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Abstract. We introduce a higher dimensional analogue of the Engel structure, motivated
by the Cartan prolongation of contact manifolds. We study the stability of such structure,
generalizing the Gray-type stability results for Engel manifolds. We also derive local normal
forms defining such a distribution.
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1. INTRODUCTION

In [7] Montgomery proved that a generic rank r distribution on a manifold of
dimension 7 is not stable if 7(n —r) > n. Among the cases that are excluded by this
inequality are line fields (when r = 1), contact and even contact structures (when
r = n — 1) and lastly Engel structures (when r = 2, n = 4). An Engel structure
is a rank 2 distribution D on a 4-manifold M such that D? is a rank 3 distribution
and D? = TM. Like contact structures, any Engel structure is locally given as the
common kernel of two 1-forms (see [8]),

dz —ydr, dy—wdz.

But unlike contact structures, Engel structures are not stable under arbitrary isotopy.
In fact, any Engel structure D defines a complete flag

LCDCcCE,

where the line field £, called the characteristic line field, is usually not stable under
isotopy. Golubev proved a modified version of the Gray-type theorem for Engel
structures in [5].
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Engel manifolds are closely related to contact 3-manifolds. Starting with a
3-dimensional manifold with a contact structure £, one obtains a circle bundle by
the Cartan prolongation of £, where the total space of the bundle carries an Engel
structure D with its characteristic line field tangent to fibers, see [8]. The pro-
longation on an arbitrary contact manifold (N2"+1 ¢) gives rise to fiber bundles
M — N with the fiber RP"~!. The total space of the bundle supports a flag
L CDC&CTM on M with the rank vector (2n — 1,2n,4n — 1,4n), where

D?=¢ D*=TM,

and £ is the Cauchy characteristic distribution (see Definition 2.1) of £. Motivated
by this, we introduce generalized Engel structures on manifolds M as distributions D
of even co-rank such that £ = D? is a co-rank 1 distribution, D3 = T'M, and the
Cauchy characteristic distribution £ of £ is contained in D and has co-rank 1 in D.
The distribution L is referred to as the characteristic distribution of D. In general,
if we have a flag D C & C TM satisfying D? = £ and D? = TM, then it does not
necessarily follow that the Cauchy characteristic distribution £ is contained in D
unless dimension M is 4 (see Example 3.2).

The generalized Engel distributions are not generic. However, they are similar to
Engel 2-distributions in several ways. The main goal of this article is to demonstrate
a Gray-type stability property of these distributions.

Theorem 1.1. Let Dy, 0 < t < 1, be a smooth one-parameter family of gener-
alized Engel distributions on a closed manifold M. Assume that the characteristic
distribution L; of D, is independent of t and put £ = L; for all t. Then there exists
an isotopy ¢, of M such that

01D =Dy, @l = L.

We also obtain a local normal form for a set of generators of the annihilating ideal
of a generalized Engel distribution D.

It should be mentioned that global stability theorems for other types of (multi)flags
have been discussed in literature before, namely:

> In [9], the authors proved it for a co-rank 1 distribution containing a characteristic
distribution of arbitrary co-rank.

> In [1], Adachi improved upon this result by considering a distribution of arbitrary
co-rank containing a co-rank 1 characteristic distribution.

> Later in [2], Adachi proved a similar result for the special multiflag, which can be
considered as a direct generalization of the Goursat flag.

766



The article is organized as follows: In Section 2 we recall some basic notions about
distributions. In Section 3 we introduce generalized Engel structures and describe
the Pfaffian system defining them. In Sections 4 and 5 we prove the main results of
this article.

2. BASIC NOTIONS AND EXAMPLES

Given any distribution A on a manifold M, we can think of it as a sheaf of local
sections of the sub-bundle A C T'M. The notation X € A would mean some local
section X of the distribution A. Given two distributions A, B, define [A, B] as the
sheaf of vector fields obtained by taking Lie brackets of local sections. Using this
notation, recursively define

D' =D'+[D, D], D'=D.

where D! is the stalk at the
point z. Note that D! defines a distribution if the integer ¢;(z) is locally constant.

At every x € M we have the integer ¢;(z) = dim D¢,
The integer sequence (g;(x)); is called the growth vector for the distribution D at x.
A distribution is regular if the growth vector is independent of the point z. A regular
distribution D is called nonholonomic if there is an integer k such that TM = D*.
In this article, we consider only nonholonomic distributions in the above sense.

Before moving onto some examples, we recall the definition of Cauchy characteris-
tic distribution (see [3]), as it will play an important role in understanding generalized
Engel distributions.

