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Abstract. In this work we consider a diffusion problem in a periodic composite having
three phases: matrix, fibers and interphase. The heat conductivities of the medium vary
periodically with a period of size £® (¢ > 0 and 8 > 0) in the transverse directions of the
fibers. In addition, we assume that the conductivity of the interphase material and the
anisotropy contrast of the material in the fibers are of the same order £2 (the so-called
double-porosity type scaling) while the matrix material has a conductivity of order 1. By
introducing a partial unfolding operator for anisotropic domains we identify the limit prob-
lem. In particular, we prove that the effect of the interphase properties on the homogenized
models is captured only when the microstructural length scale is of order e with 0 < B <1

Keywords: homogenization; three-phase composite; unfolding operator; double-porosity
type
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1. INTRODUCTION

It is well known that the effective mechanical and thermal properties of a combina-
tion of fibers, which have highly-anisotropic characteristics, with matrix materials of
a completely different nature is strongly influenced by the presence of an inevitable
interphase between these two phases (see e.g. [8] and [12]). As a consequence, the
fiber-matrix interphase has a crucial impact on the behavior and properties of the
fiber-reinforced composites.

In recent years, by applying numerical homogenization techniques, several studies
have shown the influence of the interphase material parameters on the overall me-
chanical behavior of fibrous composites (see e.g. [2], [10], [11]). However, it should
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be noted that a few mathematical results have been established rigorously in the
analysis of those effects.

To the author’s knowledge, probably one of the first papers performing a rigorous
mathematical analysis of the effects of the interphase in the overall behavior of fiber-
reinforced composites was published in 2009 by the first author (see [3]). Using
the two-scale convergence method, the author studied the homogenization of a heat
transfer problem in a fiber-reinforced composite taking into account the combined
effects of the fiber-matrix interphase together with the high anisotropy of the material
in the fibers. More precisely, he considered a degenerate elliptic-parabolic equation
in a composite, whose physical properties oscillate rapidly on the scale of order ¢
(¢ is a small dimensionless parameter). The most interesting results concerned the
critical case, where the conductivity of the interphase material and the anisotropy
contrast in the fiber are of the same order ¢? (the so-called double-porosity type
scaling). Those results showed, in particular, that the homogenized problem is an
integro-differential one displaying nonlocality along the fibers.

More recently, in 2015, the first author has also studied, using the same method
applied in [3], an elastostatic problem in a periodic medium having three phases:
matrix, fibers, and fiber coatings (see [4]). He particularly has shown that, as a result
of the soft interphase material competing with the highly anisotropic fibers, the
effective transverse traction and the longitudinal stress in the fibers account for an
unconventional behavior in the homogenized model.

The purpose of the present work is twofold. First, we shall introduce the con-
cept of partial unfolding operator which maps functions defined on domain, depend-
ing on small parameter € in some specific directions, onto functions defined on the
whole fixed domain. In particular, this partial unfolding operator allows us to ana-
lyze directly some highly anisotropic fiber-reinforced composites, where the physical
properties are only relevant in the transversal directions. Second, to continue the
previous work [3] by investigating the homogenization of composites involving three
materials, with double-porosity type scaling, taking into account the microstructural
length scale. To this purpose, we shall assume that the physical properties of the
composite vary periodically with a period cell of size ¢®, # > 0 in the cross section.

To end this section, let us comment on how our study is related to previous works
in homogenization of three-phase composites. Although our work is one of a few
papers, along with [3] and [4], that treat the homogenization of an elliptic equation
involving high contrast, of double porosity type, between the coefficients; it would be
interesting to compare our results with those in [3] and [4]. Especially if noted that
the homogenized model derived, in the critical scale (i.e. 5 = 1), is the same as the
one obtained in [3], Theorem 3.2 and in [4], Theorem 4.1, in the nonstationary setting
and in the context of linear elasticity, respectively. Moreover, in this critical scale,
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the effects of the interphase on the homogenized problem are obvious. However, the
novelty of the present study is the result given in Section 4, which shows clearly that
the effect of the interphase properties on the homogenized limit is captured, in the
subcritical scale (i.e. 8 < 1), via the term |Ys| in (4.6); whereas, in the supercritical
scale (i.e. 8 > 1) it is not observed.

2. STATEMENT OF THE PROBLEM AND A PRIORI ESTIMATES

2.1. Formulation of the problem. Let Q be a bounded open set in R? with
Lipschitz boundary. We consider the following cylindrical domain:

Q=Qx1, wherel=]0,1].

To introduce the reference periodic medium we shall denoted by Y and Y the unit
cube in R? and R2, respectively (i.e. Y :=]0,1[? and Y := Y x I). We assume that ¥’
is partitioned as

Y =Y, UYi3UY3U Y3 UYy,

where 371, 372, }N/fg are three connected open subsets such that }71 0172 =, 8}70}73 =0
and where Y3, a € {1,2} is the interface between Y, and Y3 (see Figure 1). We
denote by x; the characteristic function of Y;, i = 1,2, 3.

Y1

7:=(y1,92)

T3 Y2

Figure 1. The transversal geometry of the medium

Fore >0, 8>0,i € {1,2,3} and a = 1,2, we set Qf = [6A(Y; + 22) x ] N Q
and T¢5 = [e7(Yas + 72) x I] N Q. Thus, the boundaries 9 of Q5, i = 1,2, 3 are

7

given by
005 = I5;U(Q5 x{0,1}), 995 = T5;U(Q5x[0,1]), 9N = DFUTS;U(Q5%{0,1}).
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The regions Qf, Q5 and 5 represent, respectively, the fibers, the so-called matrix
material and the interphase.

Now, for i = 1,2, 3 let a; be the heat conductivity of the material in the ith phase.
They are Y’—periodic functions given on the basic cell Y and satisfying the following
assumptions:

> a; € L®(R3),
> ag < ai(f) a.e § € Y with ag > 0, independent of §.

