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Abstract. Let N be a sufficiently large integer. We prove that almost all sufficiently large
even integers n € [N — 6U, N + 6U] can be represented as

2
n=pi +ps + p3 +pi + p3 + P,

N
pzs__ <U7 i:2737475767

) N‘
- —| <,
‘pl 6 6

where U = N'70%¢ with § < 8/225.
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1. INTRODUCTION AND MAIN RESULT

Waring’s problem of mixed powers concerns the representation of sufficiently large
integer n in the form
n=a 4ok 4 4k
Among the most interesting cases of mixed powers is that of establishing the repre-
sentations of sufficiently large integer as the sum of one square and s positive cubes
for each s > 1, i.e.,

(1.1) n=a*+y} +ys+... +y2
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In 1930, Stanley in [8] showed that (1.1) is solvable for s > 6. Afterwards, Stanley
in [9] and Watson in [15] solved the cases s = 6 and s = 5, respectively. It should
be emphasized that Stanley in [8] obtained the asymptotic formula for s > 6, while
Sinnadurai in [7] obtained the asymptotic formula for s = 6. But in [15], Watson only
proved a quite weak lower bound for the number of representation (1.1) with s = 5.
In 1986, Vaughan in [12] enhanced Watson’s result and derived a lower bound with
the expected order of magnitude. In 2002, Wooley in [16] illustrated that, although
the excepted asymptotic formula of (1.1) with s = 5 can not be established by the
technique currently available, the exceptional set is extremely sparse. To be specific,
let E1(N) denote the number of integers n < N which can not be represented as
one square and five positive cubes with expected asymptotic formula. Then Wooley
in [16] showed that F;(N) <« N°©.

In view of the results of Vaughan (see [12]) and Wooley (see [16]), it is reasonable
to conjecture that for every sufficiently large even integer IV, the equation

(1.2) N = pi +p3 +pi + pi + P + pi

is solvable. Here and below, the letter p, with or without subscript, denotes a prime
number. But this conjecture is perhaps out of reach at present. However, it is
possible to replace a variable by an almost-prime. In 2014, Cai in [1] proved that for
every sufficiently large even integer IV, the equation

(1.3) N = 2%+ p3 + p3 + p3 + p} + p3

is solvable with = being an almost-prime P3¢ and p; (j = 1,2,3,4,5) being primes.
Later, in 2018, Li and Zhang in [4] enhanced the result of Cai (see [1]) and showed
that (1.3) is solvable with = being an almost-prime Pg and p; (j = 1,2,3,4,5) being
primes.

In this paper, we shall consider problem (1.2) with almost equal variables, i.e.,

n=pi+p3+pi+pi+pi+pd, ne[N-6UN+6U,

N
P
where U = N'7%¢ with § > 0 hoped to be as large as possible. Let E(N,U) denote
the number of all positive even integers n satisfying

1.4 N

|<U. i=23455

N —-6U <n<N+6U

which can not be represented as (1.4). One wants to show that there exists § € (0,1)
such that

(1.5) E(N,U) < U'"¢, U= N7t
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In this paper, we establish the following result.

Theorem 1.1. Let notations be defined as above. Then (1.5) holds for 6 < 8/225.

We shall prove Theorem 1.1 by using Hardy-Littlewood circle method. For the
treatment of minor arcs, we shall first give an estimate of exponential sum in short
intervals for cubic cases in Section 5, then we also employ the estimates for expo-
nential sum over primes in short intervals in [3]. On the other hand, for the major
arcs, we deal with the integrals to devote to establishing the asymptotic formula for
the number of solutions to the problem by using the iterative method in [5]. The
explicit details will be demonstrated in the related sections.

Notation. Throughout this paper, ¢ and A always denote positive constants
which are arbitrarily small and sufficiently large, respectively, which may not be the
same at different occurrences. Let p, with or without subscripts, always denotes
a prime number. As usual, we use ¢(n), A(n) and d(n) to denote Euler’s function,
von Mangoldt’s function and Dirichlet’s divisor function, respectively. Moreover,
we use d’(n) to denote (d(n))? for abbreviation. Also, we use y mod ¢ to denote
a Dirichlet character modulo ¢, and x° mod ¢ the principal character. In addition,
we use z*: to denote sums over all primitive characters. Let (a,b) and [a,b] be the
greatest common divisor and the least common multiple of a and b, respectively.
For e(x) = e*™%; f(x) < g(r) means that f(x) = O(g(z)); f(z) < g(z) means that
f(@) < g(z) < f(z). The number N is a sufficiently large integer and n =< N,
and thus we use L to denote both log N and logn. The letter ¢, with or without
subscripts or superscripts, always denotes a positive constant.

2. OUTLINE OF THE PROOF OF THEOREM 1.1

Let N be a sufficiently large positive integer. Write

N N
(2.1) X = a +U, Y= T U, U= N!8/22+

and
fel@)= > (logpe(p*a), k=2,3.
Y<pF<X
Define
Zn,U) = > (logp1)(logpz) . - - (log pe).

n=pi+p3+p3+p3+pd+pj
Ip?—N/6|<U, |p{—N/6|<U
i=2,3,4,5,6
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Then for any @ > 0 we have

1 1+1/Q
#00) = [ pesieenada= [ T pa)sie)d ) do
1
In order to apply the circle method, we set
(22) P _ []2]\7737/207 Q —_ N17/20+6.