Definition 2.1. Given a co-rank 1 distribution £ on a manifold M, consider the
collection
L={Xe&: [X,)Y]efforallY € &}.

If £ has constant rank everywhere it is called the Cauchy characteristic distribution

of £.
We can locally define £ as follows. Suppose &£ = kerd. Then
ocC
L= kerdf|, = {X € £: d§(X,Y) =0 for all Y € £}.

It is easy to see that the Cauchy characteristic distribution is integrable. Indeed, if
X, Y € L and Z € £, then we have

[[va]aZ] = [Xv [Ya Z]] - [Yv [Xa Z]]

Now, [X, Z],[Y,Z] € € and hence [[X,Y],Z] € £. Thus [X,Y] € £. But then L is
integrable by the Frobenius theorem.
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Example 2.2.

(a) A contact distribution on an odd-dimensional manifold M is a co-rank 1 distri-
bution ¢ such that £€2 = TM and the Cauchy characteristic distribution of ¢ is
trivial.

(b) Similarly, an even contact structure on an even-dimensional manifold M?"*2 is
a co-rank 1 distribution &€ such that £2 = TM and the Cauchy characteristic
distribution of £ is a line field. Like contact structures, an even contact structure £
is locally given as kernel of some 1-form « satisfying o A da™ # 0.

(¢) An Engel structure D is a co-rank 2 nonholonomic distribution on a 4-dimensional
manifold M, such that D? is an even contact structure and D3> = TM. The
characteristic line field £ of D? turns out to be contained in D, see [8]. Thus
the Engel structure completely defines the flag £ € D ¢ D? € TM. Any Engel
structure D can be locally realized as kernel of two 1-forms,

dz —ydr, dy—wdz.

We are particularly interested in distributions in higher dimensions, which exhibit
properties similar to Engel structures.

2.1. Cartan prolongation. A prime example of the Engel manifold appears
as the Cartan prolongation (see [8], [10]) of contact 3-manifolds (M, &). We first
describe the prolongation of a contact structure below.

Consider an odd-dimensional manifold N?"*! with a contact structure ¢£. On N
we construct the Grassmann bundle

RP"1 — pe¢ 5 N,

where the fiber over a point x € N is the projective space of lines in the vector
space &,. The total space Q = P is of dimension 4n. The inverse image of &
under dr defines a co-rank 1 distribution £ on Q, i.e., £ = dw~(£). On the other
hand, there is a distribution D which is obtained as follows: at a point [/] € @,
where [ is a line in &, for p € N, put Dy = d7r|[_l]1 (). Since 7 is a submersion, D is
a co-rank 2n distribution on Q). Clearly, D C £. Set L as the vertical sub-bundle
of TQ over N, i.e., L is tangent along the fibers. Thus, we have a flag, L C D C £.
The distribution D is called the prolongation of £. In particular, if n = 1 and N is
a contact 3 manifold, then dim @ = 4 and D is an Engel structure on Q.

We now observe a few general properties of this flag. Since £ is a contact structure

on M it can be locally expressed as ker (dz - >y dxi). Therefore,
i=1
fli (Oy;, Ps =0, + 430, i=1,...,n).

768



Any line | C &, is represented by a nontrivial linear combination of these vectors.
Hence, on Q we can introduce homogeneous coordinates

{a1,...,an,b1,...,bn}

along the fiber of 7: @ — N. If ¢ € Q with 7(q) = (x1,...,%Zn,Y1,---,Yn,2) then
there is a unique 1-dimensional subspace in 17 ()N given by

i=1 i=1

where a;, b; are homogeneous coordinates of ¢ along fiber. We can describe the flag
L C D C & locally as follows,

L, = the vertical tangent space of Q at ¢, D, =L, @ (Z),
gq:ﬁq@<8y17---78ynaP1a---7Pn>v TQQZEQ@<8Z>

From this description we observe that

> co-rank D is even, co-rank £ is 1 and co-rank of £ in D is 1,
> D2=¢ D¥=TM,
> L is the Cauchy characteristic distribution of &, i.e., [£,&£] C €.

3. GENERALIZED ENGEL STRUCTURE

Motivated by the Cartan prolongation of a contact structure, we define a gener-
alized Engel structure.

