T'3), we obtain =, — & strongly in L?(I'3)¢ x L%(T3).
Next, using (3.3)-(3.4) and keeping in mind the properties of u, R, hy,, p,, ¥,
and ¢r,, we get

(5.6)  |j1(@n_1,2n) — 1 (&, &)| < Mn, Lp, |[wn—1 — @l 2(ry)al[tn | 2(rg)e
+ My, M, meas(F3)1/2|

Up — U|p2(ry)
+ Ln, My, ||pn—1 — @llL2ra) 18l L2(ry) 4,

(6.7 Nl(@n1,y—xn) =@,y — )| < Myllon—1 — Bl 2wy ll€ = enll 2w
+ Ly Ll|un—1 — @l 12(r,)all§ — @nllLz(ry)
+ My Lmeas(T's)"?|[on — @l L2(ry)-
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We deduce from (5.2), (5.4), (5.6), and (5.7) that for all y = (v,§) € U

hmsupB(wn—ﬁwnvmn _y) g (f37$ _y)X +3(£7y) _j(jvj) +Z(jay _j)

n—oo

On the other hand, we have for all y = (v,&) € U

lim sup B(@_1; @n, ®n — &) < (f3,% — Y)x + ) (&, y) — j (%, &) + (&, y — &)

n—oo

+limsup M|z, x|y — Z| x-
n— o0

Note that |x,|x is bounded on X, we may then substitute y = & into the last
inequality to obtain

limsup B(%,—1; %n, Tn — ) < 0.
n—roo

The pseudo-monotonicity of B combined with (5.2) leads to

B(&; 2,y — &)+ j(2,y) — j(& %) + &,y — ) > (fs,y — &) x.

From the uniqueness of the solution for this variational inequality we obtain & = x.
Hence, the whole sequence (x,)n,>1 is weakly convergent in X to x. To obtain the
strong convergence, we take advantage of the strong monotonicity of the operator A,
so, for @, € U a solution of (5.2) and & € U a solution of the problem (PVy) we get

mallz, — z|% < (Az, — Az, @, —x)x = (Azp, T, — T)x — (Az, 2, — T)X.

Using (3.6) with y = «,, and the fact that (Az,y)x = B(x;x,y) for all z, y in X,
we obtain

mA||a:n—:1:||§( < B(@p; T, xn—x)— (f3,n—2)x +3(az,wn)—](az,a:)+l~(a:,wn—:1:).

We conclude by using the boundedness of h,, p,, ¥ and ¢r,, the fact that (x,),>1 is
bounded, weakly convergent to « in X, and the continuity properties of B, j, . , and
(f3,")x, to get &, — x strongly in X. 0
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6. AUGMENTED LAGRANGIAN FOR ITERATIVE PROBLEMS

The bilinear form B is positive definite, but not symmetric since the global matrix
of piezoelectricity is antisymmetric. However, it is possible to use another equivalent
variational formulation characterized by a symmetric bilinear form B. To this end,
we will need the following additional step. By subtracting the equation (2.18) from
the inequality (2.17), we obtain

(61) (Am,y—w)X+j(a:,y)—j(w,w)+[(w,y—w) 2 (.f?ny_w)X Vy = (’U,f) € Ua
with

(6.2) (Aw,y)x = (Fe(u),e(v))u + (E°Vep,e(v))m — (BVe, VEu + (Ee(u), VE)n,
(6.3) (f3,y)X:/fo~vdw+ f2~vda—/q0§dw+/ g2€ da,
Q T Q I'>

(64)  l(zy) =- g Y(uy — 0)¢L(p — ¢o)¢ da
for all y = (v,§) € X.

Lemma 6.1. The variational formulations (6.1) and (3.6) are equivalent.

Proof. Let x = (u,9) € U be the solution to the variational inequality (3.6).
Since for all £ € W we have —¢ € W, we get for all (v,&) € U

(va (’U, _f) - w)X +5(CI3, (’U, —f)) _](wa CIJ) +l~(wv (’U, _f) - CIJ) = (f37 (’U, _f) - w)X-

For all (v,&) € X we have

(Away)X = (Awa (U7 _E))Xa Z(way) = i(wa (v7 _5)) and (.f37y)X = (f3a (U7 _E))X'

So = (u, ¢) is also a solution of (6.1). Similarly, we show that the solution of (3.6)
is also a solution of (6.1). O

Next, by applying the iteration method (5.2) presented in the preceding section
to the variational inequality (6.1), we get the iterative problem

Given an initial guess g = (ug, po) € U,
find €41 = (Wn+1, Yn+1) € U such that
O Blowi @it~ ©ni) + 3(@009) — (@ @) + @0~ 20s)
> (f3,9 — Tny1)x
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for all y = (v,£) in U, where the bilinear symmetric form B: U x X x X — R is
given by

B(z;y,z) = B(z;y, (w, =) Va = (u,¢), y=(v,n) and z = (w,§) € X.