By Dirichlet’s lemma on rational approximation (for instance, see [6], Lemma 12,
page 104), each o € [1/Q, 1+ 1/Q)] can be written as

a 1
a=—+A [A<—,
q A qQ

for some integers a, ¢ with 1 < a < ¢ < @ and (a,¢) = 1. Then we define the major
arcs 9 and minor arcs m as follows:

(2.3) m={J U Mo, m=[51+5]\m

q<P 1<a<q @
(a,q)=1

where
1 a 1

a
mqaa = ___7_+_ .
@) {q qQ q qQ}
Then one has

w0, 0) = { [+ [ Ln@g@e-na o

In order to prove Theorem 1.1, we need the two following propositions, whose proofs
will be given in Section 3 and Section 5, respectively.

Proposition 2.1. Let the major arcs 9 be defined as in (2.3) with P and Q
defined in (2.2). Then for N — 6U < n < N + 6U and any A > 0, there holds

/ f2(Q) f3(a)e(—na)da = %%G(n)fj(n, U)+ OUPN~2/61=4),
m

where &(n) is the singular series defined in (3.1), which is absolutely convergent and
satisfies

(2.4) 0<c*<6(n) <dn)

for any even integer n and some fixed constant ¢*; while J(n,U) is defined by (3.10)
and satisfies
I(n,U) < UPN—2/5,
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For the properties (2.4) of singular series we shall give the proof in Section 4.

Proposition 2.2. Let the minor arcs m be defined as in (2.3) with P and Q)
defined in (2.2). Define

25) 7(t) = [ | f@]da, t>1

Then we have
I(].O) < U8/3+6N10/27.

The remaining part of this section is devoted to establishing Theorem 1.1 by using
Propositions 2.1 and 2.2.

Proof of Theorem 1.1. We only consider the integers n € [N — 6U, N + 6U].
Let &(N,U) denote the set of positive integers n € [N — 6U, N + 6U] which can not
be represented as (1.4). Then we have

{/ /}f2 0 ff(@)e(-na)da= 3 /fz &) /5 (@)e(—na) da = 0.

ne(N,U) ne&(N,U)

By Proposition 2.1, it follows that

(2.7)

/ fo(a f3 (—na) da

neé&(N,U)
> USN~2%/61&(N,U)| = U’ N~ B/SE(N,U).

Write
Ela) = Z e(—na).

neé&(N,U)

From Cauchy’s inequality we deduce that

Z / fo(a f3 (—na) da

ne&(N,U)
1/2 1/2
(o rre

= (z(10 1/?( (N, D)2,

(2.8)

/ fo(@) f3(@)E(a) da

Therefore, from (2.6), (2.7) and (2.8) we get
(2.9) E(N,U) < UTON?/37(10).
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It follows from Proposition 2.2 and the definition of U in (2.1) that
E(N, U) < U722/3+6N217/27 < Ulfs.

This completes the proof of Theorem 1.1. O

3. PROOF OF PROPOSITION 2.1

In this section, we shall concentrate on proving Proposition 2.1. We first introduce
some notations. For a Dirichlet character y mod ¢ and k = 2,3, we define

- ;me(#)’ Ck(q’a) = Ck(xoaa)v

where X" is the principal character modulo ¢, and Cy(q,a) is the Ramanujan sum.
Let xo, Xg ), X§2)7 Xg?’), X§4)7 X ) be Dirichlet characters modulo q. Define

an
B(n,g.x2 x5 387 8 xEY 8 = Z Calxa, <HC‘3 07, a) ) (- ?)’

(aQ) 1

B(n,q) = B(n,q, x°, x", X% x% X%, x°),

and write

(3.1) A ) = 229D g0y =3 A(ng).

Lemma 3.1. For (a,q) = 1 and any Dirichlet character x mod ¢, it holds that
|Ck(x, a)| < 2¢"/2d% (q)
with B = logk/log 2.
Proof. See [14], Chapter VI, Problem 14. O

Lemma 3.2. The singular series G(n) satisfies (2.4).

The proof of Lemma 3.2 will be given in Section 4.

Lemma 3.3. Let f(x) be a real differentiable function in the interval [a,b]. If
f'(z) is monotonic and satisfies |f'(z)| < 0 < 1, then we have

Z eme(n)_/ 2nif(x)dx+0(1),

a<n<b

Proof. See [10], Lemma 4.8. O
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Lemma 3.4. Let x2 mod r» and X:(f) mod r:(,.f) with ¢ = 1,2,3,4,5 be primitive

characters, ro = [ra, T§1)7T§2)7 (3)77“§4)77”§5)]

Then there holds

, and x° the principal character modulo q.