In what follows, z = (Z, x3) denotes points of R? and the corresponding ?-periodic
coefficients are then defined by

a;(z) = ai(g%)

for every z € Qf, i = 1,2,3. Hence, the global conductivity of the material in € is

79
)7

given by

Ul =

3
A() = YN @)AF (@), xi(@) =

where

2
Aj(x) :=aj(x) (%’%) ;o AS(z) == a5(2) I3, A5(x) = ea(2)]3

with I, and Is being the identity matrices in R? and R3, respectively. Let us as-
sume that the temperature is maintained fixed (homogeneous Dirichlet conditions)
on both the lateral and bottom boundaries of 2 while the top boundary is insulted
(homogeneous Neumann condition). Then the temperature filed u® is governed by
the following elliptic boundary value problem:

—div(A*Vus) = f¢ in Q,
(P uf =0 on Tp := 90 x [0,1],
A*Vutn =0 on 90\ T'p,

where f¢ € L?() and n denotes the outer normal to Q.
As an immediate consequence of the Lax-Milgram Theorem for any € > 0, prob-
lem (P¢) has a unique solution u® in

Hp(Q) :={ue H'(Q),u=00nTp}.
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Let us mention that the variational formulation of problem (P¢) is:

(2.1) Find u® € H5(Q) such that

QV;E € V;E . .
/Qi af(x) (E(‘)muz ) (@csi) dgt:—l-/Q as(x)VuViy de

2
+ 52/ a§(x)Vuf Vip do = / ffpda Vo e Hh(Q).
Q5 Q

Furthermore, let us emphasize that our approach to study the asymptotic behavior
of the solution u® as € passes to zero is based on a peculiar Poincaré-type inequality,
involving the double-porosity type scaling, and the use of the periodic unfolding
method. In particular, we prove that the limit problem depend on the value of
the power scale £7. Moreover, in the most interesting case 3 = 1, we derive some
corrector results. The paper is organized as follows: In Section 2 we present some
crucial a priori estimates. In Section 3 we introduce the partial unfolding operator
and we give some useful proprieties. Further, we obtain some convergence results.
In Section 4 we summarize the main results of this work. All proofs are presented in
Section 5. In Section 6 we proved some corrector results.

Throughout the paper, by C' we denote a constant not depending on &, whose
value may vary from one line to another. From a bounded sequence in L2-space
we can take a subsequence that converges weakly but in effect all the subsequences
converge to the same limit as the limiting equations have a unique solution, so we
generally ignore to mention the expression “a subsequence”.

2.2. A priori estimates. First, we shall prove the following a priori estimates
for u® the solution of problem (2.1).

Lemma 2.1. Let u® be the solution of problem (2.1). Then there exists a constant
C > 0 independent of € such that

EV@UE
(2.2) (H ( S )} iy IV e, ||sVuf||Lz<Qg>) <c
3

(2.3) lu|l L2y < C.

Proof. We choose ) = u® as a test function in (2.1) to obtain

Vizu® Vizu®
/ al (E u€> (E ug > dx—f—/ asVu*Vu® dz
QT 5‘x3u (%Egu Qg
+€2/ a§Vu€Vu€dx:/f€u€dx.

Q Q

€
3
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By using Young’s inequality one has
cufdr < a2 el12 Q 2 1 112 v
[ fout e < GUPIBO? + 5zl Va0
Since 0 < ag < ak(gj), k=1,2,3, we have
eVzu®
Oz, U°

It is known (see [3], Lemma 2.1) that there exists C' > 0 independent of ¢ such that

13 1> 1
+[[Vu ||L2(QE)+||€VU ||L2(QE Hf ||L2(Q)+ QHU HL2(Q)
L2(9%)

(2.4) HUEH%Q(Q) < C(H5$3u6||2L2(Q§) + ||Vu€||2L2(Q§) + EQ’BHVUEH%%Q@)-
From (2.4) we deduce

eVzu®
Oz, u°

+ V|2 05 + leVUlllEaqs)

L2(05)
Co? C
< G0+ sacar U0t iacan) + Ve IEeag) + P IVe [ ag)

We take a2 = C'/2ap and notice that in the case f > 1 we have e28 L €2, thus

eVzuf
Oz, u®
and (2.2) follows. In view of (2.4) we deduce (2.3).
However, for the case 5 < 1 we need a particular scaling in Qf of the function f¢

+ ||Vu€||2L2(Q§) + HEVUEH%Z(Q@ <C

L2(Q9)

to prove the a priori estimate. For this reason we shall assume that

@) = (M@ +x5@) + 566)) f@), f e L*Q).

Under this assumption and by a similar manner as above we obtain the desired
estimates (2.2) and

28
(2.5) 13z < €+ C5

This finishes the proof. O

By the way, let us point out that the basic assumption in the proof of (2.4) is the
Dirichlet condition on the lateral and bottom boundaries of 2. Nevertheless, we may
conjecture that the Poincaré’s inequality (2.4) continues to hold true even if we have
only the Dirichlet condition on the top or the bottom of 2. We postpone the proof
of this conjecture to a subsequent work.
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3. PARTIAL UNFOLDING IN L2-SPACE

3.1. The partial unfolding operator 7;_.s. The unfolding operator 7. was
introduced in 2002 by Damlamian, Cioranescu and Griso (see [5]) for e-periodic
domains. The disadvantage of this unfolding operator is, that in general, it does not
conserve the integral, i.e.

[ T@gaa [ o
QxY Q

To overcome this problem, Francti and Svansted proposed in [9] a modified op-
erator 7-(¢) which conserves the integral. In this work we shall use this approach.
Nevertheless, in our case, the material of the composite is highly heterogeneous only
in the transverse directions. So, we need to define a partial unfolding operator with
respect to the relevant transverse vector x, which enables us to simplify the homog-
enization process significantly.

The coordinates of any vector x in §2 can be split into a “fast” part = (Z, z3) and
a “slow” part § := #/”. Based on the ’-periodicity assumption, for each & € R?
one has the unique decomposition

-2([E],+{5),)

where for any z € R? we denote by [z]y the unique integer combination such that
z — [z]y belongs to Y. The following notations are also used:

(3.1) Ee={¢c? Y = (¢ +Y) x I CQ},
Q. = interior { U 65(54-}:/’) X I},
EEEE
Ac =0\ Q..