Hence, a constrained minimization problem equivalent to (6.5) can be formulated.
The proposed minimization problem is

Find & = (u, ¢) € U such that
(6.6)

In(®) + jo.n () < Ju(y) +J2n(y) Yy =(v,6) €U,

Jn is the piezoelectric deformation energy functional due to nonfrictional effects
given by

B(zn;y,y) — (finy)x Vy= (v, €X,

Jn(y) = %

where

(fl,n;y)X = (.f3ay)X _jl(wnvy) - [(wnvy) vy = ('U,f) € Xa
jl,n(y) :jl(wnvy)a 52,n(y) :jQ(wnvy) vy = ('U,f) € X.

The quadratic functional J, is strictly convex and Géateaux differentiable on X.
Moreover, the friction functional jgm is convex and lower semi-continuous on X,
thus there exists a unique solution to (6.6).
Let p = (e, pys), where p. (contact) and ps (friction) are auxiliary variables. We
introduce the set
C = {pc € L*(I's); (pc—0) <0 onTs},

and the characteristic functional Ic: L?(I'3) — R U {oc} of the set C' is defined by

Le(oy) 0 if p. € C,
PI=\ o ifp i

It is easy to see that the problem given in (6.6) is equivalent to the following con-
strained minimization problem:

Find z = (u,¢) € X and p = (ps,p.) € L*(I'3)? such that for all y = (v,€) € X
and q = (a5, 9c) € L*(I')?

(67) Jn(w) +52,n(pf) + Ic(pc) < Jn(y) +32,n(qf) + IC(qc)v
uy —pe =0,

(6.8) on I's.
Ur —pfr = 0,
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Due to (6.7)—(6.8) the Augmented Lagrangian functional £;, is defined over
X x L*(T3)? x L*(T3)? by

‘Cl,r(yv q; 0) = Jn(y) +52,n(qf) + IC(qc) + (QC,UV - qc)L2(F3)
r 2 r 2
+ (05, vr —af)r2rs) + 5”% = 9ellz2(ry) + 5””7 — arllT2(ry)s

where the constant » > 0 is the penalty parameter and 6 = (6.,605). The Uzawa
block relaxation method is obtained as follows, starting with p® and A°:

(6.9) Lo (2 pP AF) = min £, (y, p¥; AF),

Yy
(6.10) Lo (T pF AR = mpinﬁl,,«(w’“% 0 AP),
(6.11) AL = AP (L — i,

The solution of (6.9) can be characterized by the Euler-Lagrange equation [6], since
y — L1,(y,p;0) is convex and differentiable:

B(iﬂn; wkﬂay) + T(UI;H,’UV)LZ(H) + r(uf—+17vT)L2(F3)
= (f1,my)x + (TPIZ - AICC, UV)L2(F3) + (7"13]; - )\]fva’vr)w(m)-
In (6.10) the subproblems in p. and ps are uncoupled. Consequently, we can mini-
mize the functional p — Elyr(wkﬂ,p; \¥) separately in p. and py. For the contact

subproblem, straightforward calculations using Karush-Kuhn-Tucker optimality con-
ditions yield (see [6])

1
et =gt D - O (gt - )],

For the friction subproblem, using the Fenchel duality theory we get (see [6])
IAF 4 rubtt] — s,
p’;“ = TN+ rub Tl

0 if A5+ ruf ) < sy,

NG +rulth)if AR bt > s,

T

where
Sp = )U’|R0-l/(un7 @n)'
With the previous results, we can now present our Uzawa block relaxation method

Algorithm 2. We iterate until the relative error on x*, p* and p’} is sufficiently

“small”, i.e.,

k
[kt — wk”Qp(Q) + ot - pIgHQL?(FS) + ||pf+1 - p];HQLz(m) _ 2

E %
51720y + e N Z 2 gy + 105 1721y

(6.12)
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Algorithm 2. Uzawa block relaxation for (6.6).

Initialization. r > 0, p° = (pg,p(}) and A% = (A9, /\(}) are given.