1 1 2 3 4 c
(3:2) ZﬁlB(n,q»@xo,xé)xo,xg A0 < g2t log .
q<w
Tolg

Proof. By Lemma 3.1, we have

2 3 4 5
1B, 4, x2X° 57X x5 X% x X%, x§0, Xé) )|

< Z |Ca(x2x", a) |H|03 XX )l < a*e(g)d (q).
(aQ) 1

Therefore, the left-hand side of (3.2) is

3 343 79 9
q 90( rotd’ (rot) —2te d’(t) —2teq _c
< Z ) Z W <7 (log J?) Z 2 <7 log© .
gz t<x/ro t<x
Tolq
This completes the proof of Lemma 3.4. O
Let X, Y be as in (2.1) and write
(3.3) Vie(\) = Z e(m®\),
Y<mk<X
Wil A) = Y (logp)x(p)e(@™)) =6 D e(m"N),
Y<ph<X Y <mk<X

where §,, =1 or 0 according to whether x is principal or not. Then by the orthogo-
nality of Dirichlet characters for (a,q) =1 we have

a _ Ci(q,a) 1
By +2) = =i +

Z Ck(Xa a)Wk(Xa /\)

x mod ¢

For j =1,2,...,12, we define the sets S; as follows:
{2,3,3,3,3,3} ifj=1; {2,3,3,3,3} ifj=2; {3,3,3,3,3} ifj=3;
{2,3,3,3} ifj=4; {3,3,3,3} ifj=5; 4{2,3,3} if j = 6;

{3,3,3} ifj=7, {2,3} ifj=8 {3,3} if j =0
{2} if j =10; {3} if j=11; 0 if j = 12.
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Also, we write S; = {2,3,3,3,3,3}\ S;. Then we have

(3.4) / fg f3 ) a=11 +5Is+ 15+ 1014 + 515 + 101 + 1017

+ 513 4 1019 + I1g + 5111 + 12,

where

x/l/qQ< Ll Vk(A)><H > Ck(x,a)Wk(X,A)>e(—n>\)d>\.

1/a@ i keS; x mod ¢

In the following content of this section, we shall prove that I; produces the main
term, while the others contribute to the error term. For k = 2, 3, applying Lemma 3.3
to Vi (), we have

(3.5) Ve(A) = e(uPX) du + O(1) / e(v\)o/* 1 dv +0(1)

»<
2
=
wlr—k

Putting (3.5) into I;, we see that

1 B 1/q@Q
(86) L= (:’q)/ (
86 = @) S0 \y Sk

X<Z

m_l/Qe(m/\))

m2/3e(m)\)>5e(—n)\) dA

Y<m<X
B(n 1/4Q
(Z | (6 ) / I/Qe(m)\)‘
q<P () 1/4@ Y<m<X
4
X Z m~2/3e(mM) d)\).
Y<m<X
By using the elementary estimate
1
(3.7) Z mtke(mA) < NVF= 1mm( |)\|)

Y <m<X
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and Lemma 3.4 with 7o = 1, the O-term in (3.6) can be estimated as
B 1/U oo

(35 <y Bwol (/ USNTY9/0 a4 [ N719/6)= d)\>

<p 7 (q) 0 /U

KU'N"P/OLe < USN=2/6 174,
If we extend the interval of the integral in the main term of (3.6) to [—1/2,1/2], then
from (2.2) we can see that the resulting error is
1/

2
< L© N723/6>\76 d\ < N723/6q5Q5Lc < N723/6(PQ)5LC < U5N723/67w
1/4@Q

for some w > 0. Therefore, by Lemma 3.2, (3.6) becomes

1
(3.9) L= 2663, U) + O(UPN—23/6 =4,
where
(3.10) J(n,U) := Z m;1/2(m2m3m4m5m6)—2/3 ~ [USN—23/6
mi+ma+...+meg=n

Y<m;<X

i=1,2,...,6
In order to estimate the contribution of I; for j = 2,3,...,12, we shall need the

following three preliminary lemmas, i.e., Lemmas 3.5-3.7. In view of this, for k = 2, 3,
we recall the definition of Wy (x, A) in (3.3) and write

*

T(g) = _lg,r172 > max [Wi(x, )|

r<P Xmodrl)\‘gl/rQ
and
* 1/rQ 1/2
Kilo) = Xlar = 3 ([ o)
r<P x mod r -1/rQ

*
Here and below, > indicates that the summation is taken over all primitive charac-

ters.
Lemma 3.5. Let P, Q) be defined as in (2.2). Then we have

Jk(g) < g72+6UN1/k71Lc.
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Lemma 3.6. Let P, @ be defined as in (2.2). For ¢ = 1, Lemma 3.5 can be
improved to
Je(1) <« UNVEL=4,

Lemma 3.7. Let P, Q be defined as in (2.2). Then we have

Kk(g) < 972+6U1/2N1/k71Lc.

