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Abstract. We introduce a higher dimensional analogue of the Engel structure, motivated
by the Cartan prolongation of contact manifolds. We study the stability of such structure,
generalizing the Gray-type stability results for Engel manifolds. We also derive local normal
forms defining such a distribution.
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1. Introduction

In [7] Montgomery proved that a generic rank r distribution on a manifold of

dimension n is not stable if r(n− r) > n. Among the cases that are excluded by this

inequality are line fields (when r = 1), contact and even contact structures (when

r = n − 1) and lastly Engel structures (when r = 2, n = 4). An Engel structure

is a rank 2 distribution D on a 4-manifold M such that D2 is a rank 3 distribution

and D3 = TM . Like contact structures, any Engel structure is locally given as the

common kernel of two 1-forms (see [8]),

dz − y dx, dy − w dx.

But unlike contact structures, Engel structures are not stable under arbitrary isotopy.

In fact, any Engel structure D defines a complete flag

L ⊂ D ⊂ E ,

where the line field L, called the characteristic line field, is usually not stable under

isotopy. Golubev proved a modified version of the Gray-type theorem for Engel

structures in [5].
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Engel manifolds are closely related to contact 3-manifolds. Starting with a

3-dimensional manifold with a contact structure ξ, one obtains a circle bundle by

the Cartan prolongation of ξ, where the total space of the bundle carries an Engel

structure D with its characteristic line field tangent to fibers, see [8]. The pro-

longation on an arbitrary contact manifold (N2n+1, ξ) gives rise to fiber bundles

M → N with the fiber RPn−1. The total space of the bundle supports a flag

L ⊂ D ⊂ E ⊂ TM on M with the rank vector (2n− 1, 2n, 4n− 1, 4n), where

D2 = E , D3 = TM,

and L is the Cauchy characteristic distribution (see Definition 2.1) of E . Motivated

by this, we introduce generalized Engel structures on manifoldsM as distributions D

of even co-rank such that E = D2 is a co-rank 1 distribution, D3 = TM , and the

Cauchy characteristic distribution L of E is contained in D and has co-rank 1 in D.

The distribution L is referred to as the characteristic distribution of D. In general,

if we have a flag D ⊂ E ⊂ TM satisfying D2 = E and D3 = TM , then it does not

necessarily follow that the Cauchy characteristic distribution L is contained in D

unless dimension M is 4 (see Example 3.2).

The generalized Engel distributions are not generic. However, they are similar to

Engel 2-distributions in several ways. The main goal of this article is to demonstrate

a Gray-type stability property of these distributions.

Theorem 1.1. Let Dt, 0 6 t 6 1, be a smooth one-parameter family of gener-

alized Engel distributions on a closed manifold M . Assume that the characteristic

distribution Lt of Dt is independent of t and put L = Lt for all t. Then there exists

an isotopy ϕt of M such that

ϕt∗Dt = D0, ϕt∗L = L.

We also obtain a local normal form for a set of generators of the annihilating ideal

of a generalized Engel distribution D.

It should be mentioned that global stability theorems for other types of (multi)flags

have been discussed in literature before, namely:

⊲ In [9], the authors proved it for a co-rank 1 distribution containing a characteristic

distribution of arbitrary co-rank.

⊲ In [1], Adachi improved upon this result by considering a distribution of arbitrary

co-rank containing a co-rank 1 characteristic distribution.

⊲ Later in [2], Adachi proved a similar result for the special multiflag, which can be

considered as a direct generalization of the Goursat flag.
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The article is organized as follows: In Section 2 we recall some basic notions about

distributions. In Section 3 we introduce generalized Engel structures and describe

the Pfaffian system defining them. In Sections 4 and 5 we prove the main results of

this article.

2. Basic notions and examples

Given any distribution A on a manifold M , we can think of it as a sheaf of local

sections of the sub-bundle A ⊂ TM . The notation X ∈ A would mean some local

section X of the distribution A. Given two distributions A, B, define [A,B] as the

sheaf of vector fields obtained by taking Lie brackets of local sections. Using this

notation, recursively define

Di+1 = Di + [D,Di], D1 = D.

At every x ∈ M we have the integer qi(x) = dimDi
x, where D

i
x is the stalk at the

point x. Note that Di defines a distribution if the integer qi(x) is locally constant.

The integer sequence (qi(x))i is called the growth vector for the distribution D at x.

A distribution is regular if the growth vector is independent of the point x. A regular

distribution D is called nonholonomic if there is an integer k such that TM = Dk.

In this article, we consider only nonholonomic distributions in the above sense.

Before moving onto some examples, we recall the definition of Cauchy characteris-

tic distribution (see [3]), as it will play an important role in understanding generalized

Engel distributions.

Definition 2.1. Given a co-rank 1 distribution E on a manifoldM , consider the

collection

L = {X ∈ E : [X,Y ] ∈ E for all Y ∈ E}.

If L has constant rank everywhere it is called the Cauchy characteristic distribution

of E .

We can locally define L as follows. Suppose E =
loc

ker θ. Then

L =
loc

ker dθ
∣∣
E
= {X ∈ E : dθ(X,Y ) = 0 for all Y ∈ E}.

It is easy to see that the Cauchy characteristic distribution is integrable. Indeed, if

X,Y ∈ L and Z ∈ E , then we have

[[X,Y ], Z] = [X, [Y, Z]]− [Y, [X,Z]].

Now, [X,Z], [Y, Z] ∈ E and hence [[X,Y ], Z] ∈ E . Thus [X,Y ] ∈ L. But then L is

integrable by the Frobenius theorem.
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Example 2.2.