The set Q. is the largest union of £7(¢ + }7) x I cells included in €2, while A,
is the subset of Q containing the parts from %(¢ + }7) x I cells intersecting the
boundary 0€2. To define the partial unfolding operator with respect to the transverse
vector &, we introduce the following two-scale mapping ¢.: Q X Y - Q

<55 [ﬁ} + sﬂgj,xg) if (2,7) € Q. x Y,
te(x,§) = &’y
x if (2,5) € Ac X Y.

Now, we shall define the partial unfolding operator in the Z-directions and of
power 3, which will be denoted 7z .5, that maps measurable functions defined in
into measurable functions in  x Y.
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Definition 3.1. Let ¢,8 > 0. For any function ¢ Lebesgue-measurable on €2,
the partial unfolding operator 7; .s is defined by

(3.2) Tz,00(9)(@,§) = ¢(te(w, 7)) for (z,9) €A xY.

We start by summarizing the most important properties of this unfolding opera-
tor T .s. The proofs of the majority of these results follow easily from the above
definition and we shall omit them.

3.2. Fundamental properties of 7; .s.

Proposition 3.2.
(1) The operator T; s conserves the integral: for all ¢ € L*(2) we have

[ To@endedi= [ o
QxY Q
Moreover, if ¢ € L*(Q), one has
1 Tz.e8 (D) L2ax vy = Ml L2(0)-
(2) The operator T; . is linear and continuous from L*(2) to L*(Q x Y) and

7—57,6ﬁ (w(b) = 7;2’,5[1 W)E,eﬁ (¢) VW (b € L2(Q)
Toer @) (o { 5}) =) wo € 2(@)

3.3. Asymptotic properties of T; .s.

Proposition 3.3.
(1) Let w. be a bounded sequence in L2(?). Then there exists w € L2(Q x Y) such
that
Ti.co(we) = w  weakly in L*(Q x Y).

(2) For w € L*(Q) we have T; .s(w) — w strongly in L?(Q x Y).
(3) Let w. be a sequence in L?(2) such that w. — w strongly in L?()). Then

T.eo(we) = w  strongly in L?( x Y).
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(4) If we € L*(Q) satisfies T; .5 (ws) — @ weakly in L*() x Y), then

We = w = /~ wdy weakly in L*(£2).
Y
(5) Let {w.} C L*(Q) such that T; .6 (w:) — u, weakly in L*(Q x Y), and for every
{v-} € L*(Q) with T; .6 (v:) — v, strongly in L*(Q2x Y'). Then for all ¢ € D()

we have

[ w@e@owas [ | it pot) deds,

Now, to achieve the asymptotic analysis of the solution of problem (2.1) we need
the following technical lemma:

Lemma 3.4. Let u® be a bounded sequence in L?(Q2). Then

/ u (@) () de = / Toon(u) (. §) da djf + O(P).
Q

axy;

Proof. Firstly, we recall that A, is the subset of { containing the parts from
B+ }7) x I cells intersecting the boundary 0f2. Since the number of cells in the
boundary is of order £°~2# (see [7], page 35), we have |[A.| = O(¢”). Secondly, we
note that

/ w (@) () de = / T (4F) (@, ) Toos (4 () dr
Q

QxyY

- / T (6 (@ B i) da dif + / u (2)x5 (@) dz d
Q- %

A5><}7

Y
- / j;,eﬁ(uﬂ(x,y)xi(g)dxdg—/ oo (), ) () der
Qx

A XY

+ / (@) (@) dedg
A XY

T (0, )i (3) da df — / (@) do dg
QxY A XY

+ / u®(z)x; (z) da.
Ae

On the other hand, u° is bounded in L?({2) and S, Xi(z)dz = O(£”), so we deduce

that

- / wf(@)xa(§) de dj + / u (@)xE (2) dz = O(eP),
Ac XY

Ae
which finishes the proof. O
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Corollary 3.5. Let ¢ € LQ(?) be a ?—perjodic function. Then for all (z,7) €
Q x Y one has

() if(z,§) € Qe x Y,

(33) E’Eﬂ (wE)(x’ g) B w(g%) If (l‘, g) S As X ?7
and
(3.4) Toco (W) =¥ in LAH(Q x Y).

Proof. From the definition of the partial unfolding operator we derive (3.3). The
convergence in (3.4) follows by similar argument as in the proof of Lemma 3.4. O

Remark 3.6. For ¢ € (L?(Q))", T;..5(¢) is defined componentwise:

7:2,513 (¢1)((E, g)

T ,e5(92)(z,9)

Ta,e8(9)(2,9) = V(z,5) € QxY.

Toos (68 )

3.4. Partial unfolding of gradients. Due to Definition 3.1 for any w € H'(Q)
we have

1
(E—szﬂ}c,eﬁ (w)> on Q. x ¥,
(3.5) 7:2,513 (Vw) = 85837—%,6[* (w)
Yuw on A, xY.

In particular, one has obviously the following commutative property between 7; .5
and Og,:

(36) 7;75ﬁ o] 83;3 - 8;53 o 7;75[1.

Theorem 3.7. Let {w.} be a sequence in H'(Q)) which converges weakly
to w. Then there exists a subsequence still denoted {w.} and there exists @ in
L2(Q; H},.(Y)) such that

per

Vzw + Vgﬂ)\
Oy W

Tz o6 (Vwe) — ( ) in L2(Q x V)2,

Moreover,

Y

M () = / @dj = 0.

The space H.,.(Y) is the closure with respect to the H'-norm, of the space C2,(Y)

per e per
of infinitely differentiable Y -periodic functions.
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Proof. The proof of this theorem follows along the same general lines as the
proof of Theorem 3.5 in [6] and we shall omit it. O

Corollary 3.8. Let {w.} be a sequence in H*({)) such that {w.} is a bounded
sequence in L?(Q2). Moreover, we assume that

e[[Vawell2(0) <O, [|0aswe|l2(0) < C-
Then there exists a subsequence {w.} (still denoted w.) and

we L2 HL (V)N LA(Q; HY (D))

per
such that
T,e0 (we) = w(z, ),
To.c6 (Onwe) = Opyw(w,§) in L2(Q x Y).
Moreover,

€Tz 6(Vzw:) =0 and 5'87;’66 (Vzwe) = Vyw(z,§) in L*(Q x Y)

when 5 < 1 and 8 > 1, respectively.