The proof of Lemmas 3.5-3.7 is exactly the same as that of Lemmas 3.5-3.7
n [17]. So we omit the details. Now, we concentrate on estimating the terms I; for
7 =2,3,...,12. We begin with the term I;5, which is the most complicated one.
Reducing the Dirichlet characters in I12 into primitive characters, we have

el = [ —— i()m (o 0)Wal(xa. V)
112 = e / ( CQ X2,a W2 XQ,/\ )
qSPSO :1 ~1/4Q Ny, mod ¢
S5L
5
P> cg<X3,a>W3<X3,A>) e(—nA)dA\
X3 mod q
ZZZZZZZ n q, X27X:(’, )7X:(’,2)7X:(’,3)7X1(’,4)7X:(’,5))
q<P Xx2 (1) (2) X(3) (4) (5)
/e (1) ®)
< W W) W ,A>e<—nA>dA\
-1/4Q
‘Y Yy
<P MWep 2 Pgp
z*: Z Z 3 1B(n, g, x2x° x3"X% - x$X0)]
©%(q)

x2 mod 72 Xél) mod 7.:(;1) X;(35) mod 7.(5) q<‘P
q

1/4Q
></ Wa(xax’, A) IHIWa X5 A dA,

-1/4Q i=1
where X is the principal character modulo ¢ and ry = [rg,rgl),rgz),r§3), r§4), (5)].
For ¢ < Pand Y < p*¥ < X with k = 2,3, we have (¢,p) = 1. From this and
the definition of Wy (x, \), we obtain Wa(x2x", \) = Wa(x2, \) and Wg(xéz)xo, A) =
Wg(xg),)\) for primitive characters x2 and X:(;) with ¢ = 1,2,3,4,5. Therefore,
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by Lemma 3.4, we obtain

*

<Y Y oY Y Y Ly

ro <P r§1><P r§5><P x2 mod ra Xél) mod rél) X(35) mod r§5>

1/r0@Q 5 @
/ W 0o, M1 T W (57, )]

—1/m0@Q i=1

3 4
<3 1B(n, 4, xax% x5 X x5 x 0 x5 x 0 x X0, kX0

6
= ¥%(q)
Tolq
SEAD DD DD DD DD DRI §
<P, cp L Ocp x2 mod 12 3 (D mod (D ) mod ()
l/ToQ 5 ( )
K3
SRRECN) ) (UEEARVIERS
71/7"0@ i=1
In the last integral, we pick out |Wa(xa, A)|, |W3(X:(31), Ay |W3(X3 ,A)|, and then

use Cauchy’s inequality to derive that

(3.11) Lol < L¢ Y Y [Wa(x2, M)l

|)\\<1/r
ro<P x2 mod ra

H(Z > Wa0d))

A1
()<PX(>mod7"()| I< /r

1/7"34) Q

-z E

_1/p®
PO <P X mod r(V /r3 @

.\ 1/2
W >,A>|2dA)

*

177 Q 1/2
DAY (/ LW, >|2dA) .

(
- - —1/r.
ré")gp Xéd) mod r(o) /3”@

Now we introduce the iterative procedure to bound the sums over r§5), .. rél), ro,

consecutively. We first estimate the above sum over r§5) in (3.11) via Lemma 3.7.
Since

o = [TQ,T:(),I),T§2),7“§ ),7“:(34),7“(5)] [[TQ 7“; ),7“( ),7“:(33),7“:(34)],7':(35)],

the sum over ré ) is
(3.12)
* 1/T§5>Q 1/2
(2 () (4 (5)—
S a2 e S ([ e )
"o <p NONRON L I

= Ks(fra, v v ri) o)) < oy o) g ) U AN T L
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By Lemma 3.7 again, the contribution of the quantity on the right-hand side of (3.12)
to the sum over r§4) in (3.11) is

(3.13) < UY2N-2/3]¢ Z [z, T§1)7T§2), é)]ﬂ“;(f)]_%e
V<P
* 1/7’;4)@ 1/2
@ 12
S <// L, W06 P )
() @ "

Xz~ mod rg
— U1/2N—2/3L0K ([7,,2 7‘:(5 )77,,:(52), (3)])
< [ra,r§,r$? e P HEUN TS L,

By Lemma 3.5, the contribution of the quantity on the right-hand side of (3.13) to
the sum over rég) in (3.11) is

(3.14) SUNTBLE N [y, r{) D), r) 72t
PP

x Z max  |[Ws(x$Y, \)|

®) mod r{¥ IAl<t/r$PQ
X3

= UN" 4/3LCJ3([7~ r D) < o, r§D P U2 N 2Ll

The contribution of the quantity on the right-hand side of (3.14) to the sum over r§2)

n (3.11) is

(3.15) < UN72L¢ Y [[ra, r§M], r{P) 2t max  [Ws(x$?, N

(2)
ALl
rP<p A2 mod 7 [A<1/rg

= UN72L0J3([ra, ")) < [ra, r§V ) 72HUPN L,

The contribution of the quantity on the right-hand side of (3.15) to the sum over rél)

n (3.11) is

(3'16) < UBN_S/BLC Z [TQ, Tél)] e ma)((l) |W3(X§1)7 )\)|
VP D mod () AL/ Q
= USN™8/3L° J3(ry) < (ro) " HHUAN"10/3 ¢,

At last, from Lemma 3.6, inserting the bound on the right-hand side of (3.16) to the
sum over 3 in (3.11), we get

*

3.17 Io| < UANT10/3 e 1,792t Wa(x2,
(3.17) 12| > [,r] > |M<1/2Q| 2(x2, A

ro<P x2 mod ra

— U4N710/3LCJ2(1) < U5N723/6L7A.
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For the estimation of the terms I, ..., I11, by noting (3.5) and (3.7), we obtain

1/Q 1/2 1/Q 1 1\!/2
(/ V()2 dA) < (/ NQ/k_QminQ(U, —) dX + —)
-1/Q -1/Q RY Q

1/U 1/Q 1/2
< NV (/ U2 dX+ / A2 dA)
0 1/U

+ < U1/2N1/k_1.