(a) A contact distribution on an odd-dimensional manifold M is a co-rank 1 distri-

bution ξ such that ξ2 = TM and the Cauchy characteristic distribution of ξ is

trivial.

(b) Similarly, an even contact structure on an even-dimensional manifold M2n+2 is

a co-rank 1 distribution E such that E2 = TM and the Cauchy characteristic

distribution of E is a line field. Like contact structures, an even contact structure E

is locally given as kernel of some 1-form α satisfying α ∧ dαn 6= 0.

(c) An Engel structure D is a co-rank 2 nonholonomic distribution on a 4-dimensional

manifold M , such that D2 is an even contact structure and D3 = TM . The

characteristic line field L of D2 turns out to be contained in D, see [8]. Thus

the Engel structure completely defines the flag L ⊂ D ⊂ D2 ⊂ TM . Any Engel

structure D can be locally realized as kernel of two 1-forms,

dz − y dx, dy − w dx.

We are particularly interested in distributions in higher dimensions, which exhibit

properties similar to Engel structures.

2.1. Cartan prolongation. A prime example of the Engel manifold appears

as the Cartan prolongation (see [8], [10]) of contact 3-manifolds (M, ξ). We first

describe the prolongation of a contact structure below.

Consider an odd-dimensional manifold N2n+1 with a contact structure ξ. On N

we construct the Grassmann bundle

RP
2n−1 →֒ Pξ

π
→ N,

where the fiber over a point x ∈ N is the projective space of lines in the vector

space ξx. The total space Q = Pξ is of dimension 4n. The inverse image of ξ

under dπ defines a co-rank 1 distribution E on Q, i.e., E = dπ−1(ξ). On the other

hand, there is a distribution D which is obtained as follows: at a point [l] ∈ Q,

where l is a line in ξp for p ∈ N , put D[l] = dπ|−1
[l] (l). Since π is a submersion, D is

a co-rank 2n distribution on Q. Clearly, D ⊂ E . Set L as the vertical sub-bundle

of TQ over N , i.e., L is tangent along the fibers. Thus, we have a flag, L ⊂ D ⊂ E .

The distribution D is called the prolongation of ξ. In particular, if n = 1 and N is

a contact 3 manifold, then dimQ = 4 and D is an Engel structure on Q.

We now observe a few general properties of this flag. Since ξ is a contact structure

on M it can be locally expressed as ker
(
dz −

n∑
i=1

yi dxi

)
. Therefore,

ξ =
loc

〈∂yi
, Pi = ∂xi

+ yi∂z : i = 1, . . . , n〉.
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Any line l ⊂ ξp is represented by a nontrivial linear combination of these vectors.

Hence, on Q we can introduce homogeneous coordinates

{a1, . . . , an, b1, . . . , bn}

along the fiber of π : Q → N . If q ∈ Q with π(q) = (x1, . . . , xn, y1, . . . , yn, z) then

there is a unique 1-dimensional subspace in Tπ(q)N given by

Z =

〈 n∑

i=1

ai∂yi
+

n∑

i=1

biPi

〉
,

where ai, bi are homogeneous coordinates of q along fiber. We can describe the flag

L ⊂ D ⊂ E locally as follows,

Lq = the vertical tangent space of Q at q, Dq = Lq ⊕ 〈Z〉,

Eq = Lq ⊕ 〈∂y1
, . . . , ∂yn

, P1, . . . , Pn〉, TqQ = Eq ⊕ 〈∂z〉.

From this description we observe that

⊲ co-rankD is even, co-rankE is 1 and co-rank of L in D is 1,

⊲ D2 = E , D3 = TM ,

⊲ L is the Cauchy characteristic distribution of E , i.e., [L, E ] ⊂ E .

3. Generalized Engel structure

Motivated by the Cartan prolongation of a contact structure, we define a gener-

alized Engel structure.

Definition 3.1. A generalized Engel structure or an Engel-like distribution on

a manifold M is a distribution D of even co-rank, such that

(1) E = D2 is a co-rank 1 distribution,

(2) D3 = TM ,

(3) L, the Cauchy characteristic distribution of E , is contained in D,

(4) L has co-rank 1 in D.

Thus, we have the flag

︸ ︷︷ ︸
co-rank=1

L ⊂

even co-rank︷ ︸︸ ︷
D ⊂ ︸ ︷︷ ︸

co-rank=1

E ⊂ TM .

The distribution L will be called the characteristic distribution of the generalized

Engel distribution D.
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We observe that, for a generalized Engel distribution D, we must have that

rankL > rank E/D. The equality is achieved, for example, in the situation of Cartan

prolongation of a contact (2n+ 1)-fold, where we get the flag

L(2n−1) ⊂ D(2n) ⊂ E(4n−1) ⊂ TQ(4n)

and rankL = 2n− 1 = rank E/D.

3.1. A remark on the definition. When dimM = 4 and D is of co-rank 2, we

have an Engel structure. As mentioned earlier, in this case the Cauchy characteristic

distribution L of E = D2 is completely determined by D and it is contained in D. For

a higher co-rank we can not expect this to happen in general as can be seen from the

examples below. In the first two examples L 6⊂ D and in the third one the co-rank

of L in D is not 1. All the examples are constructed over R8, where the coordinates

are understood from the context.

Example 3.2.

(a) Suppose D = 〈∂x, ∂y, ∂z , ∂w + x∂x1
+ y∂y1

+ z∂z1 + z1∂t〉. Then [D,D] =

〈∂x1
, ∂y1

, ∂z1〉 and hence,

E = D2 = 〈∂x, ∂y, ∂z, ∂x1
, ∂y1

, ∂z1 , ∂w + z1∂t〉.