Proof. Since |[we| z2(q) < C and in view of Proposition 3.3, there exists a sub-
sequence {w.} and w € L?(Q x Y) such that

Taeo(we) = w(w,§) in LX(QxY).
It follows from ||0,we||2(0) < C' that there exists u € L*(Q x Y) such that
Ti.e6 (Ozywe) = u(x,y) in L*(Q x 57)
From (3.6) we deduce that

we L2 H (V) NLXQ; H'(I) and  u(z,§) = Op,w(z, §).

per

Now, to derive the last convergence we note that there exists ¢ € L2(€2 x Y) such
that

Taes(eVawe) = C(z,5) in L2(Q x Y),

since

€||V;zw€||L2(Q) <C.

In order to identify ( we choose the test function (x) = o(z)1(%/e?), where
¢ € D(Q) and ¢ € HL (V).
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Since we have the conservation of the integral,

/ eV s () o) (7) da = / eTr o (Vo) T oo () o ca (4°) d
Q

axy

= [ & 5)e(@)y(y)dzdy.
QxY

After integration by parts, we get

/Qavjue(x)go(x)we (Z)de = —/ u®(x) [Ediviap(x)we(i) + E%ap(x)divﬂ)e(i) da.

Q

Then, if 5 < 1 and ¢ tends to zero, we obtain

0= /Q (o o)) de dj.

XY

Thus
(=0 and €7;.5(Vzw:) — 0.

Finally, if 8 > 1, then
P |Vwe | 12() < el Vel 2(q) < C,

moreover,

T .co (Vw:) = Vy(Ts o (w)).

By a similar argument as above, one has
P Tz.c0(Vawe) = Vyw(z,§) in L*(QxY).

This completes the proof. O

3.5. The partial averaging operator. We shall now introduce the following
partial averaging operator.

Definition 3.9. The partial averaging operator U; .s: L?( x 57) = L2(Q) is

defined as
Us.co(9)(z) = /17¢((6ﬁ [5%}{/ * Eﬁé’%)’ {5%}37) dz for z € Q.,
;P 9)dg for x € A..
v
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Let us first note that we have the following duality-like formula between U; .5
and T .s. Indeed, for any ¢ € L*(Q), ¢ € L*(Q2 x Y) one has

(3.7) b )T (0) (2, ) da djf = /Q Us. oo (6)(2)() da.

QxY

Using successively the change of variables & = £°¢ + €% and & = £°¢ + 7§ one
gets

/ T () (@ §)6(x, §) do d
QxY

- / Toea (), §)d(z, §) da dj + / Tier () (& D)(e, §) da dj
QXY

A XY

B B ~ ~ . -
Z /55(E+§7)><I><)7w(€ E+e y,m3)¢(x,y)dxdy+A _Y(@)¢(x,9) drdy

£€Ee exXY
=y / _W(ePE + €%, m3)d((P€ + €, 23), 2) dwg 2 dy
c€=. YXIXY

+ / $(@)é(a,§) dedj
A XY

oD ) P (R R

=
2 des i
+/Aax~w(w)¢(x,y) zdy

Y

[ v (Lo(([5], +2m). {2}, >dz) "
ot [ 0 (/wydy)dx—/w oo (6)(x) dr.

This establishes the above formula (3.7).

Proposition 3.10. The operator Uz .s Is linear and continuous from L?(§) x 17)
to L?(2) and satisfies the following properties:

) 10hz.e (D)l 2y < 1l z205-
(2) Uz e6(Tz,00(9)) () = p(x) Vo € Q.
(3) .
/ qﬁ((eﬁ[;} +ePz x(;) y) dz if (z,9) € 0. x }7,

E,Eﬁ (ui,eﬁ (¢))(x,zj) = ~
/My if (2,5) € Ac x V.
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(4) Let (w.) be a sequence in L*(2 x Y) such that w. — w strongly in L*(2 x Y).
Then
Ties (Us o5 (w:)) — w strongly in L*(Q x Y).

(5) Let (w.) be a sequence in L*(Q2). Then
Toco(we) — @ in L2(Q % Y) & we — Uy .6 (0) — 0 in L*(Q).
Proof. For item (1) let 1 € L2(Q), ¢ € L2(Q x V). One has
6 0) s ()20 A4 = [ Uy oo (9)(@)00)
Qxy Q

Now, we take 1)(x) = Uz .5 (¢)(x), then by using Holder inequality we obtain
~ ¢(xv g)’];,eﬁ (ufc,EB (¢))((E, yN) dx dg >

'/ xsﬂ d:c
QxY

4z c5 (D172 () < N0l (i I To en Ui (D) 12 7

= 191l L2 (@ 9) 1tz 25 (D) | 2
Uz e (D)l 2(2) < 10l L2 0 7)-

For item (2) we observe that

/}77},4*((15)((6’6{6%}?+652,x3>,{§3}?>d2 if 2 € Q.,

[ T @)ai) g ite e A

Y

U:E,sﬂ (7;765 (¢))(x) =

}}7,1'3) dz ifze (AZE,

T~
©-
/N

m@

= —

mm| 8
~0

_|_

m
— =
%| X

o(x)dy if x € Ag,

hence, ufc,sﬂ (7:2,513 (9))(z) = d(z) Yz € Q.

Item (3) is a direct consequence of the definition of the partial operator. Item (4)
follows from Proposition 3.3. Finally, let us prove the “if” part of item (5). First,
from Proposition 3.3 we deduce

lwe — Uz 5 (D) 12(0) = Uz,e6 (Tz,e8 (we)) — Uz 6 ()] L2(0)
= Uz,e5 (Tz c0 (we) — @)l L2 ()
< ||z 00 (we) — w||L2(Q><17) — 0.