Definition 3.1. A generalized Engel structure or an Engel-like distribution on
a manifold M is a distribution D of even co-rank, such that
(1) 5 D? is a co-rank 1 distribution,
(2) D°=TM,
(3) L, the Cauchy characteristic distribution of &, is contained in D,
(4) L has co-rank 1 in D.
Thus, we have the flag

even co-rank
—PN——
LCDCECTM.
—— ~——
co-rank=1 co-rank=1

The distribution £ will be called the characteristic distribution of the generalized
Engel distribution D.
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We observe that, for a generalized Engel distribution D, we must have that
rank £ > rank £/D. The equality is achieved, for example, in the situation of Cartan
prolongation of a contact (2n + 1)-fold, where we get the flag

£(2n71) c D(Zn) c 5(47171) c TQ(4n)
and rank £ = 2n — 1 =rank E/D.

3.1. A remark on the definition. When dim M = 4 and D is of co-rank 2, we
have an Engel structure. As mentioned earlier, in this case the Cauchy characteristic
distribution £ of £ = D? is completely determined by D and it is contained in D. For
a higher co-rank we can not expect this to happen in general as can be seen from the
examples below. In the first two examples £ ¢ D and in the third one the co-rank
of £ in D is not 1. All the examples are constructed over R®, where the coordinates
are understood from the context.

Example 3.2.
(a) Suppose D = (O, 0y, 0z, 00 + €0z, + Y0y, + 20, + 210;). Then [D,D] =
(Ozy, Oy, 02, ) and hence,

E =D?=(0y,0y,02,00,,0yy, 0z, O + 2104).

Lastly, [D, D?] = (9;) and so D* = T M. The Cauchy characteristic distribution
of £ is L = (0s,0y,0-,0x,,0y,) which is a rank 5 distribution. Clearly in this
case we have £ ¢ D.

(b) Consider, D = (0, 0y, + WOy, + Y10:, 0, + WOy, + Y205, Oy, + wIy,). Then
[D,D] = (Oy, , Oys, Oys) and so

&= D? = <awvay1’ay2aaysvax1 +ylaza812 +y282789’33>'

Clearly, D> = TM and the Cauchy characteristic distribution of £ is £ =
(O, Oy, gy ). Since Oy, & D, we have L ¢ D.

(c) Let v; = Oy, + w0y, + y:0, for i = 1,2,3 and D = (Oy,,v1,v2,v3). Then
[D, D] = (8y,, 0y, Oy, ), and so & = D? is a co-rank 1 distribution and D3 = T M.
Also, L = (0y). In this case, we have the flag £L C D C &, where £ is an
even contact structure. Further, note that there exists a co-rank 1 integrable
distribution (vy,v2,v3) contained in D.

The above examples justify the conditions (3) and (4) in the definition of the
generalized Engel structure.
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3.2. Pfaffian system. A Pfaffian system is a sub-bundle of the cotangent bun-
dle T* M. Given a distribution D C T'M, we have an associated Pfaffian system S(D)
defined as the collection of 1-forms which vanish on D. In this section we would like
to find out the Pfaffian system for a generalized Engel distribution.

We start with a co-rank k + 1 generalized Engel distribution D, where k = 2] + 1
is odd. Suppose locally that

and

for 1-forms 6, w!,...,w". Set ' = w! A ... AwF A O A dw'.

Proposition 3.3. We have the following statements.
(1) {n',...,n*} is point-wise linearly independent.
(2) W'AOANdOTL =0 foralli=1,... k.

(3) O AdOHL £ 0.

(4) O AdOF2 = 0.

Proof. Choose local vector fields D and R such that D/L = (D mod £) and
TM/E = (R mod€&). Since L is integrable and £ = D? = D + [D, D], we have that
the map

L£L—E&/D, L [D,L] modD

is a surjective bundle map. Since {w'} are linearly independent and D is their
common kernel in £, we can choose dual vectors V¢ € £/D. Also from the surjectivity,
there exists L' € £ such that V? = [D, L] mod D. Then n’ # 0 for all i, since we
have

n(V,...,V¥, R, D /LY #0.

If possible, let {n‘} be linearly dependent at the point p. Then without loss of

ko
generality we may assume that n' = Y f;n’ at p for some functions f;. Set w! =
i=2
w! — Y fiw'. Then clearly, D is also defined as {&! = w? = ... =wk =0 = 6}. But
i>1
then we must have that

SPAWIA WP AGAdD £0.
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On the other hand,

TYAWEA WP A A D!

= (wl—Zfiwi> AW A AWFAON (dwl—Zd(fiwi))

i>1 i>1

=wl A WP AOA (dwl—dei/\wi—Zfidwi>

i>1 i>1

=wA WP AN (dwl—Zfidwi> :nl—mei:Oat the point p.

i>1 i>1

This is a contradiction. Hence we have that the set of (k + 3)-forms {n‘} are point-
wise linearly independent. This proves statement (1).