Lastly, [D,D2] = 〈∂t〉 and so D
3 = TM . The Cauchy characteristic distribution

of E is L = 〈∂x, ∂y, ∂z, ∂x1
, ∂y1

〉 which is a rank 5 distribution. Clearly in this

case we have L 6⊂ D.

(b) Consider, D = 〈∂w , ∂x1
+ w∂y1

+ y1∂z, ∂x2
+ w∂y2

+ y2∂z , ∂x3
+ w∂y3

〉. Then

[D,D] = 〈∂y1
, ∂y2

, ∂y3
〉 and so

E = D2 = 〈∂w, ∂y1
, ∂y2

, ∂y3
, ∂x1

+ y1∂z , ∂x2
+ y2∂z , ∂x3

〉.

Clearly, D3 = TM and the Cauchy characteristic distribution of E is L =

〈∂w, ∂y3
, ∂x3

〉. Since ∂y3
6∈ D, we have L 6⊂ D.

(c) Let vi = ∂xi
+ w∂yi

+ yi∂z for i = 1, 2, 3 and D = 〈∂w, v1, v2, v3〉. Then

[D,D] = 〈∂y1
, ∂y2

, ∂y3
〉, and so E = D2 is a co-rank 1 distribution and D3 = TM .

Also, L = 〈∂w〉. In this case, we have the flag L ⊂ D ⊂ E , where E is an

even contact structure. Further, note that there exists a co-rank 1 integrable

distribution 〈v1, v2, v3〉 contained in D.

The above examples justify the conditions (3) and (4) in the definition of the

generalized Engel structure.

770



3.2. Pfaffian system. A Pfaffian system is a sub-bundle of the cotangent bun-

dle T ∗M . Given a distribution D ⊂ TM , we have an associated Pfaffian system S(D)

defined as the collection of 1-forms which vanish on D. In this section we would like

to find out the Pfaffian system for a generalized Engel distribution.

We start with a co-rank k + 1 generalized Engel distribution D, where k = 2l+ 1

is odd. Suppose locally that

E = {θ = 0}

and

D = {ω1 = . . . = ωk = 0 = θ}

for 1-forms θ, ω1, . . . , ωk. Set ηi = ω1 ∧ . . . ∧ ωk ∧ θ ∧ dωi.

Proposition 3.3. We have the following statements.

(1) {η1, . . . , ηk} is point-wise linearly independent.

(2) ωi ∧ θ ∧ dθl+1 = 0 for all i = 1, . . . , k.

(3) θ ∧ dθl+1 6= 0.

(4) θ ∧ dθl+2 = 0.

P r o o f. Choose local vector fields D and R such that D/L = 〈D modL〉 and

TM/E = 〈R mod E〉. Since L is integrable and E = D2 = D + [D,D], we have that

the map

L → E/D, L 7→ [D,L] modD

is a surjective bundle map. Since {ωi} are linearly independent and D is their

common kernel in E , we can choose dual vectors V i ∈ E/D. Also from the surjectivity,

there exists Li ∈ L such that V i = [D,Li] modD. Then ηi 6= 0 for all i, since we

have

ηi(V 1, . . . , V k, R,D,Li) 6= 0.

If possible, let {ηi} be linearly dependent at the point p. Then without loss of

generality we may assume that η1 =
k∑

i=2

fiη
i at p for some functions fi. Set ω̃

1 =

ω1 −
∑
i>1

fiω
i. Then clearly, D is also defined as {ω̃1 = ω2 = . . . = ωk = 0 = θ}. But

then we must have that

ω̃1 ∧ ω2 ∧ . . . ωk ∧ θ ∧ dω̃1 6= 0.
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On the other hand,

ω̃1 ∧ ω2 ∧ . . . ωk ∧ θ ∧ dω̃1

=

(
ω1 −

∑

i>1

fiω
i

)
∧ ω2 ∧ . . . ∧ ωk ∧ θ ∧

(
dω1 −

∑

i>1

d(fiω
i)

)

= ω1 ∧ . . . ωk ∧ θ ∧

(
dω1 −

∑

i>1

dfi ∧ ω
i −

∑

i>1

fi dω
i

)

= ω1 ∧ . . . ωk ∧ θ ∧

(
dω1 −

∑

i>1

fi dω
i

)
= η1 −

∑

i>1

fiη
i = 0 at the point p.

This is a contradiction. Hence we have that the set of (k + 3)-forms {ηi} are point-

wise linearly independent. This proves statement (1).

Now observe that L = ker(dθ|ker θ). So, on E/L we have that dθ has full rank.

Since co-rankL = k + 2 = 2l + 3 ⇒ rank E/L = 2(l+ 1), we have

θ ∧ dθl+1 6= 0, θ ∧ dθl+2 = 0,

which proves statements (3) and (4).

Next, consider the (2l + 3)-form ωi ∧ dθl+1|E on E . For any L ∈ L we have that

ιLω
i ∧ dθl+1|E is identically zero, since ω

i(L) = 0 and ιLdθ|E = 0. Thus, L is in

the kernel of ωi ∧ dθl+1|E . But L has co-rank 2l + 2 in E and then by a simple

rank counting argument, ωi ∧ dθl+1|E is identically zero. Now E = ker θ and hence

ωi ∧ θ ∧ dθl+1 = 0, proving statement (2). �

The converse of Proposition 3.3 is also true. Suppose we are given some co-rank

k + 1 distribution D on a manifold M , where k = 2l + 1, such that D is locally the

common kernel of 1-forms {θ, ω1, . . . , ωk}, satisfying

⊲ {η1, . . . , ηk} is point-wise linearly independent, where ηi = ω1 ∧ . . . ωk ∧ θ ∧ dωi,

⊲ ωi ∧ θ ∧ dθl+1 = 0 for all i = 1, . . . , k,

⊲ θ ∧ dθl+1 6= 0,

⊲ θ ∧ dθl+2 = 0.