Ts
Ts
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Conversely, one has
we — Uz o5(W) = 0 in L*(Q),

then
T8 (we — Uz o5 (0)) -0 in L2(Q X 17)

and consequently
Ties(we) = in L*(Q x Y).
O

Remark 3.11. An important feature of this partial averaging operator is that
we have for any ¢ € L?() the following identity: Uz .4 (Tz .5 (¢))(z) = ¢(x) which
holds true not only in 2. but for every x € Q.

In the following section we state the main results of this paper.

4. MAIN RESULTS

The asymptotic behavior of the solution u° is characterized by a critical power of
the scale £?, namely 8 = 1. In order to describe the main results of the present work
it is convenient to split them up into three different scales.

> Supercritical scale: 5 > 1.
> Critical scale: g = 1.
> Subcritical scale: g < 1.

First, let us introduce function

S2 = (S%,S%,Sg) € (Hl (}7))37

per

where for k = 1,2,3, s& is the unique solution of the so-called cellular problem

(4.1) — divylaz(9)[Vysh(§) + er]] =0 in Yy
az(§)[Vs5 () + ex]n2(5) =0 on Yas,

az(§)Vssna(y) 020y Y -periodic.

Now, we define the following homogenized matrix:

A = [ an(@)len + Vysb@lles + Tyt @] dz, k=123
Y2
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1. Supercritical scale: > 1.
Theorem 4.1. Let u® be the solution of (2.1). Then, there exists

(u,D2) € HL(Q) x L2(Q HY, (Y2)/R)

per

such that
uf(x) = u(x) in L*(Q)

and (u, 02) is the unique solution of the homogenized problem

(4.2) — div, (A?homyy) — al’homaisu =f in{,
8373“’(‘%7 1) = 07 z € 67
az(9)(Vu(Z,1) + Vz02((2,1),5)) =0, 7 €Q, ae. §€ Yo,

al,hom _ ‘/~ a1(§) dg},
Y1

3
(2, §) = Y Ou,ulx)sh (7).
k=1

2. Critical scale: = 1.
Theorem 4.2. Let u® be the solution of (2.1). Then there exists

(g, 01, 82) € Hp(Q) x [L*(; H' (Y1) /R) N L2 (25 H'(1))] x L*(Q; Hpe,(Y2) /R),
ws € L*(Q; H'(Y3)/R)

such that

w s [ ) g (- P + [ wnle5)dy weakly in L(©)
Y1 YS

and (ug, U1, U2, ws) is the unique solution of the two-scale homogenized problem

(4.3) — div, (A2Pomy,) — /? as(§)Vyws(z, §)ns(§) ds(j) = Y| f in Q,
az(§)(Vua(#,1) + Vzoa((2,1),7) =0 &€ Q, ae. j€ Vs,
3
Ta(2,75) = Y O, uz(x)s5 (§)
k=1
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(4.4) — divglar (§)Vyir (2, 9)] — a1 (§)02, 01 (2, §) = f(x) in Y1,
ay (§)Vir (@, §)n1 (§) = as(§)Vyws(z, §ini(§) on Yis,
0p,01(%,1,7) =0, T€Q, aejeYs

(4.5) —divglas(y)Vyws(z,9)] = f(z) in 173,
w3(x7g)20 on ?237

w3 (@, §) = 12, ) — uz(x) on Yis.

3. Subcritical scale: 5 < 1.
Theorem 4.3. Let u® be the solution of (2.1). Then there exists

(uz, 01, 82) € Hp(Q) x [L*(Q; H' (Y1)/R) N L* (0 H'(1))] x L*(; Hy,(Ya) /R)

per

such that
z - N 1~ .
u®(x)x1 (E_ﬁ> — /}7 o1 (z,9)dy  weakly in L*(52),

z > )
us(x)xg(g—ﬁ> — |Ya|ug(z) weakly in L*(Q)
and (ug, U1, 2) is the unique solution of the two-scale homogenized problem
(46) = diva (A2 V) — 32, / ar(§)51(2,5) dj = (1 — [Val) f(2) in
Y1
as(§)(Vus(&,1) + Vyba((#,1),5)) =0 & €Q, ae je Vs,
3
’52(337 g) = Z 83%“'2(1")5126(@))
k=1

(47) - a1(§)3£361(x,3]) = f((E) in Qa a.e. 27 € ?la
00, 01(F,1,7) =0, Z€Q, ae e V.

5. PROOFS OF THE MAIN RESULTS

In this section, we shall prove the main results stated in Section 4. Let us now
begin with:

5.1. Supercritical scale. Before proving theorem 4.1, we first establish the fol-
lowing lemma which gives some convergence results.
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Lemma 5.1. Let u® be the solution of problem (2.1). Then there exist u € H}(Q)
and &y € L2(; H'_ (Y3)/R) such that:

per
(5.1) Toeo (W) = u(z) in LA(QxY),
(5.2) u® —u(x) in L3(Q),
(5.3) P Taeo (Vaufs) = 0 in LX(Q x V1),
5O T — (VO IO s,
(5.5) 667;’65 (VUE‘Qg) — (8) in LQ(Q X }?3),
(5.6) T,et (Ongufos) = Ougulx) in L7(Q x V7).

Proof. First, we note that
B e 65 5
9 ng»u (x)mi = ?EVju (x)‘Qi,

using the boundedness of || Vzu||12(q:) < C, we deduce that e’Vzus(z)q;: con-
verges strongly to zero in L*(Q). Thus e°T; .5 (Vzu®|q:) — 0 in L*(Q x ¥1). From

EB”V’?“E”LQ(Q@ <el|Vaul|peas) < C
and Corollary 3.8 there exists
o€ L(Q; H' (V1))
such that
7T e (Vaufn:) = Vi (a,§) in L*(Q x V7).
Thus V01(z,y) = 0, then 01(z,§) = wi(z). As before, we deduce moreover the
existence of
we 120 H'())
such that
Tz e (Vizu®|g:) = Vyw(z,9) in L2(Q x Y3),

thus Vyw(z, ) = 0. This proves (5.3)—(5.5).
On the other hand, for all ¢°(z) = p(x)y° (&), where p € D(Q), ¥ € H,
by using Proposition 3.2 one has

(Y) and

per

6:1) [ V@) @) ds
= /Q x Eﬁ v u )E,Eﬁ (QO) (J?, 5)7}:,5[‘ (ws)(ﬂh g) dz d?j
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It follows from Corollary 3.5 and Corollary 3.8 that

(5.8) /Q Vi g)ela)(i) ded + / Vw(e, §)ele)p() dzdj = 0.