Iteration k > 0. Compute successively x*t! = (ub*1 pFt1) pktl = ( ’g’“,p;ﬁ“)
and AF1 = (\EFL )‘I}’H) as follows

Step 1. Find "1 = (w1, ©*+1) € X such that

B(xn; T y) + r(u’j*l,vl,),;z(m) + T(Uﬁﬂv V) L2(Dy)
= (fl,my)X + (’I“]JI; - /\]Za UV)L2(F3) + (Tp]} - )‘I;va)L2(F3)-

Step 2. Compute the auxiliary contact and friction variables

X 1 .. X X
et =y S - O+ r(wt - o),
Ny 4 ] s
p’}’“ - 7"|)\’}’ + ru’ﬁ+1|

0 if [N} +ruftt < s,

()\'}’ +rukbth)if |)\’} +ruftl| > s,

T

Step 8. Update the Lagrange multipliers
Al ),

)\]J‘L"'l = )\lfc +r(uktt — p]}+1).

T

With the above results, the solution method for (6.1) is presented in Algorithm 1.

Algorithm 1. Solution for (6.1).
Initialization. sg and ¢ = (ug, o) € X are given.

Iteration n > 0. Compute x,11 and s,1 successively as follows
> Compute €11 = (Upt1, Pnt1) € X using Algorithm 2.
> Update sp41 = p|Roy (Wnt1; ont1) and (Frnr1s)x = (f3,)x = j1(@ns1,-) —
I (Tn+1,°)-
The fixed-point iteration terminates if the relative error on s,, becomes sufficiently
“small”, i.e.,

H5n+1 - Snl|%2(r3) 9
fp*

(6.13)
||5n+1 ||2L2(p3)

An equivalent variational formulation to (3.5) is given by
(6.14)  (Az,y —x)x + (2, y) —h(z2) > (fy—2)x Yy=(v,6) €U,

In order to define the solution method for (6.14), we follow the same steps used to
define that of (6.1). The result is
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Algorithm 3. Solution for (6.14).
Initialization. o = (ug, ¢o) € X is given.
Iteration n > 0. Compute x, 11 € X using Algorithm 4. Then, update

(Fona1:)x = (F3,-)x — j1(@ns1, )

The fixed-point iteration terminates if the relative error on a,, becomes sufficiently

“small”, i.e.,
(6.15) l2nn =~ @l _
Hwn+1||2L2(Q) fr
where

Algorithm 4. Uzawa block relaxation.

Initialization. r > 0, p? and \? are given.
Iteration £ > 0. Compute successively FT! = (uF+1 Ft1) pktl and A\F+L as

follows

Step 1. Find ¢! = (u*+1 p*F*1) € X such that
B(xn; 2" y) + r(ul ™ v0) 2y = (Fans ¥)x + (1P — AL, 00) L2(0)-
Step 2. Compute the auxiliary contact variable
£ = b L O 4l - )7,
Step 8. Update the Lagrange multipliers

e i)

We iterate until the relative error on z* and p* is sufficiently “small”; i.e.,

[ — ¥ 7a ) + IpE™ — pEllT 2y < g2

(6.16) ,
|2*+ | L2 (q) + |‘p§+1|‘%2(p3)

?
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7. NUMERICAL EXPERIMENTS

We describe in this section numerical results for problems (PV;) and (PV3) in
two dimensions to verify the performance of the iterative schemes presented in the
previous section.

We implemented the algorithms described in Section 6 in MATLAB using the P,
triangular finite element method. A possible choice of the functions h, and p, is

(see [1])

ay if |s| > 128,
huls) = & Lt (an—1) % 2L ir0 < |s| < 128
v 128 DUSIEIS S
0 if s <0,
pu(s) =4 s if0<s<ny,

n, if s>n,,

where c,, a, and n, are positive constants, a,, > 1. The tolerances in the stopping
criteria (6.12) and (6.13) are

(7.1) e=10"" &g =10""%

We assume that the nonlinear function ¢ in (2.3), has the form:

1 if t < to,
g(t) = to t

—(1 1—) if t > tg.
mt(—i—nto 1 0

i.e., The material behaves linearly for sufficiently small strains (see [8]).
We choose 1 = E/(2 4+ 2v), ko = E/(3 — 6v) and an elasticity limit ¢, = 1.8.