Proposition 3.4. Under the above hypotheses, D is a generalized Engel struc-

ture.

P r o o f. Set E = ker θ and L = ker dθ|E . These are locally defined distributions

of co-rank 1 and 2l + 3, respectively. We can get a local framing of TM/L as{
R,Xi, Yj : i, j = 1, . . . , l + 1

}
such that θ ∧ dθl+1(R,X1, Y1, . . . , Xl+1, Yl+1) 6= 0.

Consider L ∈ L. Then we have

0 = ωi ∧ θ ∧ dθl+1(L,R,X1, . . . , Yl+1) = ωi(L)θ ∧ dθl+1(R,X1, . . . , Yl+1)
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since all other terms vanish. But then ωi(L) = 0 for all i. Thus, L ∈ D. So we have

the flag

L ⊂ D ⊂ E .

Next we show E = D2. First note that D =
loc

L ⊕ 〈Z〉 for some choice of a vector

field Z. Since L is the Cauchy characteristic distribution of E , we have [L, E ] ⊂ E . In

particular, [L, Z] ⊂ E . Also L being integrable, we have [L,L] ⊂ L by the Frobenius

theorem. Then clearly, [D,D] ⊂ E . Thus D2 ⊂ E . For the equality, consider the map

Φ: L → E/D,

L 7→ [Z,L] modD,

where Φ is a bundle map: [Z, fL] = Z(f)L+f [Z,L] ≡ f [Z,L] modD, as L ⊂ D. We

show that Φ is of full rank, which implies that E = D2. Equivalently this happens

if Φ∗ is injective. Dualizing Φ we get

Φ∗ :
(
E/D

)∗
→ L∗,

[α] 7→ − ιZ dα|L,

where (E/D)∗ consists of classes of 1-forms α defined on E , which annihilate D.

Consider the 1-forms

τ i := −ιZ dωi|L

defined on L. Since ωi induces a basis for (E/D)∗, it is enough to show that the

maps τ i are point-wise linearly independent for Φ∗ to be injective. If not, then

without loss of generality assume τ1 =
∑
i>1

fiτ
i at some point p for some functions fi.

Get dual vectors {R, V1, . . . , Vk} in TM/D of {θ, ω1, . . . , ωk}, respectively. Now, for

any L ∈ L, we have ηi(V1, . . . , Vk, R, Z, L) = dωi(Z,L) = −τ i(L). Thus,

η1(V1, . . . , Vk, R, Z, L) = −
∑

i>1

fiη
i(V1, . . . , Vk, R, Z, L)

at the point p. But then η1 = −
∑
i>1

fiη
i at p, contradicting the point-wise linear

independence of {ηi}. Hence, {τ i} has to be linearly independent point-wise. Thus

we get E = D2; E and consequently L are now globally defined distributions. Also

observe that Φ being full rank, we have rankL > rank E/D.

Lastly, to verify D3 = TM , note that dθ is non-degenerate on E/L. In particular,

for Z ∈ D satisfying D = L ⊕ 〈Z〉, we have ιZ dθ 6= 0. So, dθ(Z, V ) 6= 0 for some

V ∈ E/D. Then V ∈ [D,D] and 0 6= dθ(Z, V ) = −θ[Z, V ]. Thus, TM = E ⊕〈[Z, V ]〉.

So, TM = D3. �
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3.3. Orientability. SupposeM is a manifold of dimension 4n and D is a rank 2n

generalized Engel structure on it with the associated flag

L(2n−1) ⊂ D(2n) ⊂ E(4n−1) ⊂ TM (4n).

Then we have a bundle map

Φ: L ⊗D/L → E/D,

L⊗ (D modL) 7→ [L,D] modD

which is surjective. Since rankL ⊗ D/L = 2n− 1 = rankE/D, Φ must be a bundle

isomorphism. Thus we get a splitting

TM ∼= E ⊕ TM/E ∼= D ⊕ E/D ⊕ TM/E ∼= D ⊕ (L ⊗D/L)⊕ TM/E .

Proposition 3.5. The distribution E is orientable.

P r o o f. We calculate the first Stiefel-Whitney class ω1(E). Since

E ∼= D ⊕ (L ⊗D/L),

we have

ω1(E) = ω1(D ⊕ (L ⊗D/L)) = ω1(D) + ω1(L ⊗D/L).

We have the formula (see [6]) for the total Stiefel-Whitney class,

ω(L ⊗D/L) = P (ω1(L), . . . , ω2n−1(L), ω1(D/L)) mod 2.

Here, P is the polynomial of 2n variables, given by the identity

P (σ1, . . . , σ2n−1, T ) =

2n−1∏

i=1

(1 +Xi + T ),

where σi is the ith degree elementary symmetric polynomial in indeterminates

X1, . . . , X2n−1. Explicitly,

P (σ1, . . . , σ2n−1, T ) = (1 + T )2n−1 + σ1(1 + T )2n−2 + . . .+ σ2n−2T + σ2n−1.

So we get

ω(L⊗D/L) = (1 + ω1(D/L))
2n−1 + ω1(L)(1 + ω1(D/L))

2n−2 + . . .+ ω2n−1(L).