QX?g

By integration by parts, we deduce
/ PV uf (2) ()Y (2) do = —/ uf () [P divap(x)y (7) + (x)divgy® (F)] de
Q Q
o [T ()P Ta s (@) T (6°) + T () Tos (i) da
QxY
= I] 4+ I5.

Then passing to the limit and using the fact that 7z .s(divgy®) — divgy(7) in
L?(Q x Y) and integrating by parts, we obtain:

I — 0,
(5.9) I =1, = — /mi w1 () () (§)n1 (7) ds() de
+ [ w@p@v@n) ds) da
oo, A8 3550
+/Q - w(z)p(z)Y(g)n (§) ds(g) dz
[ w@pla)iana(i) ds() da.
QxYas
Finally, we set w3 = w — us, we deduce

w3(x7g):07 QE%?))

U)3($7Q) :ul(x)_UQ(x)7 QE?lg.
Since Vyw(z,§) = 0, Vyws(z,7) = 0 and ws(z,§) does not depend on § (}73 is
connected), as a consequence ws(z,y) = 0 and ui(x) = wz(x) = u(zr). Conver-
gences (5.1), (5.4) and (5.6) are proved from Corollary 3.5 and Theorem 3.7, from
Proposition 3.3 we get immediately (5.2). O

Proof of Theorem 4.1. Let DL(Q) :={¢p € D(Q), ¢ =0on'p}.
We choose as test function ¢ (z) = p(z) + e” po(2) V2 (3 /e”) in (2.1), where

¢2 €D(Q), ¢ €Dp(Q), V€ Hy, (V).

per
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We split the integral over 2 into integrals over 25, ¢ = 1,2, 3, and from Lemma 3.4,
we obtain:

/ A% (2)Vu (2) VY& (z) da =: I§, + I5, + I5 + IS + O(e”),
Q

Fo= [ T l6)eTs (Vo) (T (V) 4 T o (a6 T (0 5

+,M@UMWW4)DMM,

1132 = / — 7;?,65 (a‘i)%,eﬂ (8:163“6)(7; eh (8553 50) + 5 ( T3 ¢2) T,eP (\1’2)) dz dg7

)

I5 = /Qx% 92’,55(ag)’]},gﬂ(VUE)(nysﬂ(vgp)_|_6/57' (Vo) To ( 2(%»

v
+ T ,e8(92) Tz c0 (V Wz(%)))dxdﬂ,
s (¥

B= [ T @) (V) (Tos (V) 4 7 Tr oo (V) T (02)
QxYs

+ Tz,en(¢2) Tz o0 (V \Ifz(%)))dxdgj.

Now, we can pass to the limit in each term. For I{;, we use the boundedness of
€Tz .5(Vzu®(z)), Proposition 3.3, Proposition 3.2 and Corollary 3.5 and we obtain

I$, —0, I5—0.
For I§,, in view of (5.6), Proposition 3.3, Proposition 3.2 and Corollary 3.5 , we have

o= [ a1(9)0e,u(2)ds, () da dg.
QxY;

And for I5 by using Theorem 3.7 and (5.4) we derive
L= a2 (§)(Vu(x) + Vyoa(z,9))(Ve(x) + ¢a(2)V¥a(5)) da dg.
XY 2

Thus, we obtain the following variational problem:
6:10) [ @)0hul@)0npls) drdy
QxY;
/Q - a2(9)(Vu(z) + Vyoa(,9)) (Vep(x) + ¢2(2)VVa(y)) da dy
XY 2

= [ s
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By the Lax-Milgram Theorem, the above equation has a unique solution in

Hp(Q) x L?(: Hyer(Y2) /R).

per

We are now ready to give the homogenized version of the above limit problem.
Firstly, we take ¢ = 0 in (5.10) and integrating by parts we obtain the following

system: N
— dva[ag(gj)(Vu(x) + ng)g(i[:,g))] =0 inYs,

az () (Vu(x) + Vgba (@, §))na(5) =0 on Yag,
a2(9)(Vu(z) + Vyoz(z, §))n2(9) 53,007 Y -periodic.

Secondly, we take ¢ = 0 in (5.10) and integrating by parts, we get for an arbitrary
¢ € Hp(Q):

— div, < /? : az(§)(Vu + Vi) dg) —~ /? 1 a1 ()02, u(z) dg = f(x),

8373“’(‘%7 1) = 07 53 € 67
az(§)(Vu(E, 1) + Voo ((2,1),5)) =0, Z e, ae. je Ya.

Finally, we decouple the macroscopic and microscopic variables (z,y) by taking

3
o(x,g) = kzl Oz, u(z)s5(7), where sk is defined by (4.1).

—div, (/% az(y)(Vu + kzi:aku(x)Vgsg(ﬂ)) dﬂ) - /171 a1 (9)0%,u(x) dg
3

iy, ( / 02(3) Y Dren(en + Vye5) dg) - /Y a1 (702, u(w) dj = ().

k=1

As a consequence we deduce the homogenized problem (4.2). O

5.2. Critical scale. In this subsection, we focus on the case § = 1 which gives
the most interesting result. We start with the following lemma.

Lemma 5.2. Let u® be the solution of problem (2.1), then, up to a subsequence,
there exist _ _
us € Hp(Q), @1 € L*( H' (Y1)/R) N L*(Q; H' (1),
B € L2(Q; H), (Ya)/R) 0 L2(8: H'(D)

B € LA H' (Va)/R)
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such that:

(5.11)  Tzc(u®) = x1(9)01(x,9) + x2(Fua(z) + x3(9)03(x,§) in L*(Q x }7),

(5.12) u — ~6ﬂ%@d§+ﬁﬂw@%+[_%@ﬁﬁw in (),
Y1 YS

(5.13) €Tz o(Vatfn:) = Vi (z,9) in L*(Q x Y1),
Viug(z) + Vo (z,7)
Ozguz ()

(5.15) eTac(Vuin:) = (Vgls(x, ) 0) in L*(Q x V3),

(5.16) T c(Ouyufns) = Oy D (x, ) in L3 (2 x Y1).