Now observe that £ = ker(df|kerg). So, on £/L we have that df has full rank.
Since co-rank £ =k +2 =2+ 3 = rankE/L = 2(I + 1), we have

OAdOTL £0, GAdET2 =0,

which proves statements (3) and (4).

Next, consider the (2] + 3)-form w’ A d#"*!|¢ on €. For any L € £ we have that
tpw® A d@'F| ¢ is identically zero, since w’(L) = 0 and ¢,df|¢ = 0. Thus, £ is in
the kernel of w® A df'*1|¢. But £ has co-rank 2] + 2 in £ and then by a simple
rank counting argument, w® A df!*1|¢ is identically zero. Now & = ker # and hence
wi A @ AdOHL =0, proving statement (2). O

The converse of Proposition 3.3 is also true. Suppose we are given some co-rank
k + 1 distribution D on a manifold M, where k = 2] + 1, such that D is locally the
common kernel of 1-forms {#,w!, ..., w*}, satisfying
> {n',...,n*} is point-wise linearly independent, where ' = w' A ...w* A O A dw?,
b wAOAdIF =0 foralli=1,...,k,
> OAdITL A0,
> O AdOT2 = 0.

Proposition 3.4. Under the above hypotheses, D is a generalized Engel struc-

ture.

Proof. Set £ = kerf and £ = kerdf|s. These are locally defined distributions
of co-rank 1 and 2l + 3, respectively. We can get a local framing of TM/L as
{R,Xi,Y;: i,j = 1,...,l + 1} such that 6 A d§"" (R, X1,Y1,..., X;41,Yi41) # 0.
Consider L € L. Then we have

0=w AOANdIT (L, R, X1,..., Y1) =W (L)OAAITHR, X1,..., Y1)
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since all other terms vanish. But then w?(L) = 0 for all i. Thus, L € D. So we have
the flag
LCDCE.

Next we show & = D?. First note that D = L @ (Z) for some choice of a vector
ocC

field Z. Since L is the Cauchy characteristic distribution of £, we have [£,£] C £. In
particular, [£, Z] C £. Also L being integrable, we have [£, £] C L by the Frobenius
theorem. Then clearly, [D,D] C £. Thus D? C £. For the equality, consider the map

o: L —E/D,
L~ [Z,L] mod D,

where ® is a bundle map: [Z, fL| = Z(f)L+ f[Z, L] = f[Z,L] mod D, as L C D. We
show that ® is of full rank, which implies that & = D?. Equivalently this happens
if @* is injective. Dualizing ® we get

*: (/D) — L7,

[a] = —izdalg,

where (£/D)* consists of classes of 1-forms « defined on &, which annihilate D.
Consider the 1-forms

7= —dewi|£
defined on £. Since w’ induces a basis for (£/D)*, it is enough to show that the
maps 7' are point-wise linearly independent for ®* to be injective. If not, then

without loss of generality assume 71 = > f;7% at some point p for some functions f;.
i>1

Get dual vectors {R,V,...,Vi} in TM/D of {6,w!,...,w"}, respectively. Now, for

any L € L, we have n(Vq,..., Vi, R, Z,L) = dw*(Z, L) = —7*(L). Thus,

(Vi Vi R Z,L) ==Y fi'(Vi,..., Vi, R, Z, L)
i>1
at the point p. But then 7' = — 3" fin' at p, contradicting the point-wise linear
i>1
independence of {n’}. Hence, {r'} I>1as to be linearly independent point-wise. Thus
we get £ = D?; £ and consequently £ are now globally defined distributions. Also
observe that ® being full rank, we have rank £ > rank £/D.

Lastly, to verify D3 = T'M, note that df is non-degenerate on £/L. In particular,
for Z € D satisfying D = L & (Z), we have 1z df # 0. So, d0(Z,V) # 0 for some
Ve&/D. ThenV € [D,D]and 0 # d0(Z, V) = —0[Z,V]. Thus, TM = ED([Z,V]).
So, TM = D3. O
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3.3. Orientability. Suppose M is a manifold of dimension 4n and D is a rank 2n
generalized Engel structure on it with the associated flag

£(2n71) c D(Zn) c 5(47171) c TM(4n)
Then we have a bundle map

o L®D/L—E/D,
L ® (D mod L) — [L, D] mod D

which is surjective. Since rank £L ® D/L = 2n — 1 = rank /D, ® must be a bundle
isomorphism. Thus we get a splitting

TM>2EDTM/EZDOE/DOTM/EZD® (LRID/L)YDTM/E.

Proposition 3.5. The distribution £ is orientable.