Comparing both sides,

ω1(L⊗D/L) = (2n−1)ω1(D/L)+ω1(L) = ω1(D/L)+ω1(L) = ω1(D/L⊕L) = ω1(D).

But then ω1(E) = ω1(D) + ω1(D) = 0 and hence E must be orientable. �
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The orientability of E may also be understood in the following manner. Suppose

L1, . . . , L2n−1 is a local frame of L and X is a local section of D which is transverse

to L. Then, L1, . . . , L2n−1, X, [L1, X ], . . . , [L2n−1, X ] defines a framing of E . It may

be shown that this framing uniquely determines an orientation on E independent of

the choices.

4. Stability of generalized Engel structure

Engel structures are not globally stable due to the presence of an integrable sub-

bundle, though they have the local stability property. Golubev proved the follow-

ing Gray-type theorem for the Engel structure which shows that a homotopy Dt,

0 6 t 6 1, of Engel structures is obtained by an isotopy provided the characteristics

distribution of Dt is independent of t.

Theorem 4.1 ([5]). Let Dt, 0 6 t 6 1, be a one-parameter family of oriented

Engel structures on an oriented closed 4-dimensional manifold M such that the

characteristic line field L(Dt) = L for all t. Then there exists an isotopy ϕt, 0 6 t 6 1,

of M such that

ϕt∗(Dt) = D0, ϕt∗(L) = L.

Theorem 1.1 is a direct generalization of Theorem 4.1 for generalized Engel struc-

ture. We shall first prove a special case of this theorem.

Theorem 4.2. Suppose Dt, 0 6 t 6 1, is a one-parameter family of generalized

Engel structures on a closed manifold M such that D2
t is independent of t and

equals E . If L is the Cauchy characteristics distribution of E then there exists an

isotopy ϕt of M such that

ϕt∗D0 = Dt, ϕt∗E = E , ϕt∗L = L.

4.1. Proof of Theorem 4.2. The approach of the proof is very similar to that

of Adachi in [1]. The proof follows through a sequence of lemmas. Throughout this

section, we assume that Dt is a smooth one-parameter family of co-rank k+1, where

k = 2l + 1, the generalized Engel distribution on a closed manifold M such that

E = D2
t is independent of t and the Cauchy characteristic distribution of E is L.

We first identify a time-dependent vector field Xt, whose flow has the desired

property. Then, we prove the existence of such vector fields on M .
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Proposition 4.3. Suppose there exists a time dependent vector field Xt,

0 6 t 6 1, on M which satisfies the conditions

(1) ιXt
dωi

t|Dt
+

d

dt
ωi
t

∣∣∣
Dt

= 0 ∀ i = 1, . . . , k; Xt ∈ L,

where θ, ωi
t, 0 6 t 6 1, i = 1, 2, . . . , k, is a smooth family of (local) 1-forms such that

E =
loc

ker θ and Dt =
loc

{ω1
t = . . . = ωk

t = 0 = θ}.

Then the flow ϕt obtained by integrating the time-dependent vector fieldXt satisfies,

ϕt∗D0 = Dt, ϕt∗L = L.

P r o o f. SinceXt ∈ L and [L, E ] ⊂ E , we have that ϕt∗E = E and hence ϕt∗L = L,

as L is completely defined by E . So we have ϕ∗
t θ = Ftθ for some family of non-

vanishing functions Ft.

In order to verify that ϕt∗D0 = Dt, we would show the existence of smooth families

of functions Gij
t and F

i
t satisfying

(∗) ϕ∗
tω

i
t =

∑

j

Gij
t ω

j
0 + F i

t θ ∀ i,

where the matrix (Gij
t )k×k is non-singular for every t. Furthermore, since ϕ0 is the

identity map, Gij
0 = δij and F

i
0 = 0 for all i, j.

Suppose we have a family of functions Gij
t and F

i
t which satisfy the relation (∗).

Differentiating both sides of (∗) with respect to t we get

∑

j

dGij
t

dt
ωj
0 +

dF i
t

dt
θ =

d

dt
ϕ∗
tω

i
t = ϕ∗

t

(
LXt

ωi
t +

d

dt
ωi
t

)
= ϕ∗

t

(
ιXt

dωi
t +

d

dt
ωi
t

)
.

Now from the hypothesis, ιXt
dωi

t|Dt
+(d/dt)ωi

t|Dt
= 0 and hence there exists a family

of functions gijt and f
i
t such that

ιXt
dωi

t +
d

dt
ωi
t =

∑

j

gijt ω
j
t + f i

tθ.

Pulling back by ϕt we have

ϕ∗
t

(
ιXt

dωi
t +

d

dt
ωi
t

)
=

∑

j

(gijt ◦ ϕt)ϕ
∗
tω

j
t + (f i

t ◦ ϕt)ϕ
∗
t θ

=
∑

j

(gijt ◦ ϕt)

(∑

p

Gjp
t ω

p
0 + F j

t θ

)
+ (f i

t ◦ ϕt)Ftθ

=
∑

p

(∑

j

(gijt ◦ ϕt)G
jp
t

)
ωp
0 +

(∑

j

(gijt ◦ ϕt)F
j
t + (f i

t ◦ ϕt)Ft

)
θ.
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Comparing the coefficients of ωi
0 and θ in the last two expressions, we get a system

of first order differential equations

(2)
dGip

t

dt
=

∑

j

(gijt ◦ ϕt)G
jp
t ∀ i, p,

dF i
t

dt
=

∑

j

(gijt ◦ ϕt)F
j
t + (f i

t ◦ ϕt)Ft ∀ i

with the initial conditions

(3) Gij
0 = ∂ij , F i

0 = 0.