(5.14)  Tpo(Vu o) — ( ) in L2(Q x Ya),

Proof. The above convergence results are straightforward from Lemma 2.1,
Corollary 3.8, and Theorem 3.7. O

Proof of Theorem 4.2. Note that for all ¢°(z) = ¢(x)¥°(Z), where ¢ € D(Q)
and ) € H},(Y), one has

(5.17) /5V;gu5<p1p5(§:)da:
Q

=Awmﬂwmmmmw@mmwm@mw

XY

- vamwmmwmw@+/vamwmwwmmw.
QxY; QxYs

Integration by parts yields the following:
/Q Vst (2)(2) 0 (7) d = — /Q uf (2)[edivap(@)6F (2) + o()divyy (7)] da
= - T, (u®) €Tz, (divp) Tc (V°) + Ta.e () T e (divgy®) | de dg =: IT + I5.
QxY

Then passing to the limit as € tends to zero, we have

I — 0,
ol —— / (2 §)p(@)divgeh(§) da djf — / (@) (a)diveh(§) da d
QxY; QxYs
—/ U3z, §)p(z)divyy(y) de dg.
QxYs
We put ws = U3 — us, thus we deduce
w&(xag) =0 on }7237
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The limit problem is then derived by taking as test function in (2.1)

U5 (2) = pla) + cne) s (L) + qb(a:)\lf(§>

€
and

) U, (§) for §j€ Ve, a=13,
U(y) = {

0 forgje?g,

where ¢2,¢ € D(Q), ¢ € D5(Q), ¥,, Vs € ngr(f/) Similarly, by using the same
lines as in the proof of Theorem 4.1 we have first

/ A% (2)Vu (2) VY& (z) da =: I§, + I5, + I5 + IS + O(e”),
Q

I = /Q TorclaD)eTo o(Viu) (cToc (Vo) + 2Toc (Vi) e (02(2))

Fo= [ Tocaf) 00 (Toc0ra) + T )T (22
FToc(0n )T (W (1)) ) g ~

= [ Tl Tee (V) (Tec(V) + Toc(Vou T (12( 2
$Toe(00) e (V02 (L)) g

I = /Q Trc(05)e T o (V) (To2 (V) + 2 To e (Vo) Ta e (V)
T (02T o (Vo¥a(2)) + T (V0) T (W5(2))
+ T (0) T (W\I@,(%))) Az dj.

Now, passing to the limit as € — 0 we obtain
If = oo a1 (§) V01 (z, §)p(x) Vg ¥1(7) dr dy,
XY

1162 — O al(g)8x361(x,g)(8x3go(x) +(913¢(£L')\I’1(g)) dxdga
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5 [ aa()(Tus(e) + Vyialo, i) (Ve(o) + 6:V50a() do

I3 = o az(§)Vyws(z, §)¢(z)Vy ¥3(g) da dg.
xXY3

We deduce the following homogenized limit problem:

(5.18) /Q )V (. 0)0() V¥ () o d

+ / 500, 11(2, §) Oy () + D2y ()01 (7)) d A
QXYl

+ / 9)(Vus() + Vi (2, §)(Vo(e) + b2(2)V;02(7)) da dj
QXYQ

/Q - §)Vgws(z,§)d(z)V¥s() dr dy
:/ _ f($)¢($)‘1/1(§)dxdg+/f(x o(z) da
QxYp Q
[ @eva() dods
QxYs

By the Lax-Milgram Theorem, there exists a unique solution

(uz, T1,2) € Hp(Q) x [L3(Q; H' (Y1)/R) N L* (9 H'(D))] x L*(Q; Hyer (V) /R),
wy € L*(: (H' (Y3)/R)).

Now, we derive the two-scale homogenized problem. Firstly, we take ¢ = 0 and
1o =11 = 0 in (5.18). After integration by parts, we deduce

(5.19) — divylas(§)Vyws(z, §)] = f(z), ae jeYs ze,
as3(§)Vyws(z,g)n3(g) =0, ae g€ aYs, x € Q.

Secondly, let ¢ = 0 and ¥ = 0 in (5.18), integrating by parts and using (5.19), we
get
(5.20)  —divgla1(§) V01 (2, §)] — a1(§)02,01(x,§) = f(z) ae. € Yi, z€Q,
a1 (9) Vi (z, g)ni(9) = —as(9)Vyws(z, §)ns(y) ae. § €Y, €

Thirdly, let 12 = 11 = ¢3 = 0 in (5.18) and integrating by parts,

_/~ divg[az()(Vus + Vd2)] dgj—/~ a1 (§)02,91(z,§) dj = /~ f(x)dg in Q,

Y2 Y1 Y
ax(§)(Vuz(,1) + V5a((2,1),5) =0 &€ Q, ae. je Yo,
O, 01(3,1,7) =0 in Q.

68



In (5.20) and (5.19) we take, respectively, the average over Y: and Y3 and we get

— [ divgla(9) Vo1 (z, 9)] dﬂ—/~

a1 (§)02, 01 (z,§)dj = [ f(z)dy
Y, Y1 Y,

and

—/~ divglas(y)Vyws(z,y)]dg = [ f(x)dg.
Y3 Y3

Integrating by parts, we deduce

—div, </~ az(ﬂ)(vuz-FVg’DQ)dﬂ) —/~ a3(§)Vgws(z,y)ns(y) ds(y) = [ f(x)dy.
Y Ya3 Yo

3

Finally, we put 92(z,9) = Y. 0z, u2(x)s5(7), where s& is defined by (4.1), then we

deduce (4.3). =1 O

5.3. Subcritical scale. In this section, we investigate the subcritical scale. We
first prove the following lemma.

Lemma 5.3. Let u® be the solution of (2.1). Then there exist
uy € Hh(Q), oy € L2(Q H'(Y1)/R) N L*(Q; HY (D))
and ¥y € L*(Q; H}o,(Y2)/R), such that

c . [ Vauz(z) + Vya(z,7)
(5.21) T8 (Vjas) ( Oy 2()

(5.22) T 0 (Ons fs) = Oy D1 (x, )  in L*(Q x V7).