Example 7.1. In this example, we study the academic example of a paral-
lelepiped bar which has the following dimensions: Q = ([0,12] x [0,2]), with T'; =
'y = ({0} x[0,2]U{12} x [0,2]),T'2 =T, = ([0,12] x {2} U0,2] x {0} U[10,12] x {0})
and I's = ([2,10] x {0}). The body force fo and the volume electric charge gy are
assumed to be zero. The body is clamped on I'; and thus w = 0 there. A sur-
face traction and electric charge of densities fo(z) = (0, —5)N/m?, go(z) = 0C/m>
act, respectively, on I's, I',. The gap between the body and the conductive founda-
tion is ¢ = 0.5m. The penalty parameter is r = 0.25 x E for all mesh sizes. The
characteristics of the material are given in Table 1 (see [10]):
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Elasticity (GPa)

Young’s modulo (GPa) Poisson’s ratio
58.7102 0.3912
Piezoelectricity (C/m?) Permittivity (C?/Nm?)
€32 €33 e2a  Pa2feo PBss/eo

—5.4 15.8 12.3 916 830

Table 1. The material PZT-5A coefficient values with g9 = 8.885¢ 12 C2/Nm?2.

Algorithm 3 stops after 2 iterations. The normal and tangential stress distributions
on I's are shown in Figure 1(a) while Figure 1(b) shows the deformed configuration
with electrical potential distribution.

5 x1073
4 3
3 2.5
2
1 2
0 1.5
-1 et I 1
-2
—3 0.5
4 0
-5

(b)

Figure 1. (a) Normal and tangential stress distributions on I's. (b) Deformed configuration
and electrical potential distribution with contact forces (arrows).

Example 7.2. We consider here the same data as in the previous example.
For 4 = 0.6, ke = 1 and ¢y = 32V, the normal and tangential stress distributions
on I's are shown in Figure 2(a) while Figure 2(b) shows the deformed configuration
with electrical potential distribution. The sticking zone ||o;| < s, and sliding zone
|lo-|| = s» are clearly identified.

To show that the numerical results are in good agreement with the theoretical
analysis given in Section 4, we will study the evolution of the number of iterations,
the distribution of the electrical potential, normal and tangential stresses on I's as
a function of the friction coefficient p and the electrical conduction coefficient k..
The results are given in Table 2, Figure 3(a)—(b) and Figure 4.
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5 0.07
4
3 0.06
2 0.05
L 0.04
0
-1 2 \ 0.03
—2 0.02
-3
4 0.01
_5 0
0 2 4 6 8§ 10 12
(b)

Figure 2. For u = 0.6, ke = 1 and 9 = 32V. (a) Normal and tangential stress distributions
on I's. (b) Deformed configuration and electrical potential distribution with
contact forces (arrows).

nw=ke Number of iterations
6.0 x 107! 7
2.0x 1071
6.8 x 102
5.1 %1073
6.2 x 1074
1.4 x 1075
3.5x 1076
8.5x 1077 2

NN DN W s Ot

Table 2. Number of iterations for different values of (u, ke).

o (PVy), p=ke=2.0x 107> = (PVy), p=ke=1.4x 1077
o (PVy), p=ke =68 x 1072 —~(PV3), p=ke=85x10""
w(PVy), p=k,=51x10"% —(PVy)
llowll sieg gezs llo-|l s poy
L e L I [ H L
? : H "
d ]
a 08 L&
3| 0.6 | ; "‘
; !
2 L 04 - aooooooo.:gooooQ 9000‘?50000000_
P e F L %,
1L
0 1 1 1 1 1 1 1

(a) Ts (b) Is

Figure 3. For ¢g = 32V and different values of 4 = ke (a) Normal stress distribution on I's.
(b) Tangential stress distribution on I's.
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0.016 | R
0.014
0.012
0.01
0.008 F/
0.006 ¢
0.004
0.002

Electrique potemtial (V

2 3 4 5 6 7 8 9 10
Contact zone (m)

Figure 4. Electrical potential distribution on I's for ¢g = 32V and different values of
uw=ke.

For ¢y = 32V and different values of y = k., Figure 3(a)—(b) show the normal and
tangential stress distribution on I's, while Figure 4 shows the electrical potential dis-
tribution on I's, where we can clearly see that the contact zone’s electrical potential,
normal and tangential stress of Problem (PV3) approaches those of Problem (PV;)
when p = k. approaches zero.

CONCLUSION

In this paper we have studied an interesting result from a physical and numerical
point of view, where we can observe that the solution of the problem which describes
the nonlocal frictional contact between a nonlinear piezoelectric body and an electri-
cally conductive foundation, approached so closely to that of the frictionless contact
problem between a nonlinear piezoelectric body and nonconductive foundation, as
the friction and electrical conductivity coefficients have approached so close to zero.
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