Thus it follows that Gij and F i must be solutions to the initial value problem (2)

and (3). Conversely, if Gij and F i are solutions to the initial value problem (2)

and (3), then they satisfy the relation (∗).

As the system (2) is affine, its solution exists for all t ∈ [0, 1]. Since the initial value

matrix (Gij
0 ) = Ik is non-singular, we have that the solution (G

ij
t ) is non-singular for

every t (see [4]). This completes the proof of the proposition. �

Next we observe that the time-dependent vector field Xt satisfying the hypothesis

of Proposition 4.3 depends only on the distribution Dt and not on the choice of

a basis for the Pfaffian system defining the distribution.

Proposition 4.4. Suppose E = ker η and Dt = {µ1
t = . . . = µj

t = 0 = η} for

a smooth family of (local) 1-forms {µi
t, η}. Then the vector field Xt, 0 6 t 6 1, in

Proposition 4.3 also satisfies the relation

ιXt
dµi

t|Dt
+

d

dt
µi
t

∣∣∣
Dt

= 0.

In other words, Xt depends on the distributions Dt, not on the choice of local 1-forms

defining the distributions.

P r o o f. Suppose {µi
t, η} and {ω

i
t, θ} be as above. Then we must have that η = fθ

for some nonzero function f and



µ1
t
...

µk
t


 = At



ω1
t
...

ωk
t



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for a family of non-singular k × k matrices At = (Aij
t ). So, µ

i
t =

∑
j

Aij
t ω

j
t . Then

dµi
t =

∑
j

dAij
t ∧ ωj

t +Aij
t dωj

t . So,

ιXt
dµi

t|Dt
=

∑

j

(ιXt
dAij

t )ω
j
t |Dt

− (ιXt
ωj
t ) dA

ij
t |Dt

+Aij
t ιXt

dωj
t |Dt

=
∑

j

Aij
t ιXt

dωj
t |Dt

= −
∑

j

Aij
t

d

dt
ωj
t

∣∣∣
Dt

as ωj
t (Xt) = 0 and ωj

t |Dt
= 0. On the other hand,

d

dt
µi
t

∣∣∣
Dt

=
∑

j

dAij
t

dt
ωj
t

∣∣∣
Dt

+Aij
t

d

dt
ωj
t

∣∣∣
Dt

=
∑

j

Aij
t

d

dt
ωj
t

∣∣∣
Dt

.

Hence, we have ιXt
dµi

t|Dt
+(d/dt)µi

t|Dt
= 0. Thus Xt is the solution for every family

of local forms defining Dt. �

4.1.1. Obtaining the time-dependent field. Now, in order to prove Theo-

rem 4.2, we need to find a time-dependent vector field Xt ∈ L which locally satisfies

the relations

ιXt
dωi

t|Dt
+

d

dt
ωi
t|Dt

= 0 ∀ i = 1, . . . , k

on some open subset U , where ωi
t, θ are as in Proposition 4.3.

To begin with, we introduce a few notations. Put

Ki
t = ker dωi

t|Dt
= {X ∈ Dt : dωi

t(X,Y ) = 0 for all Y ∈ Dt}

= {X ∈ Dt : ω
i
t([X,Y ]) = 0 for all Y ∈ Dt},

J i
t =

⋂

j 6=i

Kj
t = {X ∈ Dt : ω

j
t ([X,Y ]) = 0 for all Y ∈ Dt for all j 6= i},

Wt =
⋂

j

Kj
t = {X ∈ Dt : [X,Y ] ∈ Dt for all Y ∈ Dt}.

Lemma 4.5. For each i = 1, . . . , k we have Ki
t ⊂ L for all t.

P r o o f. Locally, we have a family of 1-forms αt such that L = Dt∩kerαt. Since L

is integrable, from the Frobenius theorem we have, in particular, αt ∧ω
1
t ∧ . . .∧ω

k
t ∧

dωi
t = 0, i = 1, . . . , k. Pick some K ∈ Ki

t. Then we have

0 = ιK(αt ∧ ω
1
t ∧ . . . ∧ ω

k
t ∧ dωi

t) = αt(K)ω1
t ∧ . . . ∧ ω

k
t ∧ dωi

t

as the other terms vanish. But ω1
t ∧ . . . ∧ ωk

t ∧ dωi
t 6= 0. Hence we have αt(K) = 0

and so K ∈ L. Thus we have Ki
t ⊂ L for all i and for all t. �
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In particular, we have that J i
t ⊂ L for each i = 1, . . . , k andWt ⊂ L. Also observe

that for any i, Wt = J i
t ∩ Ki

t.

Lemma 4.6. For any 0 6 t 6 1, Ki
t, Wt and J i

t have constant ranks. Further-

more, rankJ i
t = rankWt + 1 and co-rank of Ki

t in L is 1.

P r o o f. Fix 0 6 t 6 1. Since L has co-rank 1 in Dt, choose a vector field Z such

that Dt = L ⊕ 〈Z〉. Then consider the map

Ψ: L → E/Dt,

L 7→ [Z,L] modDt,

where Ψ is a bundle map and has full rank, since D2
t = E and L is integrable.

Clearly Wt is contained in the kernel of Ψ. Also for Ψ(L) = 0, i.e., [Z,L] ∈ Dt, we

have that [L,X ] ∈ Dt for any X ∈ Dt, since L is integrable. Thus L ∈ Wt and so

Wt = kerΨ. Hence Wt is a constant rank distribution.

Since the induced forms ωi
t|E/Dt

are (point-wise) linearly independent, choose some

vector fields {Vi} from Et such that {V i = Vi modDt} is the corresponding dual basis.