Proof. We calculate the first Stiefel-Whitney class w1 (€). Since
E=Dad (L®D/L),
we have
wi () =wi (D@ (L®D/L)) =wi(D)+wi(L®D/L).
We have the formula (see [6]) for the total Stiefel-Whitney class,
w(L®D/L) = P(wi(L),... ,wan—1(L),w1(D/L)) mod 2.

Here, P is the polynomial of 2n variables, given by the identity

2n—1
P(o,....o0m1,T) = [ A+ X+ 1),
=1

where o; is the ith degree elementary symmetric polynomial in indeterminates
Xq,..., Xo,_1. Explicitly,

Ploy,...,000 1, T) =1 +T)" 1 4011+ T)*" 2+ ...+ 09n 2T + 0on_1.
So we get
W(L@D/L) = (1+wi(D/L)*" P+ wi (L)1 +wi(D/L)* 2 + ... + wan_1(L).
Comparing both sides,
w1 (L&D/L) = (2n—1)w1(D/L)+w1i(L) = w1 (D/L)+w1(L) = w1 (D/LDL) = w1 (D).
But then wi(€) = w1 (D) + w1 (D) = 0 and hence £ must be orientable. O
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The orientability of £ may also be understood in the following manner. Suppose
Lq,...,Lon 1 is a local frame of £ and X is a local section of D which is transverse
to L. Then, Ly,...,Lap—1,X,[L1,X],...,[Lan—1, X]| defines a framing of £. It may
be shown that this framing uniquely determines an orientation on £ independent of
the choices.

4. STABILITY OF GENERALIZED ENGEL STRUCTURE

Engel structures are not globally stable due to the presence of an integrable sub-
bundle, though they have the local stability property. Golubev proved the follow-
ing Gray-type theorem for the Engel structure which shows that a homotopy D,
0 <t <1, of Engel structures is obtained by an isotopy provided the characteristics
distribution of D; is independent of ¢.

Theorem 4.1 ([5]). Let D;, 0 < t < 1, be a one-parameter family of oriented
Engel structures on an oriented closed 4-dimensional manifold M such that the
characteristic line field L(D;) = L for allt. Then there exists an isotopy ¢, 0 < t < 1,
of M such that

©0ix(Dy) = Do,  @(L) = L.

Theorem 1.1 is a direct generalization of Theorem 4.1 for generalized Engel struc-
ture. We shall first prove a special case of this theorem.

Theorem 4.2. Suppose D;, 0 < t < 1, is a one-parameter family of generalized
Engel structures on a closed manifold M such that D? is independent of t and
equals £. If L is the Cauchy characteristics distribution of £ then there exists an
isotopy @ of M such that

Sﬁt*Do =Dy, SOt*g = 57 Sﬁt*ﬁ =L

4.1. Proof of Theorem 4.2. The approach of the proof is very similar to that
of Adachi in [1]. The proof follows through a sequence of lemmas. Throughout this
section, we assume that D; is a smooth one-parameter family of co-rank k + 1, where
k = 20+ 1, the generalized Engel distribution on a closed manifold M such that
& = D? is independent of ¢ and the Cauchy characteristic distribution of £ is L.

We first identify a time-dependent vector field X;, whose flow has the desired
property. Then, we prove the existence of such vector fields on M.
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Proposition 4.3. Suppose there exists a time dependent vector field X,
0 <t <1, on M which satisfies the conditions

(1) thdwﬂpt—l—awzpzo Vi=1,...,k; Xy € L,

where 0, wi, 0 <t <1,i=1,2,... k, is a smooth family of (local) 1-forms such that

8—ker9 and Dt—{wt—...zwf:O:Q}.

loc

Then the flow ¢, obtained by integrating the time-dependent vector field X; satisfies,

SOt*DO =Dy, @t*[/ =L

Proof. Since X; € L and [£,&] C &, we have that .. = € and hence ¢ L = L,
as L is completely defined by £. So we have ¢;0 = Fi0 for some family of non-
vanishing functions F;.

In order to verify that Dy = D;, we would show the existence of smooth families
of functions Gij and F} satisfying

(%) prwi=> Glw)+Fl0 Vi,

where the matri?g (Gij Jkxk is non-singular for every ¢. Furthermore, since g is the
identity map, G = &;; and F} = 0 for all 4, j.
Suppose we have a family of functions Gy’ and F} which satisfy the relation ().

Differentiating both sides of (x) with respect to t we get
Gy ;  dFi, d ., cod i cod
)+ 0 = —piwl = o (L + gowt) = i (v, dwf + o).