1
Q12
Using this estimate and the upper bound of Vi (\), which derives from (3.5) and (3.7),
that Vi (\) < UNYk =1 we can argue similarly to the treatment of I;5 and obtain

11
(3.18) S L <UN/OLA,
j=2

Combining (3.4), (3.9), (3.17) and (3.18), we can get the conclusion of Proposi-
tion 2.1.

4. THE SINGULAR SERIES

In this section, we shall investigate the properties of the singular series which
appear in Proposition 2.1.

Lemma 4.1. Let p be a prime and p*||k. For (a,p) = 1, if | > ~(p), we have
Cr(p',a) = 0, where

a+2 ifp#2orp=2, a=0;
V(p) = .

a+3 ifp=2, a>0.
Proof. See [2], Lemma 8.3. O
For k > 1 we define

4q k
am
Sk(q,a) = ZG(T)

Lemma 4.2. Suppose that (p,a) = 1. Then

Sk(p,a) = Y x(a)T(x),

XE A,
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where <7}, denotes the set of non-principal characters Y modulo p for which x*

principal, and 7(x) denotes the Gauss sum

zp: X(m)e(%).

m=1
Also, there hold |7(x)| = p'/? and || = (k,p— 1) — 1.
Proof. See [13], Lemma 4.3.

Lemma 4.3. For (p,n) =1 we have

(4.1)

p6

a=1

Proof. We denote by . the left-hand side of (4.1). By Lemma 4.2 we have

e ) (X Xs(a)T(X3)>5€(

s L5

a=1 Xzedz X3E 3

If |.o7);| = O for some k € {2,3}, then ./ = 0. If this is not the case, then

- DYDY VD YD

X2 E oo X(l) Cots X(2) oty X(3)€d3 X(4) Cots X(5) Cofs

0TS TOE)T O TS T ()

p—1
S2(pa)S3(pa) (_an ‘ ~5/2
$ e( o ) < 32p75/2,

p—1
% 3 xe(@x (@S (@ (@ (@ (@)e (-
a=1

is

From Lemma 4.2, the sextuple outer sums have not more than ((2,p — 1) — 1) x

((3,p— 1) — 1)®> < 2° = 32 terms. In each of these terms we have

T 02) ST T O T (D) T () =

Since in any one of these terms

xz(@) xS (@x S (P (@)x$? (@)x§ (a)

is a Dirichlet character x (mod p), the inner sum is
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From the fact that 7(x°) = —1 for the principal character x° mod p, we have
Ix(=n)7(0)| < p'%.
By the above arguments, we obtain
|7 < p~032p°p!/? = 32p0/2,
This completes the proof of Lemma 4.3. O
Lemma 4.4. Let L(p,n) denote the number of solutions of the congruence
o+ ad 4 ah s ol 2 =n (mod p), 1< a,29,...,06 <p— 1.

Then for p > 3 we have L(p,n) > 0. Moreover, we have L(2,n) > 0 for n = 0
(mod 2).

Proof. We have

p
an
pLp.m) = Y- Cop, ) p.a)e (=) = (0 —1)° + By,
a=1
where
i an
E, = Z Ca(p,a)C3 (p, a)e(—;).
a=1

By Lemma 4.2, we obtain

B, < (p—1)(vB+1)(2vp+1)".

It is easy to check that |E,| < (p—1) for p > 13. Therefore we obtain £L(p,n) > 0 for
p>13. If p=3,5,7,11, we can check L(p,n) > 0 directly. In addition, it is easy to
see that £(2,n) > 0 for n =0 (mod 2). This completes the proof of Lemma 4.4. O

Lemma 4.5. A(n,q) is multiplicative in q.

Proof. By the definition of A(n,q) in (3.1), we only need to show that B(n,q)
is multiplicative in ¢q. Suppose ¢ = q1¢2 with (¢1,¢92) = 1. Then we have

q192
an

Z Ca(q1q2,a)C3 (q1 o, a)e(——)

4.2 B(n,q1q
(4.2) (. q102) q192

a=1
(a,q192)=1

q1 92
Yo Y. Calmaz,arge + asqr)

a1:1 a2:1
(a1,91)=1 (a2,92)=1

ain asn
X C?(qu% aiqsz + G,qu)e(_;)e(__) )
q q2

o577



For (¢1,42) = 1 it holds that

- (a1q2 + azq1)mF
(4'3) Ck(QlQQ; aiqe + az(h) = g e(—)
m=1 4192
(m,q192)=1

_ f: zqzj e((aqu + a2q1

)(miga + m2q1)k)
=1 a1 q192
(m1,q1)=1 (ma2,q2)=1
q1

_ g;l e(ﬂh(”;;(h)k) i e(az(m2Q1)k)

mam1 qz
(m1,q1)=1 (m2,q2)=1
= Ci(q1,01)C (g2, a2).
Putting (4.3) into (4.2), we deduce that

q1

ain
B(n,qq2) = Z 02(5117611)0:?((]17@1)6(_j)
a;=1
(ahl(h):l

q2

a2:1

X Cs(q2,a2)C3(ga, as)e aan

> Calgza2)C5 (g 2)( q2>
(az,q2)=1

= B(’I’L, ql)B(n7 q2)