Consider the map
Ψi : L → E/(Dt ⊕ 〈Vi〉),

L 7→ [Z,L] mod(Dt ⊕ 〈Vi〉).

Again Ψi is a full rank bundle map. As V i is dual to ω
i
t|E/Dt

for any L ∈ J i
t , we

have that

[Z,L] modDt = fiV i

for some function fi and thus J
i
t ⊂ kerΨi. Conversely, suppose Ψi(L) = 0, i.e.,

[Z,L] ∈ Dt ⊕ 〈Vi〉. But then for j 6= i, ωj
t [Z,L] = 0 which implies ωj

t [L,X ] = 0 for

any X ∈ Dt and for all j 6= i. Thus L ∈ J i
t and hence J

i
t = kerΨi, proving that J

i
t

is of constant rank.

Similarly define the map

Φi : L → E/(Dt ⊕ 〈V1, . . . , V̂i, . . . , Vk〉),

L 7→ [Z,L] mod(Dt ⊕ 〈V1, . . . , V̂i, . . . , Vk〉)

and observe that kerΦi = Ki
t. Since Φi is again a full rank bundle map, K

i
t is of

constant rank.

Clearly we have that rankJ i
t = rankWt + 1 and co-rank of Ki

t in L is 1 for any

0 6 t 6 1. �

Now we find the local field.
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Lemma 4.7. For each i there is a local field X i
t ∈ J i

t such that

ιXi
t
dωi

t|Dt
+

d

dt
ωi
t

∣∣∣
Dt

= 0.

P r o o f. From Lemma 4.6 we have that J i
t = Wt⊕U i

t for some line field U
i
t ⊂ J i

t .

Clearly U i
t 6⊂ Ki

t, as that would imply J
i
t ⊂ Ku

t . Now we can get Dt = Ki
t ⊕ V i

t such

that U i
t ⊂ V i

t for all t. As the co-rank of K
i
t in L is 1 we have that V i

t is of constant

rank with rankV i
t = 2. Since by definition Ki

t = kerdωi
t|Dt
, we have that dωi

t is

non-degenerate over V i
t . Hence we have a solution X

i
t ∈ V i

t such that

ιXi
t
dωi

t|Vi
t
+

d

dt
ωi
t

∣∣∣
Vi

t

= 0.

Now, ιXi
t
dωi

t|Ki
t
= 0. Also since Ki

t ⊂ L ⊂ Ds for every parameter s, we have

that (d/dt)ωi
t|Ki

t
= 0, since Ds ⊂ kerωi

s. Thus we also have that ιXi
t
dωi

t|Ki
t
+

(d/dt)ωi
t|Ki

t
= 0. Combining this we get that

ιXi
t
dωi

t|Dt
+

d

dt
ωi
t

∣∣∣
Dt

= 0

as required. We now show that X i
t ∈ U i

t , which will yield that X
i
i ∈ J i

t .

Restricting to U i
t we see that ιXi

t
dωi

t|Ui
t
= −(d/dt)ωi

t|Ui
t
. But U i

t ⊂ J i
t ⊂ L ⊂

Ds ⊂ kerωi
s for all s and so (d/dt)ω

i
t|Ui

t
= 0. Thus we have that

ιXi
t
dωi

t|Ui
t
= 0.

Now X i
t ∈ V i

t and U i
t ⊂ V i

t is a line field. But dω
i
t is non-degenerate on V i

t with

rankV i
t = 2. Thus ιXi

t
dωi

t|Ui
t
= 0 is possible only if X i

t ∈ U i
t . This completes the

proof. �

Set

Xt =
∑

i

X i
t .

Since each X i
t ∈ J i

t ⊂ L, we have that Xt ∈ L.

Lemma 4.8. We have ιXt
dωi

t|Dt
+ (d/dt)ωi

t|Dt
= 0 for all i = 1, . . . , k.

P r o o f. Since X i
t ∈ J i

t , we have that ιXj
t
dωi

t|Dt
= 0 for all j 6= i. Thus,

ιXt
dωi

t|Dt
=

∑

j

ιXj
t
dωi

t|Dt
= ιXi

t
dωi

t|Dt
= −

d

dt
ωi
t

∣∣∣
Dt

,

i.e., ιXt
dωi

t|Dt
+ (d/dt)ωi

t|Dt
= 0 for every i = 1, . . . , k. �
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To complete the proof of Theorem 4.2 we have to obtain a global time dependent

vector field Xt satisfying the hypothesis of Proposition 4.3. First, suppose that we

have a (locally) finite open cover {Uλ} ofM and local fields Xλ
t ∈ L|Uλ

on Uλ, which

satisfy the relations

ιXλ
t
dωi,λ

t |Dt
+

d

dt
ωi,λ
t

∣∣∣
Dt

= 0 ∀ i = 1, . . . , k

on Uλ, where Dt|Uλ
= {ωi,λ

t = 0 = θλ} and E|Uλ
= ker θλ. Consider a partition of

unity {̺λ} subordinate to the covering. Set

Xt =
∑

λ

̺λX
λ
t .

Then Xt is a global field and Xt ∈ L since every Xλ
t ∈ L. By Proposition 4.4, the

local field Xλ
t satisfies

ιXλ
t
dωi,µ

t |Dt
+

d

dt
ωi,µ
t

∣∣∣
Dt

= 0 ∀ i = 1, . . . , k

on Uλ ∩ Uµ, whenever the set is nonempty. Then the global field Xt satisfies the

hypothesis of Proposition 4.3 over each Uλ as Xt is a convex linear combination of

the local fields.