J
Now from the hypothesis, ¢ x, dw!|p, +(d/dt)wi|p, = 0 and hence there exists a family
of functions g;” and f{ such that

x, dw! + Z glwl + fi6.
Pulling back by ¢; we have
*( d i i i\ _ i * ] i *0
P | Lx, dwy + dtwt = Z(gt o pr)prwi + (ff o pt)py
J
— Y (6 o) (Z Gt + F1) + (ff o )it
J
= Z (Z © Pt G]p) wg + <Z(9ijt o )F] + (fi o SOt)Ft>9~
J
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Comparing the coefficients of w) and 6 in the last two expressions, we get a system
of first order differential equations

dGir
dt

(2) = (9 ce)GI" Vi,p,

j
dFi ’ — .
dtt - Zj:(g? oo )F{ + (fiow)Fy Vi

with the initial conditions
3) Gi =0y, Fi—0.

Thus it follows that G¥ and F’ must be solutions to the initial value problem (2)
and (3). Conversely, if G¥ and F" are solutions to the initial value problem (2)
and (3), then they satisfy the relation (x).

As the system (2) is affine, its solution exists for all ¢ € [0, 1]. Since the initial value
matrix (G ) = I is non-singular, we have that the solution (G) is non-singular for
every t (see [4]). This completes the proof of the proposition. O

Next we observe that the time-dependent vector field X; satisfying the hypothesis
of Proposition 4.3 depends only on the distribution D; and not on the choice of
a basis for the Pfaffian system defining the distribution.

Proposition 4.4. Suppose £ = kern and D; = {u} = ... = ut =0 =n} for
a smooth family of (local) 1-forms {u¢,n}. Then the vector ﬁe]d X, 0<t<1,in
Proposition 4.3 also satisfies the relation

. d .
LXthHDt + auﬁlﬁ D,
In other words, X; depends on the distributions D;, not on the choice of local 1-forms

defining the distributions.

Proof. Suppose {yt,n} and {wf, 6} be as above. Then we must have that = f6
for some nonzero function f and

1
n Wy
S =A

k k
My Wy
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for a family of non-singular k x k matrices A, = (A7). So, ui = STAYw!. Then
dul = Z dA7 Awl + A7 dw!. So, !

LX, d:u‘“Dt = Z(th dAi])wﬂDt - (Lthg) dA:]|Dt + AijLXt dwt |Dt
J

= ZAijLXt dwg"Df, = ZAt dt t
J

Dy
as wi (Xt) =0and w{|pt = 0. On the other hand,
AY p , d
Az] ‘ _ 494 ‘
dttht tdttDt z]:tdttpt

Hence, we have tx,dui|p, +(d/dt)ut|p, = 0. Thus X; is the solution for every family
of local forms defining D. O

4.1.1. Obtaining the time-dependent field. Now, in order to prove Theo-
rem 4.2, we need to find a time-dependent vector field X; € £ which locally satisfies
the relations

LXtdwlet + %wﬂm =0 Vi=1,...,k

on some open subset U, where w!, 6 are as in Proposition 4.3.
To begin with, we introduce a few notations. Put

Ki = kerdwi|p, = {X € D;: dwi(X,Y)=0forall Y € D;}
={X €D;: wi([X,Y])=0forall Y € D},
Ji= (K] ={X €Ds: wl([X,Y]) =0 forall Y € D, for all j # i},
J#i
(Kl ={X €Dy: [X,Y] €D, forall Y € D;}.
J

Wy

Lemma 4.5. For eachi=1,...,k we have Ki C L for all t.

Proof. Locally, we have a family of 1-forms oy such that £ = D;Nker a;. Since £
is integrable, from the Frobenius theorem we have, in particular, ay Aw} A ... Awf A
dw{=0,i=1,...,k. Pick some K € K!. Then we have

0=1tx(oy Awf Ao Awl Adw!) = ay(K)wi Ao Awr Adw!

as the other terms vanish. But w} A ... A wf Adw! # 0. Hence we have a;(K) = 0
and so K € L. Thus we have K! C £ for all 4 and for all ¢. O
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In particular, we have that J;' C £ for eachi = 1,...,k and W, C L. Also observe
that for any i, W, = J} N KL.

Lemma 4.6. For any 0 <t < 1, IC%, W, and Jti have constant ranks. Further-
more, rank J; = rank W, + 1 and co-rank of K} in L is 1.