) in L2(Q x Y3),

Remark 5.4. Let us mention that our a priori estimates are not enough to
deduce the behavior of 7T s (Vjufgi) and €7 T; s (Vufgz).

Proof of Lemma 5.3. To prove the lemma, we shall give some a priori estimates
for the sequence {uc} in 5 and Q5.
Since 25 is connected and u® = 0 on 9025 N OS2, we have

||UEHL2(§§) < ClIVUEIIB@;),

by applying [1], Lemma A.4. Now, by using integration over the interval I with
respect to the x3 variable we obtain

(5.23) [uf]| L2(05) < ClIVU |l L2(0s)-
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Moreover, as in the proof of [3], Lemma 2.1 one obtains
(5.24) [l L20g) < CllOasul| L2(0s)-

From estimates (2.2), (5.23)—(5.24) one can deduce that
g i. g ‘%
u®(x)xe2 (5_5) and  u®(z)x1 (5_/5‘)

are bounded in L2(), then (ug,71) € HL(Q) x [L2(; HY(Y1)/R) N L2(S; HY(I))]
such that

Ts,e0 (uias) = 01(,9), Tz en (ujog) = ua()

and
7 o 7 - _
@ ()~ [ nendn w@ne(Z) - Tl weakly in @)

We apply Corollary 3.8 and Theorem 3.7 and get immediately convergences
(5.21)~(5.22). O

Thanks to the convergence results presented in Lemma 5.3, we can now give the
proof of the homogenized result stated in Theorem 4.3.

Proof of Theorem 4.3. In this case, we take as test function in (2.1)
E z z
V(@) = pla) + Poa(@)¥a () + 61) 0 (55)

such that ¢1(g) = 0 for all § € Y2, where ¢g,61 € D(Q), ¢ € DL(Q) and
\Ifl,\IIQ c H! (Y)

per

By using the same technical argument as in the proof of the previous theorem,
one gets

/ A% (2) Vil (2) VY (@) da =: I5, + I, + I5 + I + O(eP).
Q

Passing to the limit we obtain

I$; — 0, IS —0,

Iiy — - a1(§) 02,01 (2, §)(Ozs p(2) + Oz, 1 () U1 (9)) dz dg,
XY

B [ a@)(Vuala) + Vsia(e, D)Vie(o) +6a(e) V5 0a() di
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Then we derive the following limit problem:
625) [ a1(0)00, 1 (@.0)0rsla) + Ory61 ()1 (7)) dr
XY1

+ / _ aa(9)(Vua(z) + Vyia(z,9))(Vp(r) + ¢2(2) V5 ¥s(y)) de dy
QXY o

- /  f@)é1 (@)U (5) dedj + / f(@)p(x) da
QxY; Q

Based on the Lax-Milgram Theorem, this equation has a unique solution. To
derive the two-scale homogenized problem (4.3) we take first ¢ = 0 and ¢ = 0

in (5.25) and after integration by parts we obtain (4.7). Then we take 1y =11 =0
in (5.25) to get (4.6). O

6. CORRECTOR RESULTS

We are going to construct some corrector results by using the partial averaging
operator Uy .s. Let us deal only with the critical case in this section. The other cases
are quite similar and follow the same pattern.

Theorem 6.1. Using the hypotheses of Theorem 4.2, we have

eVau®g: — Uz (Vi) = 0 in L*(Q),
By tfge — Uz e(Duy01) — 0 in L*(Q),
Vo — Vaus — Uz (Vyia) = 0 in L*(9),
eVus|qs — Uz - (Vyws) — 0 in L*(Q).

We start with the so-called energy-convergence. Under the hypotheses of The-
orem 4.2 and (5.18) and using the same arguments as in [4], we obtain easily the
following lemma.

Lemma 6.2.

lim [ A®(x)Vu(z) / 9)V 501 (z,9)Vytr (z, y) de dy

e—0

Q

+/M 01(§)Bay 1 (2, 5y 1 (¢, ) der df
R
" (

)(Vuz(x) + Ve (2, §))(Vuz (z) + Via (2, §)) dz dy
/ _a3(9)Vyws(z,9)Vyws(z,§) de dg.
QAxXYs
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Using the same arguments as in Theorem 4.2, we get the following corollary.

Corollary 6.3.

eTzc(Vauln:) = Vi (z, §) in L2(Q x Y1),
€ vi’u2 ((E) + V?JﬁQ (QC, Zj) . 2 ind
Tz,e(Vujgs ) — ( Do tin() in L*(Q2 x Y3),
€Tz, (Vu o) — (ng%(x’ y)) in L2(Q x Y3),
Tz, (02, ujq: ) = O2,01(2, ) in L2(Q x Y7).

Proof of Theorem 6.1. By using Lemma 6.2, Corollary 6.3 and Proposition 3.10
we deduce Theorem 6.1. (]

7. CONCLUSION

In this work, we succeeded to provide the solutions of an homogenization problem
for a three-phase composite material: fibres, interphase and matrix. The conduc-
tivity matrix A° of the medium varies periodically with a period of size ¢ (¢ > 0
and 8 > 0) in the transverse directions of the fibers and having different scaling in
different phases and directions. It is equal to 2 (the so-called the double-porosity
type scaling) in both the interphase and the direction of the fibers and no scaling in
both the transverse directions of the fibers and the matrix. Recall that for composite
materials with highly contrasting parameters of order 2, the homogenized limit may
exhibit a nonlocal effect which is demonstrated rigorously in [3], [4]. Our first ob-
jective was to study the effects of weakly conducting interphase on the homogenized
model for this double-porosity type composites. We have showed that the result
depends on the magnitude of the exponent 3, being lower, equal or greater than 1.
More precisely, the effects of the interphase properties on the homogenized models
are captured only when the microstural length scale is of order £” with 0 < 8 < 1.
Thus, the result is physically very interesting, especially in the case § > 1, where
the interphase insures a perfect conductor between the fibers and the matrix at the
macroscopic scale.
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