4.2. Proof of Theorem 1.1. The proof of Theorem 1.1, as we will see, follows

from Theorem 4.2 by using the following lemma, proof of which can be found in [9].

Lemma 4.9 ([9]). Suppose we are given a one-parameter family of co-rank 1

distributions Et on a closed manifold M such that the Cauchy characteristic distri-

bution Lt of Et is independent of t, say Lt = L and E2
t = TM . Then there exists an

isotopy ϕt of M such that

ϕt∗E0 = Et, ϕt∗L = L.

P r o o f of Theorem 1.1. Since D3
t = TM , in particular we have that E2

t = TM .

Hence, using Lemma 4.9 we get an isotopy ϕt that fixes L and ϕt∗E0 = Et. Since ϕt

is a diffeomorphism, we get ϕ−1
t∗ Et = E0. Set D

′
t = ϕ−1

t∗ Dt. Clearly we have the flag,

L ⊂ D′
t ⊂ E0, where L is the Cauchy characteristic distribution of E0. Since the

Lie brackets are preserved under push-forwards by diffeomorphisms, we have that

D′2
t = E0 and D′3

t = TM .

Now using Theorem 4.2, we get another isotopy ψt that fixes both L and E0, and

ψt∗D0 = D′
t. Setting Φt = ϕt ◦ ψt, we get the desired isotopy since

Φt∗D0 = Dt, Φt∗L = L.

�
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5. Normal forms

In this section we obtain the normal form of generators of the Pfaffian system

defining a generalized Engel structure D. Suppose that D is of co-rank k+ 1, where

k = 2l + 1, and L ⊂ D ⊂ E ⊂ TM is associated with the canonical flag on M .

Suppose S0 and S1 are the Pfaffian systems annihilating D and E , respectively.

Since D ⊂ E , we have that S0 ⊃ S1. Suppose S1 = 〈θ〉 and S0 = 〈θ, ω1, . . . , ωk〉

locally. Then by Proposition 3.3 we get certain relations among these forms. We

want to get standard normal forms for some bases of S0 and S1.

Since θ ∧ dθl+1 6= 0 and θ ∧ dθl+2 = 0, around a point p ∈ M we have some

coordinate system (see [3], Theorem 3.1) such that E is the kernel of

Θ = dz −

l+1∑

i=1

xi+l+1dxi.

Clearly S1 = 〈Θ〉 and {Θ, ωi} is a Pfaffian system associated to the given generalized

Engel structure. From ωi∧Θ∧dΘl+1 = 0 for all i, we have that 0 = ωi∧dx1 ∧ . . .∧

dx2l+2 ∧ dz. Hence, there exist functions aij , bi such that

ωi =

2l+2∑

j=1

aij dxj + bi dz.

Now we have, in particular, ω1 ∧ . . . ∧ ωk ∧Θ 6= 0. Therefore, the matrix




a11 . . . a2l+1,1 −xl+2

...
...

...
...

a1,l+1 . . . a2l+1,l+1 −x2l+2

a1,l+2 . . . a2l+1,l+2 0
...

...
...

...

a1,2l+2 . . . a2l+1,2l+2 0

b1 . . . b2l+1 1




(2l+3)×(2l+2)

has the full rank 2l + 2 everywhere. Evaluating this at the point p, we observe

that the last column is ( 0 . . . 0 1 )
t
and hence the last row cannot be linearly

dependent on the rest. Hence, without loss of generality we may assume that the

(2l + 2)th row is linearly dependent and the rest of rows are linearly independent

about p. Thus we can transform the matrix into



I(2l+1)×(2l+1) 0

C 0

0 1


 ,
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where C = ( c1 . . . c2l+1 ) is a row vector of functions. Further we can transform ω
i

into

Ωi = dxi + cidx2l+2 ∀ i = 1, . . . , k = 2l+ 1.

Clearly, {Θ,Ωi} still forms a basis of S0. Hence we have µ
i = Ω1∧. . .∧Ωk∧Θ∧dΩi 6= 0

which gives,

dx1 ∧ . . . ∧ dx2l+2 ∧ dz ∧ dci 6= 0 ∀ i.

But {µi} are also point-wise linearly independent. Hence we have that {dci} are

point-wise linearly independent as well, i.e., {ci} are coordinate functions around p.

Set yi = xi+l+1. Thus we have 2k+2 coordinate functions (x1, . . . , xl+1, y1, . . . , yl+1,

z, c1, . . . , ck) around the point p. Say, r = dimM − (2k + 2). Clearly, r > 0. Then

we obtain a coordinate system

(x1, . . . , xl+1, y1, . . . , yl+1, z, c1, . . . , ck, q1, . . . , qr)

around p, where the coordinates q1, . . . , qr are chosen arbitrarily. In this system, the

1-forms {Θ,Ωi} can be expressed as

Θ = dz −

l+1∑

i=1

yi dxi,

Ωi =

{
dxi + ci dyl+1, 1 6 i 6 l + 1,

dyi−l−1 + ci dyl+1, l + 2 6 i 6 k = 2l+ 1,

where r is such that dimM = r+2k+2, E = kerΘ and D = {Ω1 = . . .Ωk = 0 = Θ}.

Note that for dimM = 4, taking l = 0 in the above normal form, we obtain the

normal form of the Pfaffian system defining an Engel structure on M , namely

{dz − y1 dx1, dx1 + c1 dy1},

i.e., {dz − y dx, dx − w dy} after relabeling x = x1, y = y1, w = −c1. Under the

coordinate change (x, y, z, w) 7→ (y,−x, z − xy,−w) the pair transforms into the

standard Engel pair {dz − y dx, dy − w dx}.
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