Proof. Fix 0 <t < 1. Since £ has co-rank 1 in D;, choose a vector field Z such
that D, = L & (Z). Then consider the map

U: L — E/Dt,
L [Z,L] mod Dy,

where W is a bundle map and has full rank, since D? = £ and L is integrable.
Clearly W; is contained in the kernel of U. Also for U(L) = 0, i.e., [Z, L] € Dy, we
have that [L, X] € D, for any X € Dy, since L is integrable. Thus L € W, and so
W, = ker U. Hence W, is a constant rank distribution.

Since the induced forms wj|¢p, are (point-wise) linearly independent, choose some
vector fields {V;} from &; such that {V; = V; mod D, } is the corresponding dual basis.
Consider the map

U,: L= E/(Drd(V;)),
L+ [Z, L] mod(D; @ (V;)).

Again U, is a full rank bundle map. As V; is dual to w§|5/Dt for any L € J}, we
have that
[Z, L] mod Dt = fiVi
for some function f; and thus J} C ker ¥,;. Conversely, suppose ¥;(L) = 0, i.e.,
[Z,L) € D; ® (V;). But then for j # 4, w[Z, L] = 0 which implies w][L, X] = 0 for
any X € D; and for all j # 4. Thus L € J; and hence J = ker ¥;, proving that J;
is of constant rank.
Similarly define the map

i: L E)(Dy @ Vi, ..., Vi, Vi),
L [Z, L] mod(D; & (Va,...,Vi,..., Vi)

and observe that ker ®; = K!. Since ®; is again a full rank bundle map, K} is of
constant rank.

Clearly we have that rank J7; = rank W; + 1 and co-rank of K} in £ is 1 for any
0<t< 1. ]

Now we find the local field.
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Lemma 4.7. For each i there is a local field X} € J such that

LdewﬂDt + %w} b = 0.

Proof. From Lemma 4.6 we have that J; = W, ®U} for some line field U} C J;.
Clearly U} ¢ Ki, as that would imply J; C K¥. Now we can get D; = Ki &V} such
that Uj C V; for all t. As the co-rank of K in £ is 1 we have that V} is of constant
rank with rankV} = 2. Since by definition ! = kerdw}|p,, we have that dw} is
non-degenerate over V;. Hence we have a solution X; € V} such that

. d .
txidwi|ys + —wy|  =0.
EEVE T Qg Ty
Now, foidwi ki = 0. Also since K¢ C £ C D for every parameter s, we have
that (d/dt)w} ki = 0, since Dy C kerw!. Thus we also have that Lxgdwé ki +
(d/dt)ws x: = 0. Combining this we get that
i d ;
Ldewt|Dt + Ty, = 0
t

as required. We now show that X; € U}, which will yield that X! € 7.
wi = —(d/dt)wily;. But Uf € J} C L C
ui = 0. Thus we have that

Restricting to U] we see that ¢ Xz:dwé
D C kerw! for all s and so (d/dt)w!

A —
LXz,dwt uti =0.

Now X} € Vi and U C V} is a line field. But dw! is non-degenerate on V; with
rank V] = 2. Thus fogdw}:
proof. ([

Xi=> X}

Since each X} € J C L, we have that X; € L.

i = 0 is possible only if X} € ;. This completes the

Set

Lemma 4.8. We have tx,dw}|p, + (d/dt)wi|p, =0 for alli =1,... k.

Proof. Since X} € J/, we have that LngwﬂDt =0 for all j # i. Thus,

I — . i _ ) [ _ %
[’Xf,dwt|Df, = E Ldewtl'Dt = [’X;dwtlDt = _awt D’
- g t
J

ie., tx,dwi|p, + (d/dt)wi|p, = 0 for every i = 1,..., k. O
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To complete the proof of Theorem 4.2 we have to obtain a global time dependent
vector field X; satisfying the hypothesis of Proposition 4.3. First, suppose that we
have a (locally) finite open cover {U*} of M and local fields X} € L|y, on Uy, which
satisfy the relations

on Uy, where Dy|y, = {wi* =0 = 6*} and €|y, = kerf*. Consider a partition of
unity {o»} subordinate to the covering. Set

Xi=>Y o X
A

Then X; is a global field and X; € £ since every X;* € £. By Proposition 4.4, the
local field X satisfies

" Wit
on Uy NU,, whenever the set is nonempty. Then the global field X satisfies the

Lxadwi’|p, + =0 Vi=1,...,k

t

hypothesis of Proposition 4.3 over each Uy as X; is a convex linear combination of
the local fields.

4.2. Proof of Theorem 1.1. The proof of Theorem 1.1, as we will see, follows
from Theorem 4.2 by using the following lemma, proof of which can be found in [9].