This completes the proof of Lemma 4.5.
Lemma 4.6. Let A(n,q) be as defined in (3.1). Then:
(i) We have
>Z

Z |A(n, q)| < Z73/2%<d(n).

o0
Hence, Y A(n,q) is absolutely convergent and satisfies G(n) < d(n).
q=1

(ii) There exists an absolute positive constant ¢* > 0 such that for n = 0 (mod 2),

S(n) = ¢ > 0.
Proof. From Lemma 4.5 we know that B(n,q) is multiplicative in q. Therefore
it holds that

(4.4) B(n,q)

(a,p)
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From (4.4) and Lemma 4.1 we deduce that B(n,q) = [[B(n,p) or 0 according to

whether ¢ is square-free or not. Thus, one has Pla
oo (o]

(4.5) YA = Y Alng).
q=1 q=1

g square-free

Write

R(pv G,) = CZ (pv a)cf?(}?; a’) - 52(p7 G)S:)?(Pa a)'
Then

1 p] 5 an 1 Lk an
(4.6) A(n,p) = =1 ; So(p,a)SE (p, a)e(—?) o1 ; Rip, a)e<_?).

Applying Lemma 3.1 and noticing that S (p, a) = Ci(p, a)+1, we get S (p, a) < p'/?,

and thus R(p,a) < p°2. Therefore the second term in (4.6) is not greater

then ¢;p~%/2. On the other hand, by Lemma 4.3, we can see that the first term

in (4.6) is not greater then 2 - 32p~°/2 = 2048p~5/2. Let ¢y = max(c;, 2048). Then
we have proved that for p { n it holds that
(4.7) | A(n, p)| < cap™®/.

Moreover, if we use Lemma 3.1 directly, it follows that

an

p—1 p—1
B(n,p)| = |3 Cal, a>c§<p,a>e(—?)‘ <3 [Co(p, )| G (p, 0)°
a=1 a=1

<(p—1)-2%-p®- 486 = 31104p°(p — 1),

and therefore

(48) Aln,p)| = |B(n, p)| < 31104p% 25 .31104p3 _ 995328
’ p) “(p-1P° " PP P2

Let ¢5 = max(c2,995328). Then for square-free ¢ we have

|A(n,q)l = ] 1A p)I ] 1AM, )| < [[(esp®*) [[(esp™2)

plg pla pla pla
pfn pln pin pln
_ Cg}(q) Hp—5/2 H p1/2 < q_5/2+€(n,q)1/2.
plg pl(n.q)
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Hence, by (4.5), we obtain

Z|Anq|<<zq5/2+an1/2 Z Z (dq) 5/2+ed1/2

q>Z q>Z dln ¢>Z/d
_ Zd 2+e Z ¢/ « Zd 2+€( ) 3/2+e
d|n q>Z/d d|n
— Z_3/2+€Zd_1/2+€ < Z_3/2+€d(n).
d|n
This proves (i) of Lemma 4.6.
To prove (ii) of Lemma 4.6, by Lemma 4.5, we first note that
a9 e = [I(1+ Y Awsh) = T[0+ At
p t=1 p
= [[+Awmp) [T+ Amp) [T+ AR, p).
p<cs p>cs p>cs
pin pln

From (4.7) we have

C
(4.10) [T+ Amp) = ] (1 - %) > ¢y > 0.
p>c3 p>c3 p
ptn
By (4.8) we obtain
(4.11) [T+ Amp) > I] (1 - C—‘;) > 5 > 0.
;0>‘C3 p>c3 p
pln

On the other hand, it is easy to see that

pL(p,n)

(4.12) 1+ A(n,p) = S0

By Lemma 4.4 we know that for an even n we have L(p,n) > 0 for all p and thus
1+ A(n,p) > 0. Therefore it holds that

(4.13) H (14 A(n,p)) = cg > 0.

Combining estimates (4.9)—(4.11) and (4.13), and taking ¢* = csc5c6 > 0, we derive
that
S(n) = c* > 0.

This completes the proof Lemma 4.6. O
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5. PROOF OF PROPOSITION 2.2

In this section, we shall present some lemmas that will be used to prove Proposi-
tion 2.2.

Lemma 5.1. Let wy(q) denote the multiplicative function defined by

w(puk+’l)) — piﬂfl when u > 0 and 2 <o < k;

and
w(p™ ) = kp~*~'Y?  when u > 0.
Then
4 Sk(g, a)| < wi(q)
and
¢71? Swilg) < g7
Proof. See [11], Lemma 3. O

Lemma 5.2. Let ¢, be a constant. For Q > 2 one has

D d* (q)wi(g) < log™ Q,
q<Q

where C}, is a constant depending only on k.

Proof. See [18], Lemma 2.1. O

Lemma 5.3. Suppose that x > 0, y > 0, 2%/5 < y < . Then either

Z e(m?)a) < y3/4+e +x1/2+€y1/6,
rz—y<m<z+y

or there exist integers a € Z and q € N such that
1<g<y'e™® (a,9) =1, |qa—a| <y'Pa?
and
w
S ey € O e

2 _
e S L+ 22yl —a/q|
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Proof. By Dirichlet’s lemma on rational approximation, each real number o can
be written in the form

a 1

for some integers a € Z and ¢ € N with 1 < a < ¢ < 2%y~'/% and (a,q) = 1. For
y10/3272 < g < 2%y~ 1/3, by writing m = x — y + t, it follows from Weyl’s inequality
(see [13], Lemma 2.4) that

Y. emPa)= Y ellz-y+1)’y)

r—y<m<zr+y 1<t2y
=e((z —y)3y) Z e(tPa + 3t (x — y)a + 3t(x — y)?a)
1<t<2y
1 1 g \/4 1 1 z2y1/3\1/4
< 1+€(—+—+—) < ”5( +=+ )
VT T oo Ty y?

< x1/2+5y1/6 +y3/4+5.

For 1 < g < y'%3272, it follows from Theorem 4.1 of [13] that
Tty

S e(mia) =q‘153(q7a)/ e(u®X) du+ O(¢"/*T=(1 + 2 |A|)/?),

r—y<m<z+y =y
which combined with Lemma 5.1 and Lemma 4.8 of [10] yields

. 1 _ _
> elmta) < wslaymin(y, o) o (00 4 B ) 2
r—y<m<a+y z

w:
23(q)y +x1/2+5y1/6.
1+ 22yla —a/q]

This completes the proof of Lemma 5.3. O

For & C [x3 — y3, 23 + y3] NN we define

(5.1) 9(0) = gurle) = 3 (logm)e(m?a).
meof
Lemma 5.4. Let .# be defined as

A= U #a)

10/3_ —
ol
i

where
_2 1/3
A (q,a) ={a: |ga —a] < 25 2y3/ }.
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Suppose that G(a) and h(«) are integrable functions of period one. Let g(a) = g ()
be given in (5.1), and let n C [0,1) be a measurable set. Then we have

1/4
/g(a)G(a)h(a) da < ys(logx3) 7, * (/|G(a)|2 da) V()
+ (w3 oy 4 ) (),

where

_ _ w3 (q)|h(a + B)|?
S (n) = / Glagh(@lda, T = s /,,, T e da

Proof. By the definition of g(), it follows from Cauchy’s inequality that

(5.2) /g(a)G(a)h(a) da| = Z (10gm)/e(m3a)G(a)h(a) do
n mego/ n
< Z (logm) /e(m3a)G(a)h(a)da
mea n

< (logxs) Z

z3—Y3<m<T3+ys

< yé/z(logm3)< Z

r3—yY3<m<T3+ys3

/e(mga)G(a)h(a) da

2>1/2

/e(m3a)G(a)h(a) da

For the inner sum on the right-hand side of (5.2) we have

D

r3—Ys<m<T3+ys3

2

/e(m3a)G(a)h(a) da

= Y[ [ G@n@GEmh-sem’ (o - 5)dads

T3—ys<m<T3+ys
- / / G(0)h(@)C(—B)h(~A)F(a — B) dards,
where

3E) = > e(m®=).

z3—y3<m<z3+ys

For any 5 € R we define

3(8) = / IG()h(@)F(a — B)|da
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Then it is easy to see that

(5.3) >

T3—Y3<m<r3+ys

2
< / G(B)L(B)[3(B) dB.

/ e(m3a)G(a)h(a) da

Define
1/3 _—
Mp = U U {a: Jga—gB —al < y3/ T3 }
1<q<yé0/3 ;2 1<a<q

(a,9)=

By Lemma 5.3 we derive that

G0 @)= [ jeense - pldos [ i@ - §)ldo

wa(Q)
< G(a)h(a da
y?,/m[) (@h() e g

T 2lf2rey /e / IG(a)h(a)| da
nﬁ./\/l[-}

a5 [ (G@(a)lda+ 5™ [ (Gl da
n\ Mg

ws3(q)
< Gla)h(a da
yg/mMﬂ' N 2yl - 5= a/d]

1/2+e 1/6/|G |da+y‘3/4+€/|G ()| da.

From (5.3) and (5.4) we obtain

2

(5.5) >

z3—y3<m<z3+ys

<m [ [ 166mE) @k w3(g) dadd

1+ 23ysla — B —a/q|

+ (2 12te, 1/6 3/4+5 </|G )|da>2.

By noting the fact that oo € Mg is equivalent to o — § € .# for the inner integral of

/e(mga)G(a)h(a) da
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the first term on the right-hand side of (5.5), it follows from Cauchy’s inequality that

(5.6) / |G| ws(4) da

1+ zdys|la — B — a/q]

© (/“ ler da>1/2 (/Mﬁ (1+ xgjiﬂgﬁ(g)fa/ﬂ)? da>1/2
1/2 2 i 2 y
(o) o, | i)
< (f o) "

Putting (5.6) into (5.5), we deduce that

>

r3—Ys<m<T3+y3

1/2
<ys 1/2</|G |2da> </|G |da>
P ([ ienida)

which combined with (5.2) yields that

A

2

e(m*a)G(a)h(a) da

n

1/4
<<y3(logx3)J01/4 </|G(Oé)|2 da) T2 ()

i (m§/4+€y§/12 +y;/8+e)j(n).