Lemma 4.9 ([9]). Suppose we are given a one-parameter family of co-rank 1
distributions & on a closed manifold M such that the Cauchy characteristic distri-
bution L; of & is independent of t, say L; = L and E2 = TM. Then there exists an
isotopy @ of M such that

0o =&, ol = L.

Proof of Theorem 1.1. Since Dj = T'M, in particular we have that £} = T M.
Hence, using Lemma 4.9 we get an isotopy ¢; that fixes £ and @&y = & Since ¢y
is a diffeomorphism, we get got_*lé't =&y. Set D, = got_*lDt. Clearly we have the flag,
L C D; C &), where L is the Cauchy characteristic distribution of &. Since the
Lie brackets are preserved under push-forwards by diffeomorphisms, we have that
D2 =&y and D =TM.

Now using Theorem 4.2, we get another isotopy ¢, that fixes both £ and &y, and
V1. Do = Dj. Setting ®; = 4 0 1y, we get the desired isotopy since

(I)t*D() = Dt, @t*ﬁ = E
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5. NORMAL FORMS

In this section we obtain the normal form of generators of the Pfaffian system
defining a generalized Engel structure D. Suppose that D is of co-rank k + 1, where
k=241 and L C D C &€ C TM is associated with the canonical flag on M.
Suppose Sy and S; are the Pfaffian systems annihilating D and &, respectively.
Since D C &, we have that So O S;. Suppose S; = (f) and Sy = (0, w!, ..., w")
locally. Then by Proposition 3.3 we get certain relations among these forms. We
want to get standard normal forms for some bases of Sy and S;.

Since § A dO'TT # 0 and O A d9"F2 = 0, around a point p € M we have some
coordinate system (see [3], Theorem 3.1) such that £ is the kernel of

I+1
O =dz— in+l+1dxi.

i=1

Clearly S; = (©) and {©,w'} is a Pfaffian system associated to the given generalized
Engel structure. From w? A© AdO!*T! = 0 for all i, we have that 0 = w! Adxy A... A
dz9;12 A dz. Hence, there exist functions a™, b such that

2042
w''= Z a’ dz; + 0" dz.
j=1
Now we have, in particular, w! A ... Aw® A © # 0. Therefore, the matrix

all g2+t

—Zi+2
1 1 204+1,1+1
a s a I+Li+ —T2042
al,l+2 o a21+1,l+2 0
a1,21+2 . a21+1,2[+2 0
bl b2l+1 1

(20+3) x (21+2)

has the full rank 2/ + 2 everywhere. Evaluating this at the point p, we observe
that the last column is (0 ... 0 1 )t and hence the last row cannot be linearly
dependent on the rest. Hence, without loss of generality we may assume that the
(20 + 2)th row is linearly dependent and the rest of rows are linearly independent
about p. Thus we can transform the matrix into

Iai41)x(2i41) O
C 0],
0 1
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where C' = (¢; ... coiy1)is arow vector of functions. Further we can transform w?
into
O :dxi-l—cidxgprg Vi=1,....,k=2[+1.

Clearly, {0, '} still forms a basis of Sg. Hence we have ut = Q'A.. .AQFAOAIQ! # 0
which gives,
dx /\.../\d.l?gl_;,_g ANdz Ade; 75 0 Vi.

But {u'} are also point-wise linearly independent. Hence we have that {dc;} are
point-wise linearly independent as well, i.e., {¢;} are coordinate functions around p.
Set y; = xiti1+1. Thus we have 2k+2 coordinate functions (z1,...,Zi+1, Y1, - - -, Yi+1,
z,01,...,c) around the point p. Say, r = dim M — (2k + 2). Clearly, r > 0. Then
we obtain a coordinate system

(mla'"7xl+17y15'"ayl+17z7cla'"ack7q17"'aQT)

around p, where the coordinates q1, ..., g, are chosen arbitrarily. In this system, the
1-forms {©,Q%} can be expressed as

I4+1
O =dz-— Zyidmi,

i=1

0f — dw; + ¢; dyiq, 1<
+

<l+1
dyi—i-1 +cidyiy, +2<i<k=20+1,

where 7 is such that dim M = r+2k+2,€ =ker®@ and D = {Q! =...QF =0 = ©}.
Note that for dim M = 4, taking [ = 0 in the above normal form, we obtain the
normal form of the Pfaffian system defining an Engel structure on M, namely

{dz —y1dxy, doy + e dys ),

ie., {dz — ydx, de — wdy} after relabeling x = z1, y = y1, w = —c;. Under the
coordinate change (z,y,z,w) — (y,—x,z — 2y, —w) the pair transforms into the
standard Engel pair {dz — ydz, dy — wdz}.
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