/ 9(a)G(a)h(a) da

n

This completes the proof of Lemma 5.3. O

Lemma 5.5. Let y € R, D >0, Q> 1 and Q < y3 < 3. We define

S| O S es s cponin (08D 0+ )
¢<Q a=1 la—a/q|<1 (1+D|a_a/q|)
(a,q)=1

Then there exists a constant Cy > 0 such that

L(v) < y5D " (log 2)“°.
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Proof. We have
(5.7)
> icaca | Yo ws—ys<p<aniy, 108D)ED (a/q+ B+7))?
e < w2 Sasq T2 —y2<psST2+ty2

dg.

4<Q BI<1
For the inner sum in (5.7) one has

zq: Z (logp)e(pQ(g +,3+7>)

T2—Y2<p<T2+y2

Z S (ogpy)(ogpa)e( (B2 —p3) % + (03— p3)(B +7)
q

a=1z2—y2<p1

2

p2<T2+Y2
2 2 < (P% p%)a
= > (ogp)(ogp)e(( —p)(B+7) D¢ )
T2 —Yy2<p1 a=1 q
p2<T2+Yy2
=q > (logp)(logp2)e((p} — p3)(B+7))-
T2 —y2<p1
p2<T2+Y2

pf Epg (mod q)

Since ¢ < Q < y2 < x2 and p1,p2 < x2, we have (p1,q) = (p2,q) = 1, and thus

q 2 2
a
> ) (logp)e(pQ(— +8+ 7)) ‘ < Logm3? Y 1
a=1"z2—y2<p<z2ty2 q 9 1<n1,n2<q
(ninz,q)=1

n?=n2 (mod q)

2(1
<< Ogl‘Q Z Z 1<<y dC( )(10g$2)2.

1<ni<q 1<nz<q
n?=n2 (mod q)

Therefore from (5.7), (5.8) and Lemma 5.2 we deduce that

dg
L(v) < y3(logx < w )/ — < yiD (logxy)©°
(7) y2 g 2 qgé 3 B1<1 (1 +D|6|) 2 ( 2)

This completes the proof of Lemma 5.5. O

Lemma 5.6. Let m be defined as in (2.3) and 93 be a real number with 8/9 <
¥3 < 1. Suppose that 0 < ¢ < 03(¥3), where

L /2093 —1 993 —8
oo = in (231, 222)
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Then for any fixed € > 0 it holds that

sup Z A(m)e(mPa)| < z227Te 4 glste p=1/2,

acm P
zz<m<arztwy>

Proof. See [3], Theorem 2. O

Proof of Proposition 2.2. Taking

h(a) = f2(a), g(Oé) = fg(()é), xr3 = N1/37 Yys = UN72/37
G(a) = f2(=a)lfs(@)* fs(~a),

in Lemma 5.4 we obtain
1/4
(5.9)  Z(10) < (UN~2/*)(log N).Jy /" ( / |15 (0) 3% ()] da) 7'/%(9)
+ (N1/12+5(UN—2/3)7/12 + (U—]\;——Q/S)7/8—}-5)‘2'(9)7

where

_ q @bl + H)P
RN NP YD O N+ ey

Bel0,1] 1<q<U0/8N-26/9 a=1 7 #(q
(a g)=1
with
M(q,a) = {a: |qa —a| <SUYVINT8/9Y,
By Lemma 5.5 with parameters Q = UW0/3N=26/9 4, = UN~Y2 gz, = N'/2
D = U, we deduce that

(5.10) Jo < UN~(log N)Co

For o € m, according to Lemma 5.6 by taking z3 = N'/3 and y3 = x33 =UN—2/3
with U defined in (2.1), we know that ¢35 = 201/225 + ¢, and thus p3(¥3) =
(993 — 8)/6. Therefore, taking o = g3(3) = (993 — 8)/6, we obtain

(5.11) sup |f3(a)] < x% ote | glatepm1/2 x§/3—193/2+s + gfste p1/2

acm
< (N1/3)4/3+5(UN—2/3)—1/2 + (UN—2/3)1+6(UQN—37/20)—1/2
< U-V/2+e NT/9 4 NBL/120—e o 7—1/242 NT/9.

Hence, we deduce that

(5.12) Z(18) < sup | f3()[PZ(10) < (U2 NT/9)87(10) = U4+ N>0/97(10).

acm
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It follows from Holder’s inequality that

(5.13) / (52 (@) £3°2 (@) (£ (@) 3% ()| da

<<< [ ir3ta |da>3/4( JALLD |da> "’

< (Z( ))3/4(1(6))1/4~

From Lemma 6.6 of Zhang and Li [17] we know that

(5.14) 1(6) < /O 1 |3 () f3 ()| dar < UPTEN,
By (5.13) and (5.14), we obtain

(5.15) T(9) < (Z(10))3/4U3/2+e N1,
Combining (5.9), (5.10), (5.12) and (5.15), we derive that

I(].O) < U1+5N5/36(I(10))5/8 + U25/12+5N747/36(I(lo))3/4
+ U19/8+5N719/12:Z(10)3/4

which implies
7(10) < U8/3+e N10/27 | 1725/3+e N —4T/9 | [719/2+e N—19/3 - [78/3+e Nr10/27

This completes the proof of Proposition 2.2. O
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